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�à¨ ¨áá«¥¤®¢ ­¨¨ § ¤ ç ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï à §àë¢­®áâì ã¯à ¢«ïîé¨å ¢®§¤¥©áâ¢¨©
á®§¤ ¥â ­¥®¡å®¤¨¬®áâì à áá¬ âà¨¢ âì à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ®¯à¥¤¥«ïîé¨å
¤®¯ãáâ¨¬ë© ¯à®æ¥áá, ¢ ®¡®¡é¥­­®¬ á¬ëá«¥. �á®¡¥­­® ®áâà® íâ  ¯à®¡«¥¬  áâ®¨â ¤«ï á¨áâ¥¬
ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨, £¤¥ § ç áâãî ­¥¢®§¬®¦­® ¯®áâà®¥­¨¥ ­¥ â®«ìª® £« ¤ª®£®,
­® ¨ ¯à®áâ® ­¥¯à¥àë¢­®£® à¥è¥­¨ï, á®®â¢¥âáâ¢ãîé¥£® ¤®¯ãáâ¨¬®¬ã ã¯à ¢«¥­¨î.

� ®á­®¢ã ¯®­ïâ¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï ¬®£ãâ ¡ëâì ¯®«®¦¥­ë á ¬ë¥ à §«¨ç­ë¥ ¯®¤å®¤ë:
¨­â¥£à «ì­ë¥ § ª®­ë á®åà ­¥­¨ï, ¬¥â®¤ ¨áªãááâ¢¥­­®© ¢ï§ª®áâ¨, á¯®á®¡ ¯à¥¤¥«ì­®£® ¯¥à¥å®-
¤  ¢ à §­®áâ­ëå  ¯¯à®ªá¨¬ æ¨ïå,  ¯¯ à â â¥®à¨¨ ®¡®¡é¥­­ëå äã­ªæ¨©, ¯®­ïâ¨¥ ¯®â¥­æ¨ « 
à¥è¥­¨ï,   â ª¦¥ ¤àã£¨¥ áå¥¬ë [1], [2]. � á®¦ «¥­¨î, ¤ «¥ª® ­¥ ¢á¥ ¨§ ­¨å ¯à¨¥¬«¥¬ë ¤«ï ¨á-
¯®«ì§®¢ ­¨ï ¢ â¥®à¨¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï. � ¯à¨¬¥à, ¢ £¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ å ¬­®-
£®¬¥à­ëå ãà ¢­¥­¨© ®¤­® ¨§ ­ ¨¡®«¥¥ á¨«ì­ëå ¯®­ïâ¨© ®¡®¡é¥­­®£® à¥è¥­¨ï ¡ë«® ¢¢¥¤¥­®
�à¨¤à¨åá®¬ [3]. �¬ ¨ ¥£® ¯®á«¥¤®¢ â¥«ï¬¨ ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì â ª®£®
®¡®¡é¥­­®£® à¥è¥­¨ï, ª®â®à®¥ ¤®¯ãáª ¥â áª®«ì ã£®¤­® â®ç­ãî  ¯¯à®ªá¨¬ æ¨î ¯® ­®à¬¥ ¯à®-
áâà ­áâ¢  L2 ¯®á«¥¤®¢ â¥«ì­®áâìî £« ¤ª¨å ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© [3]{[9]. �® â ª ª ª ¤®ª § -
â¥«ìáâ¢® ¯à®¢®¤¨âáï ­  ®á­®¢¥ ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ ®áà¥¤­¥­¨ï, ®æ¥­ª  à¥è¥­¨ï ¨¬¥¥â ¢¨¤
í­¥à£¥â¨ç¥áª®£® ­¥à ¢¥­áâ¢ ,   §­ ç¨â, ­¥ ¬®¦¥â £ à ­â¨à®¢ âì ¬ «®áâì ¢®§¬ãé¥­¨ï à¥è¥­¨ï ¢
â®çª å ®¡« áâ¨ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå ¯à¨ ¬ «ëå ¢®§¬ãé¥­¨ïå ­¥®¤­®à®¤­®© ç áâ¨ á¨áâ¥¬ë
¨ ­ ç «ì­®-ªà ¥¢ëå ãá«®¢¨©. � ª¨¬ ®¡à §®¬, á¯®á®¡ ª®­áâàã¨à®¢ ­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï ¢
à ¬ª å ¤ ­­®£® ¯®¤å®¤  á ¯à¨­æ¨¯¨ «ì­®© â®çª¨ §à¥­¨ï ­¥ ¯®§¢®«ï¥â ­¥ â®«ìª® ®¡®á­®¢ âì è¨-
à®ª® ¨§¢¥áâ­ë© ¢ â¥®à¨¨ ®¯â¨¬ «ì­®£® ã¯à ¢«¥­¨ï ¬¥â®¤ ¯à¨à é¥­¨©, ­® ¨ ã«®¢¨âì ª ç¥áâ¢¥­-
­®¥ à §«¨ç¨¥ ¢ ¯®¢¥¤¥­¨¨ ¯à¨à é¥­¨ï âà ¥ªâ®à¨¨ ­  à §«¨ç­ëå â¨¯ å ¨£®«ìç âëå ¢ à¨ æ¨©
[10].

� à ¡®â å [11]{[16] ¨á¯®«ì§®¢ «®áì ¯®­ïâ¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï, «¨è¥­­®¥ ®â¬¥ç¥­­ëå ­¥-
¤®áâ âª®¢. �­® ®á­®¢ ­® ­  á«¥¤ãîé¥© ¤®áâ â®ç­® ®¡é¥© ¨¤¥¥ ¨§ [1]: ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨© ­ã¦­® ¯®áâà®¨âì íª¢¨¢ «¥­â­ãî ¥© ¨­â¥£à «ì­ãî á¨áâ¥¬ã, à¥è¥­¨¥ ª®â®à®©
¨ ®¡êï¢¨âì ®¡®¡é¥­­ë¬. �áâ¥áâ¢¥­­®¥ áâà¥¬«¥­¨¥ à á¯à®áâà ­¨âì íâ®â ¯®¤å®¤ ­  £¨¯¥à¡®«¨ç¥-
áª¨¥ á¨áâ¥¬ë ¬­®£®¬¥à­ëå ãà ¢­¥­¨© ¤®«£®¥ ¢à¥¬ï ã¯¨à «®áì ¢ ¯®áâà®¥­¨¥ á®®â¢¥âáâ¢ãîé¥£®
¥© ¨­â¥£à «ì­®£® íª¢¨¢ «¥­â . � áâ âì¥ ¯à¥¤« £ ¥âáï à¥è¥­¨¥ íâ®© ¯à®¡«¥¬ë ­  ¡ §¥ ¬­®£®-
¬¥à­®£®  ­ «®£  ¨­¢ à¨ ­â®¢ �¨¬ ­ .

1. �®áâ ­®¢ª  § ¤ ç¨

� m+1-¬¥à­®¬ ¯à®áâà ­áâ¢¥ ­¥§ ¢¨á¨¬ëå ¯¥à¥¬¥­­ëå (s; t), s = (s1; s2; : : : ; sm) à áá¬®âà¨¬
¯ à ««¥«¥¯¨¯¥¤ P = S � T , S = S(1)� S(2)� � � � �S(m), S(j) = [s0j ; s1j ], j = 1; 2; : : : ;m, T = [t0; t1].
�ãáâì 
, G, D0, D1 | á®®â¢¥âáâ¢¥­­® ¥£® ¯®«­ ï, ¡®ª®¢ ï, ­¨¦­ïï ¨ ¢¥àå­ïï ¯®¢¥àå­®áâ¨,

 = G [ D0 [ D1. � ¯ à ««¥«¥¯¨¯¥¤¥ P ®¯à¥¤¥«¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á
ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨

xt +
mX
j=1

Aj(s; t)xsj = f(x; s; t): (1.1)

