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0

+

� á¢¥àâ®ç­®©  «£¥¡à¥ D0

+ ([1], á. 139) ®¡®¡é¥­­ëå äã­ªæ¨© ­  < á ­®á¨â¥«ï¬¨ ¢ <+ = [0;+1]
à áá¬ âà¨¢ îâáï ­¥ª®â®àë¥ ª« ááë ãà ¢­¥­¨©, à §à¥è ¥¬ëå ¢ ï¢­®¬ ¢¨¤¥. �âà®ïâáï í«¥¬¥­-
â à­ë¥ (äã­¤ ¬¥­â «ì­ë¥) à¥è¥­¨ï ãà ¢­¥­¨©, ¯à¨­ ¤«¥¦ é¨¥  «£¥¡à¥ D0

+, ª®â®àë¥ ®¯à¥¤¥-
«ïîâ áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨© ¢ íâ®©  «£¥¡à¥. �ª § ­­ë¥ ª« ááë á®¤¥à¦ â
ª ª ®¡ëª­®¢¥­­ë¥ «¨­¥©­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨,
â ª ¨ ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ ¯à®áâà ­áâ¢¥ ®¡®¡é¥­­ëå äã­ªæ¨© D0

+,  
â ª¦¥ ®â­®áïé¨¥áï ª ­¨¬ § ¤ ç¨ �®è¨; ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï �®«ìâ¥àà  á¯¥æ¨ «ì­®£® ¢¨¤ 
I-£® ¨ II-£® à®¤ , ¨­â¥£à®¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ª ª æ¥«®£®, â ª ¨ ¤à®¡­®£® ¯®àï¤ª®¢ ¨,
ª®­¥ç­®, ¨§¢¥áâ­ë¥ ãà ¢­¥­¨ï �¡¥«ï I-£® ¨ II-£® à®¤  ¨ ¨å ®¡®¡é¥­¨ï.

�à¥¤¯®« £ ¥âáï, çâ® ¢á¥ ª« ááë ãà ¢­¥­¨© á®¤¥à¦ â ¢ á¢®¥© áâàãªâãà¥ ®¯¥à â®àë

ff
(�)
� (t) � 8� 2 <; 8� 2 Cg; (1)

£¤¥

f
(�)
� (t) =

(
Y (t)t��1

�(�)
e��t; � > 0;

( d
dt
+ �)mf (�+m)

� (t); � � 0; m�minN j �+m > 0;

Y (t) | äã­ªæ¨ï �¥¢¨á ©¤ , �(�) | £ ¬¬ -äã­ªæ¨ï, ( d
dt
+ �)

m
| m-ï ¨â¥à æ¨ï ®¯¥à â®à 

( d
dt
+ �); d

dt
| ¯à®¨§¢®¤­ ï ¢ á¬ëá«¥ ®¡®¡é¥­­ëå äã­ªæ¨©.

�§¢¥áâ­®, çâ® ¯à¨ � = 0 ([1], á. 143) ®¯¥à â®àë á¢¥àâª¨ ff (�)0 (t)� 8� 2 <g ­ §ë¢ îâ ®¯¥à â®-
à ¬¨ �¨¬ ­ {�¨ã¢¨««ï, ª®â®àë¥ ¯à¨ � > 0 ï¢«ïîâáï ®¯¥à â®à ¬¨ ¤à®¡­®£® ¨­â¥£à¨à®¢ ­¨ï,  
¯à¨ � < 0 | ®¯¥à â®à ¬¨ ¤à®¡­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï. �â¨ ®¯¥à â®àë ®¡à §ãîâ á¢¥àâ®ç­ãî
£àã¯¯ã á ­¥©âà «ì­ë¬ í«¥¬¥­â®¬ ¯® á¢¥àâª¥ ¢ ¢¨¤¥ �-äã­ªæ¨¨ �¨à ª .

