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1. �¢¥¤¥­¨¥

�ãáâì V | ­¥¯à¨¢®¤¨¬ ï  «£¥¡à ¨ç¥áª ï ªà¨¢ ï ¢ â®à¥ T 2 = (C n f0g)2 ¨«¨ ¢  ää¨­­®¬
¯à®áâà ­áâ¢¥ C 2 , § ¤ ­­ ï ­ã«ï¬¨ ¯®«¨­®¬  �®à ­ 

P (z) =
X

k2K�Z2

Ckz
k

(¥á«¨ V à áá¬ âà¨¢ ¥âáï ¢ C 2 , â® P (z) ­¥ á®¤¥à¦¨â ®âà¨æ â¥«ì­ëå áâ¥¯¥­¥© ¯¥à¥¬¥­­ëå z1, z2).
� à ¡®â å ¬ â¥¬ â¨ª®¢ ¯à®è«®£® áâ®«¥â¨ï, ª®â®àë¥ âà ¤¨æ¨®­­® ¨§ãç «¨ ªà¨¢ë¥ ¢ ¯à®¥ªâ¨¢-
­®© ª®¬¯ ªâ¨ä¨ª æ¨¨ C P2 ¯à®áâà ­áâ¢  C 2 , ¡ë«® ®¡­ àã¦¥­®, çâ® à®¤ £« ¤ª®© ªà¨¢®© ¢ C P2

§ ¢¨á¨â «¨èì ®â áâ¥¯¥­¨ ¯®«¨­®¬  P (z) (ä®à¬ã«  �«îªª¥à : � = (d�1)(d�2)
2

, £¤¥ d | áâ¥¯¥­ì
P (z) ¯® á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå). � íâ®© á¨âã æ¨¨ £« ¤ª®áâì ªà¨¢®© ¢ëà ¦ ¥â ãá«®¢¨¥ ®¡-
é¥£® ¯®«®¦¥­¨ï. B [1], [2] ¯®ª § ­®, çâ® ç¨á«® � = (d�1)(d�2)

2
æ¥«¥á®®¡à §­® ¨­â¥à¯à¥â¨à®¢ âì

ª ª ç¨á«® æ¥«ëå â®ç¥ª ¢­ãâà¥­­®áâ¨ âà¥ã£®«ì­¨ª  f(x1; x2) 2 R2 : x1 + x2 � dg, ª®â®à®¬ã ¥áâ¥-
áâ¢¥­­ë¬ ®¡à §®¬ á®¯®áâ ¢«ï¥âáï ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® C P2 . �á­®¢­ ï ¨¤¥ï [1] á®áâ®¨â ¢
â®¬, çâ® ªà¨¢ ï V (¨«¨ ¯®¢¥àå­®áâì ¢ T n ¨«¨ C n) ¬®¦¥â ­¥ ¡ëâì ªà¨¢®© ®¡é¥£® ¯®«®¦¥­¨ï ¢
C P2 , ­® ¡ã¤¥â â ª®© ªà¨¢®© ¢ ­¥ª®â®à®© ¤àã£®© ª®¬¯ ªâ¨ä¨ª æ¨¨ T 2 ¨«¨ C 2 , ¯à¨ç¥¬ ¢¥áì¬ 
ã¤®¡­ë¬¨ ®ª § «¨áì â®à¨ç¥áª¨¥ ª®¬¯ ªâ¨ä¨ª æ¨¨,  áá®æ¨¨à®¢ ­­ë¥ á ¬­®£®£à ­­¨ª®¬ �ìî-
â®­  � ¯®«¨­®¬  P . � ãá«®¢¨ïå ®¡é¥£® ¯®«®¦¥­¨ï (­ §¢ ­­ëå ¢ [1] �-­¥¢ëà®¦¤¥­­®áâìî) à®¤
V ¢ëà ¦ ¥âáï ç¥à¥§ ç¨á«® ¢­ãâà¥­­¨å â®ç¥ª ¬­®£®£à ­­¨ª  �.

�¥«ì áâ âì¨ | ¢ëï¢¨âì ­¥ª®â®àë¥ ãá«®¢¨ï ®¡é¥£® ¯®«®¦¥­¨ï ­  ¬­®£®ç«¥­ P , ¯à¨ ª®â®àëå
áãé¥áâ¢ã¥â ¯à®áâ ï ¨ íää¥ªâ¨¢­ ï ä®à¬ã«  ¤«ï à §¬¥à­®áâ¨ £àã¯¯ £®¬®«®£¨© H2(T 2 n V ) ¨
H2(C 2 n V ).

� áâ âì¥ à áá¬ âà¨¢ îâáï £®¬®«®£¨¨ á ª®íää¨æ¨¥­â ¬¨ ¨§ ¯®«ï R ¨«¨ ¨§ ª®«ìæ  Z.
�ãáâì X | £« ¤ª ï â®à¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï T 2 ¨«¨ C 2 [1], [3]. � ¯®¬­¨¬, çâ® â®-

à¨ç¥áª®¥ ¯à®áâà ­áâ¢® X,  áá®æ¨¨à®¢ ­­®¥ á ¯®«­ë¬ ¢¥¥à®¬ �, ¬®¦­® âà ªâ®¢ âì ª ª ª®¬-
¯ ªâ¨ä¨ª æ¨î X = T 2 [

P
Tj â®à  T 2 ¯à¨ ¯®¬®é¨ \¡¥áª®­¥ç­® ã¤ «¥­­ëå" ªà¨¢ëå Tj , ¢§ ¨¬­®

®¤­®§­ ç­® á®®â¢¥âáâ¢ãîé¨å ®¡à §ãîé¨¬ v1; : : : ; vd ¢¥¥à  �. � ¦¤ ï Tj £®¬¥®¬®àä­  áä¥à¥ �¨-
¬ ­  C (¯à®¥ªâ¨¢­®© ¯àï¬®© C P1),  

P
Tj ï¢«ï¥âáï ­®à¬ «ì­ë¬ ¯¥à¥á¥ç¥­¨¥¬ ¢ X [1]. � á«ãç ¥,

ª®£¤  ¢¥¥à � á®¤¥à¦¨â ¯®«®¦¨â¥«ì­ë© ®ªâ ­â, ¯®à®¦¤¥­­ë© ¢¥ªâ®à ¬¨ v1 = (1; 0); v2 = (0; 1),
¯à®áâà ­áâ¢®

X = T 2 [
dX

j=1

Tj = C
2 [

dX
j=3

Tj

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â ò96-15-96266) ¨ �à á­®ïàáª®£® ªà ¥¢®£® ä®­¤  ­ ãª¨.
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âà ªâã¥âáï â ª¦¥ ª ª â®à¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï ¯à®áâà ­áâ¢  C 2 [1], [4]. �®¤ ¡¥áª®­¥ç­®
ã¤ «¥­­®© ®â­®á¨â¥«ì­® T 2 ç áâìî X ¡ã¤¥¬ ¯®­¨¬ âì á®¢®ªã¯­®áâì ªà¨¢ëå T1; : : : ; Td,   ¯®¤ ¡¥á-
ª®­¥ç­® ã¤ «¥­­®© ®â­®á¨â¥«ì­® C 2 ç áâìî X ¡ã¤¥¬ ¯®­¨¬ âì á®¢®ªã¯­®áâì ªà¨¢ëå T3; : : : ; Td,
¯®« £ ï T1 ¨ T2 ª®®à¤¨­ â­ë¬¨ ®áï¬¨ ¢ C 2 .