68



�¤¥áì x = x(s; t), x(s; t) 2 En | à¥è¥­¨¥, Aj = Aj(s; t), Aj(s; t) 2 En�n, j = 1; 2; : : : ;m, |
§ ¤ ­­ë¥ ¬ âà¨ç­ë¥ äã­ªæ¨¨, f = f(x; s; t), f(x; s; t) 2 En | § ¤ ­­ ï ¢¥ªâ®à-äã­ªæ¨ï. �à¥¤-
¯®«®¦¨¬, çâ® í«¥¬¥­âë ¬ âà¨æ Aj , j = 1; 2; : : : ;m, ­¥¯à¥àë¢­ë ¨ ¨¬¥îâ ­¥¯à¥àë¢­ãî ¯® �¨¯-
è¨æã ç áâ­ãî ¯à®¨§¢®¤­ãî ¯® s ¢ ®¡« áâ¨ P. �à®¬¥ â®£®, ¡ã¤¥â áä®à¬ã«¨à®¢ ­® ¥é¥ ®¤­®
¯à¥¤¯®«®¦¥­¨¥ ®â­®á¨â¥«ì­® ¬ âà¨æ Aj , j = 1; 2; : : : ;m, ª®â®à®¥ ¯®§¢®«ï«® ¡ë áç¨â âì ¤¨ää¥-
à¥­æ¨ «ì­ë© ®¯¥à â®à

Dx = xt +
mX
j=1

Aj(s; t)xsj (1.2)

£¨¯¥à¡®«¨ç¥áª¨¬ ¢ ®¡« áâ¨ P. � ª ¨§¢¥áâ­® [1], ¢ ®¤­®¬¥à­®¬ (â. ¥. ¯à¨ m = 1) á«ãç ¥ ¤«ï
íâ®£® ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¬ âà¨æ  ¯à¨ ç áâ­®© ¯à®¨§¢®¤­®© xs ¡ë«  ¯à®áâ®©. �®¤-
ç¥àª­¥¬, çâ® ãª § ­­®¥ ãá«®¢¨¥ ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¢ â®¬ á¬ëá«¥, çâ® ¤àã£¨¥ ®¯à¥¤¥«¥­¨ï
£¨¯¥à¡®«¨ç¥áª¨å á¨áâ¥¬ (­ ¯à., [2]{[9]) ¨á¯®«ì§ãîâ ¡®«¥¥ ¦¥áâª¨¥ ®£à ­¨ç¥­¨ï: á¨¬¬¥âà¨ç­®áâì
¬ âà¨æë ¨«¨ ­ «¨ç¨¥ ã ­¥¥ n à §«¨ç­ëå ¢áî¤ã ¢ P ¢¥é¥áâ¢¥­­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨©. �§-
¢¥áâ­ë¥  ¢â®àã â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¬­®£®¬¥à­ëå (m � 2) á¨áâ¥¬
¢¨¤  (1.1) ¯®«ãç¥­ë ¢ ¯à¥¤¯®«®¦¥­¨¨ á¨¬¬¥âà¨ç­®áâ¨ ¬ âà¨æ Aj , j = 1; 2; : : : ;m. �¤¥áì ¡ã¤¥¬
¨á¯®«ì§®¢ âì

�¯à¥¤¥«¥­¨¥ 1.1. �¨áâ¥¬ã (1.1) ­ §®¢¥¬ £¨¯¥à¡®«¨ç¥áª®©, ¥á«¨ ¤«ï ¯®çâ¨ ¢á¥å � 2 Em ¨
¢á¥å (s; t) 2 P ¬ âà¨æ 

A(�; s; t) =
mX
j=1

�jAj(s; t)

¨¬¥¥â ¢¥é¥áâ¢¥­­ë¥ (­¥®¡ï§ â¥«ì­® à §«¨ç­ë¥) á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i = �i(�; s; t), i =
1; : : : ; n, ¨ ­¥ ï¢«ï¥âáï ¤¥ä¥ªâ­®©, â. ¥.  «£¥¡à ¨ç¥áª ï ¨ £¥®¬¥âà¨ç¥áª ï ªà â­®áâì ¥¥ á®¡áâ¢¥­-
­ëå §­ ç¥­¨© ®¤¨­ ª®¢ .

�«ï ­¥¤¥ä¥ªâ­®© ¬ âà¨æë A = A(�; s; t) ¢á¥£¤  áãé¥áâ¢ãîâ ¡ §¨áë ¯à®áâà ­áâ¢  En, á®-
áâ ¢«¥­­ë¥ ¨§ ¥¥ «¥¢ëå `(i) = `(i)(�; s; t) ¨ ¯à ¢ëå p(i) = p(i)(�; s; t), i = 1; 2; : : : ; n, á®¡áâ¢¥­­ëå
¢¥ªâ®à®¢. �ª § ­­ë¥ ¡ §¨áë ¢á¥£¤  ¬®¦­® ¯®áâà®¨âì â ª, çâ®¡ë ®­¨ ¡ë«¨ ¡¨®àâ®£®­ «ì­ë¬¨
[17], â. ¥. áãé¥áâ¢ãîâ â ª¨¥ ¬ âà¨æë L = (`(1); `(2); : : : ; `(n)), P = (p(1); p(2); : : : ; p(n)), çâ® ¡ã¤ãâ
¢¥à­ë á®®â­®è¥­¨ï

L0(�; s; t)A(�; s; t) = �(�; s; t)L0(�; s; t);

A(�; s; t)P(�; s; t) = P(�; s; t)�(�; s; t); L0(�; s; t)P(�; s; t) = _I:
(1.3)

�¤¥áì � = diagf�1; �2; : : : ; �ng, 0 { §­ ª âà ­á¯®­¨à®¢ ­¨ï, _I | ¥¤¨­¨ç­ ï ¬ âà¨æ .
�¥£ª® § ¬¥â¨âì, çâ® ¬ âà¨æ  A ¬®¦¥â ¡ëâì ­¥¤¥ä¥ªâ­®© â®«ìª® ¢ â®¬ á«ãç ¥, ¥á«¨ ¢á¥

¬ âà¨æë Aj , j = 1; 2; : : : ;m, ­¥¤¥ä¥ªâ­ë¥. �¡à â­®¥ ãâ¢¥à¦¤ âì, ¢®®¡é¥ £®¢®àï, ­¥«ì§ï. �â¬¥-
â¨¬, çâ® ¯à¥¤¯®«®¦¥­¨¥ ® á¨¬¬¥âà¨ç­®áâ¨ ¬ âà¨æ, ä®à¬¨àãîé¨å ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à
(1.2), à ¢­®á¨«ì­® [18] à ¢¥­áâ¢ã L = P, â. ¥. ¯à¨¢®¤¨â ª ç áâ­®¬ã á«ãç î á®®â­®è¥­¨© (1.3) ¨,
á«¥¤®¢ â¥«ì­®, ¯à¨­ïâ®¥ §¤¥áì ¢ ®¯à¥¤¥«¥­¨¨ 1.1 ¯®­ïâ¨¥ £¨¯¥à¡®«¨ç­®áâ¨ á¨áâ¥¬ë § ¢¥¤®¬®
­¥ ã¦¥, ç¥¬ â¥, ª®â®àë¥ ¨á¯®«ì§ãîâáï ¢ [4]{[9].

�ã¤¥¬ áç¨â âì ¢¥ªâ®à-äã­ªæ¨î f(x; s; t) ­¥¯à¥àë¢­®© ¯® �¨¯è¨æã ¯® ¯¥à¥¬¥­­®© x ¯à¨
ä¨ªá¨à®¢ ­­ëå (s; t) 2 P ¨ ¨­â¥£à¨àã¥¬®© ¯® �¥¡¥£ã ¢ P ¯à¨ ä¨ªá¨à®¢ ­­ëå x 2 En.

�à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  (1.2) ¨ ¢¥ªâ®à-
äã­ªæ¨¨ f(x; s; t) âà¥¡ã¥âáï ¯®áâà®¨âì ®¡®¡é¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë (1.1), ®¡®á­®¢ âì ¥£® áãé¥-
áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ¢ á«ãç ¥ ª®àà¥ªâ­®£® á¯®á®¡  ¯®áâ ­®¢ª¨ á¬¥è ­­ëå ãá«®¢¨© ¤«ï
à¥è¥­¨ï x ­  £à ­¨æ¥ 
 ®¡« áâ¨ P ¨ ãáâ ­®¢¨âì ®æ¥­ª¨ à®áâ  à¥è¥­¨ï ¯®çâ¨ ¢áî¤ã ¢ P.
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2. � à ªâ¥à¨áâ¨ª¨ ¨ ¡¨å à ªâ¥à¨áâ¨ª¨ £¨¯¥à¡®«¨ç¥áª®£® ®¯¥à â®à 

�¢¥¤¥¬ å à ªâ¥à¨áâ¨ª¨ £¨¯¥à¡®«¨ç¥áª®£® ®¯¥à â®à  (1.2). �ãáâì ¢ P ãà ¢­¥­¨¥¬ �(s; t) =
á, � 2 C1(P), § ¤ ­  ¯®¢¥àå­®áâì Xá. �®¢®àïâ, çâ® ¯®¢¥àå­®áâì Xá ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®©
£¨¯¥à¡®«¨ç¥áª®£® ®¯¥à â®à  (1.2), ¥á«¨

det
�����t(s; t)_I +

mX
j=1

�sjAj(s; t)
���� = 0

¨«¨ ¥á«¨ ¯à¨ ­¥ª®â®à®¬ i = 1; 2; : : : ; n ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