�¥á«®¦­ë¥ ¢ëç¨á«¥­¨ï ¯®ª §ë¢ îâ, çâ® ¬­®¦¥áâ¢® ff (�)� (t) 8� 2 <g ¯à¨ ä¨ªá¨à®¢ ­­®¬ �,
á­ ¡¦¥­­®¥ ®¯¥à æ¨¥© á¢¥àâª¨, â ª¦¥ ®¡à §ã¥â á¢¥àâ®ç­ãî £àã¯¯ã, ¯à¨ç¥¬ f

(0)
� (t) = � 8� 2 C,

¯®íâ®¬ã ¥áâ¥áâ¢¥­­ë¬ ¡ë«® ¡ë ®¯¥à â®àë (1) ­ §¢ âì �-®¯¥à â®à ¬¨ �¨¬ ­ {�¨ã¢¨««ï, ¥á«¨
� 2 < n Z.

� á¢¥àâ®ç­®©  «£¥¡à¥ D0

+ à áá¬ âà¨¢ îâáï á«¥¤ãîé¨¥ ª« ááë ãà ¢­¥­¨©:

nX
k=0

akf
( k
n
)

� (t) �X = T; (2)

£¤¥ a | const 2 C n f0g 8� 2 C;

nX
k=0

an�kf
(��k)
� (t) �X = T; (3)

£¤¥ ak | const 2 C 8� 2 C, 8� 2 <, a0 = 1;

f� � af
(�)
� (t)g �X = T; (4)
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£¤¥ a | const 2 C n f0g 8� 2 C, � = m

n
, m ¨ n ¢§ ¨¬­® ¯à®áâë¥, m 2 Z n f0g, n 2 N ;

ff
(�)
� (t) + af

(�)
� (t)g �X = T; (5)

a | const 2 C n f0g 8� 2 C, �; � 2 < j (�� �) 2 Z;

fP (t)f (1��)� (t)g �X = T 8� 2 C; 0 < � < 1; (6)

P (t) =
nP

k=0
an�kt

k, ak | const 2 C, ¯à¨ç¥¬ an = 1.

�áî¤ã T | § ¤ ­­ ï ®¡®¡é¥­­ ï äã­ªæ¨ï ¨§ D0

+, X | ¨áª®¬ ï ®¡®¡é¥­­ ï äã­ªæ¨ï ¨§
D0

+.
� ª« ááã ãà ¢­¥­¨© (4) ®â­®á¨âáï ãà ¢­¥­¨¥, à áá¬®âà¥­­®¥ ¢ [2] ¯à¨ 0 < � = m

n
< 1,

� = 0 ¢ ¯à®áâà ­áâ¢¥ ®¡ëç­ëå äã­ªæ¨© ¨§ D0

+,   ª ª« ááã ãà ¢­¥­¨© (6) ®â­®á¨âáï ãà ¢­¥­¨¥,
à áá¬®âà¥­­®¥ ¢ [3] ¯à¨ � = 0 ¢ ¯à®áâà ­áâ¢¥ ®¡ëç­ëå äã­ªæ¨© ¨§ D0

+.
� á¢¥àâ®ç­®©  «£¥¡à¥ S0

+ ®¡®¡é¥­­ëå äã­ªæ¨© ­  < ¬¥¤«¥­­®£® à®áâ  á ­®á¨â¥«ï¬¨ ¢ <+

ãª § ­­ë¥ ª« ááë ãà ¢­¥­¨© (2){(6) ¯à¨ � = 0 ¬®£ãâ ¡ëâì ¨áá«¥¤®¢ ­ë ¬¥â®¤®¬ ¯à¥®¡à §®¢ ­¨ï
�ãàì¥ ¨§ [4]. �®£¤  à¥è¥­¨ï íâ¨å ãà ¢­¥­¨© ¢ëà ¦ îâáï ç¥à¥§ ®¡à â­ë¥ ¯à¥®¡à §®¢ ­¨ï �ãàì¥,
ª®â®àë¥ ­¥ ¢á¥£¤  ã¤ ¥âáï ¢ë¯¨á âì ¢ ã¤®¡­®¬ ¢¨¤¥.

