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1. �¢¥¤¥¨¥

� áá¬ âà¨¢ ¥âáï «¨¥© ï ¥®¤®à®¤ ï á¨áâ¥¬  äãªæ¨® «ì®-à §®áâëå ãà ¢¥¨©

x(t) =
Z 0

�r

d#�(t; #)x(t+ #) + h(t); (1.1)

£¤¥ x : R ! R
n ; h 2 C (R ;Rn); ¬ âà¨ç ï äãªæ¨ï �(t; �) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ t 2 R ¨¬¥¥â

®£à ¨ç¥ãî ¢ à¨ æ¨î   ®âà¥§ª¥ [�r; 0], �(t; 0) = 0.
�«ï ãª § ®© á¨áâ¥¬ë ¨§ãç ¥âáï  ç «ì ï § ¤ ç  �®è¨ ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå

äãªæ¨©. �ãáâì t0 2 R |  ç «ìë© ¬®¬¥â ¨ ' 2 C ([t0 � r; t0];Rn) |  ç «ì ï äãªæ¨ï.
�ãªæ¨ï x 2 C ([t0 � r;+1);Rn) ï¢«ï¥âáï à¥è¥¨¥¬  ç «ì®© § ¤ ç¨ �®è¨, ¥á«¨ x(t) = '(t)
¯à¨ t 2 [t0�r; t0], ¨ ¤«ï ¥¥ à ¢¥áâ¢® (1.1) ¢ë¯®«ï¥âáï â®¦¤¥áâ¢¥®   ¯®«ã®á¨ (t0;+1). �«ï
áãé¥áâ¢®¢ ¨ï ¥¯à¥àë¢®£® à¥è¥¨ï  ç «ì®© § ¤ ç¨ �®è¨ ¥®¡å®¤¨¬®, çâ®¡ë ¢ë¯®«ï«®áì
ãá«®¢¨¥ á®£« á®¢ ¨ï

'(t0) =
Z 0

�r

d#�(t0; #)'(t0 + #) + h(t0): (1.2)

�®ïâ¨¥ äãªæ¨® «ì®-à §®áâ®£® ãà ¢¥¨ï (���) ®¡®¡é ¥â ¯®ïâ¨¥ à §®áâ®£® ãà ¢-
¥¨ï á ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬ â ª ¦¥, ª ª ¯®ïâ¨¥ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢-
¥¨ï ®¡®¡é ¥â ¯®ïâ¨¥ ¤¨ää¥à¥æ¨ «ì®-à §®áâ®£® ãà ¢¥¨ï. � à ¡®â¥ ¤«ï «¨¥©ëå ¥-
áâ æ¨® àëå á¨áâ¥¬ ��� ãáâ ®¢«¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨©  -
ç «ì®© § ¤ ç¨ �®è¨ ¢ ¯à®áâà áâ¢¥ ¥¯à¥àë¢ëå äãªæ¨©. �®«ãç¥  ä®à¬ã« , ¤ îé ï   -
«¨â¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ ®¡é¥£® à¥è¥¨ï ¨§ãç ¥¬®© á¨áâ¥¬ë ���. � áá¬®âà¥ë ¬¥â®¤ë  å®-
¦¤¥¨ï ãª § ®£® ¯à¥¤áâ ¢«¥¨ï. �®«ãç¥ë¥ à¥§ã«ìâ âë ¨««îáâà¨àãîâáï ¯à¨¬¥à ¬¨. �ª -
§ ë© ªàã£ ¢®¯à®á®¢ ¨áá«¥¤®¢ «áï ¤«ï «¨¥©ëå á¨áâ¥¬ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨© [1]{[4]. �«ï «¨¥©ëå á¨áâ¥¬ à §®áâëå ãà ¢¥¨© á ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬ à á-
á¬ âà¨¢ ¥¬ë¥ ¯à®¡«¥¬ë ¨§ãç «¨áì ¢ [5]{[7]. �¯¥æ¨ «ìë¥ à¥è¥¨ï «¨¥©ëå à §®áâëå ãà ¢-
¥¨© á ¥¯à¥àë¢ë¬ ¢à¥¬¥¥¬ ¯®áâà®¥ë ¢ [8]. �«ï «¨¥©ëå á¨áâ¥¬ à §®áâëå ãà ¢¥¨© á
¤¨áªà¥âë¬ ¢à¥¬¥¥¬ à¥è¥¨ï ãª § ëå ¯à®¡«¥¬ ¨§«®¦¥ë ¢ [9]. �«ï «¨¥©ëå áâ æ¨® à-
ëå á¨áâ¥¬ ��� à áá¬ âà¨¢ ¥¬ë© ªàã£ ¢®¯à®á®¢ ¨áá«¥¤®¢ «áï ¢ [10].

2. �ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì à¥è¥¨ï  ç «ì®© § ¤ ç¨ �®è¨

�ãáâì äãªæ¨ï x 2 C ([t0 � r;+1);Rn) ï¢«ï¥âáï à¥è¥¨¥¬  ç «ì®© § ¤ ç¨ �®è¨ ¤«ï
 ç «ì®£® ¬®¬¥â  t0 2 R ¨  ç «ì®© äãªæ¨¨ ' 2 C ([t0 � r; t0];Rn) á¨áâ¥¬ë ��� (1.1)
á äãªæ¨¥© h 2 C ([t0 ;+1);Rn ). �¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: ex(t) = x(t) � '(t0), t � t0,e'(s) = '(s) � '(t0), s 2 [t0 � r; t0], eh(t) = h(t) � h(t0), t � t0. �®£¤  ex 2 C t0 ([t0;+1);Rn ) = fex :ex 2 C ([t0 ;+1);Rn), ex(t0) = 0g, e' 2 C t0 ([t0 � r; t0];Rn) = f e' : e' 2 C ([t0 � r; t0];Rn), e'(t0) = 0g,eh 2 C t0 ([t0;+1);Rn) = feh : eh 2 C ([t0 ;+1);Rn ), eh(t0) = 0g.
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�â¢¥à¦¤¥¨¥ 2.1. �«ï § ¤ ®£®  ç «ì®£® ¬®¬¥â  t0 2 R,  ç «ì®© äãªæ¨¨ ' 2
C ([t0 � r; t0];Rn) ¨ äãªæ¨¨ h 2 C ([t0 ;+1);Rn ) äãªæ¨ï x 2 C ([t0 � r;+1);Rn ) ï¢«ï¥âáï à¥-