�t(s; t) + �i(�s; s; t) = 0: (2.1)

�â¬¥â¨¬, çâ® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �i(�; s; t) ¨ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë `(i)(�; s; t), p(i)(�; s; t)
¬ âà¨æë A(�; s; t) ­ á«¥¤ãîâ £« ¤ª®áâì ¬ âà¨æ Aj , j = 1; 2; : : : ;m, ¯® (s; t) 2 P. �® ¯¥à¥¬¥­­®©
� ®­¨ ®¡« ¤ îâ á¢®©áâ¢®¬ ®¤­®à®¤­®áâ¨, ¢ ç¥¬ ­¥âàã¤­® ã¡¥¤¨âìáï, ¨á¯®«ì§®¢ ¢ «¨­¥©­®áâì
¯® � ¬ âà¨æë A(�; s; t) ¨ á®®â­®è¥­¨ï (1.3). �à¨ íâ®¬ äã­ªæ¨¨ �i(�; s; t) ®¤­®à®¤­ë ¯¥à¢®©
áâ¥¯¥­¨,   ¢¥ªâ®à-äã­ªæ¨¨ `(i)(�; s; t), p(i)(�; s; t) | ­ã«¥¢®© áâ¥¯¥­¨, ç¥£® ¢á¥£¤  ¬®¦­® ¤®¡¨âìáï
¨å ­®à¬¨à®¢ª®©, ¨¡® h`(i)(�; s; t); p(i)(�; s; t)i � 1, i = 1; 2; : : : ; n. �â ª, ¨¬¥¥¬

�i(��; s; t) = ��i(�; s; t); `(i)(��; s; t) = `(i)(�; s; t);

p(i)(��; s; t) = p(i)(�; s; t); � � 0; i = 1; 2; : : : ; n:
(2.2)

�¢®©áâ¢® (2.2) ¯®§¢®«ï¥â ¯à¨¬¥­¨âì íää¥ªâ¨¢­ë© ¬¥â®¤ ¯®áâà®¥­¨ï à¥è¥­¨ï ­¥«¨­¥©­®£®
¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2.1) ¯®  ­ «®£¨¨ á â¥¬, ª ª íâ® á¤¥« ­® ¢ [2] ¤«ï ¤¢ã¬¥à­®£®
(m = 2) á«ãç ï.

�¥©áâ¢¨â¥«ì­®, ¯® â¥®à¥¬¥ �©«¥à  ¤«ï ®¤­®à®¤­ëå ¯¥à¢®© áâ¥¯¥­¨ äã­ªæ¨© á¯à ¢¥¤«¨¢ë
â®¦¤¥áâ¢ 

�i(�; s; t) = h�i�(�; s; t); �i; � 2 Em; (s; t) 2 P; i = 1; 2; : : : ; n: (2.3)

�®«®¦¨¢ §¤¥áì ¤«ï ªà âª®áâ¨ � = �s, ¯¥à¥¯¨è¥¬ (2.1) ¢ ¢¨¤¥

�t + h�i�(�s; s; t); �si = 0; i = 1; 2; : : : ; n: (2.4)

� ¦¤®¥ ¨§ ãà ¢­¥­¨© (2.4) ¬®¦¥â ¡ëâì ¯à®¨­â¥£à¨à®¢ ­® ¬¥â®¤®¬ å à ªâ¥à¨áâ¨ª ([19], c. 247)
á ­¥§­ ç¨â¥«ì­ë¬ ¥£® ¢¨¤®¨§¬¥­¥­¨¥¬, ®¡ãá«®¢«¥­­ë¬ á«¥¤ãîé¨¬ ®¡áâ®ïâ¥«ìáâ¢®¬. �à¨ ç áâ-
­ëå ¯à®¨§¢®¤­ëå à¥è¥­¨ï ¢ (2.4) áâ®ïâ ª®íää¨æ¨¥­âë, § ¢¨áïé¨¥ ­¥ ®â á ¬®£® à¥è¥­¨ï �,
çâ® ¯®§¢®«¨«® ¡ë ¨á¯®«ì§®¢ âì ¬¥â®¤ å à ªâ¥à¨áâ¨ª áâ ­¤ àâ­ë¬ ®¡à §®¬,   äã­ªæ¨¨ ®â â¥å
¦¥ ç áâ­ëå ¯à®¨§¢®¤­ëå à¥è¥­¨ï. �®íâ®¬ã å à ªâ¥à¨áâ¨ª¨ ãà ¢­¥­¨© (2.4) § ¢¨áïâ ­¥¯®áà¥¤-
áâ¢¥­­® ­¥ ®â à¥è¥­¨ï �,   ®â ¥£® £à ¤¨¥­â  ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ �s. �«¥¤®¢ -
â¥«ì­®, ¤«ï ­ å®¦¤¥­¨ï à¥è¥­¨ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ãáâ -
­ ¢«¨¢ îé¥£® âà ¥ªâ®à¨î å à ªâ¥à¨áâ¨ª¨ ãà ¢­¥­¨ï ¨§ (2.4), ­¥®¡å®¤¨¬® ®¤­®¢à¥¬¥­­® á ­¨¬
ã¬¥âì áâà®¨âì ¢¥ªâ®à-äã­ªæ¨î �s ¢¤®«ì íâ®© å à ªâ¥à¨áâ¨ª¨.

�®«ãç¨¬ á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, à¥è¥­¨¥¬ ª®â®à®© ¨ ï¢«ï-
¥âáï £à ¤¨¥­â �s äã­ªæ¨¨ �. �«ï íâ®£® ¯à®¤¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (2.1) ¯® s ¨ ¢®á¯®«ì-
§ã¥¬áï ®¡®§­ ç¥­¨¥¬ � = �s. �ã¤¥¬ ¨¬¥âì ¤«ï ª ¦¤®£® á®¡áâ¢¥­­®£® §­ ç¥­¨ï �i á¨áâ¥¬ã 2m
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

ds

dt
= �i�(�; s; t);

d�

dt
= ��is(�; s; t); i = 1; 2; : : : ; n: (2.5)

� á¨«ã ®¤­®à®¤­®áâ¨ ­ã«¥¢®© áâ¥¯¥­¨ ¯® � ¢¥ªâ®à-äã­ªæ¨© �i� ¨ ­¥¯à¥àë¢­®áâ¨ ¯® �¨¯-
è¨æã ¯® ¯¥à¥¬¥­­®© s ¢¥ªâ®à-äã­ªæ¨© �is ¬®¦­® £ à ­â¨à®¢ âì, çâ® ¤«ï «î¡®£® ä¨ªá¨à®¢ ­-
­®£® (�; �; �) 2 Em � S � T áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥  ¡á®«îâ­® ­¥¯à¥àë¢­®¥ à¥è¥­¨¥ á¨áâ¥¬ë
(2.5), ª®â®à®¥ ¡ã¤¥¬ ­ §ë¢ âì, § ¨¬áâ¢ãï â¥à¬¨­ ¨§ [2], ¡¨å à ªâ¥à¨áâ¨ª®© ¨ ®¡®§­ ç âì ¢¥ªâ®à-
äã­ªæ¨ï¬¨ s(i)(�; �; � ; t) ¨ �(i)(�; �; � ; t) á®®â¢¥âáâ¢¥­­®.
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�®­ïâ­®, çâ® ¢¤®«ì ¨­â¥£à «ì­®© ªà¨¢®© s = s(i)(�; �; � ; t) äã­ªæ¨ï �i á®åà ­ï¥â á¢®¥ §­ ç¥-
­¨¥, â. ª. á ãç¥â®¬ (2.4)

d

dt
�i(s

(i)(�; �; � ; t); t) = �it +
mX
j=1

�i�j (�; s; t)�isj
= 0; i = 1; 2; : : : ; n:

�  íâ®¬ á¢®©áâ¢¥ ®á­®¢ ­ á«¥¤ãîé¨©  «£®à¨â¬ ¯®áâà®¥­¨ï ª®­ªà¥â­®© å à ªâ¥à¨áâ¨ª¨X (i)
á . �®-