�¯à¥¤¥«¥­¨¥. �®«¨­®¬ �®à ­  P (z) ­ §®¢¥¬ �{­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ § ¬ëª ­¨¥ ªà¨¢®©
V = fP (z) = 0g ¢ â®à¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¨ X,  áá®æ¨¨à®¢ ­­®© á ¢¥¥à®¬ �, á®áâ ¢«ï¥â
­®à¬ «ì­®¥ ¯¥à¥á¥ç¥­¨¥ á ¡¥áª®­¥ç­® ã¤ «¥­­®© ç áâìî X.

� «¥¥ ¤«ï ã¤®¡áâ¢  ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯®«¨-
­®¬ P ï¢«ï¥âáï �+-­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ § ¬ëª ­¨¥ ªà¨¢®© V á®áâ ¢«ï¥â ­®à¬ «ì­®¥ ¯¥à¥-
á¥ç¥­¨¥ á ¡¥áª®­¥ç­® ã¤ «¥­­®© ®â­®á¨â¥«ì­® C 2 ç áâìî X, ¨ �-­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ § ¬ë-
ª ­¨¥ ªà¨¢®© V á®áâ ¢«ï¥â ­®à¬ «ì­®¥ ¯¥à¥á¥ç¥­¨¥ á ¡¥áª®­¥ç­® ã¤ «¥­­®© ®â­®á¨â¥«ì­® T 2

ç áâìî X.
�¡®§­ ç¨¬ ç¥à¥§ #�0 ¨ #@� á®®â¢¥âáâ¢¥­­® ç¨á«® ¢­ãâà¥­­¨å ¨ ç¨á«® £à ­¨ç­ëå æ¥«®-

ç¨á«¥­­ëå â®ç¥ª ¬­®£®ã£®«ì­¨ª  �ìîâ®­  � ¯®«¨­®¬  �®à ­  P ,   ç¥à¥§ #@�+ | ç¨á«®
æ¥«®ç¨á«¥­­ëå â®ç¥ª £à ­¨æë @�, ­¥ «¥¦ é¨å ¢ ¯®«®¦¨â¥«ì­®¬ ®ªâ ­â¥ Z2

+. � á¨­£ã«ïà­®©
â®çª¥ a 2 V ç¥à¥§ �a ®¡®§­ ç¨¬ ç¨á«® �¨«­®à  ªà¨¢®© V [5].

�¥®à¥¬ . �ãáâì V = fP (z) = 0g | ­¥¯à¨¢®¤¨¬ ï ªà¨¢ ï ¢ â®à¥ T 2. �á«¨ ¯®«¨­®¬ P
ï¢«ï¥âáï �-­¥¢ëà®¦¤¥­­ë¬, â®

dimH2(T
2 n V ) = 2#�0 +#@��

X
a2sing V

�a: (1)

�ãáâì V = fP (z) = 0g | ­¥¯à¨¢®¤¨¬ ï ªà¨¢ ï ¢ C 2 . �á«¨ ¯®«¨­®¬ P ï¢«ï¥âáï �+-

­¥¢ëà®¦¤¥­­ë¬, â®

dimH2(C
2 n V ) = 2#�0 +#@�+ �

X
a2sing V

�a: (2)

�à¨¢¥¤¥¬ ¤¢  ¯à¥¤«®¦¥­¨ï ® �-­¥¢ëà®¦¤¥­­®áâ¨ ¯®«¨­®¬  P , ª®â®àë¥ ¯®âà¥¡ãîâáï ¤ «¥¥
¤«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ® £®¬®«®£¨ïå. �¥à¢®¥ ¨§ ­¨å ¥áâì âà¨¢¨ «ì­®¥ á«¥¤áâ¢¨¥ ¨§ â¥®à¥-
¬ë ® à §à¥è¥­¨¨ ®á®¡¥­­®áâ¥© ([2], c. 227) ¤«ï ­¥¯à¨¢®¤¨¬®© £¨¯¥à¯®¢¥àå­®áâ¨ ¢ T n. �¥§ã«ìâ â
¯à¥¤«®¦¥­¨ï 2, ­¥¤ ¢­® ¯®«ãç¥­­ë© �.� â¥à®¢ë¬, ®¡®¡é ¥â ãá«®¢¨¥ âà ­á¢¥àá «ì­®áâ¨ ¯¥à¥-
á¥ç¥­¨ï £¨¯¥à¯®¢¥àå­®áâ¨ ¢ C Pn á ¡¥áª®­¥ç­® ã¤ «¥­­®© £¨¯¥à¯«®áª®áâìî C Pn n C

n [6].

�à¥¤«®¦¥­¨¥ 1. �®«¨­®¬ P , ®¯à¥¤¥«ïîé¨© £¨¯¥à¯®¢¥àå­®áâì V = fz 2 T n : P (z) = 0g,
ï¢«ï¥âáï �-­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï:

(i) ¢¥¥à � ¥áâì ¯à¨¬¨â¨¢­®¥ ¯®¤à §¡¨¥­¨¥ ¢¥¥à , ¤¢®©áâ¢¥­­®£® ¬­®£®£à ­­¨ªã �ìîâ®­ 

� = �(P );
(ii) ¤«ï ª ¦¤®© áà¥§ª¨ Pi :=

P
k2@�i

Ckz
k, £¤¥ @�i | £à ­ì �, á¨áâ¥¬  ãà ¢­¥­¨© Pi = @Pi

@z1
=

� � � = @Pi
@zn

= 0 ­¥ ¨¬¥¥â ­ã«¥© ¢ â®à¥ T n.

�ãáâì P (z) = P (z1; : : : ; zn) =
P

Ckz
k | ¯®«¨­®¬, ®¯à¥¤¥«ïîé¨© £¨¯¥à¯®¢¥àå­®áâì V ¢

C n , X | £« ¤ª ï â®à¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï C n ,  áá®æ¨¨à®¢ ­­ ï á ¢¥¥à®¬ �, ¨ vn; : : : ; vd
| ®¡à §ãîé¨¥ �, á®®â¢¥âáâ¢ãîé¨¥ ¡¥áª®­¥ç­® ã¤ «¥­­ë¬ £¨¯¥à¯®¢¥àå­®áâï¬ ¢ X. �à¥§ª®© P
¢¤®«ì á®¢®ªã¯­®áâ¨ ­ ¯à ¢«¥­¨© vi1 ; : : : ; vis ­ §®¢¥¬ ¯®«¨­®¬ PI(z) :=

P
k2�I

Ckz
k, £¤¥ ç¥à¥§ �I ,

I = fi1; : : : ; isg � fn; : : : ; dg, ®¡®§­ ç¥­® ¬­®¦¥áâ¢® æ¥«®ç¨á«¥­­ëå â®ç¥ª k 2 �, ¤«ï ª®â®àëå
hk; vij i = min

x2�
hx; vij i ¤«ï «î¡®£® ¢¥ªâ®à  vij , j = 1; : : : ; s. �á«¨ �I = ;, â® PI(z) � 0. � ¡®à