è¥¨¥¬  ç «ì®© § ¤ ç¨ �®è¨ á¨áâ¥¬ë ��� (1:1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äãªæ¨ïex 2 C t0 ([t0;+1);Rn ) ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï

ex(t) = (Dex)(t) + (H e')(t) + (H0'(t0))(t) + eh(t); t � t0: (2.1)

�¤¥áì ®¯¥à â®à D ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨

(Dex)(t) =
8>><
>>:

tR
t0

ds�(t; s� t)ex(s); t0 � t � t0 + r;

tR
t�r

ds�(t; s� t)ex(s); t > t0 + r;

(2.2)

®¯¥à â®à H ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨

(H e')(t) =
8>>><
>>>:

t0R
t�r

ds�(t; s� t) e'(s)� t0R
t0�r

ds�(t0; s� t0) e'(s); t0 � t � t0 + r;

�
t0R

t0�r

ds�(t0; s� t0) e'(s); t > t0 + r;

(2.3)

®¯¥à â®à H0 ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

(H0'(t0))(t) = (�(t0;�r)� �(t;�r))'(t0); t � t0: (2.4)

�®ª § â¥«ìáâ¢®. �®á«¥ ¯à¥®¡à §®¢ ¨ï á¨áâ¥¬ë ãà ¢¥¨© (1.1) ¨ ãá«®¢¨ï á®£« á®¢ ¨ï

(1.2) ¯à¨ t0 � t � t0 + r  å®¤¨¬ ex(t) = eh(t)� t0R
t0�r

ds�(t0; s� t0) e'(s) + (�(t0;�r)� �(t;�r))'(t0) +

tR
t0

ds�(t; s � t)ex(s) + t0R
t�r

ds�(t; s � t) e'(s), ¯à¨ t > t0 + r ex(t) = tR
t�r

d#�(t; s � t)ex(s) � t0R
t0�r

ds�(t0; s �

t0) e'(s)+(�(t0;�r)��(t;�r))'(t0)+eh(t). �«¥¤®¢ â¥«ì®, á¨áâ¥¬¥ (1.1) ¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥â-
áâ¢¨¥ ãà ¢¥¨¥ (2.1), £¤¥ ®¯¥à â®à D ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨ (2.2), ®¯¥à â®à H ®¯à¥¤¥«ï¥âáï
ä®à¬ã« ¬¨ (2.3),   ®¯¥à â®à H0 | ä®à¬ã«®© (2.4).

�«ï «î¡®£® � > 0 à áá¬®âà¨¬ áã¦¥¨¥ ãà ¢¥¨ï (2.1)   ®âà¥§®ª [t0; t0 +�]. �¬¥¥¬

ex(t) = (D�ex)(t) + (H� e')(t) + (H0�'(t0))(t) + eh(t); t 2 [t0; t0 +�]: (2.5)

�«ï áã¦¥¨ï äãªæ¨© ex ¨ eh   ®âà¥§®ª [t0; t0 +�] ®áâ ¢«ï¥¬ â¥ ¦¥ ®¡®§ ç¥¨ï, ¯®« £ ï eh 2
C t0 ([t0; t0 +�];Rn), ex 2 C t0 ([t0; t0 +�];Rn ).

�à®¤®«¦¨¬ äãªæ¨î � ¯® ¢â®à®¬ã  à£ã¬¥âã   ¢áî ç¨á«®¢ãî ®áì, ¯®« £ ï �(t; s) = 0 ¯à¨
s � 0 ¨ �(t; s) = �(t;�r) ¯à¨ s � �r, t 2 R. �®£¤  § ç¥¨ï ®¯¥à â®à®¢ D�, H� ¨ H0� ¯à¨ «î¡®¬
� > 0 ¬®¦® ®¯à¥¤¥«¨âì ä®à¬ã« ¬¨

(D�ex)(t) =
Z t

t0

ds�(t; s� t)ex(s); t0 � t � t0 +�; (2.6)

(H� e')(t) =
Z t0

t�r

ds�(t; s� t) e'(s)� Z t0

t0�r

ds�(t0; s� t0) e'(s); t0 � t � t0 +�;

(H0�'(t0))(t) = (�(t0;�r)� �(t;�r))'(t0); t0 � t � t0 +�:

�¥¬¬  2.1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï

1) äãªæ¨ï var
z2[�r;0]

�(t; z) ®£à ¨ç¥    «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®© ®á¨;

2) ¤«ï «î¡®£® � 2 R ®â®¡à ¦¥¨¥ t!
�R

t�r

�(t; s�t)ds ¥¯à¥àë¢®   «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®©

®á¨.
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�®£¤  D� : C t0 ([t0; t0 +�];Rn )! Ct0([t0; t0 +�];Rn ).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ A C t0 ([t0; t0 +�];Rn) = fex : ex 2 A C ([t0 ; t0 +�];Rn), ex(t0) = 0g.
�à¥®¡à §ã¥¬ ä®à¬ã«ë, ®¯à¥¤¥«ïîé¨¥ § ç¥¨ï ®¯¥à â®à  D�,