¯¥à¢ëå, ¤«ï ãà ¢­¥­¨ï (2.1) ¨«¨ íª¢¨¢ «¥­â­®£® ¥¬ã ãà ¢­¥­¨ï (2.4) á«¥¤ã¥â § ¤ âì ­ ç «ì­®¥
ãá«®¢¨¥. �ãáâì ®­® ¨¬¥¥â ¢¨¤

�i(s; �) = �(s); (2.6)

£¤¥ � = �(s) | ­¥ª®â®à ï ªãá®ç­®-£« ¤ª ï äã­ªæ¨ï á ­¥¢ëà®¦¤¥­­ë¬ ¢áî¤ã ¢ S £à ¤¨¥­-
â®¬ kr�(s)k > 0. �®-¢â®àëå, ­¥®¡å®¤¨¬® ­ ©â¨ â®çªã � 2 S, ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î
�(�) = c, ¨ ¢ëç¨á«¨âì ¢ ­¥© £à ¤¨¥­â � = r�(�). � âà¥âì¨å, ­ã¦­® ¯à®¨­â¥£à¨à®¢ âì á¨áâ¥¬ã
(2.5) á ãá«®¢¨ï¬¨ �®è¨ t = � , � = �, s = �. �®«ãç¨¬ ¡¨å à ªâ¥à¨áâ¨ªã s = s(i)(�; �; � ; t) ¨
¢¥ªâ®à-äã­ªæ¨î � = �(i)(�; �; � ; t), ª®â®à ï, ª ª ã¦¥ ®â¬¥ç «®áì, á®¢¯ ¤ ¥â á £à ¤¨¥­â®¬ �is ¢
â®çª å (s(i)(�; �; � ; t); t) 2 P. �àã£¨¬¨ á«®¢ ¬¨, ¢¤®«ì ¡¨å à ªâ¥à¨áâ¨ª¨ äã­ªæ¨ï �i ¨ ¥¥ £à -
¤¨¥­â �is ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ �i(s(i)(�; �; � ; t); t) = �(s(i)(�; �; � ; t)), �is(s

(i)(�; �; � ; t); t) =
�(i)(�; �; � ; t).

�¯¨á ­­ ï áå¥¬  ¤ ¥â íää¥ªâ¨¢­ë© ¨­áâàã¬¥­â ¤«ï ­¥¯®áà¥¤áâ¢¥­­®£® ¯®áâà®¥­¨ï m-
¬¥à­®© å à ªâ¥à¨áâ¨ª¨ X (i)

á ¯® § ¤ ­­®© ¢ ¬®¬¥­â t = � ãà ¢­¥­¨¥¬ �(s) = c \­ ç «ì­®©"
m�1-¬¥à­®© ¯®¢¥àå­®áâ¨. �à®¬¥ â®£®, ®­  ¯®¤áª §ë¢ ¥â áâàãªâãàã á¢ï§¨ ¬¥¦¤ã äã­ªæ¨ï¬¨ �i

¨ �. �®ª ¦¥¬, çâ® á ä®à¬ «ì­®© â®çª¨ §à¥­¨ï à¥è¥­¨¥ § ¤ ç¨ (2.1), (2.6) ®¯à¥¤¥«ï¥â á®®â­®-
è¥­¨¥

�i(�(�); � ; s; t) = �(s(i)(�(i)(�; �; � ; t); s; t; �)): (2.7)

�¯à ¢¥¤«¨¢®áâì ­ ç «ì­ëå ãá«®¢¨© (2.6) ¤«ï äã­ªæ¨¨ (2.7) ®ç¥¢¨¤­  ¨§ ¯à¨­ïâ®£® ¯à¨ ®¯à¥-
¤¥«¥­¨¨ ¡¨å à ªâ¥à¨áâ¨ª¨ á¢®©áâ¢  s(i)(�; s; � ; �) � s. �à¨ ¯à®¢¥àª¥ (2.1) ¤«ï ªà âª®áâ¨ ®¡®§­ -
ç¨¬ � = �(i)(�; �; � ; t), � = s(i)(�; s; t; �). �¥¯®áà¥¤áâ¢¥­­® ¨§ (2.7) ¨ ¢â®à®£® à ¢¥­áâ¢  ¢ (2.5)
­ å®¤¨¬ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥

�it = hr�(�); s(i)t (�; s; t; �)� s(i)� (�; s; t; �)�is(�; s; t)i;

�is = s(i)s (�; s; t; �)
0

r�(�):

�®á«¥ ¯®¤áâ ­®¢ª¨ íâ¨å ¢ëà ¦¥­¨© ¢ (2.4) ¡ã¤¥¬ ¨¬¥âì

�it + h�i�(�s; s; t); �si = hr�(�); s(i)t (�; s; t; �) + s(i)s (�; s; t; �)�i�(�; s; t)� s(i)� (�; s; t; �)�is(�; s; t)i:

�â®à®© á®¬­®¦¨â¥«ì ¢ íâ®¬ áª «ïà­®¬ ¯à®¨§¢¥¤¥­¨¨ à ¢¥­ ­ã«î ¢ á¨«ã â®¦¤¥áâ¢ 

s
(i)
t (�; s; t; �) + s(i)s (�; s; t; �)�i�(�; s; t)� s(i)� (�; s; t; �)�is(�; s; t) � 0; (2.8)

¢ëâ¥ª îé¥£® ¨§ â ¢â®«®£¨¨

� � s(i)(�(i)(�; �; � ; t); s(i)(�; �; � ; t); t; �); � 2 Em; (�; �) 2 P; t 2 T:

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï (2.7) ¥áâì à¥è¥­¨¥ § ¤ ç¨ �®è¨ (2.1), (2.6). �«¥¤®¢ â¥«ì­®, ¯à®¡«¥¬ë
¨­â¥£à¨à®¢ ­¨ï ­¥«¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (2.1) ¨ ¯®áâà®¥­¨ï å à ªâ¥à¨áâ¨ª
¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  (1.2) ¬®£ãâ à¥è âìáï ¯ãâ¥¬ ­ å®¦¤¥­¨ï á®®â¢¥âáâ¢ãîé¨å à¥è¥-
­¨© ¡¨å à ªâ¥à¨áâ¨ç¥áª®© á¨áâ¥¬ë (2.5). �â¨¬, ª ª ¡ã¤¥â ¢¨¤­® ¨§ ¤ «ì­¥©è¥£®, à®«ì ¡¨å à ª-
â¥à¨áâ¨ª ¢ ¯®áâà®¥­¨¨ ®¡®¡é¥­­®£® à¥è¥­¨ï á¨áâ¥¬ë (1.1) ¤ «¥ª® ­¥ ®£à ­¨ç¨¢ ¥âáï.
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3. �­¢ à¨ ­âë �¨¬ ­ 

�®  ­ «®£¨¨ á â¥¬, ª ª íâ® ¯à¨­ïâ® ¢ á¨áâ¥¬ å ®¤­®¬¥à­ëå £¨¯¥à¡®«¨ç¥áª¨å ãà ¢­¥­¨© [1],
[11], [16], ¢¢¥¤¥¬ ­®¢ë¥ ¯¥à¥¬¥­­ë¥ r = r(�; s; t), r(�; s; t) 2 En, (�; s; t) 2 Em � S � T , á¢ï§ ¢ ¨å á
à¥è¥­¨¥¬ x á¨áâ¥¬ë (1.1) «¨­¥©­ë¬ ¢§ ¨¬­® ®¤­®§­ ç­ë¬ ¯à¥®¡à §®¢ ­¨¥¬

r(�; s; t) = L0(�; s; t)x(s; t); x(s; t) = P(�; s; t)r(�; s; t): (3.1)

�«¥¤ãï âà ¤¨æ¨¨, äã­ªæ¨¨ ri = ri(�; s; t), i = 1; 2; : : : ; n, ¡ã¤¥¬ ¯®-¯à¥¦­¥¬ã ­ §ë¢ âì ¨­¢ à¨-
 ­â ¬¨ �¨¬ ­ , ­¥á¬®âàï ­  ¨å áãé¥áâ¢¥­­®¥ ®â«¨ç¨¥ ®â ®¤­®¬¥à­®£® ¯à®â®â¨¯  | ­ «¨ç¨¥
­ àï¤ã á ¯à®áâà ­áâ¢¥­­®© s ¨ ¢à¥¬¥­­®© t ¥é¥ ®¤­®© ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®© �, ª®â®à ï  á-
á®æ¨¨àã¥âáï á ­¥ª®â®àë¬ ­ ¯à ¢«¥­¨¥¬ ¢ â®çª¥ s.

