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1. � áá¬®âà¨¬ á¨áâ¥¬ã ãà ¢­¥­¨©

x(t) =
Z t

0
K(t� s)x(s)ds+ f(t); t � 0; (1)

£¤¥ f; x 2 C[0;1) = C([0;1)! Cn), K 2 L1 = L1([0;1)!Mn�n), Cn | ¯à®áâà ­áâ¢® n-¬¥à­ëå
ª®¬¯«¥ªá­ëå ¢¥ªâ®à®¢,   Mn�n | ¯à®áâà ­áâ¢® ª¢ ¤à â­ëå ¬ âà¨æ. �¥à¥§ I ¡ã¤¥¬ ®¡®§­ ç âì
¥¤¨­¨ç­ãî ¬ âà¨æã. �®«®¦¨¬

K1 �K2(t) =
Z t

0

K1(t� s)K2(s)ds; '(U)(t) = U(t)�K � U(t); cK(z) =
Z 1

0

e�ztK(t)dt

| ¯à¥®¡à §®¢ ­¨¥ � ¯« á  äã­ªæ¨¨ K, R | à¥§®«ì¢¥­â  ï¤à  K, â. ¥. R ï¢«ï¥âáï à¥è¥­¨¥¬
ãà ¢­¥­¨ï R(t) = K(t)+K(t)�R(t). � ª ¨§¢¥áâ­®, à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¨¬¥¥â ¢¨¤ x(t) = f(t)+
R(t) � f(t). �®íâ®¬ã ¨§ãç¥­¨¥  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï x ¯à¨ § ¤ ­­®¬  á¨¬¯â®â¨ç¥áª®¬
¯®¢¥¤¥­¨¨ f ®¯à¥¤¥«ï¥âáï à¥§®«ì¢¥­â®© R. � ª ª ª bR(z) = (I�cK(z))�1cK(z); â®  á¨¬¯â®â¨ç¥áª¨©
(¯à¨ t ! 1) å à ªâ¥à R ®¯à¥¤¥«ï¥âáï ®á®¡ë¬¨ â®çª ¬¨ (I � cK(z))�1. �§ K 2 L1 á«¥¤ã¥â, çâ®
(I�cK(z))�1 ¬¥à®¬®àä­  ¢ ®¡« áâ¨ Re z > 0, â. ¥. ¢ íâ®© ®¡« áâ¨ ®­  ¨¬¥¥â «¨èì ¯®«îáë. �«ãç ©,
ª®£¤  (I�cK(z))�1 ¨¬¥¥â ¯®«îáë ¨ ­  ¬­¨¬®© ®á¨, ¡ë« ¨§ãç¥­ ¢ [1]. � [2] ¢ ®¤­®¬¥à­®© á¨âã æ¨¨
à áá¬ âà¨¢ «áï á«ãç ©, ª®£¤  ¢ ª®­¥ç­®¬ ç¨á«¥ â®ç¥ª �j = i
j äã­ªæ¨ï I � cK(z) ¨¬¥«  ­ã«¨
­¥ æ¥«®£® ¯®àï¤ª . �¤¥áì, ¢ ç áâ­®áâ¨,  á¨¬¯â®â¨ª  à¥§®«ì¢¥­âë ¯à¨ ­ «¨ç¨¨ ¯®¤®¡­ëå ®á®¡ëå
â®ç¥ª ã (I � cK(z))�1 ¨áá«¥¤ã¥âáï ¢ ®¡é¥© n-¬¥à­®© á¨âã æ¨¨. �à®¬¥ â®£®, ¯®«ãç¥­® ãá¨«¥­¨¥
à¥§ã«ìâ â  à ¡®â [3], [2].

�ãáâì I � cK(z) ­¥ ®¡à â¨¬  ¢ ª®­¥ç­®¬ ç¨á«¥ â®ç¥ª �1; : : : ; �m, Re�j � 0: �ã­ªæ¨î Q(t)
­ §®¢¥¬ K-à¥£ã«ïà­®©, ¥á«¨ bQ(z) ®¯à¥¤¥«¥­  ¢áî¤ã ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0, §  ¨áª«îç¥­¨¥¬
â®ç¥ª �j , I + bQ(z) ®¡à â¨¬  ¨ �j | ãáâà ­¨¬ë¥ ®á®¡ë¥ â®çª¨ ¬ âà¨æ [I � cK(z)][I + bQ(z)] ¨
[I + bQ(z)]�1[I � cK(z)]�1. �®á«¥¤­¥¥ à ¢­®á¨«ì­® áãé¥áâ¢®¢ ­¨î ®¤­®£® ¨§ ¯à¥¤¥«®¢ lim

z!�j
[I �

cK(z)][I + bQ(z)] ¨«¨ lim
z!�j

[I + bQ(z)]�1[I � cK(z)]�1 ¨ ®¡à â¨¬®áâ¨ ¯à¥¤¥«ì­®© ¬ âà¨æë.

�¥¬¬  1. �ãáâì I �cK(z) ­¥ ®¡à â¨¬  ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ¢ ª®­¥ç­®¬ ç¨á«¥ â®ç¥ª.