(D�ex)(t) =
Z t

t0

ds�(t; s� t)ex(s) = �

Z t0+�

t0

�(t; s� t)ex0(s)ds; t0 � t � t0 +�:

�¯à¥¤¥«¨¬ § ç¥¨ï ®¯¥à â®à  eD� á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:

( eD�y)(t) = �

Z t0+r

t0

�(t; s� t)y(s)ds; t 2 [t0; t0 +�]; y 2 L1([t0; t0 +�];Rn ):

�«ï ¯à®¨§¢®«ì®© äãªæ¨¨ ex 2 A C t0 ([t0; t0 +�];Rn) äãªæ¨ï D�ex 2 C t0 ([t0; t0 +�];Rn) â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  äãªæ¨ï eD�y 2 C t0 ([t0; t0+�];R

n ) ¤«ï äãªæ¨¨ y 2 L1([t0; t0+�];Rn ), y(s) =ex0(s), s 2 [t0; t0+�]. �®ª ¦¥¬, çâ® ®¯¥à â®à eD� ¨¬¥¥â â¨¯ L1([t0; t0+�];Rn)! C ([t0 ; t0+�];Rn)
¨ ï¢«ï¥âáï ¥¯à¥àë¢ë¬.

�«ï ®¯¥à â®à  eD� ¢ë¯®«¥ë ãá«®¢¨ï
A) vrai sup

s;t2[t0;t0+�]

j�(t; s� t)j <1;

B) äãªæ¨ï t!
�R
t0

�(t; s� t)ds ¥¯à¥àë¢  ¯à¨ «î¡®¬ � 2 [t0; t0 +�]   ®âà¥§ª¥ [t0; t0 +�].

�¥©áâ¢¨â¥«ì®, ¯® ®¯à¥¤¥«¥¨î ¢ à¨ æ¨¨ var
z2[�r;0]

�(t; z) � j�(t;�r)��(t; z)j+j�(t; z)��(t; 0)j �

2j�(t; z)j � j�(t;�r)j. �®£¤  j�(t; z)j � 1
2

var
z2[�r;0]

�(t; z) + 1
2
j�(t;�r)j. �ãªæ¨¨ var

z2[�r;0]
�(t; z) ¨ �(t;�r)

®£à ¨ç¥ë ¯® ãá«®¢¨î 1) «¥¬¬ë 2.1   [t0; t0 + �]. �®£¤  sup
t2[t0;t0+�];z2[�r;0]

j�(t; z)j < 1. �¬¥¥¬

vrai sup
t;s2[t0;t0+�]

j�(t; s � t)j � vrai sup
t2[t0;t0+�];z2[t0�t;t0�t+r]

j�(t; z)j � vrai sup
t2[t0;t0+�];z2[�r;0]

j�(t; z)j < 1. �¯à ¢¥¤«¨-

¢®áâì ãá«®¢¨ï A) ¤®ª §  . �«ï «î¡®£® � 2 R ¨¬¥¥¬
�R
t0

�(t; s�t)ds =
�R

t�r

�(t; s�t)ds�
t0R

t�r

�(t; s�t)ds

¯à¨ t 2 [t0; t0 +�]. �«¥¤®¢ â¥«ì®, ¢ á¨«ã ãá«®¢¨ï 2) «¥¬¬ë 2.1 ãá«®¢¨¥ B) ¤«ï ®¯¥à â®à  eD�

¢ë¯®«ï¥âáï.
�á«®¢¨ï A) ¨ B) £ à â¨àãîâ, çâ® ®¯¥à â®à eD� ¨¬¥¥â â¨¯ L1([t0; t0 + �];Rn ) ! C ([t0 ; t0 +

�];Rn) ¨ ï¢«ï¥âáï ¥¯à¥àë¢ë¬ ([11], á.100).
�®ª ¦¥¬ â¥¯¥àì, çâ® ®¯¥à â®à D� ¨¬¥¥â â¨¯ C t0 ([t0; t0 +�];Rn ) ! C t0 ([t0; t0 +�];Rn). �«ï

¯à®¨§¢®«ì®£® t 2 [t0;t0+�] ¢¢¥¤¥¬ ®¯¥à â®à D�t : C t0 ([t0; t0+�];R
n)! Rn á ¯®¬®éìî ä®à¬ã«ë

D�tex = (D�ex)(t). �¤®¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ®¯¥à â®à®¢ D�t, t 2 [t0;t0+�], ã¤®¢«¥â¢®àï¥â
ãá«®¢¨ï¬

C) ¤«ï «î¡®£® í«¥¬¥â  ex 2 A C t0 ([t0;t0 +�];Rn) äãªæ¨ï D�tex  à£ã¬¥â  t ¥¯à¥àë¢   
[t0;t0 +�];

D) ¤«ï «î¡®£® í«¥¬¥â  ex 2 C t0 ([t0;t0 + �];Rn) äãªæ¨ï D�tex  à£ã¬¥â  t ®£à ¨ç¥   
[t0;t0 +�].

