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� ¤ ®© áâ âì¥ ¤«ï ãà ¢¥¨ï

A' � '0(t) + a(t)'(t) +
b(t)
�

Z 1

�1

'(�)d�
� � t

= f(t); �1 � t � 1; (0.1)

á  ç «ìë¬ ãá«®¢¨¥¬

'(�1) = 0 (0.2)

¯à¨¢®¤ïâáï ¢ëç¨á«¨â¥«ìë¥ áå¥¬ë ¬¥â®¤®¢ á¯« ©-ª®««®ª æ¨¨ ¨ á¯« ©-¯®¤®¡« áâ¥© á â¥®à¥-
â¨ç¥áª¨¬ ®¡®á®¢ ¨¥¬ íâ¨å ¬¥â®¤®¢ ([1], £«. 14; [2], £«. 1).

1. �ëç¨á«¨â¥«ì ï áå¥¬  ¬¥â®¤  á¯« ©-ª®««®ª æ¨¨

�à¨¢¥¤¥¬ ¢ëç¨á«¨â¥«ìãî áå¥¬ã ¬¥â®¤  á¯« ©-ª®««®ª æ¨¨ ¤«ï § ¤ ç¨ (0.1){(0.2) ¯à¨
a(t); b(t); f(t) 2 C[�1; 1], £¤¥ C[�1; 1] � C | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå   [�1; 1] äãªæ¨© á
®¡ëç®© ®à¬®©.

�¢¥¤¥¬ á¥âª¨ ã§«®¢

tk = �1 + 2k
n
; k = 0; n; n 2 N; (1.1)

tk�1 =
tj�1 + tj

2
= �1 + 2j � 1

2n
; j = 1; n; n 2 N; (1.2)

£¤¥ N | ¬®¦¥áâ¢®  âãà «ìëå ç¨á¥«. �à¨¡«¨¦¥®¥ à¥è¥¨¥ § ¤ ç¨ (0.1){(0.2) ¡ã¤¥¬ ¨áª âì
¢ ¢¨¤¥ á¯« © 

'n(t) =
nX

k=0

�ksk(t); n 2 N; (1.3)

£¤¥

sk(t) =

8>>>><>>>>:
0; t � tk�1;
t�tk�1
tk�tk�1 ; tk�1 � t � tk;
tk+1�t
tk+1�tk ; tk � t � tk+1;

0; t � tk+1;

(1.4)

| äã¤ ¬¥â «ìë¥ á¯« ©ë ¯¥à¢®© áâ¥¯¥¨, ¯à¨ç¥¬ ¯à¨ k = 0 ¨ k = n ¯à¥¥¡à¥£ ¥¬ ¯¥à-
¢ë¬¨ ¤¢ã¬ï ¨ á®®â¢¥âáâ¢¥® ¯®á«¥¤¨¬¨ ¤¢ã¬ï §¢¥ìï¬¨ äãªæ¨© s0(t) ¨ sn(t). �¥¨§¢¥áâë¥
¯®áâ®ïë¥ �0; �1; : : : ; �n ®¯à¥¤¥«ï¥¬ ¬¥â®¤®¬ ª®««®ª æ¨© ¨§ ãá«®¢¨©

(A'n)(tj) = f(tj); j = 1; n; 'n(�1) = 0: (1.5)
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�¨ íª¢¨¢ «¥âë á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

�0 = 0;
�j � �j�1
tj � tj�1

+ aj
�j + �j�1

2
+ bj

nX
k=1

cjk�k = fj ; j = 1; n; (1.6)

£¤¥

aj = a(tj); bj = b(tj); fj = f(tj); (1.7)

cjk =
1
�

8<:(k � j + 3
2
) ln

��� 2k�2j+32k�2j+1

���� (k � j � 1
2
) ln

��� 2k�2j+12k�2j�1

��� ; k = 1; n� 1; j = 1; n;

1� (n� j � 1
2
) ln

��� 2n�2j+1
2n�2j�1

��� ; k = n; j = 1; n:
(1.8)

�®ª ¦¥¬ á¯®á®¡ ¯®«ãç¥¨ï ���� (1.6){(1.8). � á¨«ã (0.2) ¨§ (1.3){(1.4) ¯®«ãç ¥¬ 'n(�1) =
'n(t0) = �0 = 0. � á¨«ã (1.1){(1.4) ïá® â ª¦¥, çâ®

'n(tj) =
�j + �j�1

2
; '0n(tj) =

�j � �j�1
h

; h =
2
n
: (1.9)

�®íâ®¬ã ¨§ (1.3){(1.5) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

1
�

Z 1

�1

'n(�)d�
� � tj

=
nX

k=1

cjk�k; (1.10)

£¤¥

cjk =
1
�

Z tk+1

tk�1

sk(�)d�
� � tj

; k = 1; n; j = 1; n; tn+1 � tn: (1.11)

� á¨«ã (1.4) ¨ (1.11) ¨¬¥¥¬

�cjk =
Z tk+1

tk�1

sk(�)d�
� � tk

=
1
h
[(tj � tk�1)�jk + (tk+1 � tj)�j;k+1] ; (1.12)

£¤¥ k = 1; n� 1, j = 1; n ¨

�jk =
Z tk

tk�1

d�

� � tj
=

8<:0; j = k;

ln
��� 2k�2j+1
2k�2j�1

��� ; j 6= k;
(1.13)

�cjk =
Z tn

tn�1

sn(�)d�
� � tj

= 1 +
tj � tn�1

h
�jn; j = 1; n; (1.14)

£¤¥ �jn ®¯à¥¤¥«¥ë ä®à¬ã«®© (1.13) á k = n.
�§ á®®â®è¥¨© (1.11){(1.14) ¯®«ãç ¥¬ ä®à¬ã«ë (1.8), ®âáî¤  ¨ ¨§ (1.5), (1.9){(1.11) á«¥¤ã¥â

���� (1.6).