�«ï ª ¦¤®© K-à¥£ã«ïà­®© äã­ªæ¨¨ Q, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î

'(Q) 2 L1[0;1); (2)

áãé¥áâ¢ã¥â â ª ï äã­ªæ¨ï R0 2 L1[0;1), çâ® à¥§®«ì¢¥­â  R ï¤à  K ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

R(t) = R0(t) +Q(t) +Q(t) � R0(t): (3)

�¡à â­®, ¥á«¨ ¤«ï ­¥ª®â®à®© K-à¥£ã«ïà­®© Q áãé¥áâ¢ã¥â â ª®¥ R0 2 L1[0;1), çâ® ¢ë-

¯®«­¥­® (3), â® Q ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (2).
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�ë¡®à K-à¥£ã«ïà­®© äã­ªæ¨¨ ®¡ãá«®¢«¥­ å à ªâ¥à®¬ ®á®¡ëå â®ç¥ª (I�cK(z))�1. � ®¤­®¬¥à-
­®¬ á«ãç ¥ ®á®¡ë¥ â®çª¨ (I �cK(z))�1 | íâ® ­ã«¨ äã­ªæ¨¨ 1�cK(z), å à ªâ¥à ª®â®àëå ¬®¦­®
®¯à¥¤¥«¨âì ¨ ­¥ ­ å®¤ï cK(z). � ¯à¨¬¥à, ¥á«¨ �| ­ã«ì äã­ªæ¨¨ cK(z)�1, '(t��1e�t) 2 L1[0;1),

� > 0, ¨
1R
0

e��t'(t��1e�t)dt 6= 0; â® � | ­ã«ì ¯®àï¤ª  �. �â® á«¥¤ã¥â ¨§ à ¢¥­áâ¢ 

1� cK(z) =
1

�(�)
(z � �)� b'(t��1e�t)(z)

¨ â®£®, çâ® b'(t��1e�t)(�) 6= 0:
�á«¨ cK(z) � 1 ¨¬¥¥â ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®­¥ç­®¥ ç¨á«® ­ã«¥© �1; : : : ; �k ¯®àï¤ª®¢

m1; : : : ;mk á®®â¢¥âáâ¢¥­­®, ¯à¨ç¥¬ m1; : : : ;mp æ¥«ë¥,   ®áâ «ì­ë¥ mj | ­¥ æ¥«ë¥ ç¨á« , â®, ª ª
¯®ª § ­® ¢ [2], ¢ ª ç¥áâ¢¥ Q ¬®¦­® ¢ë¡à âì äã­ªæ¨î

Q(t) =
X
j�p

mj�1X
r=0

cjrt
re�j t +

X
j>p

� [mj ]X
r=0

cjrt
mj�r�1 +

[mj ]�1X
r=0

ecjrtr
�
e�j t:

�à¨ íâ®¬ à¥£ã«ïà­®áâì Q ®¡¥á¯¥ç¨¢ ¥â âà¥¡®¢ ­¨¥

kY
j=1

(z � �j)mj [1 + bQ(z)] 6= 0; Re z � 0: (4)

� á«ãç ¥ «¨èì æ¥«ëå ¯®àï¤ª®¢ íâ® ®§­ ç ¥â, çâ® ¬­®£®ç«¥­ (4) ¤®«¦¥­ ¡ëâì ãáâ®©ç¨¢ë¬.
�â®¡ë ®¡¥á¯¥ç¨âì ¢ë¯®«­¥­¨¥ ãá«®¢¨ï (2), ¢ [3] âà¥¡®¢ «®áì, çâ®¡ë tmK 2 L1[0;1) ¯à¨

­¥ª®â®à®¬ m. �á¯®«ì§®¢ ­¨¥ «¥¬¬ë 1 ¯®§¢®«ï¥â ®á« ¡¨âì íâ® âà¥¡®¢ ­¨¥ ¤® ­¥®¡å®¤¨¬®£®. �
¨¬¥­­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  1. �ãáâì cK(z)�1 ¨¬¥¥â ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ª®­¥ç­®¥ ç¨á«® ­ã«¥© �1; : : : ; �k
æ¥«ëå ¯®àï¤ª®¢ m1; : : : ;mk. �ãáâì ¤ «¥¥ ¤«ï â¥å j, ¯à¨ ª®â®àëå Re�j = 0,

'(tre�j t) 2 L1[0;1); r � mj � 1: (5)

�®£¤  ¤«ï «î¡®£® ª¢ §¨¬­®£®ç«¥­ 

Q(t) =
kX

j=1

mj�1X
r=0

cjrt
re�j t;

ã¤®¢«¥â¢®àïîé¥£® (4), áãé¥áâ¢ã¥â â ª ï R0 2 L1[0;1); çâ®

R(t) = R0(t) +Q(t) +Q(t) � R0(t): (6)

�¡à â­®, ¥á«¨ ¤«ï «î¡®£® ª¢ §¨¬­®£®ç«¥­  Q, ã¤®¢«¥â¢®àïîé¥£® (4), á¯à ¢¥¤«¨¢® (6) á R0 2

L1[0;1); â® ¢ë¯®«­¥­® ¨ (5).

�®®â¢¥âáâ¢ãîé¨© à¥§ã«ìâ â á¯à ¢¥¤«¨¢ ¨ ¢ á«ãç ¥, ª®£¤  ­¥ª®â®àë¥ ­ã«¨ �j ¨¬¥îâ ­¥ æ¥«ë©
¯®àï¤®ª.

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ãá«®¢¨ï â¥®à¥¬ë 1 á« ¡¥¥ ãá«®¢¨© á®®â¢¥âáâ¢ãîé¥©
â¥®à¥¬ë à ¡®âë [3]. �®«®¦¨¬

K(t) = �

�
cos t

(t+ 1)1+"

�0
; " 2 (0; 1):

�®£¤  K 2 L1[0;1); ãà ¢­¥­¨¥ cK(z) = 1 ¨¬¥¥â ­  ¬­¨¬®© ®á¨ ¥¤¨­áâ¢¥­­ë© ª®à¥­ì z = 0,

'(1) = 1�
Z t

0
K(s)ds 2 L1[0;1);   tK =2 L1[0;1):
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� á«ãç ¥ à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢  ¡®«ìè¥ ¥¤¨­¨æë [I � cK(z)]�1 = H(z)

�(z)
; £¤¥ �(z) =

det[I �cK(z)];   H(z) | ¯à¨á®¥¤¨­¥­­ ï ¬ âà¨æ . �®íâ®¬ã ®¯à¥¤¥«¥­¨¥ å à ªâ¥à  ®á®¡®© â®çª¨
¬®¦¥â ¯à¥¤áâ ¢¨âì áãé¥áâ¢¥­­ë¥ âàã¤­®áâ¨. �â¨ âàã¤­®áâ¨ ¬®£ãâ ãáã£ã¡«ïâìáï ¥é¥ á«®¦­®-
áâìî ¯®áâà®¥­¨ï K-à¥£ã«ïà­®© äã­ªæ¨¨ Q. C«¥¤ãîé¨© ¯à¨¥¬ ¯®§¢®«ï¥â áâà®¨âì Q ¯®á«¥¤®¢ -
â¥«ì­®.