�¥©áâ¢¨â¥«ì®, ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® D�tex = ( eD�y)(t) ¯à¨ t 2 [t0;t0 + �], y(t) = ex0(t),ex 2 A C t0 ([t0;t0+�];R
n). �¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï C) á«¥¤ã¥â ¨§ ¥¯à¥àë¢®áâ¨ äãªæ¨¨ ( eD�y)(t)

  ®âà¥§ª¥ [t0;t0 + �]. �¯à ¢¥¤«¨¢®áâì ãá«®¢¨ï D) á«¥¤ã¥â ¨§ ¥à ¢¥áâ¢ sup
t2[t0;t0+�]

jD�texj �
sup

t2[t0;t0+�]

var
z2[�r;0]

�(t; z) max
s2[t0;t0+�]

jex(s)j.
�á«®¢¨ï C) ¨ D) £ à â¨àãîâ, çâ® ®¯¥à â®à D� ¨¬¥¥â â¨¯ C t0 ([t0; t0 +�];Rn)! C t0 ([t0; t0 +

�];Rn) á®£« á® â¥®à¥¬¥ 6 ¨§ ([12], á. 73).

�«¥¤áâ¢¨¥ 2.1. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© «¥¬¬ë 2.1 ®¯¥à â®à D� ¨¬¥¥â â¨¯ C t0 ([t0,
t0 +�];Rn)! C t0 ([t0; t0 +�];Rn) ¨ ¥¯à¥àë¢¥.

�¥¬¬  2.2. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï
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1) äãªæ¨ï var
z2[�r;0]

�(t; z) ®£à ¨ç¥    «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®© ®á¨;

2) ®â®¡à ¦¥¨¥ t! �(t;�r) ¥¯à¥àë¢®   ç¨á«®¢®© ®á¨;

3) ¤«ï «î¡®£® � 2 R ®â®¡à ¦¥¨¥ t!
�R

t�r

�(t; s�t)ds ¥¯à¥àë¢®   «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®©

®á¨.

�®£¤  H� : C t0 ([t0 � r; t0];Rn)! C t0 ([t0; t0 +�];Rn) ¨ H0� : Rn ! C t0 ([t0; t0 +�];Rn).

�®ª § â¥«ìáâ¢®. �¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï «¥¬¬ë ¤«ï ®¯¥à â®à  H0� á«¥¤ã¥â ¨§ ãá«®-
¢¨ï 2). �«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥¨ï «¥¬¬ë ®¡ ®¯¥à â®à¥ H� ¤®áâ â®ç® ¯®ª § âì, çâ®

®¯¥à â®à ( eH� e')(t) = t0R
t�r

ds�(t; s � t) e'(s) = t0R
t0�r

ds�(t; s � t) e'(s), t0 � t � t0 + �, ã¤®¢«¥â¢®àï¥â

ãá«®¢¨î eH� : C t0 ([t0 � r; t0];Rn) ! C ([t0 ; t0 + �];Rn). �®ª § â¥«ìáâ¢® ¯®á«¥¤¥£® ãâ¢¥à¦¤¥¨ï
¯à®¢®¤¨âáï ¯® áå¥¬¥, ¨á¯®«ì§ã¥¬®© ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2.1. �«ï ¯à®¨§¢®«ì®© äãªæ¨¨e' 2 A C t0 ([t0 � r; t0];Rn), £¤¥ A C t0 ([t0 � r; t0];Rn ) = f e' : e' 2 A C ([t0 � r; t0];Rn), e'(t0) = 0g, ¨¬¥¥¬

( eH� e')(t) = ��(t;�r) e'(t0 � r) �
t0R

t0�r

�(t; s � t) e'0(s)ds, t0 � t � t0 +�. �ç¨âë¢ ï ãá«®¢¨ï 2) ¨ 3)

«¥¬¬ë, ãáâ  ¢«¨¢ ¥¬, çâ® eH� : A C t0 ([t0 � r; t0];Rn) ! C ([t0 ; t0 +�];Rn). �®¦® ¯®ª § âì, çâ®
¤«ï ®¤®¯ à ¬¥âà¨ç¥áª®£® á¥¬¥©áâ¢  ®¯¥à â®à®¢ eH�t : C t0 ([t0 � r; t0];Rn) ! R

n , t 2 [t0; t0 +�],
®¯à¥¤¥«ï¥¬ëå ä®à¬ã« ¬¨ H�t e' = (H� e')(t), t 2 [t0; t0+�], e' 2 C t0 ([t0� r; t0];Rn ), ¢ë¯®«ïîâáï
ãá«®¢¨ï â¥®à¥¬ë 6 ¨§ ([12], á. 73).

�«¥¤áâ¢¨¥ 2.2. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© «¥¬¬ë 2.2 ®¯¥à â®àë H� : C t0 ([t0 � r; t0];Rn) !
C t0 ([t0; t0 +�];Rn) ¨ H0� : Rn ! C t0 ([t0; t0 +�];Rn ) ¥¯à¥àë¢ë.

�¥®à¥¬  2.1. �ãáâì h 2 C ([t0 ;+1);Rn), ' 2 C ([t0 � r; t0];Rn), ¢ë¯®«¥® ãá«®¢¨¥ á®£« á®-
¢ ¨ï (1:2) ¨

1) äãªæ¨ï var
z2[�r;0]

�(t; z) ®£à ¨ç¥    «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®© ®á¨;

2) ®â®¡à ¦¥¨¥ t! �(t;�r) ¥¯à¥àë¢®   ç¨á«®¢®© ®á¨;

3) ¤«ï «î¡®£® � 2 R ®â®¡à ¦¥¨¥ t!
�R

t�r

�(t; s�t)ds ¥¯à¥àë¢®   «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®©

®á¨;
4) var

z2[��;0]
�(t; z)! 0 ¯à¨ �! 0 à ¢®¬¥à® ¯® t   «î¡®¬ ®âà¥§ª¥ ç¨á«®¢®© ®á¨.