2. �à¥¤¢ à¨â¥«ìë¥ à¥§ã«ìâ âë

�ãáâì X =W 1
2 (�1; 1) �W 1

2 | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå   [�1; 1] äãªæ¨©, ã¤®¢«¥â¢®àïî-
é¨å ãá«®¢¨î (0.2) ¨ ¨¬¥îé¨å â ¬ ¯¥à¢ë¥ ®¡®¡é¥ë¥ ¯à®¨§¢®¤ë¥, ª¢ ¤à â¨ç® áã¬¬¨àã¥¬ë¥
¯® �¥¡¥£ã. �®à¬ã ¢ X ¢¢¥¤¥¬ á®®â®è¥¨¥¬

kxkX =
�Z 1

�1
jx0(t)j2dt

� 1
2

; x 2 X:

�  Y ¢®§ì¬¥¬ ¯à®áâà áâ¢® �¥¡¥£  L2(�1; 1) � L2 á ®¡ëç®© ®à¬®©

kykY =
�Z 1

�1
jy0(t)j2dt

� 1
2

; y 2 Y:
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�®£¤  § ¤ çã (0.1){(0.2) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ íª¢¨¢ «¥â®£® ¥© «¨¥©®£® ®¯¥à â®à®£® ãà ¢-
¥¨ï

A' � G'+ T' = f (' 2 X; f 2 Y ); (2.1)

£¤¥

G' = '0(t); T' = a'+B'; B' = bS'; (2.2)

¯à¨ç¥¬ á¨£ã«ïàë© ¨â¥£à «

S('; t) =
1
�

Z 1

�1

'(�)d�
� � t

; t 2 (�1; 1); (2.3)

¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨{�¥¡¥£ã ( ¯à., [3], [4]).

�¥¬¬  1. �«ï «î¡®© äãªæ¨¨ ' 2 X á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

�S('; t) = '(+1) ln(1� t)�
Z 1

�1
'0(�) ln j� � tjd�; �1 � t < 1: (2.4)

�®ª § â¥«ìáâ¢®. � á¨«ã (0.2) ¤«ï «î¡®© äãªæ¨¨ ' 2 X ¨¬¥¥¬

'(�) =
Z �

�1
'0(�)d�; � 2 [�1; 1]: (2.5)

�âáî¤  á ãç¥â®¬ (0.2) ¨ (2.3) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

�S('; t) =
Z 1

�1

d�

� � t

Z �

�1
'0(�)d� =

Z 1

�1
'0(�)d�

Z 1

�

d�

� � t
=
Z 1

�1
'0(�) ln

1� t

j� � tjd� =

= ln(1� t)
Z 1

�1
'0(�)d��

Z 1

�1
ln j�� tj'0(�)d� = ln(1� t)'(+1)�

Z 1

�1
'0(�) ln j�� tjd�; t 2 [�1; 1): �

�¥¬¬  2. �ãáâì äãªæ¨ï b(t) 2 LipK0
�, 0 < � � 1, K0 = const ¨ b(+1) = 0. �®£¤  ®¯¥à â®à

B : X ! Y , £¤¥

B('; t) = b(t)S('; t); ' 2 X; �1 � t � 1;

ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ª ª ®¯¥à â®à ¨§ X ¢ C[�1; 1] ¨ â¥¬ ¡®«¥¥ ® ¢¯®«¥ ¥¯à¥àë¢¥

ª ª ®¯¥à â®à ¨§ X ¢ Y .

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ ç¥à¥§ B = B(0; 1) ¥¤¨¨çë© è à ¯à®áâà áâ¢  X. �®ª ¦¥¬,
çâ® äãªæ¨¨ ¬®¦¥áâ¢  fB('; t) = b(t)S('; t)g, ' 2 B, à ¢®¬¥à® ®£à ¨ç¥ë ¨ à ¢®áâ¥¯¥®
¥¯à¥àë¢ë.

1. � ¢®¬¥à ï ®£à ¨ç¥®áâì. � á¨«ã «¥¬¬ë 1 ¤«ï «î¡®© äãªæ¨¨ ' 2 X ¨¬¥¥¬

�b(t)S('; t) = '(+1)b(t) ln(1� t)� b(t)
Z 1

�1
ln j� � tj'0(�)d�: (2.6)

�á®, çâ® ¤«ï «î¡®© ' 2 B � X

j'(+1)j � k'(t)kC �
p
2k'kX �

p
2;

jb(t)j = jb(+1) � b(t)j � K0j1� tj�; t 2 [�1; 1]:
�®íâ®¬ã ¤«ï «î¡®£® t 2 [�1; 1] á¯à ¢¥¤«¨¢ë ¥à ¢¥áâ¢ 

j'(+1)b(t) ln(1� t)j �
p
2K0j1� tj�j ln(1� t)j �

p
2K0K1j1� tj�j1� tj�" � 2�K0K1 � K2; (2.7)
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£¤¥ " | áª®«ì ã£®¤® ¬ «®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®,   Ki | ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥
§ ¢¨áïé¨¥ ®â t 2 [�1; 1]. � ¯®¬®éìî ¥à ¢¥áâ¢  �ãïª®¢áª®£®  å®¤¨¬b(t) Z 1

�1
ln j� � tj'0(�)d�


C

� kb(t)kC max
�1�t�1

sZ 1

�1
ln2 j� � tjd� k'0kY �

� kbkCK3k'kX � K4 <1; ' 2 B: (2.8)

�§ á®®â®è¥¨© (2.6){(2.8) ¤«ï «î¡®© ' 2 B � X á«¥¤ã¥â âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢®

kB('; t)kC � K2

�
+
K4

�
= K5 <1:

2. � ¢®áâ¥¯¥ ï ¥¯à¥àë¢®áâì. �®«®¦¨¬ b1(t) = b(t) ln(1 � t). � ª ª ª äãªæ¨ï b(t) 2
LipK0

� ¨ b(+1) = 0, â® äãªæ¨ï b1(t) 2 LipeK(� � "), £¤¥ 0 < fK = const <1,   " | áª®«ì ã£®¤®
¬ «®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«®. �®íâ®¬ã

!(b1; �) = !(b(t) ln(1� t); �)! 0; � ! +0; (2.9)

£¤¥ !( ; �) | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨  2 C[�1; 1] á è £®¬ � 2 (0; 2]. � ¤àã£®© áâ®à®ë,
¤«ï «î¡®© äãªæ¨¨ ' 2 B � X ¨¬¥¥¬

U 0(t) =
1
�

Z 1

�1

'0(�)d�
� � t

; �1 < t < 1; kU 0kY � k'0kY = k'kX � 1:

�âáî¤  á«¥¤ã¥â, çâ® äãªæ¨ï U(t) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

U(t) =
1
�

Z 1

�1
'0(�) ln j� � tjd� 2 Lip1

1
2
: (2.10)

�¥¯¥àì ¢ á¨«ã (2.6){(2.10) ¤«ï «î¡®© ' 2 B � X  å®¤¨¬

�!(B'; �) � j'(+1)j!(b1; �) + !(b; �)kU(t)kC + kb(t)kC!(U ; �) �
�
p
2!(b1; �) + !(b; �)K3 + kbkC

p
� � K6f!(b; �) + !(b1; �) +

p
�g:

�®íâ®¬ã

sup
'2X; k'k�1

!(B'; �) = sup
'2B

!(B'; �) � K6

�
(�); (2.11)

£¤¥
(�) = f!(b; �) + !(b1; �) +

p
�g ! 0; � ! +0:

�¥¬ á ¬ë¬ à ¢®áâ¥¯¥ ï ¥¯à¥àë¢®áâì ¬®¦¥áâ¢  äãªæ¨© fB('; t)g ¯à¨ ' 2 B � X ¤®ª -
§  .

� á¨«ã áª § ®£® ¢ëè¥ ¨ ªà¨â¥à¨ï ª®¬¯ ªâ®áâ¨ ( ¯à., [1], £«. 1 ¨ £«. 9) ¢ ¯à®áâà áâ¢¥
¥¯à¥àë¢ëå äãªæ¨© «¥¬¬  2 ¤®ª §  .

3. �¡®á®¢ ¨¥ ¬¥â®¤  á¯« ©-ª®««®ª æ¨¨

�¥®à¥¬  1. �ãáâì a(t); f(t) 2 C[�1; 1] ¨ b(t) 2 LipK0
�; b(+1) = 0. �á«¨ § ¤ ç  (0:1){(0:2)

¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ '? 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 Y , â® ¯à¨ ¢á¥å n 2 N ,

 ç¨ ï á ¥ª®â®à®£®, ���� (1:4) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥. �à¨¡«¨¦¥ë¥ à¥è¥¨ï (1:3)
áå®¤ïâáï ¯à¨ n ! 1 ª â®ç®¬ã à¥è¥¨î '?(t) § ¤ ç¨ (0:1){(0:2) ¢ ¯à®áâà áâ¢¥ X á® áª®à®-

áâìî

k'? � 'nkX = O

�
!

�
f ;

1
n

�
+ !

�
a;
1
n

�
+
kakCp
n

+ !

�
b;
1
n

�
+ !

�
b1;

1
n

��
: (3.1)
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�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 ¤«ï ®¯¥à â®à  T : X ! Y á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥¨¥

T ('; t) = a(t)'(t) +
b(t)'(+1) ln(1� t)

�
� b(t)

�

Z 1

�1
'0(�) ln j� � tjd�: (3.2)

�âáî¤  ¢¨¤®, çâ® ®¯¥à â®à T : X ! Y ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬. � á¨«ã (0.2) ¨ (2.5)
®¯¥à â®à G : X ! Y ï¢«ï¥âáï «¨¥©®© ¨§®¬¥âà¨¥©,   ¨¬¥®,

kGkX!Y = kG�1kY!X = 1: (3.3)

�§ áª § ®£® ¢ëè¥ ãà ¢¥¨¥ (2.1) ï¢«ï¥âáï ¯à¨¢®¤ïé¨¬áï ([1], £«.13) ª ãà ¢¥¨î ¢â®à®£®
à®¤ ,   á«¥¤®¢ â¥«ì® [1], ®¯¥à â®à A : X ! Y ¥¯à¥àë¢® ®¡à â¨¬ ¨

kA�1kY!X � const <1: (3.4)

�¡®§ ç¨¬ ç¥à¥§ Xn ¬®¦¥áâ¢® ¢á¥å á¯« ©®¢ ¯¥à¢®© áâ¥¯¥¨ á ã§« ¬¨ (1.1), ã¤®¢«¥â¢®àï-
îé¨å ãá«®¢¨î (0.2). �ç¥¢¨¤®, Xn � X ¨ dimXn = n <1. �¥à¥§ Yn ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å
á¯« ©®¢ ã«¥¢®© áâ¥¯¥¨ á ã§« ¬¨ (1.1). �ç¥¢¨¤®, Yn � Y ¨ dimYn = n <1. �¢¥¤¥¬ ®¯¥à â®à
Pn, ¯à®¥ªâ¨àãîé¨© ¯à®áâà áâ¢® Y ¢ ¯®¤¯à®áâà áâ¢® Yn ¯® ä®à¬ã«¥

Pn( ; t) =
nX
j=1

 (tj) j(t); t 2 [�1; 1]; (3.5)

£¤¥  (t) 2 C[�1; 1],    j(t) { å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ¨â¥à¢ «®¢ [tj�1; tj ], â®ç¥¥,

 j(t) =

(
1; t 2 [tj�1; tj);

0; t =2 [tj�1; tj); j = 1; n� 1;
 n(t) =

(
1; t 2 [tn�1; tn];

0; t =2 [tn�1; tn]:
(3.6)

�§¢¥áâ®, çâ® Pn { «¨¥©ë© ¯à®¥ªæ¨®ë© ®¯¥à â®à, ¯à¨ç¥¬ ( ¯à., [5]) ¤«ï «î¡®© äãªæ¨¨
 2 C[�1; 1] á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

j (t) � Pn (t)j � !

