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1. �¢¥¤¥­¨¥

� ¯®á«¥¤­¨¥ £®¤ë ­¥¢ë¯ãª«ë¥ § ¤ ç¨ ®¯â¨¬¨§ æ¨¨ ®¡à é îâ ­  á¥¡ï ¢á¥ ¡®«ìè¥¥ ¢­¨¬ ­¨¥,
¢ ç áâ­®áâ¨, ¢¢¨¤ã è¨à®ª®£® ¯®«ï ¯à¨«®¦¥­¨© [1]{[6]. �à¨¬¥à®¬ ï¢«ï¥âáï § ¤ ç  ¢ë¯ãª«®©
¬ ªá¨¬¨§ æ¨¨ [4]{[9]

f(x)! max; x 2 D; (1)

£¤¥ f : Rn ! R[f+1g ¨ D � Rn ¢ë¯ãª«ë. �¥á¬®âàï ­  ¢­¥è­îî ¯à®áâ®âã, íâ  § ¤ ç  ®ª §ë¢ -
¥âáï á«®¦­®© ª ª ¤«ï ¨áá«¥¤®¢ ­¨©, â ª ¨, £« ¢­®¥, ¤«ï ç¨á«¥­­®£® à¥è¥­¨ï, ¯®áª®«ìªã ¢ ­¥©
¬®¦¥â áãé¥áâ¢®¢ âì ¡®«ìè®¥ ª®«¨ç¥áâ¢® «®ª «ì­ëå ¬ ªá¨¬ã¬®¢, ­¥ ï¢«ïîé¨åáï £«®¡ «ì­ë¬¨
[1]{[9]. �®íâ®¬ã ¤«ï ¯®¤®¡­ëå § ¤ ç áç¨â ¥âáï ¥áâ¥áâ¢¥­­ë¬ ¯à¨¬¥­¥­¨¥ ¯®¯ã«ïà­ëå ¬¥â®¤®¢
¢¥â¢¥© ¨ £à ­¨æ, ®âá¥ç¥­¨©, ¯®£àã¦¥­¨© ¨ â. ¯. � ®â«¨ç¨¥ ®â íâ¨å ¯®¤å®¤®¢ ¢ à ¡®â å [8]{[11] ¬¥-
â®¤ë £«®¡ «ì­®£® ¯®¨áª  ®á­®¢ ­ë ­  â¥®à¨¨ ­¥®¡å®¤¨¬ëå ¨ ¤®áâ â®ç­ëå ãá«®¢¨© £«®¡ «ì­®©
®¯â¨¬ «ì­®áâ¨.

�áâ¥áâ¢¥­­ë¬ ¢ë£«ï¤¨â ¢®¯à®á ® £«®¡ «ì­®© áå®¤¨¬®áâ¨ â ª¨å  «£®à¨â¬®¢. �¥®à¥¬ë áå®¤¨-
¬®áâ¨ ¤ îâ, ¯®-¢¨¤¨¬®¬ã, ®¯à¥¤¥«¥­­ãî â¥®à¥â¨ç¥áªãî ¯®¤¤¥à¦ªã ç¨á«¥­­ë¬ íªá¯¥à¨¬¥­â ¬
([1], á. 415{420; [3], á. 40{42). �®íâ®¬ã ®á­®¢­®© æ¥«ìî ¤ ­­®© áâ âì¨ ï¢«ï¥âáï ¤®ª § â¥«ìáâ¢®
â¥®à¥¬ë áå®¤¨¬®áâ¨  «£®à¨â¬  £«®¡ «ì­®£® ¯®¨áª , ¯à¥¤« £ ¥¬®£® ­¨¦¥, ¤«ï § ¤ ç¨ (1). �«ï
íâ®£® ¨á¯®«ì§ã¥âáï ¢¢®¤ïé¥¥áï §¤¥áì ¯®­ïâ¨¥ à §à¥è îé¥£® ­ ¡®à . � ­¥¥ [9] ¯®¤®¡­ ï â¥®à¥-
¬  ¡ë«  ¤®ª § ­  â®«ìª® ¤«ï ª¢ ¤à â¨ç­®© § ¤ ç¨. � â®¬ã ¦¥ ­¥ª®â®àë¥ âà¥¡®¢ ­¨ï ¨§ [9]
ã¤ «®áì §­ ç¨â¥«ì­® ®á« ¡¨âì. �«ï § ¤ ç¨ (1) ¤®ª § ­  â ª¦¥ áå®¤¨¬®áâì ¬¥â®¤  «®ª «ì­®£®
¯®¤ê¥¬ .