� è¥© ¡«¨¦ ©è¥© æ¥«ìî ¡ã¤¥â ¢ë¢®¤ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ª®â®à®©
¤®«¦­ë ¯®¤ç¨­ïâìáï ¨­¢ à¨ ­âë r ¢ á«ãç ¥, ¥á«¨ à¥è¥­¨¥ x á¨áâ¥¬ë (1.1) ï¢«ï¥âáï ª« á-
á¨ç¥áª¨¬, â.¥. ­¥¯à¥àë¢­ë¬ ¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ë¬ ¢ ®¡« áâ¨ P.

�­ ç «¥ ¢®á¯®«ì§ã¥¬áï ãá«®¢¨ï¬¨ (1.3) ¨ ¯à® ­ «¨§¨àã¥¬ áâàãªâãàã ¬ âà¨æ

Mj(�; s; t) = L0(�; s; t)Aj(s; t)P(�; s; t); j = 1; 2; : : : ;m:

�¯ãáª ï ¤«ï ªà âª®áâ¨  à£ã¬¥­âë �, s, t, § ¬¥â¨¬, çâ® á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

h`(i);Ap(i)i = �i; i = 1; 2; : : : ; n:

�à®¤¨ää¥à¥­æ¨àã¥¬ ª ¦¤®¥ ¨§ ­¨å ¯® ¯¥à¥¬¥­­®© �j , j = 1; 2; : : : ;m. �ã¤¥¬ ¨¬¥âì

�i�j = h`(i)�j ;Ap
(i)i+ h`(i);Ap(i)�j i+ h`(i); Ajp

(i)i = �i(h`(i)�j ; p
(i)i+ h`(i); p(i)�j i) + h`(i); Ajp

(i)i:

� ª ª ª h`(i); p(i)i � 1, â® �i�j = h`(i); Ajp
(i)i ¨«¨ ¢ ¬ âà¨ç­®© ä®à¬¥ ��j = diagfM (1;1)

j ;

M
(2;2)
j ; : : : ;M

(n;n)
j g. �ãáâì

_

Mj = Mj � ��j , j = 1; 2; : : : ;m. �®®¡é¥ £®¢®àï, íâ¨ ¬ âà¨ç­ë¥ äã­ª-
æ¨¨ ­¥âà¨¢¨ «ì­ë, â. ª. ®¤­®¢à¥¬¥­­ ï ¤¨ £®­ «¨§ æ¨ï ¢á¥å ¬ âà¨æ A1; A2; : : : ; Am ®¤­¨¬ «¨-
­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬, ª ª ¨§¢¥áâ­® [18], ¢®§¬®¦­  «¨èì ¤«ï ª®¬¬ãâ â¨¢­®£® ®â­®á¨â¥«ì­®
®¯¥à æ¨¨ ã¬­®¦¥­¨ï á¥¬¥©áâ¢  ¬ âà¨æ, â. ¥. ¤«ï á«ãç ï AjAk = AkAj , j; k = 1; 2; : : : ;m. � ª®¥
¯à¥¤¯®«®¦¥­¨¥ ï¢«ï¥âáï ®ç¥­ì ¦¥áâª¨¬, ®­® à¥§ª® áã¦ ¥â ¢®§¬®¦­ë¥ ¯à¨«®¦¥­¨ï á¨áâ¥¬ë
(1.1) ¨, ¥áâ¥áâ¢¥­­®, ã¯à®é ¥â ¯à®¡«¥¬ã ¯®áâà®¥­¨ï ®¡®¡é¥­­®£® à¥è¥­¨ï ä ªâ¨ç¥áª¨ ¤® ¥¥
ãà®¢­ï ¢ ®¤­®¬¥à­®¬ (m = 1) ¢ à¨ ­â¥. �¥ ¢¤ ¢ ïáì ¢ ¯®¤à®¡­®áâ¨, ®â¬¥â¨¬ «¨èì, çâ® ã ¤¨ä-
ä¥à¥­æ¨ «ì­®£® ®¯¥à â®à  (1.2) á ª®¬¬ãâ â¨¢­ë¬¨ ¬ âà¨æ ¬¨ A1; A2; : : : ; Am å à ªâ¥à¨áâ¨ª¨

á®¢¯ ¤ îâ á ¡¨å à ªâ¥à¨áâ¨ª ¬¨ ¨ ­¥ § ¢¨áïâ ®â �. �¥¬ ­¥ ¬¥­¥¥ ¤«ï á®¢®ªã¯­®áâ¨ ¬ âà¨æ
_

Mj ,
j = 1; 2; : : : ;m, ª ª ­¥âàã¤­® ¢¨¤¥âì, ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢®

mX
j=1

�j
_

Mj(�; s; t) � 0; � 2 Em; (s; t) 2 P: (3.2)

�®¤áâ ¢¨¬ â¥¯¥àì ¢ á¨áâ¥¬ã (1.1) ¢¬¥áâ® à¥è¥­¨ï x á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¯à¥¤áâ ¢«¥­¨¥ ¨§
(3.1). �®«ãç¨¬

Dx = xt +
mX
j=1

Ajxsj = (Pr)t +
mX
j=1

Aj(Pr)sj = DP � r + P(rt + L0
mX
j=1

AjPrsj ) =

= DP � r + P(rt +
mX
j=1

��jrsj +
mX
j=1

_

Mjrsj ) = f(Pr; s; t):

�âáî¤  á«¥¤ã¥â

rt +
mX
j=1

��jrsj = L0(f �DP � r)�
mX
j=1

_

Mjrsj : (3.3)
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�®¤áç¨â ¥¬ ¢¤®«ì ¯à®¨§¢®«ì­®© ¡¨å à ªâ¥à¨áâ¨ª¨ � = s(i)(�; s; t; �), � = �(i)(�; s; t; �) ¯®«­ãî
¯à®¨§¢®¤­ãî i-£® ¨­¢ à¨ ­â  �¨¬ ­  ri = ri(�(i)(�; s; t; �); s(i)(�; s; t; �); �) ¯® ¯¥à¥¬¥­­®© �

d

d�
ri = ri� +

mX
j=1

�i�jri�j �
mX
j=1

�i�jri�j ; i = 1; 2; : : : ; n: (3.4)

�à ¢­¨¢ íâ® ¢ëà ¦¥­¨¥ á «¥¢®© ç áâìî i-£® ãà ¢­¥­¨ï á¨áâ¥¬ë (3.3), § ¬¥â¨¬, çâ® ®­  ®â«¨ç -
¥âáï ®â ¯®«­®© ¯à®¨§¢®¤­®© ¨­¢ à¨ ­â  ri á« £ ¥¬ë¬ �h�is ; ri� i. �®íâ®¬ã ¯®á«¥ áã¬¬¨à®¢ ­¨ï
á®®â¢¥âáâ¢ãîé¨å ãà ¢­¥­¨© á¨áâ¥¬ë (3.3) á à ¢¥­áâ¢ ¬¨

�h�is ; ri� i = �h�is ; `
(i)0
� Pri; i = 1; 2; : : : ; n;

ª®â®àë¥ á¯à ¢¥¤«¨¢ë ¢ á¨«ã á®®â­®è¥­¨© (3.1), ¯®«ãç¨¬ ­ã¦­ë© ¢¨¤ ¨­¢ à¨ ­â­®© á¨áâ¥¬ë

rit + h�i� ; risi � h�is ; ri� i = h`(i); f �DP � ri � h�is ; `
(i)0
� Pri �

�
mX
j=1

h
_

M
(i)
j ; rsj i; i = 1; 2; : : : ; n; � 2 Em; (s; t) 2 P: (3.5)