�
 ;

1
n

�
; t 2 [�1; 1]: (3.7)

�¥£ª® ¢¨¤¥âì, çâ® ���� (1.4) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ íª¢¨¢ «¥â®£® ¥© ®¯¥à â®à®£® ãà ¢-
¥¨ï

An'n � PnA'n = PnG'n + PnT'n = Pnf ('n 2 Xn; Pnf 2 Yn): (3.8)

�®áª®«ìªã 'n 2 Xn, G'n = '0n 2 Yn,   P 2
n = Pn, â® PnG'n = G'n. �®íâ®¬ã ãà ¢¥¨¥ (3.8)

¯à¨¨¬ ¥â ¢¨¤

An'n � G'n + Pn(a'n) + Pn(bS'n) = Pnf ('n 2 Xn; Pnf 2 Yn): (3.9)

�«ï «î¡®£® 'n 2 Xn ¨§ ä®à¬ã« (2.1){(2.3) ¨ (3.8), (3.9) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

kA'n �An'nkY = kA'n � PnA'nkY = kT'n � PnT'nkY �
� ka'n � Pn(a'n)kY + kbS'n � Pn(bS'n)kY : (3.10)

�æ¥¨¬ á¢¥àåã ª ¦¤®¥ ¨§ á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ ä®à¬ã«ë (3.10). � ª ª ª a'n 2 C ¤«ï
«î¡®© äãªæ¨¨ 'n 2 Xn, â® ¢ á¨«ã (3.7) ¯®«ãç ¥¬

ka'n � Pn(a'n)kY �
p
2 sup
�1�t�1

ja(t)'n(t)� Pn(a(t)'n(t))j �
p
2!
�
a'n;

1
n

�
�

�
p
2
�
kakC!

�
'n;

1
n

�
+ !

�
a;
1
n

�
k'nkC

�
; 'n 2 Xn: (3.11)
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�§¢¥áâ®, çâ® ¤«ï «î¡®© äãªæ¨¨ ' 2 X á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

k'(t)kC =
 Z t

�1
'0(�)d�


C

�
Z 1

�1
j'0(�)jd� �

p
2k'0kY =

p
2k'kX ;

j'(t0)� '(t00)j =
���� Z t00

t0
'0(t)dt

���� � q
jt0 � t00j k'0kY =

q
jt0 � t00j k'kX ; t0; t00 2 [�1; 1]:

�®íâ®¬ã ¤«ï «î¡®£® 'n 2 Xn ¨¬¥¥¬

k'nkC �
p
2k'nkX ; (3.12)

!('n; �) � �
1
2 k'nkX ; � 2 (0; 2]: (3.13)

�§ á®®â®è¥¨© (3.11){(3.13) á«¥¤ã¥â, çâ® ¤«ï «î¡®£® 'n 2 Xn

ka'n � Pn(a'n)kY � 2
�kakCp

n
+ !

�
a;
1
n

��
k'nkX � �nk'nkX ; (3.14)

£¤¥ �n = 2
n
kakCp

n
+ !

�
a; 1

n

�o! 0, n!1.

�«ï ¢â®à®£® á« £ ¥¬®£® ¢ ¯à ¢®© ç áâ¨ (3. 10) ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

kbS'n � Pn(bS'n)kY �
p
2 sup
�1�t�1

j(bS'n)(t)� Pn(bS'n; t)j =

=
p
2k'nkX sup

�1�t�1
jbS�n � Pn(bS�n)j �

p
2k'nkX sup

�n2Xn; k�nk=1
sup

�1�t�1
jbS�n � Pn(bS�n)j �

�
p
2k'nkX sup

'2X; k'k=1
sup

�1�t�1
jbS'� Pn(bS')j; (3.15)

£¤¥ �n =
'n
k'nk , 'n 2 Xn, 'n 6� 0. �¥¯¥àì á ¯®¬®éìî «¥¬¬ë 2 ¨ ä®à¬ã« (3.15), (2.11)  å®¤¨¬

kbS'n � Pn(bS'n)kY �
p
2k'nkX sup

'2X; k'k=1
!

�
B';

1
n

�
�

�
p
2K6

�
k'nkX�

�
1
n

�
= k'nkX�

�
1
n

�
; 'n 2 Xn; (3.16)

£¤¥

�n = �

�
1
n

�
=

p
2K6

�

�
!

�
b;
1
n

�
+ !