2. �¥â®¤ «®ª «ì­®£® ¯®¤ê¥¬ 

� ¤ «ì­¥©è¥¬ ¡ã¤¥¬ áç¨â âì, çâ® ¢ § ¤ ç¥ (1) äã­ªæ¨ï f : Rn ! R ï¢«ï¥âáï ¢ë¯ãª«®© ¨
¤¨ää¥à¥­æ¨àã¥¬®© ¢ ­¥ª®â®à®© (®âªàëâ®©) ®¡« áâ¨ Q, á®¤¥à¦ é¥© ¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® ¨
¬­®¦¥áâ¢® �¥¡¥£  äã­ªæ¨¨ f(�) ¢¨¤  L(f) = fx 2 R j f(x) � sup(f;D)g. �à¨ íâ®¬ ¯à¥¤¯®« £ -
¥âáï, çâ® äã­ªæ¨ï f(�) ®£à ­¨ç¥­  á¢¥àåã ­  D

sup(f;D) , f� < +1: (2)

� ª ¨§¢¥áâ­® ([3], â¥®à¥¬  1, á. 179), ãá«®¢¨¥

hrf(z); x� zi � 0 8x 2 D (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(£à ­â ò98-01-00043).
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«®ª «ì­®£® ¬ ªá¨¬ã¬  ¢ § ¤ ç¥ (1) ­¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï £«®¡ «ì­®áâ¨ ¬ ªá¨¬ã¬  ¢
¤®¯ãáâ¨¬®© â®çª¥ z 2 D. �â  â®çª  ï¢«ï¥âáï áâ æ¨®­ à­®© ¨«¨ ªà¨â¨ç¥áª®© (â. ¥. ã¤®¢«¥â¢®àï-
îé¥© ãá«®¢¨î (3)), ¥á«¨ ®­  ï¢«ï¥âáï à¥è¥­¨¥¬ «¨­¥ à¨§®¢ ­­®© ¢ â®çª¥ z § ¤ ç¨

hrf(z); xi " max; x 2 D:

�à¨¢¥¤¥¬ ¯à®áâ¥©èãî ¢ëç¨á«¨â¥«ì­ãî ¯à®æ¥¤ãàã, ®á­®¢ ­­ãî ­  à¥è¥­¨¨ «¨­¥ à¨§®¢ ­-
­®© § ¤ ç¨. �ãáâì ¤ ­  ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì f�sg, �s > 0, s = 0; 1; 2; : : : , ¨ ¤®¯ãáâ¨¬ ï
â®çª  p0 2 D. �®á«¥¤®¢ â¥«ì­®áâì fpsg ¡ã¤¥¬ áâà®¨âì ¯® ¯à ¢¨«ã

ps+1 2 D : hrf(ps); ps+1i+ �s � sup
x2D

hrf(ps); xi: (4)

�ª §ë¢ ¥âáï, â ª ï ¯à®áâ ï ¢ëç¨á«¨â¥«ì­ ï ¯à®æ¥¤ãà  ¯à¨ á¤¥« ­­ëå ¯à¥¤¯®«®¦¥­¨ïå ¢ § ¤ -
ç¥ (1) £¥­¥à¨àã¥â ¯®á«¥¤®¢ â¥«ì­®áâì, áå®¤ïéãîáï ª áâ æ¨®­ à­®© â®çª¥ ¢ á«¥¤ãîé¥¬ á¬ëá«¥.