®¡à §ãîé¨å ¢¥¥à  � ¡ã¤¥¬ ­ §ë¢ âì ¯à¨¬¨â¨¢­ë¬, ¥á«¨ á ¬ íâ®â ­ ¡®à ­¥ ®¡à §ã¥â ª®­ãá ,  
«î¡®¥ ¥£® á®¡áâ¢¥­­®¥ ¯®¤¬­®¦¥áâ¢® ®¡à §ã¥â ª®­ãá ¢ �.
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�à¥¤«®¦¥­¨¥ 2. �®«¨­®¬ P , ®¯à¥¤¥«ïîé¨© £¨¯¥à¯®¢¥àå­®áâì V = fz 2 C n : P (z) = 0g,
ï¢«ï¥âáï �+-­¥¢ëà®¦¤¥­­ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® ¬ã«ìâ¨¨­¤¥ªá  I, ¤«ï
ª®â®à®£® ¢¥ªâ®àë vi1 ; : : : ; vis ®¡à §ãîâ ª®­ãá ¢ �, ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

�
@PI

@z1
= � � � =

@PI

@zn
= 0

�
�
[
J

fzj1 = � � � = zjp = 0g; (3)

£¤¥ ®¡ê¥¤¨­¥­¨¥ ¢¥¤¥âáï ¯® ¢á¥¬ â ª¨¬ ¨­¤¥ªá ¬ J = fj1; : : : ; jpg � f1; : : : ; ng, ¤«ï ª®â®àëå

¢¥ªâ®àë vj1 ; : : : ; vjp ¤®¯®«­ïîâáï ¢¥ªâ®à ¬¨ á ¨­¤¥ªá ¬¨ ¨§ I ¤® ¯à¨¬¨â¨¢­ëå ­ ¡®à®¢.

2. � ¬¥ç ­¨ï ¨ ¯à¨¬¥àë

� ¬¥ç ­¨¥ 1. �ë¯®«­¥­¨ï ãá«®¢¨ï (3) ­¥¤®áâ â®ç­® ¤«ï â®£®, çâ®¡ë ¯®«¨­®¬ P ¡ë« �-
­¥¢ëà®¦¤¥­­ë¬, ¯®áª®«ìªã ®­® ­¥ ®¡¥á¯¥ç¨¢ ¥â âà ­á¢¥àá «ì­®áâ¨ ¯¥à¥á¥ç¥­¨ï V á ª®®à¤¨-
­ â­ë¬¨ ¯«®áª®áâï¬¨. �«ï �-­¥¢ëà®¦¤¥­­®áâ¨ P ­¥®¡å®¤¨¬® ¯®âà¥¡®¢ âì ¤®¯®«­¨â¥«ì­®, ¯®
ªà ©­¥© ¬¥à¥, çâ®¡ë ¬­®£®£à ­­¨ª� á®¤¥à¦ « ­ ç «® ª®®à¤¨­ â ¨ ¨¬¥« à §¬¥à­®áâì dim� = n
[1].

� ¬¥ç ­¨¥ 2. �«ï n = 2 ¨ ¢¥¥à  �, ¨¬¥îé¥£® ¡®«¥¥ âà¥å ®¡à §ãîé¨å, ¢ª«îç¥­¨¥ (3) ¯à¨-
¬¥â ¢¨¤

�
@PI

@z1
=

@PI

@z2
= 0

�
�

8>><
>>:
fz1 = 0g; I = f3g;

fz2 = 0g; I = fdg;

fz1 = 0g [ fz2 = 0g ¢ ®áâ «ì­ëå á«ãç ïå:

�¤¨­áâ¢¥­­ ï £« ¤ª ï â®à¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï ¯à®áâà ­áâ¢  C 2 ,  áá®æ¨¨à®¢ ­­ ï á ¢¥¥-
à®¬, ¨¬¥îé¨¬ âà¨ ®¡à §ãîé¨å, | íâ® ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® C P2 . � íâ®¬ á«ãç ¥ ¥¤¨­áâ¢¥­-
­ ï áà¥§ª  PI(z) ¥áâì £« ¢­ ï ç áâì (®¤­®à®¤­ ï á®áâ ¢«ïîé ï áâ àè¥© áâ¥¯¥­¨) ¤«ï ¯®«¨­®¬ 
P . �®£« á­® ¯à¥¤«®¦¥­¨î 2 ­¥¯à¨¢®¤¨¬ë© ¯®«¨­®¬ P ï¢«ï¥âáï �+-­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ ¥£®
£« ¢­ ï ç áâì PI ­¥¢ëà®¦¤¥­  (â. ¥. ¥á«¨ £à ¤¨¥­â r(PI) ®¡à é ¥âáï ¢ ­ã«ì â®«ìª® ¢ â®çª¥
z = 0).

�à¨¬¥à 1. �¥¯à¨¢®¤¨¬ë© ¯®«¨­®¬ P (z) = (zp1 + z2)
q + z1 + 1, q > 1, ­¥ ï¢«ï¥âáï �-

­¥¢ëà®¦¤¥­­ë¬ ­¨ ¤«ï ª ª®£® ¢¥¥à  �. �â® ®§­ ç ¥â, çâ® ­¥ áãé¥áâ¢ã¥â â®à¨ç¥áª®© ª®¬¯ ªâ¨-
ä¨ª æ¨¨X, ¢ ª®â®à®© § ¬ëª ­¨¥ ªà¨¢®© V = fz 2 T 2 : P (z) = 0g á®áâ ¢«ï«® ¡ë âà ­á¢¥àá «ì­®¥
¯¥à¥á¥ç¥­¨¥ á ¡¥áª®­¥ç­® ã¤ «¥­­®© ç áâìî X.

�¨á. 1.
�¥©áâ¢¨â¥«ì­®, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï �-­¥¢ëà®¦¤¥­­®áâ¨, ¢¥¥à � ¤®«¦¥­ á®¤¥à¦ âì

¢¥ªâ®à vi ­®à¬ «¨ ª ­¥ «¥¦ é¥© ­  ª®®à¤¨­ â­ëå ®áïå áâ®à®­¥ ¬­®£®ã£®«ì­¨ª  �ìîâ®­  � =
�(P ) (p¨á. 1). �à¥§ª  Pi(z) ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à  vi ¨¬¥¥â ¢¨¤ Pi(z) = (zp1 + z2)

q, ¨ ¥¥ £à ¤¨¥­â

rPi(z) =
�
@Pi

@z1
;
@Pi

@z2

�
=
�
pqzp�11 (zp1 + z2)

q�1
; q(zp1 + z2)

q�1�
¨¬¥¥â ­ã«¨ ¢ â®à¥,   ¨¬¥­­®, ­  ªà¨¢®© z2 = �zp1 .
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�à¨¬¥à 2. � áá¬®âà¨¬ ­¥¯à¨¢®¤¨¬ë© ¯®«¨­®¬ P (z) = z21z2 + z1z
2
2 + 1 á ¬­®£®ã£®«ì­¨ª®¬

�ìîâ®­  �, ¨§®¡à ¦¥­­®¬ ­  à¨áã­ª¥ 2. �¥¥à ��, ¤¢®©áâ¢¥­­ë© �, ¨¬¥¥â ®¡à §ãîé¨¥ v01 =
(�1; 2), v02 = (2;�1), v03 = (�1;�1) ¨, ®ç¥¢¨¤­®, ­¥ ï¢«ï¥âáï ¯à¨¬¨â¨¢­ë¬. �¡®§­ ç¨¬ ç¥à¥§ �
¯à¨¬¨â¨¢­®¥ ¯®¤à §¡¨¥­¨¥ ¢¥¥à  ��.