�
b1;

1
n

�
+

1p
n

�
! 0; n!1:

� ª¨¬ ®¡à §®¬, ¢ á¨«ã (3.10), (3.14) ¨ (3.16) ¨¬¥¥¬

"n � kA�AnkXn!Y � �n + �n ! 0; n!1; (3.17)

£¤¥ ¢¥«¨ç¨ë �n ¨ �n ®¯à¥¤¥«¥ë ¢ (3.14) ¨ (3.16) á®®â¢¥âáâ¢¥®. �à®¬¥ â®£®, ¤«ï ¯à ¢ëå ç áâ¥©
ãà ¢¥¨© (2.1) ¨ (3.9) ¢ á¨«ã ¥à ¢¥áâ¢  (3.7) ¨¬¥¥¬

�n � kf � PnfkY �
p
2 sup
�1�t�1

jf(t)� Pnf(t)j �
p
2!
�
f ;

1
n

�
! 0; n!1: (3.18)

�â ª, ¢ á¨«ã á®®â®è¥¨© (3.4), (3.17) ¨ (3.18) ¤«ï ãà ¢¥¨© (2.1) ¨ (3.9) ¢ë¯®«¥ë ¢á¥
ãá«®¢¨ï «¥¬¬ë 2.1 ¨§ ([2], £«. 1). �®íâ®¬ã

a) ¤«ï ¢á¥å n 2 N â ª¨å, çâ® qn � "nkA�1kY!X < 1
2
, ®¯¥à â®àë An : Xn ! Yn «¨¥©®

®¡à â¨¬ë,   ®¡à âë¥ ®¯¥à â®àë ®£à ¨ç¥ë ¯® ®à¬¥ ¢ á®¢®ªã¯®áâ¨, â®ç¥¥

kA�1n k � 2kA�1k <1; n � n0; (3.19)
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¡) ¯à¨¡«¨¦¥ë¥ à¥è¥¨ï 'n = A�1n Pnf , ®¯à¥¤¥«¥ë¥ ¯® ä®à¬ã«¥ (1.3), áå®¤ïâáï ª â®ç-
®¬ã à¥è¥¨î '? = A�1f § ¤ ç¨ (0.1){(0.2) ¢ ¯à®áâà áâ¢¥ X á® áª®à®áâìî

k'? � 'nkX = O("n + �n):

�âáî¤  ¨ ¨§ (3.18), (3.17), (3.16), (3.14) á ãç¥â®¬ á¢®©áâ¢ äãªæ¨© a(t), b(t) ¨ f(t)  å®¤¨¬

k'? � 'nkX = O

�
!

�
a;
1
n

�
+ !

�
b;
1
n

�
+ !

�
b1;

1
n

�
+ !

�
f ;

1
n

�
+
kakCp
n

�
! 0; n!1: �

(3.20)

�¥®à¥¬ã 1 ¤®¯®«ï¥â

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¯®£à¥è®áâì ¯à¨¡«¨¦¥®£® à¥è¥¨ï ¬®¦¥â ¡ëâì ®æ¥-

¥  ¥à ¢¥áâ¢®¬

k'? � 'nkX = O

�
!

�
'?0;

1
n

��
: (3.21)

�á«¨ ¦¥ ª®íää¨æ¨¥âë a(t), b(t) ¨ f(t) ãà ¢¥¨ï (0:1) â ª®¢ë, çâ®

'?0(t) � f(t)� a(t)'?(t)� b(t)S('?; t) 2 Lip�; 0 < � � 1; (3.22)

â® ¬¥â®¤ (0:1){(0:2), (1:1){(1:4) áå®¤¨âáï á® áª®à®áâìî

k'?0(t)� 'nkX = O

�
1
n�

�
: (3.23)

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢ á¨«ã «¥¬¬ 1 ¨ 2 äãªæ¨ï '?0(t) = f(t) �
T ('?; t) 2 C[�1; 1], ¨ ¯®íâ®¬ã ®æ¥ª  (3. 21) ¨¬¥¥â á¬ëá«. �¥®à¥¬  1, ¢ ç áâ®áâ¨, á®®â®è¥¨ï
(3.3), (3.4), (3.19),   â ª¦¥ á«¥¤áâ¢¨¥ 1 «¥¬¬ë 2.2 ¨§ ([2], £«. 1) ¯®§¢®«ïîâ ®æ¥¨âì ¯®£à¥è®áâì
¯à¨¡«¨¦¥®£® à¥è¥¨ï ¯® ä®à¬ã«¥

k'? � 'nkX = k(E �A�1n PnT )G
�1(G'? � PnG'

?)kX �
� kE �A�1n PnTkX!XkG'? � PnG'

?kY �
� (1 + 2kA�1kY!XkPnTkX!Y )kG'? � PnG'

?kY : (3.24)

� å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¯®ª § ®, çâ®

kT � PnTkXn!Y � kT � PnTkX!Y � �n + �n ! 0; n!1: (3.25)

�®áª®«ìªã áå®¤ïé ïáï ¯®á«¥¤®¢ â¥«ì®áâì ®¯¥à â®à®¢ PnT : X ! Y ®£à ¨ç¥ , â® ¨§ (3.24) ¨
(3.25)  å®¤¨¬ k'? � 'nkX = OfkG'? � PnG '?kY g.

�âáî¤  ¨ ¨§ ¥à ¢¥áâ¢  (3.7) ¯®«ãç¨¬

k'? � 'nkX = O
n

sup
�1�t�1

jG'? � PnG'
?j
o
= O

�
!

�
'?

0

;
1
n

��
;

â. ¥. ®æ¥ª  (3.21) ¤®ª §  . �æ¥ª  (3.23) á«¥¤ã¥â ¨§ ä®à¬ã« (3.21), (3.22) ¨ (3.7).

�§ â¥®à¥¬ë 2 ¨ ¨§¢¥áâëå â¥®à¥¬ ¢«®¦¥¨ï äãªæ¨© ®â ®¤®© ¯¥à¥¬¥®© ( ¯à., [6], ¤¥â «¨
á¬. ¢ [7,] [2]) «¥£ª® ¢ë¢®¤¨âáï

�¥®à¥¬  3. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¬¥â®¤ (0:1){(0:2), (1:1){(1:4) áå®¤¨âáï à ¢®¬¥à® ¨ ¢

¯à®áâà áâ¢¥ ��¥«ì¤¥à  H" (0 < " � 1
2
) á® áª®à®áâï¬¨ á®®â¢¥âáâ¢¥®

k'? � 'nkC = O

�
!