�®£¤   ç «ì ï § ¤ ç  �®è¨ ¤«ï ãà ¢¥¨ï (1:1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. �§ ãâ¢¥à¦¤¥¨ï 2.1. á«¥¤ã¥â, çâ®   ®âà¥§ª¥ [t0; t0 +�] à¥è¥¨¥  ç «ì-
®© § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë ��� (1.1) á § ¤ ®©  ç «ì®© äãªæ¨¥© ' ã¤®¢«¥â¢®àï¥â
ãà ¢¥¨î (2.1), ª®â®à®¥ ¯à¥®¡à §ã¥âáï ª ¢¨¤ã

ex(t) = (D�ex)(t) + bh(t); t � t0; (2.7)

£¤¥ ®¯¥à â®à D� ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (2.6), bh(t) = (H� e')(t) + (H0'(t0))(t) + eh(t). �¥-
è¥¨¥ ãà ¢¥¨ï (2.7) ¡ã¤¥¬ ¨áª âì ¢ ¯à®áâà áâ¢¥ C t0 ([t0; t0 + �];Rn). �§ á«¥¤áâ¢¨ï 2.1 ¨
ãá«®¢¨ï 4) â¥®à¥¬ë 2.1 á«¥¤ã¥â, çâ® ç¨á«® � = �1 ¬®¦® ¢ë¡à âì â ª¨¬ ®¡à §®¬, çâ®¡ë
kD�k � sup

t2[t0;t0+�]

var
z2[��;0]

�(t; z) < 1. �®£¤  ¯à¨ � = �1 áãé¥áâ¢ã¥â ®£à ¨ç¥ë© ®¯¥à â®à

(I�D�1
)�1, ¨ à¥è¥¨¥ ãà ¢¥¨ï (2.7) § ¤ ¥âáï ä®à¬ã«®© ex(t) = (I�D�1

)�1(bh)(t), t 2 [t0; t0+�1],
£¤¥ I | â®¦¤¥áâ¢¥ë© ®¯¥à â®à. �® ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì à¥è¥¨¥  ç «ì®© § ¤ ç¨ �®è¨
¤«ï ãà ¢¥¨ï (1.1)   ®âà¥§ª¥ [t0; t0 +�1]: x(t) = (I �D�1

)�1(bh)(t) + '(t0).
�®áâà®¨¬ à¥è¥¨¥ ãà ¢¥¨ï (1.1)   ®âà¥§ª¥ [t0 +�1; t0 +�] (� > �1). �à ¢¥¨¥ (2.1)  

®âà¥§ª¥ [t0 +�1; t0 +�] § ¯¨è¥¬ ¢ ¢¨¤¥

bx1(t) = bD1
�(bx1)(t) + bh1(t); t 2 [t0 +�1; t0 +�]; (2.8)
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£¤¥ bx1(t) = ex(t) � ex(t0 + �1), t 2 [t0 + �1; t0 + �]; ®¯¥à â®à bD1
� : C ([t0 + �1; t0 + �];Rn) !

C ([t0 + �1; t0 + �];Rn) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© bD1
�(bx1)(t) = 0R

�1�t+t0

d#�(t; #)bx1(t + #), t 2 [t0 +

�1; t0 + �],   äãªæ¨ï bh1 § ¤ ¥âáï ä®à¬ã« ¬¨ bh1(t) = bh(t) + �1�t+t0R
�r

d#�(t; #)x'1
(t + #) � (In +

�(t;�r))ex(t0 +�1), x'1
(t + #) = ex(t + #) � ex(t0 +�1), # 2 [�r;�1 � t], t 2 [t0 + �1; t0 + �]. �«ï

ãà ¢¥¨ï (2.8) ¯®¢â®àï¥¬ à ááã¦¤¥¨ï, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ ¨§ãç¥¨¨ ãà ¢¥¨ï (2.7). � á¨«ã
ãá«®¢¨ï 4) â¥®à¥¬ë 2.1  å®¤¨¬ � = �2, ¤«ï ª®â®à®£® k bD1

�k � sup
t2[t0+�1;t0+�2]

var
z2[�1��2;0]

�(t; z) < 1.

�à ¢¥¨¥ (2.8) ¯à¨ � = �2 ®¤®§ ç® à §à¥è¨¬®. �£® à¥è¥¨¥ § ¤ ¥âáï ä®à¬ã«®© bx1(t) =
(I � bD1

�2
)�1(bh1)(t), t 2 [t0 + �1; t0 + �2]. �¥è¥¨¥ ãà ¢¥¨ï (1.1)   ®âà¥§ª¥ [t0 + �1; t0 + �2]

¨¬¥¥â ¢¨¤
x(t) = (I � bD1

�2
)�1(bh1)(t) + (I �D�1

)�1(bh)(t0 +�1) + '(t0):

�à®¤®«¦ ï ¯à¨¢¥¤¥ë¥ à ááã¦¤¥¨ï, ¤®ª ¦¥¬ áãé¥áâ¢®¢ ¨¥ ¥¤¨áâ¢¥®£® à¥è¥¨ï ãà ¢-
¥¨ï (1.1)   ¯à®¨§¢®«ì®¬ ®âà¥§ª¥ [t0; t0 +�] ¨ ¯®áâà®¨¬ ¥£®.

�§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2.1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2.3. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 2.1 ¤«ï «î¡®£® � > 0 áãé¥áâ¢ã¥â «¨-
¥©ë© ¥¯à¥àë¢ë© ¢®«ìâ¥àà®¢ë© ¯® �¨å®®¢ã ®¯¥à â®à (I � D�)�1 : C t0 ([t0; t0 + �];Rn) !
C t0 ([t0; t0 +�];Rn).