� ¤ ­­®© áâ âì¥ ¯à¨¬¥­ï¥âáï â¥®à¨ï ãà ¢­¥­¨© á¢¥àâ®ª ¢ á¢¥àâ®ç­ëå  «£¥¡à å. �á«¨ í«¥-
¬¥­â à­ë¬ à¥è¥­¨¥¬ ãà ¢­¥­¨ï A �X = T ¢ ­¥ª®â®à®© á¢¥àâ®ç­®©  «£¥¡à¥ A ï¢«ï¥âáï E 2 A,
â® ®­® ¥¤¨­áâ¢¥­­® ¢ A ¨ ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¤ ­­®£® ãà ¢­¥­¨ï ¢ A ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
X = E � T .

�«£®à¨â¬ à¥è¥­¨ï. �ç¥¢¨¤­®, çâ® ¢á¥ à áá¬ âà¨¢ ¥¬ë¥ ª« ááë ãà ¢­¥­¨© ¬®¦­® § ¯¨-
á âì ¢ ¢¨¤¥ ãà ¢­¥­¨ï á¢¥àâ®ª A � X = T , £¤¥ A ¨ T | ¨§¢¥áâ­ë¥ ®¡®¡é¥­­ë¥ äã­ªæ¨¨ ¨§
D0

+. �«ï ®âëáª ­¨ï í«¥¬¥­â à­®£® à¥è¥­¨ï E ãà ¢­¥­¨ï A � E = �, ¯à¨­ ¤«¥¦ é¥£®  «£¥-
¡à¥ D0

+, ¤®¬­®¦ ¥¬ á¢¥àâ®ç­® ®¡¥ ç áâ¨ ¤ ­­®£® ãà ¢­¥­¨ï ­  á¢¥àâ®ç­ë© á®¬­®¦¨â¥«ì Q ¨§
D0

+, ¯®¤å®¤ïé¨¬ ®¡à §®¬ ¯®¤®¡à ­­ë© ¤«ï ª ¦¤®£® ¨§ à áá¬ âà¨¢ ¥¬ëå ª« áá®¢ ãà ¢­¥­¨©.
�­®¦¨â¥«ì ¯®¤¡¨à ¥âáï â ª, çâ® Q � A = P

�
d

dt

�
�, £¤¥ P

�
d

dt

�
| «¨­¥©­ë© ¤¨ää¥à¥­æ¨ «ì­ë©

®¯¥à â®à á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨. �®«ãç¨¬ ãà ¢­¥­¨¥ á¢¥àâ®ª P
�
d

dt

�
E = Q ¢ D0

+, ã ª®-
â®à®£® áãé¥áâ¢ã¥â ¨ ¯à¨â®¬ ¥¤¨­áâ¢¥­­®¥ í«¥¬¥­â à­®¥ à¥è¥­¨¥ E1 , ¯à¨­ ¤«¥¦ é¥¥  «£¥¡à¥
D0

+, ¨¬¥îé¥¥ ª®­áâàãªæ¨î E1 = Y (t)e(t) , £¤¥ e(t) | ª« áá¨ç¥áª®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨

P

�
d

dt

�
e = 0; e(0) = e0(0) = � � � = e(n�2)(0) = 0; e(n�1)(0) = 1:

�«¥¤®¢ â¥«ì­®, áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ í«¥¬¥­â à­®¥ à¥è¥­¨¥ E 2 D0

+, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã-
«®© E = E1 �Q.

�®­áâàãªæ¨¨ à¥è¥­¨©.�à¨¬¥­¨¬ ãª § ­­ë©  «£®à¨â¬ à¥è¥­¨ï ª ãà ¢­¥­¨ï¬ ª« áá  (2).

�®¬­®¦ ï á¢¥àâ®ç­® ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (2) ­  í«¥¬¥­â (� � af
( 1
n
)

� ) 2 D0

+, £¤¥ T = �, X = E,
¯®«ãç¨¬

f� � anf
(1)
� (t)g � E = � � af

( 1
n
)

� (t):

�¬­®¦ ï á¢¥àâ®ç­® ®¡¥ ç áâ¨ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ­  ( d
dt
+ �)�, ¨¬¥¥¬�

d

dt
+ (�� an)

�
E =

�
� � af

( 1
n
)

� (t)
	
�

�
d

dt
+ �

�
�:

�«¥¬¥­â à­®¥ à¥è¥­¨¥ ®¯¥à â®à 
�
d

dt
+ (� � an)

	
, ¯à¨­ ¤«¥¦ é¥¥ D0

+, ¨¬¥¥â ¢¨¤ E1(t) =
Y (t) expf�(�� an)tg, á«¥¤®¢ â¥«ì­®, í«¥¬¥­â à­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (2) ®¯à¥¤¥«ï¥âáï ä®à¬ã-
«®©

E = E1 �
�
� � af

( 1
n
)

� (t)
	
�

�
d

dt
+ �

�
� = f� + Y (t)ane�(��a

n)tg �
�
� � af

( 1
n
)

� (t)
	
2 D0

+:
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�à¨¢¥¤¥¬ ª®­áâàãªæ¨¨ í«¥¬¥­â à­ëå à¥è¥­¨©, ¯à¨­ ¤«¥¦ é¨åD0

+, ¤«ï ®áâ «ì­ëå ª« áá®¢
ãà ¢­¥­¨©. �«ï ãà ¢­¥­¨© ª« áá  (3) í«¥¬¥­â à­ë¥ à¥è¥­¨ï ¨¬¥îâ ¢¨¤ E = E1 � f

(��)
� (t), £¤¥

E1 | í«¥¬¥­â à­®¥ à¥è¥­¨¥ ®¯¥à â®à  P
�
d

dt

�
=

nP
k=0

an�k
�
d

dt
+ �

�k
, ¯à¨­ ¤«¥¦ é¥¥  «£¥¡à¥ D0

+.

�«ï ãà ¢­¥­¨© ª« áá  (4), ¥á«¨ m æ¥«®¥ ®âà¨æ â¥«ì­®¥, â® E = E1 �
n�1P
k=0

a
k

n f
(mk
n
)

� (t), £¤¥ E1 |

í«¥¬¥­â à­®¥ à¥è¥­¨¥ ®¯¥à â®à  P
�
d

dt

�
= 1 � a

�
d

dt
+ �a

��mn
, ¯à¨­ ¤«¥¦ é¥¥ D0

+. �á«¨ ¦¥ m
æ¥«®¥ ¯®«®¦¨â¥«ì­®¥, â®

E = E1 � f
(�nm)
� (t) �

n�1X
k=0

a
k

nf
(mk
n
)

� (t);

£¤¥ E1 | í«¥¬¥­â à­®¥ à¥è¥­¨¥ ®¯¥à â®à  P
�
d

dt

�
=
�
d

dt
+ �

�mn
� a, ¯à¨­ ¤«¥¦ é¥¥ D0

+. �«ï
ãà ¢­¥­¨© ª« áá  (5) ¯à¨ �� � = �n, £¤¥ n 2 N , ¨¬¥¥¬

E = E1 � f
(��)
� (t);

£¤¥ E1 | í«¥¬¥­â à­®¥ à¥è¥­¨¥ ®¯¥à â®à  P
�
d

dt

�
=
�
d

dt
+ �

�n
+ a, ¯à¨­ ¤«¥¦ é¥¥ D0

+. �«ï
ãà ¢­¥­¨© ª« áá  (6)

E = E1 � f
�(n+1��)
� (t);

£¤¥ E1 | í«¥¬¥­â à­®¥ à¥è¥­¨¥ ®¯¥à â®à  P
�
d

dt

�
=

nP
k=0

an�k
�(k+1��)

�(1��)

�
d

dt
+ �

�n�k
, ¯à¨­ ¤«¥¦ é¥¥

 «£¥¡à¥ D0

+. � ª¨¬ ®¡à §®¬, ¯®áâà®¥­ë í«¥¬¥­â à­ë¥ à¥è¥­¨ï ¯ïâ¨ ®¡è¨à­ëå ª« áá®¢ ãà ¢­¥-
­¨©, çâ® ¤ ¥â ¢®§¬®¦­®áâì ¢ë¯¨á âì à¥è¥­¨ï ¤ ­­ëå ãà ¢­¥­¨© ¢ ¢¨¤¥ á¢¥àâª¨ X = E � T .
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