�
'?0;

1
n

��
; k'? � 'nkH"

= O

�
!

�
'?0;

1
n

��
;

a ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï (3:22) ¬¥â®¤ áå®¤¨âáï á® áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ¥à ¢¥áâ¢ ¬¨

k'? � 'nkC � k'? � 'nkH"
= O

�
1
n�

�
.
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4. �¥â®¤ á¯« ©-¯®¤®¡« áâ¥©

� ¯à¥¤ë¤ãé¨å ¯ à £à ä å ¬ë ¨áá«¥¤®¢ «¨ ¬¥â®¤ á¯« ©-ª®««®ª æ¨¨ à¥è¥¨ï § ¤ ç¨ �®è¨
(0.1){(0.2). �¥¯¥àì à áá¬®âà¨¬ â¥®à¥â¨ç¥áª®¥ ®¡®á®¢ ¨¥ ¬¥â®¤  á¯« ©-¯®¤®¡« áâ¥© à¥è¥¨ï
§ ¤ ç¨ (0.1){(0.2).

�à¨¡«¨¦¥®¥ à¥è¥¨¥ á®¢  ¨é¥¬ ¢ ¢¨¤¥ á¯« ©  (1.3) á ã§« ¬¨ (1.1),   ¥¨§¢¥áâë¥ ¯®-
áâ®ïë¥ ®¯à¥¤¥«ï¥¬ ¬¥â®¤®¬ ¯®¤®¡« áâ¥© ¨§ ãá«®¢¨©Z tj

tj�1

A('n; t)dt =
Z tj

tj�1

f(t)dt; j = 1; n; 'n(�1) = 0: (4.1)

� á¨«ã (0.1){(0.2), (1.1){(1.4) íâ¨ ãá«®¢¨ï íª¢¨¢ «¥âë á«¥¤ãîé¥© ����:
nX

k=1

djk�k = fj ; j = 1; n; �0 = 0; (4.2)

£¤¥ djk =
tjR

tj�1

A(sk; t)dt, fj =
tjR

tj�1

f(t)dt.

�à¨ ®¡®á®¢ ¨¨ áå¥¬ë (0.1){(0.2), (1.1), (1.3), (4.1){(4.2) áãé¥áâ¢¥ãî à®«ì ¨£à îâ ¤¢¥
«¥¬¬ë.

�¥¬¬  3. �ãáâì a(t) ¨ b(t) 2 C[�1; 1]. �®£¤  ®¯¥à â®à T : X ! Y ,

T ('; t) � a(t)'(t) + b(t)S('; t); �1 < t < 1;

¢¯®«¥ ¥¯à¥àë¢¥ ª ª ®¯¥à â®à ¨§ ¯à®áâà áâ¢  X = W 1
2 (�1; 1) ¢ ¯à®áâà áâ¢® Y =

L2(�1; 1).
�®ª § â¥«ìáâ¢®. �®áª®«ìªã

k ln(1� t)kY �M1 = const <1; (4.3)

max
�1�t�1

Z 1

�1

�� ln j� � tj��d� �M2 = const <1; (4.4)

j'(+1)j � k'kC �
p
2k'kX ; (4.5)

â® ¤«ï «î¡®© äãªæ¨¨ ' 2 B � X ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

jT ('; t)j � kakC j'(t)j + kbkC
�

�
j'(+1)j j ln(1� t)j+ k'kC

Z 1

�1

�� ln j� � tj��d�� �
� k'kC

�
kakC +

kbkC
�

�
j ln(1� t)j+

Z 1

�1

�� ln j� � tj��d��� �
�
p
2 k'kX

�
kakC +

kbkC
�

[j ln(1� t)j+M2]
�
;

kT'kY �
p
2
�p

2kakC +
kbkC
�

[M1 +
p
2M2]

�
�M3 = const <1:

� ¤àã£®© áâ®à®ë, ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2 ¡ë«® ¯®ª § ®, çâ® ®¯¥à â®à eT : X ! Y , £¤¥

eT ('; t) = a(t)'(t) � b(t)
�

Z 1

�1
'0(�) ln j� � tjd�; �1 � t � 1;

ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ª ª ®¯¥à â®à ¨§ ¯à®áâà áâ¢  X ¢ ¯à®áâà áâ¢® C,   á«¥¤®¢ -
â¥«ì®, ¨§ ¯à®áâà áâ¢  X ¢ ¯à®áâà áâ¢® Y . � á¨«ã ¯à¥¤áâ ¢«¥¨ï (3.1) ¤«ï ¤®ª § â¥«ìáâ¢ 
«¥¬¬ë ®áâ ¥âáï ¯®ª § âì, çâ® ®¯¥à â®à T = T � eT : X ! Y , £¤¥

T ('; t) =
'(+1)
�

ln(1� t); �1 � t < 1; ' 2 X;
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ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬. �â® ãâ¢¥à¦¤¥¨¥ «¥£ª® ¢ë¢®¤¨âáï ¨§ ªà¨â¥à¨ï ª®¬¯ ªâ®áâ¨
( ¯à., [1], £«. 9, ¯. 1) ¢ ¯à®áâà áâ¢¥ L2(�1; 1) ¨ ¥à ¢¥áâ¢ (4.3){(4.5).

�¢¥¤¥¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï P n : Y ! Yn ¯® ä®à¬ã«¥

P n(f ; t) =
nX
j=1

 j(t)
tj � tj�1

Z tj

tj�1

f(�)d�; f 2 L2(�1; 1):

�§¢¥áâ  ( ¯à., [5]; [7], £«. 4)

�¥¬¬  4. �¯à ¢¥¤«¨¢ë ãâ¢¥à¦¤¥¨ï :

a) P
2

n = P n = P
?

n, £¤¥ P
?

n | á®¯àï¦¥ë© ª P n ®¯¥à â®à;
¡) kP nkY!Y = 1, n 2 N ;
¢) P n ! E ¯à¨ n!1 á¨«ì® ¢ ¯à®áâà áâ¢¥ Y á® áª®à®áâìî

kf � P nfkY �
p
2!
�
f ;

1
n

�
2

;

£¤¥ !(f ; �)2 | ¬®¤ã«ì ¥¯à¥àë¢®áâ¨ äãªæ¨¨ f 2 L2(�1; 1) ¢ ¯à®áâà áâ¢¥ Y =
L2(�1; 1).