�¤¥áì
_

M
(i)
j | i-ï áâà®ª  ¬ âà¨æë

_

Mj . �ãáâì ¡¨å à ªâ¥à¨áâ¨ª  � = s(i)(�; s; t; �), ¢ë¯ãé¥­­ ï ¨§
â®çª¨ s ¢ ¬®¬¥­â ¢à¥¬¥­¨ t ¯® ­ ¯à ¢«¥­¨î ¢¥ªâ®à  � ¢ \®¡à â­®¬" ¢à¥¬¥­¨ � < t, ¤®áâ¨£ ¥â
£à ­¨æë 
 ®¡« áâ¨ P ¢ â®çª¥ �(i) ¢ ¬®¬¥­â ¢à¥¬¥­¨ � (i) á ­ ¯à ¢«¥­¨¥¬ �(i). �®­ïâ­®, çâ® ¤«ï
¯®áâà®¥­¨ï â ª®© âà®©ª¨ �(i), �(i), � (i) ¤®áâ â®ç­® ¯à®¨­â¥£à¨à®¢ âì i-î á¨áâ¥¬ã ®¡ëª­®¢¥­­ëå
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (2.5) ¨§ â®çª¨ (�; s; t) ¯® � < t. � ª ã¦¥ ®â¬¥ç «®áì, «¥¢ ï ç áâì
ª ¦¤®£® ¨§ ãà ¢­¥­¨© á¨áâ¥¬ë (3.5) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«­ãî ¯à®¨§¢®¤­ãî (3.4) á®®â¢¥âáâ¢ã-
îé¥£® ¨­¢ à¨ ­â  �¨¬ ­ . �«¥¤®¢ â¥«ì­®, à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬ë (3.5) ¤®«¦­®
ã¤®¢«¥â¢®àïâì ¨­â¥£à «ì­®© á¨áâ¥¬¥

ri(�; s; t) = ri(�
(i); �(i); � (i)) +

Z t

� (i)

�
h`(i); f �DP � ri � h�is ; `

(i)0
� Pri �

�
mX
j=1

h
_

M
(i)
j ; rsj i

������=s(i)(�;s;t;�)

�=�(i)(�;s;t;�)

d�; i = 1; 2; : : : ; n; � 2 Em; (s; t) 2 P: (3.6)

� ¯®¬®éìî ­¥¯®áà¥¤áâ¢¥­­®© £à®¬®§¤ª®© ¯à®¢¥àª¨, ª®â®àãî ¯à¨¢®¤¨âì ­¥ ¡ã¤¥¬, ã¡¥¤¨¬áï ¢
á¯à ¢¥¤«¨¢®áâ¨ ®¡à â­®£® ãâ¢¥à¦¤¥­¨ï. �â¬¥â¨¬ â®«ìª®, çâ® ¯à¨ íâ®¬ áãé¥áâ¢¥­­ë¬ ®¡à §®¬
­ àï¤ã á (2.8) ¨á¯®«ì§ã¥âáï á¨¬¬¥âà¨ç­®¥ ¥¬ã â®¦¤¥áâ¢®

�
(i)
t (�; s; t; �) + �(i)s (�; s; t; �)�i�(�; s; t)� �(i)� (�; s; t; �)�is(�; s; t) � 0;

ª®â®à®¥ â®¦¥ ¢ëâ¥ª ¥â ¨§ â ¢â®«®£¨¨

� � �(i)(�(i)(�; �; � ; t); s(i)(�; �; � ; t); t; �); � 2 Em; (�; �) 2 P; t 2 T:

� ª¨¬ ®¡à §®¬, ¯à¨ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ª« áá¨ç¥áª®£® à¥è¥­¨ï x á¨áâ¥¬ë (1.1) íª¢¨¢ «¥­â-
­®áâì ¤¨ää¥à¥­æ¨ «ì­®© (3.5) ¨ ¨­â¥£à «ì­®© (3.6) á¨áâ¥¬ ¤®ª § ­ .

4. �®áâà®¥­¨¥ ª®àà¥ªâ­ëå á¬¥è ­­ëå ãá«®¢¨©

�¬¥è ­­ë¥ ãá«®¢¨ï ¤«ï á¨áâ¥¬ë (1.1) áª®­áâàã¨àã¥¬ ¯® á«¥¤ãîé¥© áå¥¬¥. �­ ç «¥ ¢ëïá-
­¨¬, ª ª¨¬ ®¡à §®¬ ¬®¦­® ®¯à¥¤¥«¨âì â ª¨¥ ãá«®¢¨ï ¤«ï ¨­¢ à¨ ­â­®© á¨áâ¥¬ë (3.5),   § â¥¬
âà ­áä®à¬¨àã¥¬ ¨å ­  á¨áâ¥¬ã (1.1), ¯®«ì§ãïáì ¢§ ¨¬­® ®¤­®§­ ç­ë¬ ®â®¡à ¦¥­¨¥¬ (3.1).

�§ (3.6) ¢¨¤­®, çâ® ¤«ï ¯®áâà®¥­¨ï ¥¤¨­áâ¢¥­­®£® à¥è¥­¨ï ¨­¢ à¨ ­â­®© á¨áâ¥¬ë (3.5) ­ã¦-
­® ¥£® \§ ªà¥¯¨âì" ¢ ­ ç «ì­ëå â®çª å (�(i); �(i); � (i)) ª ¦¤®© ¡¨å à ªâ¥à¨áâ¨ª¨ � = s(i)(�; s; t; �),
� 2 Em, (s; t) 2 P, ª ª ¥á«¨ ¡ë à¥çì è«  ® ¯®áâ ­®¢ª¥ ãá«®¢¨© �®è¨ ¤«ï ¡¥áª®­¥ç­®¬¥à­®© á¨-
áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (3.5).
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�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨¨ �i=�i(�; �; �), i=1; 2; : : : ; n, ¯®«®¦¨¢ �i=�0 + h�i�(�; �; �); �i,
£¤¥ b� = (�0; �) | ¢¥ªâ®à ¢­¥è­¥© ­®à¬ «¨ ª ¯®¢¥àå­®áâ¨ 
 ®¡« áâ¨ P ¢ â®çª¥ (�; �),   � | ¯à®-
¨§¢®«ì­ë© ¢¥ªâ®à ¨§ Em. � ¯®¬®éìî íâ¨å äã­ªæ¨© ã¤®¡­® ª« áá¨ä¨æ¨à®¢ âì ¯à®¨§¢®«ì­ãî
âà®©ªã (�; �; �), � 2 Em, (�; �) 2 
, ª ª ­ ç «ì­ãî ¨«¨ ª®­¥ç­ãî â®çªã ª®­ªà¥â­®© ¡¨å à ªâ¥-
à¨áâ¨ª¨. �ã¤¥¬ £®¢®à¨âì, çâ® â ª ï âà®©ª  ï¢«ï¥âáï ­ ç «ì­®© (ª®­¥ç­®©) â®çª®© ¡¨å à ªâ¥-
à¨áâ¨ª¨ s = s(i)(�; �; � ; t), ¥á«¨ �i < 0 (�i > 0). �¢¥¤¥­­®¥ ®¯à¥¤¥«¥­¨¥ ¯à¥¤áâ ¢«ï¥âáï ¢¯®«­¥
¥áâ¥áâ¢¥­­ë¬  ­ «¨â¨ç¥áª¨¬ ªà¨â¥à¨¥¬ ¯à®¢¥àª¨ £¥®¬¥âà¨ç¥áª®£® ä ªâ  ¢å®¤  ¢ ®¡« áâì P ¨«¨
¢ëå®¤  ¨§ ­¥¥ ¢ â®çª¥ (�; �) £« ¤ª®© ªà¨¢®© á ª á â¥«ì­ë¬ ¢¥ªâ®à®¬ (ds; dt) = (�i�(�; �; �); 1)dt.
�«ãç © �i = 0 á®®â¢¥âáâ¢ã¥â \£« ¤ª®¬ã ¯à¨ª®á­®¢¥­¨î" ¡¨å à ªâ¥à¨áâ¨ª¨ ª £à ­¨æ¥ ®¡« áâ¨
¨ ­¥ ¯®§¢®«ï¥â ­  ®á­®¢¥ ¨á¯®«ì§ã¥¬®© ¢ëè¥ «®ª «ì­®© ¨­ä®à¬ æ¨¨ ¨¤¥­â¨ä¨æ¨à®¢ âì â®çªã
(�; �; �) ¡®«¥¥ ¤¥â «ì­®. �®®¡é¥ £®¢®àï, ®­  ¬®¦¥â ¡ëâì ¨ ­ ç «ì­®©, ¨ ª®­¥ç­®©, ¨ ¯à®¬¥¦ã-
â®ç­®©. �¬¥áâ¥ á â¥¬, ®ç¥¢¨¤­ ï \íª§®â¨ç­®áâì" à ¢¥­áâ¢  �i = 0 ¯à¥¤®¯à¥¤¥«ï¥â ­ã«¥¢ãî ¬¥àã
¬­®¦¥áâ¢  â¥å â®ç¥ª ¨§ P, ¤«ï ª®â®àëå ®­® ¢«¨ï¥â ­  à¥è¥­¨¥ £¨¯¥à¡®«¨ç¥áª®© á¨áâ¥¬ë.