�à¥¤«®¦¥­¨¥ 1. �ãáâì äã­ªæ¨ï f ¢ë¯ãª«  ¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ­  ®âªàëâ®©

®¡« áâ¨ Q ¨ ®£à ­¨ç¥­  á¢¥àåã ­  ¤®¯ãáâ¨¬®¬ ¬­®¦¥áâ¢¥ D, ¨ ¯ãáâì
1P

s=1

�s < +1. �®£¤ 

¯®á«¥¤®¢ â¥«ì­®áâì fpsg, £¥­¥à¨àã¥¬ ï ¯® ¯à ¢¨«ã (4), ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
s!+1

[sup
x2D

hrf(ps); x� psi] = 0: (5)

� á«ãç ¥ ®£à ­¨ç¥­­®áâ¨ ¬­®¦¥áâ¢  D «î¡ ï ¯à¥¤¥«ì­ ï â®çª  z ¯®á«¥¤®¢ â¥«ì­®áâ¨ fpsg
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ®¯â¨¬ «ì­®áâ¨ (3).

�®ª § â¥«ìáâ¢®. �§ (4) á ãç¥â®¬ ¢ë¯ãª«®áâ¨ äã­ªæ¨¨ f(�) á«¥¤ã¥â

0 � sup
x2D

hrf(ps); x� psi � hrf(ps); ps+1 � psi+ �s � f(ps+1)� f(ps) + �s: (6)

�âáî¤ 

f(ps) � f(ps+1) + �s:

�®á«¥¤­¥¥ ­¥à ¢¥­áâ¢® ¢¬¥áâ¥ á (2) ¨ ãá«®¢¨¥¬
1P

s=1

�s < +1 £ à ­â¨àã¥â ([1], «¥¬¬  2.3.2), çâ®

ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì ff(ps)g áå®¤¨âáï. �®íâ®¬ã ¨§ (6) á«¥¤ã¥â (5). � â®£¤  ¯®á«¥¤­¥¥
ãâ¢¥à¦¤¥­¨¥ ¯à¥¤«®¦¥­¨ï áâ ­®¢¨âáï ®ç¥¢¨¤­ë¬.

� ¬¥ç ­¨¥ 1. � ª ¨§¢¥áâ­® (­ ¯à., [1], á. 291{298), ¯à®æ¥¤ãà  ¨§ (4) ¢å®¤¨â ¢ áâ ­¤ àâ­ë¥
£à ¤¨¥­â­ë¥ ¬¥â®¤ë ¢ë¯ãª«®© ®¯â¨¬¨§ æ¨¨ ¤«ï ­ å®¦¤¥­¨ï ¢á¯®¬®£ â¥«ì­®© â®çª¨ xk, á ¯®-
¬®éìî ª®â®à®© § â¥¬, áª ¦¥¬, á®áâ ¢«¥­¨¥¬ ¢ë¯ãª«®© ª®¬¡¨­ æ¨¨ x(�) = �xk+(1��)xk ¯®¨áª
á«¥¤ãîé¥© â®çª¨ xk+1 á¢®¤¨âáï ª ®¤­®¬¥à­®© ¬¨­¨¬¨§ æ¨¨ äã­ªæ¨¨ '(�) , f(x(�)) ¯® ¯ à ¬¥-
âàã �. � ¬¥â®¤¥ (4) á«®¦­ë© ®¤­®¬¥à­ë© ¯®¨áª ¨áª«îç ¥âáï, à¥§ã«ìâ â ®ª §ë¢ ¥âáï â®â ¦¥ |
áâ æ¨®­ à­ ï â®çª . � ¢ë¯ãª«®© § ¤ ç¥ áâ æ¨®­ à­ ï â®çª  ã¦¥ ¡ã¤¥â £«®¡ «ì­ë¬ à¥è¥­¨¥¬,
¢ â® ¢à¥¬ï ª ª ¢ § ¤ ç¥ (1) íâ® ­¥ â ª.