�«ï ¢ëç¨á«¨â¥«ì®© áå¥¬ë (0.1){(0.2), (1.1), (1.3), (4.1){(4.2) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  4. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï :

a) äãªæ¨¨ a(t); b(t) 2 C[�1; 1], f(t) 2 L2[�1; 1];
¡) § ¤ ç  (0:1){(0:2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ '? 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 Y .
�®£¤  ¯à¨ ¢á¥å n 2 N ,  ç¨ ï á ¥ª®â®à®£®, ���� (4:2) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

�0 = 0, �1; : : : ; �n 2 R. �à¨¡«¨¦¥ë¥ à¥è¥¨ï (1:3) áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î '? ¢ ¯à®-

áâà áâ¢¥ X á® áª®à®áâìî

k'? � 'nkX = O

�
!

�
'?

0

;
1
n

�
2

�
: (4.6)

�®ª § â¥«ìáâ¢®. �¥£ª® ¯®ª § âì, çâ® ���� (4.2) íª¢¨¢ «¥â  «¨¥©®¬ã ®¯¥à â®à®¬ã
ãà ¢¥¨î

An'n � P nA'n = P nf ('n 2 Xn; P nf 2 Yn):
�®áª®«ìªã P

2

n = P n,   G'n = '0n 2 Yn, â® P nG'n = G'n. �®íâ®¬ã íâ® ãà ¢¥¨¥ § ¯¨è¥âáï ¢
á«¥¤ãîé¥¬ ¢¨¤¥:

An'n � G'n + P nT'n = P nf ('n 2 Xn; P nf 2 Yn): (4.7)

�§ ãà ¢¥¨© (2.1) ¨ (4.7) ¤«ï «î¡®£® 'n 2 Xn  å®¤¨¬

kA'n �An'nkY = kT'n � P nT'nkY � k'nkX sup
'n2Xn; k'nk=1

kT'n � P nT'nkY �

� k'nkX sup
'2X; k'k=1

kT'� P nT'kY � �nk'nkX :

� ª ª ª ¢ á¨«ã «¥¬¬ë 3 TB|ª®¬¯ ªâ®¥ ¬®¦¥áâ¢® ¢ ¯à®áâà áâ¢¥ Y ,   á¨«ì® áå®¤ïé ïáï
¯®á«¥¤®¢ â¥«ì®áâì «¨¥©ëå ®¯¥à â®à®¢   ª®¬¯ ªâ®¬ ¬®¦¥áâ¢¥ áå®¤¨âáï à ¢®¬¥à®, â®
lim
n!1

�n = 0, �n = sup
'2X; k'k=1

kT'� P nT'kY . �®íâ®¬ã

"n � kA�AnkXn!Y � �n ! 0; n!1: (4.8)

�à®¬¥ â®£®, ¢ á¨«ã «¥¬¬ë 4 ¤«ï ¯à ¢ëå ç áâ¥© ãà ¢¥¨© (2.1) ¨ (4.7) á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

�n � kf � P nfkY �
p
2!
�
f ;

1
n

�
2

! 0; n!1: (4.9)
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� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï (4.8), (4.9) ¨ ãá«®¢¨¥ ¡) â¥®à¥¬ë ¤«ï ãà ¢¥¨© (2.1) ¨ (4.2) ¢ë¯®«-
¥ë ¢á¥ ãá«®¢¨ï «¥¬¬ë 2.1 ¨§ ([2], £«. 1). Oâáî¤  ¨ ¨§ «¥¬¬ë 4 á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥¨¥.

�§ â¥®à¥¬ë 4 «¥£ª® ¢ë¢®¤¨âáï

�¥®à¥¬  5. �ãáâì äãªæ¨¨ a(t), b(t) ¨ f(t) â ª®¢ë, çâ®

d'?(t)
dt

2 Lip� (0 < � � 1) ¢ L2(�1; 1): (4.10)

�®£¤  ¬¥â®¤ (0:1){(0:2), (1:1), (1:3), (4:2) áå®¤¨âáï ¢ ¯à®áâà áâ¢¥ X á® áª®à®áâìî

k'? � '?nkX = O

�
1
n�

�
; 0 < � � 1:

�®   «®£¨¨ á â¥®à¥¬®© 3, ® á ¯®¬®éìî â¥®à¥¬ë 5, ¤®ª §ë¢ ¥âáï

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 4 ¬¥â®¤ á¯« ©-¯®¤®¡« áâ¥© (0:1){(0:2), (1:1), (1:3), (4:2)
áå®¤¨âáï ¢ ¯à®áâà áâ¢ å C[�1; 1] ¨ H�[�1; 1] (0 < � � 1

2
), ¯à¨ç¥¬ ¯à¨ ãá«®¢¨¨ (4:10) á¯à ¢¥¤-

«¨¢ë á®®â®è¥¨ï

k'? � 'nkC � k'? � 'nkH�
= O

�
1
n�

�
; 0 < � � 1:

5. �¥ª®â®àë¥ § ¬¥ç ¨ï ¨ ¤®¯®«¥¨ï

1. �¥®à¥¬ë 4{6 ¬®¦® ãá¨«¨âì, ¥á«¨ ¨á¯®«ì§®¢ âì á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.