�ãáâì I�cK(z) ­¥ ®¡à â¨¬  ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0 ¢ ª®­¥ç­®¬ ç¨á«¥ â®ç¥ª �1; : : : ; �k. �ãáâì
äã­ªæ¨ï Q0(t) â ª®¢ , çâ® bQ0(z) ®¯à¥¤¥«¥­  ¢áî¤ã ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0, §  ¨áª«îç¥­¨¥¬
â®ç¥ª �1; : : : ; �p, p < k; I+ bQ0(z) ®¡à â¨¬  ¨ ¯à¨ j � p áãé¥áâ¢ã¥â lim

z!�j
[I�cK(z)][I + bQ0(z)] = Dj ;

¯à¨ç¥¬ Dj | ®¡à â¨¬ ï ¬ âà¨æ .
�®«®¦¨¬ K0(t) = K(t)�'(Q0)(t): � á¨«ã à ¢¥­áâ¢  I�cK0(z) = [I�cK(z)][I+ bQ0(z)] ¬ âà¨æ 

I � cK0(z) ®¡à â¨¬  ¢áî¤ã ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0, §  ¨áª«îç¥­¨¥¬ â®ç¥ª �p+1; : : : ; �k. �á«¨
â¥¯¥àì Q1 ï¢«ï¥âáï K0-à¥£ã«ïà­®© äã­ªæ¨¥©, â® Q(t) = Q0(t) + Q1(t) + Q0(t) � Q1(t) ¡ã¤¥â K-
à¥£ã«ïà­®©. �â® «¥£ª® á«¥¤ã¥â ¨§ à ¢¥­áâ¢

[I � cK(z)][I + bQ(z)] = [I � cK(z)][I + bQ0(z)][I + bQ1(z)] = [I � cK0(z)][I + bQ1(z)]:

� ª ª ª [I �cK(z)]�1 ¬¥à®¬®àä­  ¢ ¯®«ã¯«®áª®áâ¨ Re z > 0, â® ¥¥ ®á®¡ë¥ â®çª¨ �j á Re z > 0
ï¢«ïîâáï ¯®«îá ¬¨. �¥ª®â®àë¥ ¯®«îáë ¬®£ãâ «¥¦ âì ¨ ­  ¯àï¬®© Re z = 0. �ãáâì �p+1; : : : ; �k
| ¢á¥ ¯®«îáë [I � cK(z)]�1. �®£¤ , ª ª ¯®ª § ­® ¢ [1], ¬®¦­® ¢ë¡à âì Q1(t) =

P
j>p

Pmj�1(t)e
�j t;

£¤¥ mj | ¯®àï¤®ª ¯®«îá  �j , Pmj�1(t) | ¬­®£®ç«¥­ë á ¬ âà¨ç­ë¬¨ ª®íää¨æ¨¥­â ¬¨ áâ¥¯¥­¨
­¥ ¡®«ìè¥ mj � 1.

�®çª  �j á Re �j = 0 ¬®¦¥â ¡ëâì ¯®«îá®¬ [I � cK(z)]�1, ¥á«¨ K ¨¬¥¥â ª®­¥ç­ë¥ ¬®¬¥­âë
¤®áâ â®ç­® ¢ëá®ª®£® ¯®àï¤ª . �á«¨ ã K ­¥â ª®­¥ç­ëå ¬®¬¥­â®¢, â® det[I � cK(z)] ¬®¦¥â ¨¬¥âì
­ã«¨ ­¥ æ¥«ëå ¯®àï¤ª®¢. �¨¦¥ ¨§ãç ¥âáï ®¤¨­ ¨§ â ª¨å á«ãç ¥¢ ¢ ¯à¥¤¯®«®¦¥­¨¨Z 1

t

e��jsK(s)ds � Cjt
��j ; �j 2 (0; 1); t!1 (áà. [4]{[6]):

�ãáâì ¬ âà¨æ  I � cK(�j) ­¥ ®¡à â¨¬ . �¡®§­ ç¨¬ ¥¥ áâ®«¡æë ç¥à¥§ a1; : : : ; an ¨ ¯à¥¤¯®«®¦¨¬,
çâ® ¢¥ªâ®àë ak1 ; : : : ; akr «¨­¥©­® ­¥§ ¢¨á¨¬ë,   ®áâ «ì­ë¥ ï¢«ïîâáï ¨å «¨­¥©­®© ª®¬¡¨­ æ¨¥©,

â. ¥. I �cK(�j) ¨¬¥¥â à ­£ r. �ãáâì al =
rP

q=1
clqakq ¯à¨ l 6= k1; : : : ; kr. �¡®§­ ç¨¬ ç¥à¥§ gl ¢¥ªâ®à, ã

ª®â®à®£® kq-ª®¬¯®­¥­â  à ¢­  �clq, l-ï à ¢­  ¥¤¨­¨æ¥,   ®áâ «ì­ë¥ | ­ã«¨. �¥à¥§ Gj ®¡®§­ ç¨¬
¬ âà¨æã, ã ª®â®à®© l-© áâ®«¡¥æ à ¢¥­ gl,   ®áâ «ì­ë¥ áâ®«¡æë ­ã«¥¢ë¥. �®£¤  [I �cK(�j)]Gj = 0
¨ G2

j = Gj.