� ¬¥ç ­¨¥ 2. �à¨ à¥ «ì­®¬ áç¥â¥ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ­® ­¥áª®«ìª® ªà¨â¥à¨¥¢ ®áâ ­®¢ 
¬¥â®¤  (4) ®â ®ç¥­ì ¦¥áâª®£®

kps+1 � psk �
"

2krf(ps)k

¤® ¡®«¥¥ á« ¡ëå

f(ps+1)� f(ps) � "=2; hrf(ps); ps+1 � psi � "=2;

£¤¥ " | § ¤ ­­ ï â®ç­®áâì. �à¨ íâ®¬ ¨§ (6) «¥£ª® ¯®«ãç¨âì, çâ® ¯à¨ �s � "=2 â®çª  ps ®ª §ë-
¢ ¥âáï "-ªà¨â¨ç¥áª®©.
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3. �âà â¥£¨ï £«®¡ «ì­®£® ¯®¨áª 

�«ï § ¤ ç¨ (1) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï £«®¡ «ì­®áâ¨
à¥è¥­¨ï.

�¥®à¥¬  1 ([8], [9]). �ãáâì D ¢ë¯ãª«®, z 2 D ¨, ªà®¬¥ â®£®,

�1 � inf(f;D) < f(z) < +1: (7)

�®£¤ , ¤«ï â®£® çâ®¡ë z ¡ë«® £«®¡ «ì­ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (1), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë

8y 2 D : f(y) = f(z);

hrf(y); x� yi � 0 8x 2 D:
(8)

� ¬¥ç ­¨¥ 3. �¥âàã¤­® ¢¨¤¥âì, çâ® ãá«®¢¨¥ (8) á¢ï§ ­® á ª« áá¨ç¥áª®© â¥®à¨¥© íªáâà¥-
¬ã¬ . �®« £ ï y = z ¢ (8), ¯®«ãç ¥¬ (3). �â¬¥â¨¬, çâ® ¨á¯®«ì§®¢ ­¨¥ ¢ ãá«®¢¨¨ (8) â®«ìª®
¤®¯ãáâ¨¬ëå y ¡ë«® ¯à¥¤«®¦¥­® ¢ [7]. � ¤àã£®© áâ®à®­ë, ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1 [8], [9] ¤¥-
¬®­áâà¨àã¥â â ª ­ §ë¢ ¥¬®¥  «£®à¨â¬¨ç¥áª®¥ á¢®©áâ¢® ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ (8), â. ¥. ¥á«¨
ãá«®¢¨¥ ®¯â¨¬ «ì­®áâ¨ ­ àãè¥­®, â® ¬®¦­® ¯®áâà®¨âì ¤®¯ãáâ¨¬ãî â®çªã «ãçèãî, ç¥¬ ¨á-
á«¥¤ã¥¬ ï. �¥âàã¤­® ¢¨¤¥âì, çâ® ¢á¥ ª« áá¨ç¥áª¨¥ ãá«®¢¨ï ®¯â¨¬ «ì­®áâ¨ (¢ ç áâ­®áâ¨ (3))
®¡« ¤ îâ  «£®à¨â¬¨ç¥áª¨¬ á¢®©áâ¢®¬. �á¯®«ì§ãï íâ® á¢®©áâ¢®, ¬®¦­® ¯à¥¤«®¦¨âì  «£®à¨â¬
£«®¡ «ì­®£® ¯®¨áª  ¢ § ¤ ç¥ (1).