�¥¬¬  5. �ãáâì a(t) 2 L2(�1; 1) ¨ b1(t) � b(t) ln(1� t) 2 L2(�1; 1).
�®£¤  ®¯¥à â®à T : X ! Y , £¤¥

(T')(t) = a(t)'(t) + b(t)S('; t); �1 < t < 1;

ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬.

�®ª § â¥«ìáâ¢®. �«ï «î¡®© äãªæ¨¨ ' 2 X ¨¬¥¥¬

ka'kY � k'kCkakL2 �
p
2k'kXkakL2 : (5.1)

�«ï «î¡®© ' 2 X ¨ «î¡ëå t, t+ h 2 [�1; 1], h > 0, ¯®á«¥¤®¢ â¥«ì®  å®¤¨¬

ja(t+ h)'(t + h)� a(t)'(t)j � ja(t+ h)� a(t)j j'(t + h)j+ ja(t)j j'(t + h)� '(t)j �

� k'kC ja(t+ h)� a(t)j+ ja(t)j
���� Z t+h

t

'0(�)d�
���� �

�
p
2k'kX ja(t+ h)� a(t)j+ ja(t)j

p
hk'0kL2 � k'kXf

p
2 ja(t+ h)� a(t)j+

p
h ja(t)jg;

ka(t+ h)'(t+ h)� a(t)'(t)kL2(�1;1�h) � k'kXf
p
2!(a;h)2 +

p
hkakL2g �

�
p
2k'kXf!(a;h)2 +

p
hkakL2g:

�®íâ®¬ã

!(a'; �)2 �
p
2k'kXf!(a; �)2 +

p
�kakL2g; 0 < � � 1: (5.2)

�§ ¥à ¢¥áâ¢ (5.1) ¨ (5.2) á«¥¤ã¥â, çâ® ®¯¥à â®à T1 : X ! Y , £¤¥ (T1')(t) = a(t)'(t), ï¢«ï¥âáï
¢¯®«¥ ¥¯à¥àë¢ë¬.

�«ï ®¯¥à â®àa T2 : X ! Y , £¤¥ T2('; t) = b(t)'(+1) ln(1 � t), �1 � t < 1, ¯à¨ «î¡®© ' 2 X
¨¬¥¥¬

kT2'kY = j'(+1)j kb1(t)kL2 �
p
2k'kXkb1kY ; !(T2'; �)2 = j'(+1)j!(b1; �)2 �

p
2k'kX!(b1; �)2;

£¤¥ !(b1; �)2 ! 0 ¯à¨ � ! +0 ¢ á¨«ã â®£®, çâ® b1 2 L2(�1; 1).
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�«ï ®¯¥à â®àa T3 : X ! Y , £¤¥

T3('; t) =
b(t)
�

Z 1

�1
'0(�) ln j� � tjd� � b(t)H('; t); �1 � t � 1; (5.3)

¯à¨ «î¡®© äãªæ¨¨ ' 2 X  å®¤¨¬ kT3'kY = kbH'kY � kbkL2kH'kC , £¤¥

kH'kC =
 1�

Z 1

�1
'0(�) ln j� � tjd�


C

� 1
�
k'0kL2 max

�1�t�1

sZ 1

�1
ln2 j� � tjd� = K3k'kX : (5.4)

� ¤àã£®© áâ®à®ë, ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 2 ¡ë«® ¯®ª § ®, çâ® ®¯¥à â®à H ï¢«ï¥âáï
¢¯®«¥ ¥¯à¥àë¢ë¬ ª ª ®¯¥à â®à ¨§ ¯à®áâà áâ¢  X ¢ ¯à®áâà áâ¢® C[�1; 1]. �§ ãá«®¢¨ï «¥¬-
¬ë 5 á«¥¤ã¥â, çâ® b(t) 2 L2. �®íâ®¬ã ¢ á¨«ã (5.3) ¨ (5.4) ®¯¥à â®à T3 : X ! Y ï¢«ï¥âáï ¢¯®«¥
¥¯à¥àë¢ë¬.

�®áª®«ìªã T = T1 + T2 + T3 : X ! Y ¢ á¨«ã «¥¬¬ë 1,   ª ¦¤ë© ¨§ ®¯¥à â®à®¢ Tj : X ! Y
(i = 1; 2; 3) ¢¯®«¥ ¥¯à¥àë¢¥, â® «¥¬¬  5 ¤®ª §  .

2. �¥§ã«ìâ âë, ¯®«ãç¥ë¥ ¢ëè¥, ¬®£ãâ ¡ëâì ¯¥à¥¥á¥ë â ª¦¥   ¨â¥£à®¤¨ää¥à¥æ¨ «ì-
®¥ ãà ¢¥¨¥

'0(t) + a(t)'(t) +
1
�

Z 1

�1

h(t; �)'(�)
� � t

d� = f(t)

¯à¨  ç «ì®¬ ãá«®¢¨¨ (0.2). �¤¥áì h(t; �) | ¨§¢¥áâ ï äãªæ¨ï â ª ï, çâ® ¯®à®¦¤ ¥¬ë© ï¤à®¬

h1(t; �) � 1
�

Z 1

�

h(t; �)
� � t

d�; �1 � � � 1;

¨â¥£à «ìë© ®¯¥à â®à

U( ; t) =
Z 1

�1
h1(t; �) (�)d�; �1 � t � 1;

ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬ ¢ ¯à®áâà áâ¢¥ L2(�1; 1) (¤«ï ¬¥â®¤  á¯« ©-¯®¤®¡« áâ¥©) ¨
¢¯®«¥ ¥¯à¥àë¢ë¬ ª ª ®¯¥à â®à ¨§ L2(�1; 1) ¢ ¯à®áâà áâ¢® C[�1; 1] (¤«ï ¬¥â®¤  á¯« ©-
ª®««®ª æ¨¨).
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