�¥®à¥¬  2. �ãáâì I � cK(z) ­¥ ®¡à â¨¬  ¯à¨ Re z � 0 ¢ ª®­¥ç­®¬ ç¨á«¥ â®ç¥ª �1; : : : ; �m,

¯à¨ç¥¬ Re �j = 0; j = 1; : : : ; p, Re �j > 0, j > p: �ãáâì ¤ «¥¥ ¯à¨ j = 1; : : : ; pZ 1

t

e��jsK(s)ds =
Cj + Vj(t)
(t+ 1)�j

; (7)

£¤¥ �j 2 (0; 1); ¬ âà¨æ  CjGj + I � cK(�j) ®¡à â¨¬  ¨ Vj 2 C0[0;1) 1,   d

dt
Vj 2 L1[0;1): �®£¤ 

¤«ï à¥§®«ì¢¥­âë R ï¤à  K á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

R(t) =
pX

j=1

Aj

e�j t

(t+ 1)1��j
+

mX
j=p+1

Pmj�1(t)e
�j t +

pX
j=1

Bj

e�j t

(t+ 1)1��j
�W1(t) +W2(t); (8)

£¤¥ W1;W2 2 L1[0;1), mj | ¯®àï¤®ª ¯®«îá  �j.

1 C0[0;1) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ­  [0;1) äã­ªæ¨©, ¨¬¥îé¨å ­ã«¥¢®© ¯à¥¤¥« ¯à¨ t!1.
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� ¬¥ç ­¨¥. �á«®¢¨¥ V 0j 2 L1[0;1) ­ ª« ¤ë¢ ¥âáï «¨èì ¤«ï â®£®, çâ®¡ë ®¡¥á¯¥ç¨âì ¢ª«î-
ç¥­¨¥

Uj(t) =
Vj(t)

(t+ 1)�j
�

Vj(t)
(t+ 1)�j

�
1� �j

(t+ 1)2��j
2 L1[0;1):

�­®, ¥áâ¥áâ¢¥­­®, ¬®¦¥â ¡ëâì § ¬¥­¥­® «î¡ë¬ ¤àã£¨¬, ®¡¥á¯¥ç¨¢ îé¨¬ ­ã¦­®¥ ¢ª«îç¥­¨¥.
� ¯à¨¬¥à, ¬®¦­® ¯®âà¥¡®¢ âì Vj(t)=(t + 1)�j 2 L1 ¨«¨ Vj(t) = Vj1(t) + Vj2(t); £¤¥ V 0j1 2 L1,
Vj2(t)=(t + 1)�j 2 L1. �®á¯®«ì§ã¥¬áï íâ¨¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3. � ª ã¦¥ ®â¬¥ç «®áì
[2], ­¥ ïá­®, ­¥ ¢ë¯®«­ï¥âáï «¨ ¢ª«îç¥­¨¥ Uj(t) 2 L1[0;1) «¨èì ¯à¨ ãá«®¢¨¨ Vj ! 0.

�â® ª á ¥âáï ãá«®¢¨ï ®¡à â¨¬®áâ¨ ¬ âà¨æë CjGj + I � cK(�j), â® ¢ ­ ¨¡®«¥¥ ¨­â¥à¥á­®¬
á«ãç ¥ rank(I�cK(�j)) = n�1 ®­® ®§­ ç ¥â (á¬. ¯®áâà®¥­¨¥Gj), çâ® ãà ¢­¥­¨¥ (I�cK(�j))x = Cju;

£¤¥ u 2 Ker(I �cK(�j)), u 6= 0, ­¥ ¨¬¥¥â à¥è¥­¨ï. �®á«¥¤­¥¥ ¢ë¯®«­ï¥âáï, ­ ¯à¨¬¥à, ¯à¨ n = 1,
  â ª¦¥ n > 1, cK(�j) > 0; 1 | ¬ ªá¨¬ «ì­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ cK(�j) ¨ Cj � 0; Cj 6= 0:
�¥©áâ¢¨â¥«ì­®, á®£« á­® â¥®à¥¬¥ �¥àà®­  [7] ¢ íâ®¬ á«ãç ¥ u > 0, ¨ ¯à¨á®¥¤¨­¥­­ ï ª I�cK(�j)
¬ âà¨æ  D > 0. �á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ãà ¢­¥­¨¥ (I � cK(�j))x = Cju ¨¬¥¥â à¥è¥­¨¥, â®
DCju = 0, çâ® ­¥¢®§¬®¦­®, â. ª. Cju � 0, Cju 6= 0 ¨, §­ ç¨â, DCju > 0. � ª¨¬ ®¡à §®¬, ¢
ãá«®¢¨ïå, ­¥áª®«ìª® á« ¡¥¥ ãá«®¢¨ï K(t) � 0 â¥®à¥¬ë �¥««¥à  [4] ¨ ¥¥ ¬­®£®¬¥à­®£®  ­ «®£ 
[5], [6], ­® ¯à¨ ¤®¯®«­¨â¥«ì­®¬ âà¥¡®¢ ­¨¨ ­  Vj(t), ¨§ â¥®à¥¬ë 2 ¢ëâ¥ª ¥â ­¥ â®«ìª® ¨§¢¥áâ­ ï
 á¨¬¯â®â¨ª  à¥è¥­¨ï ãà ¢­¥­¨ï (1), ­® ¨ ®¯à¥¤¥«¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥ à¥§®«ì¢¥­âë.

�®à®è® ¨§¢¥áâ­®, çâ® ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ à §«¨ç­ë¬¨ á¯®á®¡ ¬¨ ¬®¦¥â
¡ëâì á¢¥¤¥­® ª ¨­â¥£à «ì­®¬ã. �¢®¤ï á¨áâ¥¬ã

x0(t) = Ax(t) +
Z t

0

K(t� s)x(s)ds+ f(t) (9)

®¯à¥¤¥«¥­­ë¬ ®¡à §®¬ ª á¨áâ¥¬¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¨ ¯à¨¬¥­ïï ª ¯®á«¥¤­¥© â¥®à¥¬ã 2,
¯®«ãç¨¬  á¨¬¯â®â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ äã­ªæ¨¨ �®è¨ á¨áâ¥¬ë (9). � ¯®¬­¨¬, çâ® äã­ªæ¨ï
�®è¨ R(t) á¨áâ¥¬ë (9) | íâ® à¥è¥­¨¥ § ¤ ç¨

R0(t) = AR(t) +K � R(t); R(0) = I; (10)

¨ «î¡®¥ à¥è¥­¨¥ (9) ¨¬¥¥â ¢¨¤ x(t) = R(t)x(0) + R � f(t). �®á«¥¤­¥¥ ¢ëà ¦¥­¨¥ ¯®§¢®«ï¥â ¯®
 á¨¬¯â®â¨ç¥áª®¬ã ¯à¥¤áâ ¢«¥­¨î R ­ å®¤¨âì  á¨¬¯â®â¨ªã x(t).