3. �à¥¤áâ ¢«¥¨ï à¥è¥¨© ¥áâ æ¨® àëå äãªæ¨® «ì®-à §®áâëå
ãà ¢¥¨©

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 2.1 à¥è¥¨¥ ãà ¢¥¨ï (2.5) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

ex(t) = x�e' (t) + x�eh (t) + x�0 (t); t 2 [t0; t0 +�];

£¤¥ x�e' = (I�D�)�1H� e', x�eh = (I�D�)�1eh, x�0 = (I�D�)�1H0�'(t0). �¤¥áì äãªæ¨ï x�eh ï¢«ï¥âáï
¥¯à¥àë¢ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1.1)   ®âà¥§ª¥ [t0; t0 + �] á  ç «ì®© äãªæ¨¥© ' = 0 ¨
¥¯à¥àë¢®© ¥®¤®à®¤®áâìî h = eh, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î eh(t0) = 0, â. ¥. eh 2 C t0 ([t0; t0 +
�];Rn); äãªæ¨ï ex�e' ï¢«ï¥âáï ¥¯à¥àë¢ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1.1)   ®âà¥§ª¥ [t0; t0 + �] á
¥¯à¥àë¢®©  ç «ì®© äãªæ¨¥© ' = e', ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î e'(t0) = 0, â. ¥. e' 2 C t0 ([t0�

r; t0];Rn), ¨ ¥®¤®à®¤®áâìî h(t) = h(t0) = �
t0R

t0�r

d#�(t0; # � t0) e'(#), t 2 [t0; t0 + �]; äãªæ¨ï

x�0 ï¢«ï¥âáï ¥¯à¥àë¢ë¬ à¥è¥¨¥¬ á¨áâ¥¬ë (1.1)   ®âà¥§ª¥ [t0; t0+�] á  ç «ì®© äãªæ¨¥©
'(#) = '(t0), # 2 [t0 � r; t0], ¨ ¥®¤®à®¤®áâìî h(t) = h(t0) = (In + �(t0;�r))'(t0), t 2 [t0; t0 +�].

�á¯®«ì§ãï ä®à¬ã«ã ¯à¥¤áâ ¢«¥¨ï «¨¥©®£® ¥¯à¥àë¢®£® ®¯¥à â®à  ¢ ¯à®áâà áâ¢¥ ¥-
¯à¥àë¢ëå äãªæ¨© ([12], á. 556) ¨ ª®¥ç®¬¥à®áâì ®¡« áâ¨ ®¯à¥¤¥«¥¨ï ®¯¥à â®à  H0�, § ¯¨-
è¥¬

x�e' (t) =
Z t0

t0�r

dT (t; s; t0;�) e'(s); t 2 [t0; t0 +�];

x�eh (t) =
Z t0+�

t0

dS(t; s; t0;�)eh(s); t 2 [t0; t0 +�]; (3.1)

x�0 (t) = V (t; t0;�)'(t0); t 2 [t0; t0 +�]:

�¤¥áì T (t; t0�r; t0;�)=0, S(t; t0+�; t0;�)=0 ¯à¨ t0 � t � t0+�; sup
t2[t0;t0+�]

var
t0�r�s�t0

T (t; s; t0;�)<1,

sup
t2[t0;t0+�]

var
t0�s�t0+�

S(t; s; t0;�) <1; ¯à¨ «î¡ëå 0 � r0 < r, 0 < �0 � �äãªæ¨¨
t0�r

0R
t0�r

T (t; s; t0;�)ds,
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t0+�0R
t0

S(t; s; t0;�)ds, V (t; t0;�) ¥¯à¥àë¢ë ¯® t   ®âà¥§ª¥ [t0; t0 + �]. � ª ª ª x�e' , x�eh , x�0 2

C t0 ([t0; t0 + �];Rn) ¯à¨ «î¡ëå e' 2 C t0 ([t0 � r; t0];Rn), eh 2 C t0 ([t0; t0 + �];Rn) ¨ '(t0) 2 R
n , â®

T (t0; s; t0;�) = 0 ¯à¨ s 2 [t0 � r; t0], S(t0; s; t0;�) = 0 ¯à¨ s 2 [t0; t0 +�] ¨ V (t0; t0;�) = 0.
�§ ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  (I �D�)�1 ¨ ä®à¬ã«ë (3.1) á«¥¤ã¥â

x�eh (t) =
Z t

t0

dS(t; s; t0;�)eh(s); t 2 [t0; t0 +�]: (3.2)

�à¨ ¨á¯®«ì§®¢ ¨¨ ä®à¬ã«ë (3.2) áç¨â ¥¬ S(t; s; t0;�) = 0 ¯à¨ s 2 [t; t0 +�].
�®¦® ¯®ª § âì, çâ® äãªæ¨¨ T , S ¨ V ¥ § ¢¨áïâ ®â � ¨ S ¥ § ¢¨á¨â ®â t0.

�¥®à¥¬  3.1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2:1. �®£¤  ¥¯à¥àë¢®¥ à¥è¥¨¥  ç «ì-
®© § ¤ ç¨ �®è¨ ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥¨¥

x(t) =
Z t0

t0�r

dT (t; s; t0) e'(s) +
Z t

t0

dS(t; s)eh(s) + (V (t; t0) + In)'(t0); t � t0;

£¤¥ e'(s) = '(s) � '(t0), s 2 [t0 � r; t0]; eh(t) = h(t) � h(t0), t � t0; T (t; t0 � r; t0) = 0 ¯à¨ t � t0;
T (t0; s; t0) = 0 ¯à¨ s 2 [t0�r; t0]; S(t; s) = 0 ¯à¨ t � s; ¯à¨ «î¡®¬ � > t0 ¢ë¯®«ïîâáï ¥à ¢¥áâ¢ 

sup
t2[t0;�)

var
t0�r�s�t0

T (t; s; t0) < 1, sup
t2[t0;� ]

var
t0�s�t

S(t; s) < 1, ¯à¨ «î¡®¬ � > t0 ¨ «î¡®¬ 0 � r0 < r

äãªæ¨¨
�R
t0

S(t; s)ds ¨
t0�r

0R
t0�r

T (t; s; t0)ds ¥¯à¥àë¢ë ¯® t   ¯®«ã¨â¥à¢ «¥ [t0;1).