�®«¨­®¬ P (z) ­¥ ï¢«ï¥âáï �-­¥¢ëà®¦¤¥­­ë¬. �¥©áâ¢¨â¥«ì­®, ¯à®áâ¥©è¥¥ ¯à¨¬¨â¨¢­®¥ ¯®¤-
à §¡¨¥­¨¥ � ¢¥¥à  �� ¨¬¥¥â ¤¥¢ïâì ®¡à §ãîé¨å, áà¥¤¨ ª®â®àëå ¥áâì ¢¥ªâ®àë v1 = (1; 0) ¨
v2 = (0; 1). �ç¥¢¨¤­®, ãá«®¢¨¥ �®¢ ­áª®£® ­¥¢ëà®¦¤¥­­®áâ¨ P (¯à¥¤«®¦¥­¨¥ 1) ­ àãè ¥âáï
¤«ï áà¥§®ª Pv1 = Pv2 � 1, £à ¤¨¥­âë ª®â®àëå rPv1 = rPv2 � 0.

�¨á. 2.

�®ª ¦¥¬, çâ® ¯®«¨­®¬ P (z) = z21z2 + z1z
2
2 + 1 ï¢«ï¥âáï �-­¥¢ëà®¦¤¥­­ë¬ ¤«ï ¢¥¥à  � á

®¡à §ãîé¨¬¨ v1 = (1; 0), v2 = (0; 1), v3 = (�1;�1),  áá®æ¨¨à®¢ ­­®£® á ¯à®¥ªâ¨¢­ë¬ ¯à®áâà ­-
áâ¢®¬ C P2 . �¥©áâ¢¨â¥«ì­®, § ¬ëª ­¨¥ ªà¨¢®© V = fz 2 T 2 : P (z) = 0g ¢ C P2 ­¥ ¯¥à¥á¥ª ¥â
ª®®à¤¨­ â­ëå ¯àï¬ëå fz1 = 0g ¨ fz2 = 0g,   ¡¥áª®­¥ç­® ã¤ «¥­­ãî ¯àï¬ãî P1 = C P2 n C

2

¯¥à¥á¥ª ¥â âà ­á¢¥àá «ì­®. �«ï ¤®ª § â¥«ìáâ¢  ¯®á«¥¤­¥£® á®£« á­® § ¬¥ç ­¨î 2 ¤®áâ â®ç­®
à áá¬®âà¥âì áà¥§ªã P3 = z21z2 + z1z

2
2 ¯®«¨­®¬  P ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à  v3 = (�1;�1). �¥ £à -

¤¨¥­â r(P3) = (z2(2z1 + z2); z1(2z2 + z1)) ®¡à é ¥âáï ¢ ­ã«ì â®«ìª® ¯à¨ z1 = z2 = 0.
�ëç¨á«¨¬ ¤«ï ¤ ­­®£® ¯à¨¬¥à  à §¬¥à­®áâ¨ £àã¯¯ £®¬®«®£¨© H2(C 2 n V ) ¨ H2(T2 n V ). �¥-

âàã¤­® ã¡¥¤¨âìáï, çâ® ªà¨¢ ï V £« ¤ª ï ¨, §­ ç¨â, ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ ä®à¬ã« å (1) ¨ (2)
à ¢­® ­ã«î. �¨á«  #�0, #@� ¨ #@�+ à ¢­ë á®®â¢¥âáâ¢¥­­® 1, 3 ¨ 2. �® ä®à¬ã« ¬ (1) ¨ (2)
­ å®¤¨¬, çâ® dimH2(C 2 n V ) = 4, dimH2(T2 n V ) = 5.

� ¬¥ç ­¨¥ 3. �¥®à¥¬  ®¡®¡é ¥â à¥§ã«ìâ â à ¡®âë [6], ª®â®àë© á®áâ®¨â ¢ â®¬, çâ® ¥á«¨

¬­®£®ç«¥­ P áâ¥¯¥­¨ q ­¥¯à¨¢®¤¨¬ ¨ �+-­¥¢ëà®¦¤¥­ ¤«ï ¢¥¥à  �,  áá®æ¨¨à®¢ ­­®£® á 2-¬¥à­ë¬
¯à®¥ªâ¨¢­ë¬ ¯à®áâà ­áâ¢®¬ C P2 , â®

dimH2(C 2 n V ) = (q � 1)2 �
X

a2sing V

�a:

�®á«¥¤­ïï ä®à¬ã«  ¯®«ãç ¥âáï ¨§ (2), ¯®áª®«ìªã ¯à¨ ãá«®¢¨¨ �-­¥¢ëà®¦¤¥­­®áâ¨ P ¬­®£®-
ã£®«ì­¨ª � = �(P ) ¨¬¥¥â ¢¨¤ ®¡ëç­®£® á¨¬¯«¥ªá  «¨¡® á¨¬¯«¥ªá , \¯®¤à¥§ ­­®£®" á ®¤­®© ¨«¨
á ¤¢ãå áâ®à®­ (p¨á. 3).

�¨á. 3.

� «î¡®¬ á«ãç ¥ 2#�0 +#@�+ = (q � 1)2.
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3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

�ãáâì X | £« ¤ª ï â®à¨ç¥áª ï ª®¬¯ ªâ¨ä¨ª æ¨ï T 2 ¨«¨ C 2 .

�¥¬¬  1. �á«¨ ¤®¯®«­¥­¨¥ X n S ª á¢ï§­®©  «£¥¡à ¨ç¥áª®© ªà¨¢®© S � X ï¢«ï¥âáï ¬­®£®-

®¡à §¨¥¬ �â¥©­ , â®

dimH2(X n S) =
mX
j=1

2�j +
lX

i=1

(qi � 1) + (p�m+ 1); (4)

£¤¥ m | ç¨á«® ­¥¯à¨¢®¤¨¬ëå ª®¬¯®­¥­â ªà¨¢®© S, �j | £¥®¬¥âà¨ç¥áª¨© à®¤ j-© ­¥¯à¨¢®¤¨¬®©
ª®¬¯®­¥­âë S, qi | ç¨á«® í«¥¬¥­â®¢ S, ¯¥à¥á¥ª îé¨åáï ¢ i-© â®çª¥ á ¬®¯¥à¥á¥ç¥­¨ï, ç¨á«® p
¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥ p = d� 2� rang k(Sj � Ti)k, £¤¥ k(Sj � Ti)k | ¬ âà¨æ , á®áâ ¢«¥­­ ï ¨§

ªà â­®áâ¥© ¯¥à¥á¥ç¥­¨ï j-© ­¥¯à¨¢®¤¨¬®© ª®¬¯®­¥­âë ªà¨¢®© S á i-© ®¡à §ãîé¥© Ti £àã¯¯ë
H2(X).