�¥®à¥¬  3. �ãáâì K 2 L1[0;1) ¨ ¬ âà¨æ  zI�A�cK(z), Re z � 0, ­¥ ®¡à â¨¬  ¢ ª®­¥ç­®¬
ç¨á«¥ â®ç¥ª �1; : : : ; �m, ¯à¨ç¥¬ Re�j = 0; j = 1; : : : ; p, Re �j > 0, j > p: �ãáâì ¤ «¥¥ ¤«ï ï¤à  K

¢ë¯®«­¥­ë ãá«®¢¨ï (7). �®£¤  ¤«ï äã­ªæ¨¨ �®è¨ R(t) á¨áâ¥¬ë (9) á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥
(8), £¤¥ W1;W2 2 L1 \ C0:

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ ¯®­ ¤®¡¨âáï ¯®¤áç¨â âì ­¥ª®â®àë¥ á¢¥àâª¨.

�¥¬¬  2. �ãáâì � > 0; Re �1 = 0, �2 > 0, Re �3 > 0, r � 0 æ¥«®¥. �®£¤ 

e�1t

(t+ 1)�
� tre�3t = c

e�1t

(t+ 1)�
+ Pr(t)e�3t + V (t);

e�1t

(t+ 1)�
� e��2t = c1

e�1t

(t+ 1)�
+ c2e

��2t + V (t);

e��2t � tre�3t = ce��2t + Pr(t)e�3t;

£¤¥ V 2 L1[0;1) \ C0[0;1):
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2. �®ª § â¥«ìáâ¢® «¥¬¬ë 1. �®«®¦¨¬ K0(t) = K(t)� '(Q)(t): �®£¤  K0 2 L1[0;1) ¨

I � cK0(z) = (I � cK(z))(I + bQ(z)):
� ª ª ª Q(t) K-à¥£ã«ïà­ , â® I � cK0(z) ®¡à â¨¬  ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0. �ãáâì R0(t) |
à¥§®«ì¢¥­â  ï¤à  K0. �® â¥®à¥¬¥ �¨­¥à  R0 2 L1[0;1). � «¥¥, ¨§ à ¢¥­áâ¢  I + bR0(z) = [I �cK0(z)]�1 ¨  ­ «®£¨ç­®£® à ¢¥­áâ¢  ¤«ï bR ¯®«ãç¨¬

bR(z) = bR0(z) + bQ(z) + bQ(z) bR0(z)

¨, §­ ç¨â, ¤«ï R á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥ (3).
�¡à â­®, ¯ãáâì ¤«ï K-à¥£ã«ïà­®© Q ¢ë¯®«­¥­® (3) á R0 2 L1[0;1). �¡®§­ ç¨¬ ç¥à¥§ �K0(t)

à¥§®«ì¢¥­âã ï¤à  �R0(t). �§ (3) á«¥¤ã¥â, çâ® I+ bR(z) = [I+ bQ(z)][I + bR0(z)] ¯à¨ Re z � 0; z 6= �j
¨, á«¥¤®¢ â¥«ì­®,

[I � cK(z)][I + bQ(z)][I + bR0(z)] = I: (11)

� ª ª ª lim
z!�j

[I �cK(z)][I + bQ(z)] áãé¥áâ¢ã¥â, â® (11) ®§­ ç ¥â, çâ® ¬ âà¨æ  I + bR0(z) ®¡à â¨¬  ¢

¯®«ã¯«®áª®áâ¨ Re z � 0. �® â¥®à¥¬¥ �¨­¥à  �K0 2 L1[0;1).
�âáî¤  ¨ ¨§ (11) á«¥¤ã¥â I�cK0(z) = [I�cK(z)][I+ bQ(z)]; â. ¥. K0(t) = K(t)�Q(t)+K �Q(t) =

K(t)� '(Q)(t): � ª ª ª K0;K 2 L1[0;1), â® ¨ '(Q) 2 L1[0;1). �

�®ª § â¥«ìáâ¢® «¥¬¬ë 2. �à¨ r = 0, ¨­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬

e�3t �
e�1t

(t+ 1)�
= e�3t

Z 1

0

e(�1��3)s

(s+ 1)�
ds+ c

e�1t

(t+ 1)�
�

�e�3t

�1 � �3

1Z
t

e(�1��3)s

(s+ 1)�+1
ds:

� ª ª ª ����e�3t
Z 1

t

e(�1��3)s

(s+ 1)�+1
ds

���� � c

(t+ 1)�+1
;

â® ¯¥à¢®¥ à ¢¥­áâ¢® «¥¬¬ë á¯à ¢¥¤«¨¢® ¯à¨ r = 0. �à¥¤¯®« £ ï á¯à ¢¥¤«¨¢®áâì íâ®£® à ¢¥­áâ¢ 
¯à¨ ¢á¥å r0 < r + 1, ¯®«ãç¨¬

tr+1e�3t �
e�1t

(t+ 1)�
= (r + 1)

Z t

0

e�3(t��)
�
� re�3� �

e�1�

(� + 1)�

�
d� =

= Pr+1(t)e�3t + C
e�1t

(t+ 1)�
+ v0(t) + c e�3t

Z 1

0

e��3�vr(�) d� + v(t);