�¡à â¨¬áï â¥¯¥àì ª à áá¬®âà¥­¨î ¬¥å ­¨§¬  á¬¥è ­­ëå ãá«®¢¨©, § ä¨ªá¨à®¢ ¢ ¤«ï ¯à®-
áâ®âë ­¥ª®â®àãî â®çªã (�; �) 2 
. �­ ª äã­ªæ¨¨ �i = �i(�; �; �) á«ã¦¨â ¨­¤¨ª â®à®¬ ¢á¥© âà®©-
ª¨ (�; �; �) ¢ â®¬ á¬ëá«¥, çâ® «¨¡® âà¥¡ã¥â \§ ªà¥¯¨âì" §­ ç¥­¨¥ ¨­¢ à¨ ­â  �¨¬ ­  ri(�; �; �)
\¨§¢­¥" ¯à¨ �i < 0, «¨¡®, ¥á«¨ �i � 0, § ¯à¥é ¥â â ª®¥ § ªà¥¯«¥­¨¥, â. ª. ¢ íâ®¬ á«ãç ¥ §­ ç¥­¨¥
ri(�; �; �) ®¯à¥¤¥«ï¥âáï ¯à¨ à¥è¥­¨¨ ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬ë ¢ ®¡« áâ¨ P á ¨á¯®«ì§®¢ ­¨¥¬
ãá«®¢¨ï �®è¨ ¢ â®çª¥, á®®â¢¥âáâ¢ãîé¥© ¤ ­­®© ¡¨å à ªâ¥à¨áâ¨ª¥. �à¥¤¯®«®¦¨¬, çâ® �i < 0
¯à¨ ¢ë¡à ­­®¬ � 2 Em. �­ ç¨â, ¤«ï ri(�; �; �) ­ ç «ì­®¥ ãá«®¢¨¥ áâ ¢¨âì ­ã¦­®, å®âï ®­® ­¥
¬®¦¥â ¡ëâì á®¢á¥¬ ¯à®¨§¢®«ì­ë¬, ¨¡® ¢ á¨«ã (3.1) â®¦¤¥áâ¢® ri(�; �; �) = h`(i)(�; �; �); x(�; �)i
¤®«¦­® á®åà ­ïâìáï ¤«ï ¢á¥å � 2 Em, ­  ª®â®àëå äã­ªæ¨ï �i(�; �; �) < 0. �àã£¨¬¨ á«®¢ ¬¨,
á«¥¤ã¥â ®¡¥á¯¥ç¨âì ª®àà¥ªâ­®¥ ¢§ ¨¬®¤¥©áâ¢¨¥ ¬¥¦¤ã à §«¨ç­ë¬¨ ¯à®¥ªæ¨ï¬¨ ri(�; �; �) ®¤­®£®
¨ â®£® ¦¥ ¢¥ªâ®à  x(�; �) ­  ­ ¯à ¢«¥­¨ï `(i)(�; �; �).

� ¬¥â¨¬, çâ® áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¢¥ªâ®à®¢ � 2 Em ®á®¡ãî à®«ì ¨£à ¥â ¯®¤¢¥ªâ®à � ¢¥ªâ®à 
¢­¥è­¥© ­®à¬ «¨ b� ª ¯®¢¥àå­®áâ¨ 
 ¢ â®çª¥ (�; �), â. ª. «¨èì á ¥£® ¯®¬®éìî ¬®¦­® ¢ëïá­¨âì,
¯à¨å®¤¨â ¢ â®çªã (�; �) (â. ¥. ­ å®¤¨âáï ¢­ãâà¨ P ¯à¨ t < �) ¨«¨ ãå®¤¨â ¨§ ­¥¥ (â. ¥. ­ å®¤¨âáï
¢­ãâà¨ P ¯à¨ t > �) ¯à®¨§¢®«ì­ ï ¡¨å à ªâ¥à¨áâ¨ª  s = s(i)(�; �; � ; t), � 2 Em. �à®¬¥ â®£®,
äã­ªæ¨¨ �i ¢ëç¨á«ïîâáï £®à §¤® ¯à®é¥ ¯à¨ ãá«®¢¨¨ � = �(�; �). �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã (2.3)
¨¬¥¥¬ �i(�; �; �) = �0+�i(�; �; �). �à¨¢¥¤¥­­ë¥ á®®¡à ¦¥­¨ï £®¢®àïâ ¢ ¯®«ì§ã ¢ë¡®à  ¢ ª ç¥áâ¢¥
\¡ §®¢®£®" ­ ¯à ¢«¥­¨ï ¢ ¯à®¨§¢®«ì­®© â®çª¥ (�; �) 2 
 ¨¬¥­­® ¢¥ªâ®à  �.

�¯à¥¤¥«¨¬ ¢á¯®¬®£ â¥«ì­ë¥ ª®­áâàãªæ¨¨, áãé¥áâ¢¥­­® ã¯à®é îé¨¥ § ¯¨áì ­ ç «ì­®-ªà -
¥¢ëå ãá«®¢¨©. �­ ç «¥ ¯®áâà®¨¬ ¬ âà¨æã

B(�; �) = �0(�; �)I +
mX
j=1

�j(�; �)Aj(�; �):

� ãç¥â®¬ á®®â­®è¥­¨© (1.3) ¤«ï ­¥¥ á¯à ¢¥¤«¨¢® â ª¦¥ à ¢¥­áâ¢®

B(�; �) = P(�(�; �); �; �)�(�; �)L0(�(�; �); �; �);

¢ ª®â®à®¬ � = diagf�1; �2; : : : ; �ng. �¥à¥§ �� ®¡®§­ ç¨¬ ¬ âà¨æã, ¯®«ãç ¥¬ãî ¨§ ¬ âà¨æë �
§ ¬¥­®© ¯®«®¦¨â¥«ì­ëå ¤¨ £®­ «ì­ëå §­ ç¥­¨© ­  ­ã«¨. �®£¤  ­ ç «ì­®-£à ­¨ç­ë¥ ãá«®¢¨ï
¤«ï ¨­¢ à¨ ­â­®£® ¢¥ªâ®à  r(�; �; �) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

��(�; �)[r(�; �; �) � r0(�; �)] = 0: (4.1)

�¤¥áì r0 = r0(�; �) áç¨â ¥¬ § ¤ ­­®© äã­ªæ¨¥©. �á­®, çâ® à ¢¥­áâ¢® (4.1) íª¢¨¢ «¥­â­® á®®â­®-
è¥­¨ï¬

ri(�; �; �) = r0i (�; �); �i(�; �; �) < 0; i = 1; 2; : : : ; n: (4.2)

�¥¯¥àì á ¯®¬®éìî «¨­¥©­®£® ­¥¢ëà®¦¤¥­­®£® ¯à¥®¡à §®¢ ­¨ï (3.1) ­¥âàã¤­® ¯¥à¥¯¨á âì ãá«®-
¢¨ï (4.1) ¢ â¥à¬¨­ å ¯¥à¥¬¥­­ëå x. �®«®¦¨¢ x0(�; �) = P(�(�; �); �; �)r0(�; �) ¨ B�(�; �) =
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P(�(�; �); �; �)��(�; �)L0(�(�; �); �; �), ¡ã¤¥¬ ¨¬¥âì

B�(�; �)[x(�; �) � x0(�; �)] = 0: (4.3)

�®­ïâ­®, çâ® ãá«®¢¨ï (4.3) ¢ ®â«¨ç¨¥ ®â ãá«®¢¨© (4.1) ¢¢¨¤ã ­¥¤¨ £®­ «ì­®áâ¨ ¬ âà¨æë B� ­¥
¤®¯ãáª îâ ¯®ª®¬¯®­¥­â­ãî à áè¨äà®¢ªã â¨¯  (4.2).