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ singS = fa1; : : : ; alg ¬­®¦¥áâ¢® ®á®¡ëå â®ç¥ª ªà¨¢®©
S. �®¯®«­¥­¨¥ bS = S n singS ï¢«ï¥âáï ¯®¤¬­®£®®¡à §¨¥¬ à §¬¥à­®áâ¨ 1 ¢ ¬­®£®®¡à §¨¨ bX =
X n singS, ¯®íâ®¬ã ¤«ï ¯ àë bX, bS á¯à ¢¥¤«¨¢  â®ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì �¥à¥

� � � ! H3(bX n bS) i��! H3(bX) !��! H1( bS) ���! H2(bX n bS) i��! H2(bX) !��! H0( bS)! � � �

� ¯®¬­¨¬, çâ® �� | ª®£à ­¨ç­ë© £®¬®¬®àä¨§¬ �¥à¥, !� ¨­¤ãæ¨à®¢ ­ âà ­á¢¥àá «ì­ë¬ ¯¥à¥-
á¥ç¥­¨¥¬ æ¥¯¥© ¢ bX á ¯®¤¬­®£®®¡à §¨¥¬ bS,   i� | £®¬®¬®àä¨§¬, ¨­¤ãæ¨à®¢ ­­ë© ¢«®¦¥­¨¥¬
[7]. �ª § ­­ ï ¯®á«¥¤®¢ â¥«ì­®áâì á®¤¥à¦¨â ¨­â¥à¥áãîéãî ­ á £àã¯¯ã H2(X n S), ¯®áª®«ìªãbX n bS = X n S.

� áá¬®âà¨¬ ª®à®âªãî â®ç­ãî ¯®á«¥¤®¢ â¥«ì­®áâì

0! (H1( bS)=!�(H3(bX))) ���! H2(X n S) i��! ker!� ! 0:

�§ èâ¥©­®¢®áâ¨ ¤®¯®«­¥­¨ï X n S á«¥¤ã¥â, çâ® £àã¯¯  H3(bX n bS) âà¨¢¨ «ì­  ([8], c. 221). �®-
£¤  !� : H3(bX) ! H1( bS) { ¬®­®¬®àä¨§¬ ¨, §­ ç¨â, à §¬¥à­®áâì £àã¯¯ë H2(X n S) à ¢­ 
dimH1( bS)� dimH3(bX) + p (£¤¥ p | à §¬¥à­®áâì ï¤à  £®¬®¬®àä¨§¬  !�) ¨ à ¢­  ¯à ¢®© ç áâ¨
ä®à¬ã«ë (4). �¥©áâ¢¨â¥«ì­®, X ï¢«ï¥âáï ª®¬¯ ªâ­ë¬ ¬­®£®®¡à §¨¥¬ ¢¥é¥áâ¢¥­­®© à §¬¥à­®-
áâ¨ 4. �î¡®¥ £« ¤ª®¥ ª®¬¯«¥ªá­®¥ â®à¨ç¥áª®¥ ¬­®£®®¡à §¨¥ ¤®¯ãáª ¥â ª«¥â®ç­®¥ à §¡¨¥­¨¥,
­¥ á®¤¥à¦ é¥¥ ª«¥â®ª ­¥ç¥â­®© à §¬¥à­®áâ¨, ¯®íâ®¬ã ­¥ç¥â­®¬¥à­ë¥ £®¬®«®£¨¨ á ¬®£® ¬­®£®-
®¡à §¨ï âà¨¢¨ «ì­ë. �«¥¤®¢ â¥«ì­®, ¢ ¤®¯®«­¥­¨¨ bX = Xnsing S âà¥å¬¥à­ãî £àã¯¯ã £®¬®«®£¨©
¯®à®¦¤ îâ áä¥àë ¬ «®£® à ¤¨ãá  ¢®ªàã£ â®ç¥ª ai 2 singS. �à¥¤¨ íâ¨å áä¥à ¨¬¥¥âáï «¨èì ®¤­ 
£®¬®«®£¨ç¥áª ï § ¢¨á¨¬®áâì: ¨å áã¬¬  âà¨¢¨ «ì­ . � ª¨¬ ®¡à §®¬, dimH3(bX) = l� 1. �®¤¬­®-
£®®¡à §¨¥ bS £®¬¥®¬®àä­® ®¡ê¥¤¨­¥­¨î Q1 [ � � � [ Qm, ¯®«ãç¥­­®¬ã ¨§ â®¯®«®£¨ç¥áª®© áã¬¬ë
à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥©  «£¥¡à ¨ç¥áª¨å äã­ªæ¨©, ®¯à¥¤¥«¥­­ëå ãà ¢­¥­¨ï¬¨ Pj (z1; z2) = 0,
j = 1; : : : ;m, £¤¥m| ç¨á«® ­¥¯à¨¢®¤¨¬ëå ª®¬¯®­¥­â ¯®«¨­®¬  P , ã¤ «¥­¨¥¬

P
qi â®ç¥ª. �¨á«®

£®¬®«®£¨ç¥áª¨ ­¥§ ¢¨á¨¬ëå æ¨ª«®¢ ­  ª ¦¤®© ª®¬¯®­¥­â¥ Qj à ¢­® 2�j +
ljP
i=1

qij � 1, £¤¥ lj |

ª®«¨ç¥áâ¢® â®ç¥ª, ã¤ «¥­­ëå á j-© à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨. �âáî¤ 

dimH1( bS) = mX
j=1

�
2�j +

ljX
i=1

qij � 1
�
=

mX
j=1

2�j +
lX

i=1

qi �m:

�ã¬¬¨à®¢ ­¨¥ ¯®«ãç¥­­ëå ¤«ï à §¬¥à­®áâ¥© ¢ëà ¦¥­¨© ¤ ¥â ¯à ¢ãî ç áâì ä®à¬ã«ë (4).
�®ª ¦¥¬, çâ® à §¬¥à­®áâì p ï¤à  £®¬®¬®àä¨§¬  !� : H2(bX) ! H0( bS) ¢ëç¨á«ï¥âáï ¯® ä®à-

¬ã«¥ p = d � rang k(Si � Tj)k. �àã¯¯  H0( bS) ¨§®¬®àä­  Zm, £¤¥ m | ç¨á«® ­¥¯à¨¢®¤¨¬ëå ª®¬-
¯®­¥­â S. �®£« á­® ä®à¬ã«¥ ¤«ï à §¬¥à­®áâ¨ ç¥â­®¬¥à­®© £àã¯¯ë H2k(X), ¯à¨¢¥¤¥­­®© ¢ ([3],
á. 92), ¢ ¤¢ã¬¥à­®¬ á«ãç ¥ dimH2(X) = d� 2. �¡à §ãîé¨¬¨ ¢ H2(X) á«ã¦ â ª« ááë £®¬®«®£¨©
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[Tj ], j = 1; : : : ; d � 2, ¡¥áª®­¥ç­® ã¤ «¥­­ëå  «£¥¡à ¨ç¥áª¨å ªà¨¢ëå Tj . �àã¯¯ë H2(X) ¨ H2(bX)
¨§®¬®àä­ë, ¯®áª®«ìªã ã¤ «¥­¨¥ ª®­¥ç­®£® ç¨á«  â®ç¥ª ¨§ X ­¥ ¬¥­ï¥â ¥£® ¤¢ã¬¥à­ãî £àã¯¯ã
£®¬®«®£¨© ¨, §­ ç¨â, H2(bX) ' Z