£¤¥ v(t) = ce�3t
1R
t

e��3svr(s) ds! 0 ¯à¨ t!1 ¨

Z 1

0

jv(t)jdt � c

Z 1

0

jvr(s)j
Z s

0

e�Re�3(s�t) dt ds <1:

�¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë 2 ¤®ª § ­®.
� «¥¥, ¨­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï â®â ä ªâ, çâ®

Z t

0

e(�1+�2)s

(s+ 1)�
ds = O

�
e�2t

(t+ 1)�

�
; t!1;
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¯®«ãç¨¬

e�1t

(t+ 1)�
� e��2t = e��2t

�
e(�1+�2)s

(�1 + �2)(s+ 1)�

����
t

0

+
�

�1 + �2

Z t

0

e(�1+�2)s

(s+ 1)�+1
ds

�
=

= C1

e�1t

(t+ 1)�
+ C2e

��2t + v(t);

£¤¥

v(t) = O

�
1

(t+ 1)�+1

�
2 L1[0;1) \ C0[0;1):

� ª®­¥æ,

tre�3t � e��2t = e�3t
Z 1

0

(t� s)re�(�2+�3)s ds� e�3t
Z 1

t

(t� s)re�(�2+�3)s ds =

= Pr(t)e
�3t + (�1)re��2t

Z 1

0
� re�(�2+�3)� d�: �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �ãáâì Q(t) =
kP

j=1

mj�1P
r=0

Cjrt
re�jt ã¤®¢«¥â¢®àï¥â âà¥¡®¢ ­¨î (4).

�® ãá«®¢¨î â¥®à¥¬ë

1� cK(z) =
kY

j=1

(z � �j)mj	(z);

£¤¥ 	(z) 6= 0 ¯à¨ Re z � 0. �«¥¤®¢ â¥«ì­®,

[1� cK(z)][1 + bQ(z)] = 	(z)
kY

j=1

(z � �j)
mj [1 + bQ(z)] 6= 0

¯à¨ Re z � 0. �â® ®§­ ç ¥â, çâ® Q | K-à¥£ã«ïà­ ï äã­ªæ¨ï.

�ãáâì Re �j > 0. �®£¤ 
1R
0

e��jsK(s)ds = cK(�j) = 1;
1R
0

sre��jsK(s)ds = cK(r)(�j) = 0 ¯à¨

r � mj � 1. �«¥¤®¢ â¥«ì­®, ¯à¨ r � mj � 1

'(tre�j t) = e�j t
�
tr �

Z 1

0
(t� s)re��jsK(s)ds

�
+
Z 1

t

(t� s)re�j (t�s)K(s)ds =

=
Z 1

t

(t� s)re�j (t�s)K(s)ds:

� ª ª ª Z 1

0

Z 1

t

(s� t)re�Re�j (s�t)jK(s)jds dt �
Z 1

0
jK(s)j

Z 1

0
� re�Re�j�d� ds <1;

â® '(tre�j t) 2 L1[0;1) ¯à¨ Re �j > 0, r � mj � 1. �âáî¤  ¨ ¨§ ãá«®¢¨ï (5) ¯®«ãç¨¬ '(Q) 2
L1[0;1). �à¥¤áâ ¢«¥­¨¥ (6) á«¥¤ã¥â â¥¯¥àì ¨§ «¥¬¬ë 1.

�¡à â­®, ¥á«¨ ¯à¥¤áâ ¢«¥­¨¥ (6) á¯à ¢¥¤«¨¢® ¤«ï ª ¦¤®£® ª¢ §¨¬­®£®ç«¥­  Q, ã¤®¢«¥â¢®-
àïîé¥£® (4), â® ¢ á¨«ã «¥¬¬ë 1 '(Q) 2 L1[0;1). �ãáâì Q | ®¤¨­ ¨§ â ª¨å ª¢ §¨¬­®£®-
ç«¥­®¢, Re�j = 0 ¨ r � mj � 1. �®«®¦¨¬ Q1(t) = Q(t) + �ctre�j t: �à¨ ¤®áâ â®ç­® ¬ «®¬
�c > 0 ª¢ §¨¬­®£®ç«¥­ Q1 â ª¦¥ ã¤®¢«¥â¢®àï¥â (4), ¨ ¯®â®¬ã '(Q1) 2 L1[0;1). �«¥¤®¢ â¥«ì­®,
'(tre�j t) = 1

�c
['(Q1)� '(Q)] 2 L1[0;1). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �®á¯®«ì§ã¥¬áï «¥¬¬®© 1 ¨ ãª § ­­ë¬ ¯¥à¥¤ ä®à¬ã«¨à®¢ª®©
â¥®à¥¬ë ¯à¨¥¬®¬ ¯®áâà®¥­¨ï K-à¥£ã«ïà­®© Q. �à¨ j = 1; : : : ; p ¯®«®¦¨¬

Uj(t) =
e�j t

(t+ 1)1��j
Gj; 	j(t) =

Z 1

t

e��jsK(s)ds:
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�­â¥£à¨àãï ¯® ç áâï¬ ¨ ¨á¯®«ì§ãï à ¢¥­áâ¢® [I � cK(�j)]Gj = 0, ­ ©¤¥¬

'(Uj)(t) = e�j t
�

1
(t+ 1)1��j

I �

Z t

0

e��jsK(s)
(t� s+ 1)1��j

ds

�
Gj =

= e�jt
�
	j(t)�	j �

1� �j
(t+ 1)2��j

�
Gj : (12)

�­®¢  ¨­â¥£à¨àãï ¯® ç áâï¬, ¯®«ãç¨¬

'(Uj) = e�j t
�
Cj + Vj(t)
(t+ 1)�j

� (Cj + Vj(s))
1

(t+ 2)

�
s+ 1

t� s+ 1

�1��j
����
t

0

+

+
1

(t+ 2)

Z t

0

�
s+ 1

t� s+ 1

�1��j

V 0j (s)ds
�
Gj 2 L1[0;1); (13)