�®ª ¦¥¬ â¥¯¥àì, ª ª á«¥¤ã¥â ®¯à¥¤¥«ïâì, ­¥ ¯à®â¨¢®à¥ça â®¦¤¥áâ¢ã (3.1), ­ ç «ì­®-£à -
­¨ç­ë¥ ãá«®¢¨ï ¤«ï ¨­¢ à¨ ­â®¢ ri(�; �; �), ¥á«¨ �i(�; �; �) < 0 ¨ � 6= �. �¤¥áì, à §ã¬¥¥âáï,
ã¦¥ ­¥«ì§ï ¨á¯®«ì§®¢ âì ª®¬¯®­¥­âë r0i ¢¥ªâ®à-äã­ªæ¨¨ r0, á®®â¢¥âáâ¢ãîé¨¥ ­¥à ¢¥­áâ¢ ¬
�i(�; �; �) � 0, ª®â®àë¥  ¢â®¬ â¨ç¥áª¨ ¨£­®à¨àãîâáï ãá«®¢¨ï¬¨ (4.1){(4.3). �á«¨ �i(�; �; �) � 0,
â® §­ ç¥­¨¥ ri(�; �; �) ­ å®¤¨âáï ª ª à¥§ã«ìâ â ¨­â¥£à¨à®¢ ­¨ï á¨áâ¥¬ë (3.5). �®¡ ¢¨¢ ª íâ¨¬
ª®¬¯®­¥­â ¬ ãá«®¢¨ï (4.2), ¡ã¤¥¬ ¨¬¥âì ¢ à á¯®àï¦¥­¨¨ ¢¥áì ¢¥ªâ®à r(�; �; �), çâ® ¯®§¢®«ï-
¥â ¯®¤áç¨â âì §­ ç¥­¨¥ x(�; �) ¯® ä®à¬ã«¥ (3.1). �ª®­ç â¥«ì­® ¨¬¥¥¬: ¥á«¨ �i(�; �; �) < 0, â®
ri(�; �; �) = h`(i)(�; �; �); x(�; �)i. � ª¨¬ ®¡à §®¬, ¯®«­®áâìî áä®à¬¨à®¢ âì £à ­¨ç­ë¥ ãá«®¢¨ï
¤«ï á¨áâ¥¬ë (3.5) ¢ ¬®¬¥­â ¢à¥¬¥­¨ � ¬®¦­® â®«ìª® ¯®á«¥ â®£®, ª ª íâ  á¨áâ¥¬  ¯à®¨­â¥£à¨à®-
¢ ­  ¢ ¯®«®á¥ [t0; � ].

5. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì ®¡®¡é¥­­®£® à¥è¥­¨ï

� ª ã¦¥ ®â¬¥ç «®áì, ¤¨ää¥à¥­æ¨ «ì­ ï á¨áâ¥¬  (3.5) ¨ ¨­â¥£à «ì­ ï á¨áâ¥¬  (3.6) ­  £« ¤-
ª¨å à¥è¥­¨ïå íª¢¨¢ «¥­â­ë. � â® ¦¥ ¢à¥¬ï, ¢ ®â«¨ç¨¥ ®â ¤¨ää¥à¥­æ¨ «ì­®©, ¨­â¥£à «ì­ ï
á¨áâ¥¬  ­¥ â¥àï¥â á¬ëá« ¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¢å®¤­ë¥ ¯ à ¬¥âàë § ¤ ç¨ | ¢¥ªâ®à-äã­ªæ¨¨
f ¨ r0 | à §àë¢­ë ¯® ­¥§ ¢¨á¨¬ë¬ ¯¥à¥¬¥­­ë¬. � ª ¨§¢¥áâ­® [1], ¨¬¥­­® íâ® ®¡áâ®ïâ¥«ìáâ¢®
¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ®¡®¡é¥­­®¥ à¥è¥­¨¥ ¨áå®¤­®© ¤¨ää¥à¥­æ¨ «ì­®© á¨áâ¥¬ë ª ª à¥è¥­¨¥
¨­â¥£à «ì­®©. �«ï ®¤­®¬¥à­ëå ¨­¢ à¨ ­â­ëå á¨áâ¥¬ â ª®¥ ¯®áâà®¥­¨¥ ®¡®¡é¥­­®£® à¥è¥­¨ï
¨á¯®«ì§®¢ «®áì ¢ [11], [16]. �à¨­æ¨¯¨ «ì­ë¬ ®â«¨ç¨¥¬ à áá¬ âà¨¢ ¥¬®© §¤¥áì ¨­â¥£à «ì­®©
á¨áâ¥¬ë ¤«ï ¨­¢ à¨ ­â®¢ �¨¬ ­  ®â  ­ «®£¨ç­®© á¨áâ¥¬ë ¨§ [11], [16] ï¢«ï¥âáï ¯®á«¥¤­¥¥ á« -
£ ¥¬®e ¢ (3.6), á®¤¥à¦ é¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® ¯à®áâà ­áâ¢¥­­ë¬ ¯¥à¥¬¥­­ë¬ ®â ­¥¤¨ -
£®­ «ì­ëå ª®¬¯®­¥­â à¥è¥­¨ï. �¤­ ª® ¬®¦­® ¯®ª § âì, çâ® ¯®çâ¨ ¢áî¤ã ¢ P ¢¥«¨ç¨­  ¥¢ª«¨-
¤®¢ëå ­®à¬ íâ¨å ¯à®¨§¢®¤­ëå ¨ à¥è¥­¨ï r ¨¬¥¥â ®¤¨­ ª®¢ë© ¯®àï¤®ª. �®á«¥ ãáâ ­®¢«¥­¨ï
â ª®© ®æ¥­ª¨ ¤®ª § â¥«ìáâ¢® áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï ¨­â¥£à «ì­®© á¨áâ¥¬ë
(3.6) ¯® áãé¥áâ¢ã ¯à®å®¤¨â ¯® áå¥¬¥ [11], ¨á¯®«ì§ãîé¥© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ì­ëå ¯à¨¡«¨¦¥­¨©
¨ ¯à¨­æ¨¯ ¨­â¥£à «ì­®£® á¦ â¨ï.

Cãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ¨­¢ à¨ ­â­®© á¨áâ¥¬ë ­ àï¤ã á ­ «¨ç¨¥¬ ¢§ -
¨¬­® ®¤­®§­ ç­®£® ¯à¥®¡à §®¢ ­¨ï (3.1)  ¤¥ª¢ â­® ¯®áâà®¥­¨î ®¡®¡é¥­­®£® à¥è¥­¨ï ¨áå®¤­®©
á¨áâ¥¬ë (1.1) á ­ ç «ì­®-£à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ (4.3). �ª ¦¥¬ â¥¯¥àì ®æ¥­ªã à¥è¥­¨ï x ¢ â®ç-
ª å ®¡« áâ¨ P ç¥à¥§ ¢å®¤­ë¥ ¯ à ¬¥âàë f ¨ x0 ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ (1.1), (4.3).

�«ï ¯à®¨§¢®«ì­®© ä¨ªá¨à®¢ ­­®© â®çª¨ (s; t) 2 P à áá¬®âà¨¬ å à ªâ¥à¨áâ¨ª¨ X (i) =
X (i)(s; t), ¯®«®¦¨¢

X (i) = f(�; �) 2 P; � = s(i)(�; s; t; �); � 2 Em; k�k = 1g; i = 1; 2; : : : ; n:

� ¬¥â¨¬, çâ® ¢ á¨«ã à ¢¥­áâ¢ (3.2) ¢¥ªâ®à � = �(i)(�; s; t; �) ¢á¥£¤  ®àâ®£®­ «¥­ ¢¥ªâ®à ¬
(M (i;k)

1 ;M
(i;k)
2 ; : : : ;M (i;k)

m ), i; k = 1; 2; : : : ; n, i 6= k,   §­ ç¨â, ¢ á¨áâ¥¬ å (3.5), (3.6) £à ¤¨¥­âë
¯® s ¨­¢ à¨ ­â®¢ �¨¬ ­  rk ­ ¯à ¢«¥­ë ¯® ª á â¥«ì­®© ª ¯®¢¥àå­®áâï¬ X (i). �á­®¢ë¢ ïáì ­ 
íâ®¬ ä ªâ¥ ¨ â®¦¤¥áâ¢ å (3.1), ¬®¦­® ¯®«ãç¨âì ®æ¥­ªã

kx(s; t)k � K

� nX
i=1

� Z

\X (i)

kx0kd! +
Z
X (i)

kfkd!

�
+

Z

\@4(s;t)

kx0kd! +
ZZ

4(s;t)

kfkd�d�

�
;

ª®â®à ï á¯à ¢¥¤«¨¢  ¯®çâ¨ ¢áî¤ã ¢ P. �¤¥áì K > 0 | ­¥ª®â®à ï ª®­áâ ­â ; 4(s; t) | ®¡« áâì
§ ¢¨á¨¬®áâ¨ à¥è¥­¨ï x ¢ â®çª¥ (s; t) 2 P, ï¢«ïîé ïáï ®¡ê¥¤¨­¥­¨¥¬ ¢á¥å å à ªâ¥à¨áâ¨ç¥-
áª¨å ª®­ãá®¢, ®å¢ âë¢ ¥¬ëå ¯®¢¥àå­®áâï¬¨ X (i)(s; t), i = 1; 2; : : : ; n; @4(s; t) | £à ­¨æ  ®¡« áâ¨
4(s; t).
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