d�2. �ç¥¢¨¤­®, ï¤à® £®¬®¬®àä¨§¬  !� ¨¬¥¥â âã ¦¥ à §¬¥à­®áâì,
çâ® ¨ ï¤à® «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï L : Zd�2 �! Z

m. �®¬®¬®àä¨§¬ L ¤®áâ â®ç­® ®¯à¥¤¥-
«¨âì ­  ®¡à §ãîé¨å ej = (0; : : : ; 1

j
; : : : ; 0) £àã¯¯ë Z

d�2. �®«®¦¨¬ L(ej) = ((S1 � Tj); : : : ; (Sm � Tj)),

j = 1; : : : ; d� 2: �®£¤  à §¬¥à­®áâì ï¤à  L à ¢­  d� rang k(Si � Tj)k.

�ãáâì V | § ¬ëª ­¨¥ ­¥¯à¨¢®¤¨¬®© ªà¨¢®© V ¢ X,
P

Tj | ¡¥áª®­¥ç­® ã¤ «¥­­ ï ®â­®á¨-
â¥«ì­® T 2 ¨«¨ C 2 ç áâì X. � áá¬®âà¨¬ ¤®¯®«­¥­¨¥ X n S ª ªà¨¢®© ¢¨¤  S = V [

P
Tj . � ¬¥â¨¬,

çâ® ¥á«¨ ªà¨¢ ï V § ¤ ­  ¢ â®à¥ T 2, â® ¤®¯®«­¥­¨¥ XnS = Xn
�
V [

dP
j=1

Tj
�
= T 2 nV . �­ «®£¨ç­®,

¥á«¨ V � C 2 , â® X n S = X n
�
V [

dP
j=3

Tj
�
= C 2 n V .

� ®¡®¨å á«ãç ïå X n S | ¬­®£®®¡à §¨¥ �â¥©­ , ¯®íâ®¬ã ¤«ï dimH2(X n S) á¯à ¢¥¤«¨¢ 
ä®à¬ã«  (4). �ª § ­­ ï ä®à¬ã«  ¬®¦¥â ¡ëâì ¯à¥®¡à §®¢ ­  ª ¢¨¤ã

dimH2(X n S) = 2�+
X

a2sing V

(ra � 1) +
kX

j=1

(V � Tj) +
�X

i;j

(Ti � Tj)� k

�
; (5)

£¤¥ � | £¥®¬¥âà¨ç¥áª¨© à®¤ ªà¨¢®© V , ra | ç¨á«® «®ª «ì­® ­¥¯à¨¢®¤¨¬ëå ª®¬¯®­¥­â ªà¨¢®©
V ¢ â®çª¥ a 2 sing V , k = d, ¥á«¨ V � T 2, ¨ k = d� 2, ¥á«¨ V � C 2 .

�¥©áâ¢¨â¥«ì­®, ¯®áª®«ìªã ¢á¥ Tj ¨¬¥îâ à®¤ 0, ¢ áã¬¬¥
P
2�j ­¥­ã«¥¢ë¬ ¡ã¤¥â â®«ìª® á« -

£ ¥¬®¥ 2�. � ¬¥â¨¬, çâ® áã¬¬¨à®¢ ­¨¥ ¢
P
(qi � 1) ¢¥¤¥âáï ¯® á¨­£ã«ïà­ë¬ â®çª ¬ ªà¨¢®© V

¢ â®à¥ T 2 (¨«¨  ää¨­­®¬ ¯à®áâà ­áâ¢¥ C 2), â®çª ¬ ¯¥à¥á¥ç¥­¨ï aj ªà¨¢®© V á ªà¨¢ë¬¨ Tj
¨, ­ ª®­¥æ, ¯® â®çª ¬ ¯¥à¥á¥ç¥­¨ï Tj (¢ ª ¦¤®© ¨§ ª®â®àëå ¯¥à¥á¥ª îâáï à®¢­® ¤¢¥ ªà¨¢ë¥).
�¬¥¥¬ à ¢¥­áâ¢® X

(qi � 1) =
X

a2sing V

(ra � 1) +
X

aj2fV \Tjg

(qaj � 1) +
X
i;j

(Ti � Tj);

¢ ª®â®à®¬ ¢â®à®¥ á« £ ¥¬®¥ ¢ á¨«ã �-­¥¢ëà®¦¤¥­­®áâ¨ P à ¢­®
P
(V � Tj). �®ª ¦¥¬, çâ®

p � m + 1 = �k. � ª ª ª V ­¥¯à¨¢®¤¨¬ , â® m = k + 1. �§¢¥áâ­®, çâ® ¢ X ¢á¥£¤  ¬®¦­®
¢ë¡à âì ¡ §¨á f eTig, i = 1; : : : ; d � 2, £àã¯¯ë H2(X) â ª, çâ® (Tj � eTi) = �ji [9], á«¥¤®¢ â¥«ì­®,
rang k(Sj � eTi)k = d� 2 ¨ p = 0.

�®¤áâ ­®¢ª  ¯®«ãç¥­­ëå á®®â­®è¥­¨© ¢ (4) ¤ ¥â ä®à¬ã«ã (5).

�¥¬¬  2. �ãáâì V = fP (z) = 0g, ¯®«¨­®¬ P ­¥¯à¨¢®¤¨¬ ¨ �-­¥¢ëà®¦¤¥­. �á«¨ � |

£¥®¬¥âà¨ç¥áª¨© à®¤ ªà¨¢®© V , ra | ç¨á«® «®ª «ì­® ­¥¯à¨¢®¤¨¬ëå ª®¬¯®­¥­â V ¢ â®çª¥ a 2
singV , �a | ç¨á«® �¨«­®à  ¢ â®çª¥ a 2 singV , â®

2�+
X

(ra � 1) = 2#�0 �
X

�a: (6)

�®ª § â¥«ìáâ¢®. �¥®¬¥âà¨ç¥áª¨© à®¤ � ªà¨¢®© V á¢ï§ ­ á  à¨ä¬¥â¨ç¥áª¨¬ à®¤®¬ � ¯®
ä®à¬ã«¥ � = ��

P
a

�a, £¤¥ �a | íâ® à §¬¥à­®áâì ä ªâ®à  ��Oa=Oa, � : eVa ! Va | ­®à¬ «¨§ æ¨ï

à®áâª  Va ªà¨¢®© V ¢ â®çª¥ a, Oa | ª®«ìæ® à®áâª®¢ £®«®¬®àä­ëå äã­ªæ¨© ¢ â®çª¥ a ([10],
£«. IV, ¯¯. 5, 7).