â. ª. Z 1

0

1
(t+ 2)

Z t

0

�
s+ 1

t� s+ 1

�1��j

kV 0j (s)kds �
Z 1

0

kV 0j (s)k
Z 1

1

d�

�(� � 1)1��j
ds <1:

�®«®¦¨¬ Q0(t) = c
pP

j=1
Uj(t): � ª ª ª wj(t) = 1=(t+ 1)1��j � 1=t1��j 2 L1[0;1), â® bUj(z) =�

�(�j)=(z � �j)�j + cwj(z)
�
Gj, ¨ cwj(z) ®£à ­¨ç¥­  ¢ ¯®«ã¯«®áª®áâ¨ Re z � 0. �âáî¤ 

bQ0(z) = c
pX

j=1

�(�j)Gj

(z � �j)�j
+ cW (z);

£¤¥ A = sup
Re z�0

kW (z)k < 1: �®ª ¦¥¬, çâ® I + bQ0(z) ®¡à â¨¬  ¯à¨ Re z � 0; z 6= �j , j = 1; : : : ; p;

¥á«¨ c ¤®áâ â®ç­® ¬ «®. �ãáâì q â ª®¢®, çâ® ¬­®¦¥áâ¢  B(�j) = fz : jz � �j j � q; Re z � 0g

¯®¯ à­® ­¥ ¯¥à¥á¥ª îâáï. �à¨ z =2
pS

j=1
B(�j) ¨¬¥¥¬

k bQ0(z)k � c
pX

j=1

�(�j)kGjk

q�j
+ cA;

¨ ¯®â®¬ã I+ bQ0(z) ®¡à â¨¬ , ¥á«¨ c ¤®áâ â®ç­® ¬ «®. �ãáâì z 2 B(�j), z 6= �j . �¥£ª® ¯®¤áç¨â âì,
¨á¯®«ì§ãï à ¢¥­áâ¢® G2

j = Gj, çâ®

Ej(z) =
�
I +

c�(�j)
(z � �j)�j

Gj

��1
= I �

c�(�j)
(z � �j)�j + c�(�j)

Gj :

� ª ª ª j arg (z � �j)�j j < �=2, â®

j(z � �j)
�j + c�(�j)j � Re[(z � �j)

�j + c�(�j)] � c�(�j);

¨ ¯®â®¬ã ���� c�(�j)
(z � �j)�j + c�(�j)

���� � 1

¯à¨ ¢á¥å c > 0. �«¥¤®¢ â¥«ì­®, ¬ âà¨æ  Ej(z)
h P
l6=j

bUl(z) + cWj(z)Gj

i
®£à ­¨ç¥­  ¢ B(�j) à ¢­®-

¬¥à­® ¯® z ¨ c > 0. �®íâ®¬ã ¬ âà¨æ 

I + bQ0(z) =
�
I +

c�(�j)Gj

(z � �j)�j

��
I + cEj(z)

�X
l6=j

bUl(z) + cWj(z)Gj

��

®¡à â¨¬  ¯à¨ z 2 B(�j), z 6= �j ¨ ¤®áâ â®ç­® ¬ «®¬ c > 0.
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�®ª ¦¥¬, ­ ª®­¥æ, çâ® áãé¥áâ¢ã¥â

Dj = lim
z!�j

[I � cK(z)][I + bQ0(z)]

¨ Dj | ®¡à â¨¬ ï ¬ âà¨æ . � á ¬®¬ ¤¥«¥, ¯à¨ z ! �j

[I � cK(z)][I + bQ0(z)] = I � cK(�j) + c b'(Uj)(�j) + c[I � cK(�j)]
X
m6=j

bUm(�j) + o(1);

â ª çâ® Dj = [I � cK(�j)](I + cFj) + c b'(Uj)(�j), £¤¥ Fj =
P
m6=j

bUm(�j).

�®¤áç¨â ¥¬ b'(Uj)(�j). � ª ª ª

1�
\1� �j

(t+ 1)2��j
= z
\1

(t+ 1)1��j
= z1��j�(�j) + zcW (z);

â® ¢ á¨«ã (12) b'(Uj) = [(z��j)1��j�(�j)+(z��j)cW (z��j)]b	j(z��j)Gj = [�(�j)+o(1)][Cj�(1��j)+
o(1)]Gj ¯à¨ z ! �j , z��j | ¤¥©áâ¢¨â¥«ì­®¥ ç¨á«®. �§ (13) á«¥¤ã¥â, çâ® b'(Uj)(z) ­¥¯à¥àë¢­  ¢®
¢á¥å â®çª å ¬­¨¬®© ®á¨. �®íâ®¬ã b'(Uj)(�j) = bCjGj, £¤¥ b = const. �¡®§­ ç¨¬ ç¥à¥§ dm áâ®«¡æë
¬ âà¨æë [I �cK(�j)]Fj . �à¨ ¤®áâ â®ç­® ¬ «®¬ c ¬ âà¨æ  I + cFj ®¡à â¨¬ , ¨ ¯®â®¬ã ¢ ¬ âà¨æ¥
[I � cK(�j)](I + cFj) = (a1 + cd1; : : : ; ak + cdk) áâ®«¡æë á ­®¬¥à ¬¨ k1; : : : ; kr (á¬. ¯®áâà®¥­¨¥
Gj ¯¥à¥¤ ä®à¬ã«¨à®¢ª®© â¥®à¥¬ë) «¨­¥©­® ­¥§ ¢¨á¨¬ë,   ®áâ «ì­ë¥ ï¢«ïîâáï ¨å «¨­¥©­®©
ª®¬¡¨­ æ¨¥©. � ¬ âà¨æë CjGj ¢á¥ áâ®«¡æë á ­®¬¥à ¬¨ k1; : : : ; kr ­ã«¥¢ë¥,   ®áâ «ì­ë¥ à ¢­ë
Cjgl. �®íâ®¬ã

detDj = det(a1 + cd1 + cbCjg1; : : : ; ak1 + cdk1 ; : : : ) = (cb)n�r det(Cjg1; : : : ; Cjgk1�1; ak1 +