4. �à ¢¥¨¥ ¤«ï äãªæ¨¨ S

�à¥¤áâ ¢«¥¨¥ à¥è¥¨ï xeh á¨áâ¥¬ë (1.1) á¢ï§ ® á  å®¦¤¥¨¥¬ äãªæ¨¨ S.

�¥®à¥¬  4.1. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 2:1 äãªæ¨ï S ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢-

¥¨ï

S(t; �) =
@

@�

Z 0

�r

d#�(t; #)
Z �

t

S(t+ #; s)ds� In; t > �; (4.1)

á  ç «ìë¬ ãá«®¢¨¥¬ S(t; �) = 0 ¯à¨ t � � .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ à¥è¥¨ï ãà ¢¥¨ï (1.1) á ã«¥¢ë¬¨  ç «ìë¬¨ äãªæ¨ï-

¬¨ ¨ ¥®¤®à®¤®áâï¬¨ eh 2 C 2([t0;+1);Rn ), eh(t0) = eh0(t0) = 0. �¬¥¥¬ xeh(t) = tR
t0

�R
t

S(t; s)dseh00(�)d� ,
t > t0, eh(t) = tR

t0

(t� �)eh00(�)d� , t > t0. �®£¤  xeh(t+ #) =
tR
t0

�R
t

S(t+ #; s)dseh00(�)d� , # 2 [�r; 0], t > t0.

� ª ª ª ¨â¥£à «
�R
t

S(t + #; s)ds, # 2 [�r; 0], � 2 [t0; t], t > t0, ¥¯à¥àë¢® § ¢¨á¨â ®â #  

®âà¥§ª¥ [�r; 0], â® ¯®á«¥ ¥£® ¯®¤áâ ®¢ª¨ ¢ á¨áâ¥¬ã (1.1) ¯à¨ t > t0 ¯®«ãç¨¬Z t

t0

Z �

t

S(t; s)dseh00(�)d� = Z t

t0

Z 0

�r

d#�(t; #)
Z �

t

S(t+ #; s)dseh00(�)d� + Z t

t0

(t� �)eh00(�)d�:
�®á«¥¤¥¥ ¤®«¦® ¢ë¯®«ïâìáï ¤«ï «î¡®© äãªæ¨¨ eh00 2 C ([t0 ;+1);Rn). �â® ãá«®¢¨¥ ¢ë¯®«-
ï¥âáï, ¥á«¨

Z �

t

S(t; s)ds =
Z 0

�r

d#�(t; #)
Z �

t

S(t+ #; s)ds+ (t� �)In; � 2 [t0; t]; t > t0:
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�à ¢ ï ç áâì ¯®«ãç¥®£® à ¢¥áâ¢  ï¢«ï¥âáï  ¡á®«îâ® ¥¯à¥àë¢®© äãªæ¨¥©  à£ã¬¥â  �

  ®âà¥§ª¥ [t0; t] ¯à¨ ä¨ªá¨à®¢ ®¬ t. �«¥¤®¢ â¥«ì®, ¨â¥£à «
0R

�r

d#�(t; #)
�R
t

S(t+ #; s)ds § ¤ -

¥â  ¡á®«îâ® ¥¯à¥àë¢ãî äãªæ¨î  à£ã¬¥â  �   ®âà¥§ª¥ [t0; t]. �à®¤¨ää¥à¥æ¨à®¢ ¢ íâ®
à ¢¥áâ¢® ¯® � , ¯®«ãç¨¬ ¨áª®¬®¥ ãà ¢¥¨¥.

�à¨¬¥à 4.1. � ® ®¤®à®¤®¥ áª «ïà®¥ ãà ¢¥¨¥ (1.1) á äãªæ¨¥© �(t; #) = t#, # 2
[�1; 0], t 2 R, ¨ r = 1.

�à ¢¥¨¥ (4.1) ¨¬¥¥â ¢¨¤ S(t; �) = t
0R

�1

S(t + #; �)d# � 1, t > � . �à¨ � � t � � + 1 ¯®«ãç ¥¬

ãà ¢¥¨¥ S(t; �) = t
tR

t�1

S(y; �)dy�1 = t
tR
�

S(y; �)dy�1. �ãªæ¨ï �(t; �) =
tR
�

S(y; �)dy, � � t � �+1,

ï¢«ï¥âáï à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï �0t(t; �) = t�(t; �)� 1 á  ç «ìë¬ ãá«®¢¨¥¬

�(� + 0; �) = 0. � å®¤¨¬ �(t; �) = �
tR
�

e
1

2
(t2�y2)dy. �®£¤  S(t; �) = �1� t

tR
�

e
1

2
(t2�y2)dy.

5. �®à¬ã«ë, ®¯à¥¤¥«ïîé¨¥ äãªæ¨¨ T ¨ V

�®¦® ¯®ª § âì, çâ® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© â¥®à¥¬ë 2.1 äãªæ¨ï V ®¯à¥¤¥«ï¥âáï ä®à-
¬ã«®©

V (t; t0) = �S(t; t0)�(t0;�r)�
Z t

t0

dS(t; s)�(s;�r); t > t0:

�«ï  å®¦¤¥¨ï äãªæ¨¨ T ¬®¦® ¢®á¯®«ì§®¢ âìáï â¥®à¥¬®©.