�à¨ä¬¥â¨ç¥áª¨© à®¤ � á®¢¯ ¤ ¥â á £¥®¬¥âà¨ç¥áª¨¬ à®¤®¬ ­®à¬ «¨§ æ¨¨ ªà¨¢®© V ¨ á®£« á-
­® ([1], x 2) ¯à¨ ãá«®¢¨¨ ­¥¯à¨¢®¤¨¬®áâ¨ ¨ �-­¥¢ëà®¦¤¥­­®áâ¨ P à ¢¥­ #�0. �®£« á­® ä®à¬ã«¥
�¨«­®à  ([5], c. 91) X

a

�a =
1
2

X
a

(�a + ra � 1):
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�®à¬ã«  (6) ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯®¤áâ ­®¢ª¨
P
a

�a = � � � = #�0 � � ¢ ãª § ­­ãî

ä®à¬ã«ã �¨«­®à .

�¥¬¬  3. �ãáâì V | § ¬ëª ­¨¥ ªà¨¢®© V = fP (z) = 0g ¢ £« ¤ª®© â®à¨ç¥áª®© ª®¬-

¯ ªâ¨ä¨ª æ¨¨ X,  áá®æ¨¨à®¢ ­­®© á ¢¥¥à®¬ �. �á«¨ P ­¥¯à¨¢®¤¨¬ ¨ �-­¥¢ëà®¦¤¥­ ¨«¨ �+-

­¥¢ëà®¦¤¥­, â® (V �Tj) = 0 «¨¡® (V �Tj) = #�0
j+1, £¤¥ #�

0
j | ç¨á«® ¢­ãâà¥­­¨å æ¥«®ç¨á«¥­­ëå

â®ç¥ª ­  £à ­¨ �j := fk = (k1; k2) 2 � : hk; vji = min
x2�

hx; vjig.

�®ª § â¥«ìáâ¢®. 1. �ãáâì X = T 2 [
P

Tj , vj | ®¡à §ãîé ï ¢¥¥à  �, á®®â¢¥âáâ¢ãîé ï
¡¥áª®­¥ç­® ã¤ «¥­­®© ªà¨¢®© Tj , j = 1; : : : ; d. � áá¬®âà¨¬ 2-¬¥à­ë© ª®­ãá � ¨§ �, ­ âï­ãâë© ­ 
¢¥ªâ®àë vj , v0. � «®ª «ì­®© ª àâ¥ U� ¯¥à¥¬¥­­ëå w = (w1; w2) ¯®«¨­®¬, ®¯à¥¤¥«ïîé¨© ªà¨¢ãî
V , ¨¬¥¥â ¢¨¤

P (w) =
X

Ckw
hv;ki�� =

X
Ckw

hvj ;ki��1
1 w

hv0;ki��2
2 ;

£¤¥ �1, �2 | §­ ç¥­¨ï ®¯®à­®© äã­ªæ¨¨ H�(v) := min
x2�

hx; vi á®®â¢¥âáâ¢¥­­® ­  ¢¥ªâ®à å vj ¨

v0. � ª¨¬ ®¡à §®¬, ¯à¨ ¯¥à¥å®¤¥ ª U� áâ¥¯¥­¨ ¬®­®¬®¢ zk ¯à¥®¡à §ãîâáï ¯® ¯à ¢¨«ã: â®çª  á
ª®®à¤¨­ â ¬¨ (k1; k2) ¯¥à¥å®¤¨â ¢ â®çªã á ª®®à¤¨­ â ¬¨ (hk; vji � �1; hk; v

0i � �2): � U� ªà¨¢ ï
Tj § ¤ ¥âáï ãà ¢­¥­¨¥¬ w1 = 0 ([4], cc. 705, 707). �®áª®«ìªã P ¯® ãá«®¢¨î �-­¥¢ëà®¦¤¥­, â®
¨­¤¥ªá ¯¥à¥á¥ç¥­¨ï (V � Tj) à ¢¥­ ç¨á«ã ª®à­¥© P (0; w2), â. ¥. degw2

(P (0; w2)).
�á«¨ �j | áâ®à®­  �, â® ç¨á«® ª®à­¥© P (0; w2) à ¢­® hk; v0i��2, çâ® ­  ¥¤¨­¨æã ¡®«ìè¥ ª®-

«¨ç¥áâ¢  ¢­ãâà¥­­¨å â®ç¥ª ­  áâ®à®­¥ �j . �¥©áâ¢¨â¥«ì­®, â®çª  á ª®®à¤¨­ â ¬¨ (0; hk; v0i � �2)
| íâ® ¢¥àè¨­  ¬­®£®ã£®«ì­¨ª  �(P (w)), «¥¦ é ï ­  ®á¨ degw2. �à®®¡à §®¬ ®âà¥§ª  á ª®­-
æ ¬¨ ¢ â®çª å (0; 0) ¨ (0; hk; v0i � �2) ï¢«ï¥âáï ®âà¥§®ª á ª®­æ ¬¨ ¢ â®çª å k0 ¨ k00 â ª¨å, çâ®
hk0; vji = hk00; vji = ��1, â. ¥. áâ®à®­  ¬­®£®ã£®«ì­¨ª  �, ¨¬¥îé ï ­®à¬ «ì vj .

�ãáâì â¥¯¥àì �j | ¢¥àè¨­  �. �®ª ¦¥¬, çâ® (V � Tj) = 0. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã �-
­¥¢ëà®¦¤¥­­®áâ¨ P (¯à¥¤«®¦¥­¨¥ 1) ¢¥ªâ®à v0 ï¢«ï¥âáï ¢¥ªâ®à®¬ ¢­ãâà¥­­¥© ­®à¬ «¨ ª áâ®-
à®­¥ �v0 á ª®­æ®¬ ¢ �j «¨¡® ¨¬¥¥â ¬¥áâ® �v0 = �j . � ®¡®¨å á«ãç ïå ®¤­®¢à¥¬¥­­ë© ¬¨­¨¬ã¬
áª «ïà­ëå ¯à®¨§¢¥¤¥­¨© hvj ; ki ¨ hv0; ki, k 2 �; ¤®áâ¨£ ¥âáï ¢ â®çª¥ �j á ª®®à¤¨­ â ¬¨ (k1; k2).
�à¨ ¯¥à¥å®¤¥ ª «®ª «ì­®© ª àâ¥ U� ¬®­®¬ áâ¥¯¥­¨ (k1; k2) ¯¥à¥å®¤¨â ¢ ¬®­®¬ áâ¥¯¥­¨ (0; 0),  
áâ¥¯¥­ì «î¡®£® ¤àã£®£® ¬®­®¬  ¢ P (w) ¯® ¯¥à¥¬¥­­®© w1 ¡ã¤¥â áâà®£® ¡®«ìè¥ ­ã«ï. �«¥¤®¢ -
â¥«ì­®, P (0; w2) ­¥ ¨¬¥¥â ª®à­¥© ¢ U� ¨ (V � Tj) = 0.