+ cdk1 ; : : : ) = (cb)n�r[det(Cjg1; : : : ; Cjgk1�1; ak1 ; : : : ) + cb1 + : : :+ crbr] =

= (cb)n�r[det(CjGj + I � cK(�j)) + cb1 + : : : + crbr] 6= 0;

¥á«¨ c ¤®áâ â®ç­® ¬ «®.
� ª¨¬ ®¡à §®¬, Q0 ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬, ­¥®¡å®¤¨¬ë¬ ¤«ï ¨á¯®«ì§®¢ ­¨ï ®¯¨á ­-

­®£® ¯®á«¥ â¥®à¥¬ë 1 ¯à¨¥¬  ¯®áâà®¥­¨ï K-à¥£ã«ïà­®© äã­ªæ¨¨.
�®«®¦¨¬ K0(t) = K(t)�'(Q0)(t): � á¨«ã (13) K0 2 L1[0;1). � ª ¯®ª § ­® ¢ [1], áãé¥áâ¢ã¥â

K0-à¥£ã«ïà­ ï äã­ªæ¨ï Q1(t) =
P
j>p

Pmj�1(t)e
�j t â ª ï, çâ® Q1(t)�K0 �Q1(t) 2 L1[0;1):

�®£¤  Q(t) = Q0(t) +Q1(t) +Q0 �Q1(t) K-à¥£ã«ïà­  ¨

'(Q) = '(Q0) + '(Q1) + '(Q0) �Q1 = '(Q0) + [Q1 �K0 �Q1] 2 L1[0;1):

� á¨«ã «¥¬¬ë 1

R(t) = R0(t) +Q(t) +Q � R0(t); (14)

£¤¥ R0 2 L1[0;1).
�§ ¯¥à¢®£® à ¢¥­áâ¢  «¥¬¬ë 2 á«¥¤ã¥â

Q(t) =
pX

j=1

Aj

e�j t

(t+ 1)1��j
+
X
j>p

Pmj�1(t)e
�j t + V (t);

£¤¥ V 2 L1[0;1). �á«¨ Re �j > 0, â®

tre�j t � R0(t) =
Z 1

0
(t� s)re�j (t�s)R0(s)ds�W (t);
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£¤¥ W (t) =
1R
t

(t� s)re�j (t�s)R0(s)ds 2 L1[0;1). �®íâ®¬ã

X
j>p

Pmj�1(t)e
�j t �R0(t) =

X
j>p

Pmj�1(t)e
�j t + fW (t); fW 2 L1[0;1):

�âáî¤  ¨ ¨§ (14) ¯®«ãç¨¬ ¯à¥¤áâ ¢«¥­¨¥ (8). �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �¡®§­ ç¨¬ Q(t) = e�tI. �à¨¬¥­ïï ª ®¡¥¨¬ ç áâï¬ (10) ®¯¥-
à â®à á¢¥àâª¨ á ï¤à®¬ Q ¨ ¨á¯®«ì§ãï à ¢¥­áâ¢® Q �R0(t) = R(t)�Q(t) +Q0 �R(t); ¯®«ãç¨¬ ¤«ï
R ãà ¢­¥­¨¥

R(t) = fAQ+Q �K �Q0g �R(t) +Q(t): (15)

�®ª ¦¥¬, çâ® ¤«ï ï¤à  K1(t) = AQ(t) + Q � K(t) � Q0(t) ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 2.
�¬¥¥¬

I � cK1(z) =
1

z + 1
fzI �A� cK(z)g

¨, á«¥¤®¢ â¥«ì­®, I � cK1(z) ­¥ ®¡à â¨¬  «¨èì ¢ â®çª å �1; : : : ; �m. � «¥¥, ¤«ï j = 1; : : : ; pZ 1

t

e��jsK1(s)ds =
1

1 + �j
(I +A)e�(1+�j )t +

Z 1

t

u(s)ds;

£¤¥ u(t) =
tR
0

e�(1+�j )(t�s)e��jsK(s)ds.

� ª ª ª e�(1+�j )t 2 L1\C0,   e��jtK(t) 2 L1[0;1), â® u 2 L1\C0. �à®¬¥ â®£®, u0+(1+�j)u =
e��j tK(t). �®íâ®¬ã

1Z
t

u(s)ds =
1

1 + �j

� Z 1

t

e��jsK(s)ds+ u(t)
�
;

¨, á«¥¤®¢ â¥«ì­®, Z 1

t

e��jsK1(s)ds =
Cj + Vj(t)
(t+ 1)�j

+ uj(t);

£¤¥ uj 2 L1[0;1). � ª ®â¬¥ç¥­® ¢ § ¬¥ç ­¨¨ ª â¥®à¥¬¥ 2, íâ®£® ¤®áâ â®ç­® ¤«ï á¯à ¢¥¤«¨¢®áâ¨
¯à¥¤áâ ¢«¥­¨ï (8) ¤«ï à¥§®«ì¢¥­âë R1 ï¤à  K1.

�§ (15) á«¥¤ã¥â R(t) = Q(t) + R1 � Q(t). �âáî¤ , ¨§ (8) ¨ ¢â®à®£® ¨ âà¥âì¥£® ãâ¢¥à¦¤¥­¨©
«¥¬¬ë 2 ¯®«ãç¨¬ ¤«ï R ¯à¥¤áâ ¢«¥­¨¥ ¢¨¤  (8). � ª ª ª Q 2 L1\C0, â® ¥¥ á¢¥àâª  á äã­ªæ¨¥©
¨§ L1 «¥¦¨â ¢ L1 \ C0. �®íâ®¬ã ¢ ¯à¥¤áâ ¢«¥­¨¨ (8) ¤«ï äã­ªæ¨¨ �®è¨ W1;W2 2 L1 \ C0. �
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