�¥®à¥¬  5.1. �ãªæ¨ï T ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

T (t; s; t0) =
d

ds

Z s+r

t0

dS(t; �)
Z s��

�r

[�(�; #) � �(�;�r)]d#; t > t0; s 2 [t0 � r; t0]: (5.1)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ à¥è¥¨¥ xe' á  ç «ì®© äãªæ¨¥© e' 2 C
2([t0�r; t0];Rn). �â®

à¥è¥¨¥ ¯à¨ t > t0 á®¢¯ ¤ ¥â á à¥è¥¨¥¬ xeh, £¤¥ eh ®¯à¥¤¥«ï¥âáï ä®à¬ã« ¬¨

eh(t) =
8>><
>>:

t0�tR
�r

d#�(t; #) e'(t+ #)�
0R
�r

d#�(t0; #) e'(t0 + #); t 2 [t0; t0 + r];

�
0R

�r

d#�(t0; #) e'(t0 + #); t > t0 + r:

(5.2)

�®á«¥ ¯à¥®¡à §®¢ ¨ï (5.2)  å®¤¨¬ eh(t) =
t0�tR
�r

[�(t;�r) � �(t; #)] e'0(t0)d# +
t0R

t�r

s�tR
�r

[�(t;�r) �

�(t; #)]d# e'00(s)ds � 0R
�r

d#�(t0; #) e'(t0 + #), t 2 [t0; t0 + r], eh(t) = �
0R
�r

d#�(t0; #) e'(t0 + #), t > t0 + r.

�à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥ ¤«ï à¥è¥¨ï xeh
xeh(t) =

Z t0+r

t0

dS(t; �)eh(�) = Z t0+r

t0

dS(t; �)
Z t0��

�r

[�(�;�r)� �(�; #)]d# e'0(t0)�
�

Z t0

t0�r

Z s+r

t0

dS(t; �)
Z s��

�r

[�(�;�r)� �(�; #)]d# e'00(s)ds:
�¥¯¥àì ¯à¥®¡à §ã¥¬ ¢ëà ¦¥¨¥ ¤«ï à¥è¥¨ï xe'

xe'(t) = �

Z t0

t0�r

T (t; �; t0)d� e'0(t0) +
Z t0

t0�r

Z s

t0�r

T (t; �; t0)d� e'00(s)ds:
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� ¯¨è¥¬ ãá«®¢¨ï á®¢¯ ¤¥¨ï à¥è¥¨© xeh ¨ xe' ¤«ï ¯à®¨§¢®«ìëå äãªæ¨© e' 2 C 2([t0 �
r; t0];Rn), t > t0, s 2 [t0 � r; t0],Z t0+r

t0

dS(t; �)
Z t0��

�r

[�(�;�r) � �(�; #)]d# = �

Z t0

t0�r

T (t; �; t0)d�;

�

Z s+r

t0

dS(t; �)
Z s��

�r

[�(�;�r) � �(�; #)]d# =
Z s

t0�r

T (t; �; t0)d�:

�à¨ ¢ë¯®«¥¨¨ ¢â®à®£® ãá«®¢¨ï ¯¥à¢®¥ ¢ë¯®«ï¥âáï. �¨ää¥à¥æ¨àã¥¬®áâì ¯® s «¥¢®© ç áâ¨
¢â®à®£® ãá«®¢¨ï á«¥¤ã¥â ¨§ ¤¨ää¥à¥æ¨àã¥¬®áâ¨ ¯à ¢®© ç áâ¨ íâ®£® ãá«®¢¨ï. �¨ää¥à¥æ¨àãï
¢â®à®¥ à ¢¥áâ¢® ¯® s ¨ ¯à®¨§¢®¤ï § ¬¥ã ¯¥à¥¬¥®©, ¯®«ãç ¥¬ ¨áª®¬ãî ä®à¬ã«ã (5.1).

�à¨¬¥à 5.1. � ® ®¤®à®¤®¥ áª «ïà®¥ ãà ¢¥¨¥ (1.1) á äãªæ¨¥© �(t; #) = t#, r = 1.

�®à¬ã«  (5.1) ¨¬¥¥â ¢¨¤ T (t; s; t0) = d

ds

s+1R
t0

dS(t; �) �
2
(s � � + 1)2, t > t0, s 2 [t0 � 1; t0]. �ãáâì

t 2 (t0; t0 + 1]. �á«¨ t0 � 1 � s � t� 1, â® ¨§ ¯à¨¬¥à  4.1 á«¥¤ã¥â S(t; �) = �1� t
tR
�

e
1

2
(t2�y2)dy ¯à¨

� 2 [t0; s+1]. �«¥¤®¢ â¥«ì®, T (t; s; t0) = t
s+1R
t0

e
1

2
(t2��2)�(s��+1)d�, t 2 (t0; t0+1], s 2 [t0�1; t�1].

�á«¨ t � 1 < s � t0, â® ¨§ ¯à¨¬¥à  4.1 á«¥¤ã¥â S(t; �) = �1 � t
tR
�

e
1

2
(t2�y2)dy ¯à¨ � 2 [t0; t] ¨

S(t; �) = 0 ¯à¨ � 2 [t; s + 1]. �«¥¤®¢ â¥«ì®, T (t; s; t0) = t
tR
t0

e
1

2
(t2��2)�(s � � + 1)d� + t(s � t + 1),

t 2 (t0; t0 + 1], s 2 [t0 � 1; t� 1].
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