2. � áá¬®âà¨¬ § ¬ëª ­¨¥ ªà¨¢®© V = fz 2 C
2 : P (z) = 0g ¢ â®à¨ç¥áª®© ª®¬¯ ªâ¨ä¨ª æ¨¨

X ¯à®áâà ­áâ¢  C 2 . �à¥¤¯®«®¦¨¬, çâ® P (z) ï¢«ï¥âáï �+-­¥¢ëà®¦¤¥­­ë¬ ¤«ï ¢¥¥à  �,  áá®-
æ¨¨à®¢ ­­®£® á X. �§ �+-­¥¢ëà®¦¤¥­­®áâ¨ P ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2 á«¥¤ã¥â, çâ® ¤«ï «î¡ëå
¢¥ªâ®à®¢ vi, vi+1, i = 3; : : : ; d � 1, áà¥§ª  Pi;i+1 6� 0 ¨, §­ ç¨â, ®¤­®¢à¥¬¥­­ë© ¬¨­¨¬ã¬ áª «ïà-
­ëå ¯à®¨§¢¥¤¥­¨© hvi; xi ¨ hvi+1; xi, x 2 �, ¤®áâ¨£ ¥âáï ­  ­¥ª®â®à®© ¢¥àè¨­¥ ¬­®£®ã£®«ì­¨ª  �.
�®á¯à®¨§¢®¤ï ¤«ï ¯à®¨§¢®«ì­®£® ¢¥ªâ®à  vj 2 fv4; : : : ; vd�1g à ááã¦¤¥­¨ï ¯. 1 ¤®ª § â¥«ìáâ¢ ,
¯®«ãç ¥¬, çâ® ¤«ï j = 4; : : : ; d � 1 ¨­¤¥ªá ¯¥à¥á¥ç¥­¨ï (V � Tj) = 0, ¥á«¨ �j | ¢¥àè¨­  �, ¨
(V � Tj) = #�0

j + 1, ¥á«¨ �j | áâ®à®­  �. �¥âàã¤­® ã¡¥¤¨âìáï, çâ®  ­ «®£¨ç­®¥ á¯à ¢¥¤«¨¢® ¨
¤«ï ¢¥ªâ®à®¢ v3, vd ¢ á«ãç ïå, ª®£¤  ®­¨ ï¢«ïîâáï ­®à¬ «ï¬¨ ª áâ®à®­ ¬ � «¨¡® ª®£¤  �3, �d

| ¢¥àè¨­ë �, «¥¦ é¨¥ ­  ª®®à¤¨­ â­ëå ®áïå.
�ãáâì �3, �d | ¢¥àè¨­ë �, ­¥ «¥¦ é¨¥ ­  ª®®à¤¨­ â­ëå ®áïå. �®ª ¦¥¬, çâ® (V � T3) =

(V � Td) = 1. �®áª®«ìªã P | �+-­¥¢ëà®¦¤¥­­ë© ¯®«¨­®¬, â® á®£« á­® ¯à¥¤«®¦¥­¨î 2 ¤«ï
áà¥§ª¨ Pd = Ckz

k1
1 zk22 ¢ ­ ¯à ¢«¥­¨¨ ¢¥ªâ®à  vd ¤®«¦­® ¢ë¯®«­ïâìáï ¢ª«îç¥­¨¥�

@PI

@z1
=

@PI

@z2
= 0

�
� fz2 = 0g :

�à ¤¨¥­â rPd ¨¬¥¥â ¢¨¤
�
k1Ckz

k1�1
1 zk22 ; k2Ckz

k1
1 zk2�12

�
, ®âªã¤  á«¥¤ã¥â, çâ® k1 = 1, ¨, §­ ç¨â, ¢¥à-

è¨­  �d ¨¬¥¥â ª®®à¤¨­ âë (1; k2). � áá¬®âà¨¬ «®ª «ì­ãî ª àâã U�, á®®â¢¥âáâ¢ãîéãî ª®­ãáã �
á ®¡à §ãîé¨¬¨ v1 = (1; 0) ¨ vd. �®­®¬ áâ¥¯¥­¨ (k1; k2) ®â ¯¥à¥¬¥­­ëå z ¯à¨ ¯¥à¥å®¤¥ ª ¯¥à¥¬¥­-
­ë¬ w ¡ã¤¥â ¨¬¥âì áâ¥¯¥­ì (k1; hk; vdi ��2), ¯à¨ç¥¬ hk; vdi � �2 > 0 ¤«ï ¢á¥å k, §  ¨áª«îç¥­¨¥¬
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â®çª¨ k = (1; k2), ª®â®à ï ¯¥à¥©¤¥â ¢ â®çªã á ª®®à¤¨­ â ¬¨ (1; 0). �­¤¥ªá ¯¥à¥á¥ç¥­¨ï (V � Td)
à ¢¥­ degw1

P (w1; 0) = #�0
d + 1 = 1. �­ «®£¨ç­® (V � T3) = #�0

3 + 1.
� § ª«îç¥­¨e § ¬¥â¨¬, çâ® £à ­¨ � á ª®®à¤¨­ â ¬¨ ¢¥àè¨­ (0; 0), (1; k2) ¨ (1; 0), (1; k2) ­¥

á®¤¥à¦ â ¢­ãâà¥­­¨å æ¥«ëå â®ç¥ª, ¯®íâ®¬ã ¬®¦­® áç¨â âì, çâ® (V � T3) ¨ (V � Td) | ç¨á« , ­ 
¥¤¨­¨æã ¡®«ìè¨¥ ª®«¨ç¥áâ¢  æ¥«ëå â®ç¥ª ­  ãª § ­­ëå áâ®à®­ å �.

�ãáâì X | ª®¬¯ ªâ¨ä¨ª æ¨ï â®à  T 2. �ëç¨á«¨¬
P
(V � Tj), j = 1; : : : ; d. � ¬¥â¨¬, çâ®

¤«ï ª ¦¤®© áâ®à®­ë �i ¬­®£®ã£®«ì­¨ª  � ­ ©¤¥âáï ¤¢®©áâ¢¥­­ë© ¢¥ªâ®à vji ¨§ ¬­®¦¥áâ¢ 
®¡à §ãîé¨å ¢¥¥à  �. �¡®§­ ç¨¬ ç¥à¥§ q ª®«¨ç¥áâ¢® áâ®à®­ ¢ ¬­®£®ã£®«ì­¨ª¥ �. �®£¤  á®£« á­®
«¥¬¬¥ 3

dX
j=1

(V � Tj) =
qX

i=1

(V � Tji) =
qX

i=1

#�0
i + q = #@�: (7)

�ãáâì X | ª®¬¯ ªâ¨ä¨ª æ¨ï C 2 . � ª ¢¨¤­® ¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 3, áã¬¬ 
P
(V � Tj),

j = 3; : : : ; d, áª« ¤ë¢ ¥âáï ¨§ ª®«¨ç¥áâ¢ æ¥«®ç¨á«¥­­ëå â®ç¥ª ­  q áâ®à®­ å �, ­¥ «¥¦ é¨å ­ 
ª®®à¤¨­ â­ëå ®áïå, á«¥¤®¢ â¥«ì­®,

dX
j=3

(V � Tj) =
qX

i=1

(#�0
i + 1) = #@�+ + 1: (8)

�®à¬ã«ë (1), (2) ¯®«ãç îâáï ¯à¨ ¯®¤áâ ­®¢ª¥ ¢ (5) á®®â­®è¥­¨© (7), (8) ¨ à ¢¥­áâ¢  (6) ¨§
«¥¬¬ë 2 á ãç¥â®¬ â®£®, çâ® ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ ä®à¬ã«¥ (5) à ¢­® �1 ¢ á«ãç ¥ k = d� 2 ¨ 0,
¥á«¨ k = d.
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