� ¯®¬®éìî äã­ªæ¨¨

'(z) = sup
x;y

fhrf(y); x� yi j x; y 2 D; f(y) = f(z)g

ãá«®¢¨¥ (8) ¬®¦­® ¯à¥®¡à §®¢ âì [9] ª ¢¨¤ã '(z) � 0. �­ ç¥ £®¢®àï, ¤«ï ¯à®¢¥àª¨ íâ®£® ãá«®¢¨ï
­¥®¡å®¤¨¬® ã¬¥âì à¥è âì § ¤ çã

hrf(y); x� yi " sup
x;y

; x; y 2 D; f(y) = f(z): (9)

�®áª®«ìªã § ¤ ç  á®¢¬¥áâ­®© ¯® x ¨ y ¬ ªá¨¬¨§ æ¨¨ ¯à¥¤áâ ¢«ï¥âáï ¤®áâ â®ç­® âàã¤­®©,
¯à¥¤« £ ¥âáï ¥¥ à §¡¨âì ­  âà¨ ¡®«¥¥ ¯à®áâë¥ § ¤ ç¨. �¥à¢ ï | § ¤ ç  ¬ ªá¨¬¨§ æ¨¨ ¯® x

hrf(y); xi " max
x
; x 2 D; (10)

£¤¥ â®çª  y â ª ï, çâ® f(y) = f(z), ¡ã¤¥â ­ §ë¢ âìáï «¨­¥ à¨§®¢ ­­®© § ¤ ç¥©,   ¢â®à ï |
¬ ªá¨¬¨§ æ¨ï ¯® v ¯à¨ ä¨ªá¨à®¢ ­­®¬ u 2 D

hrf(v); u� vi " max
v
; f(v) = f(z); (11)

| § ¤ ç¥© ãà®¢­ï. �®íâ®¬ã á®¢¥àè¥­­® ¥áâ¥áâ¢¥­­ë¬¨ ¢ë£«ï¤ïâ á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥­¨ï.

(HL): ¤«ï «î¡®£® " > 0 ¨ ¤«ï «î¡®£® y 2 D : f(y) � inf(f;D) ¬®¦­® ¯à¨¡«¨¦¥­­® à¥è¨âì
«¨­¥ à¨§®¢ ­­ãî § ¤ çã (10), â. ¥. ®âëáª âì í«¥¬¥­â u = u("; y) 2 D, ¤«ï ª®â®à®£®
hrf(y); ui � sup

x2D

hrf(y); xi � ".

(HU): 8" > 0 8u 2 D 8� 2 R : inf(f;D) � � � sup(f;D) ¬®¦­® ¯à¨¡«¨¦¥­­® à¥è¨âì § ¤ çã
ãà®¢­ï (11) ¯à¨ � = f(z), â. ¥. ®âëáª âì í«¥¬¥­â ! 2 Rn : f(!) = � â ª®©, çâ® hrf(!); u�
!i+ " � sup

v

fhrf(v); u� vi : f(v) = �g.

�â¬¥â¨¬, çâ® ¤«ï ª¢ ¤à â¨ç­®© äã­ªæ¨¨ § ¤ ç  ãà®¢­ï à¥è ¥âáï  ­ «¨â¨ç¥áª¨ [9].
�¥âàã¤­® ¢¨¤¥âì, çâ® ¯®á«¥¤®¢ â¥«ì­®¥ à¥è¥­¨¥ § ¤ ç (10) ¨ (11) ­¥ ¯à¨¢®¤¨â, ¢®®¡é¥ £®¢®àï,

ª à¥è¥­¨î § ¤ ç¨ (9) á®¢¬¥áâ­®© ¬ ªá¨¬¨§ æ¨¨ ¯® x ¨ y. �®íâ®¬ã ¢®§­¨ª ¥â âà¥âìï § ¤ ç  |
§ ¤ ç  ¢ë¡®à  á¥¬¥©áâ¢  â®ç¥ª yi, i = 1; : : : ; N , ­  ¯®¢¥àå­®áâ¨ ãà®¢­ï f(x) = f(z) , �, ¨«¨, ª ª
¡ã¤¥â £®¢®à¨âìáï ¢ ¤ «ì­¥©è¥¬, § ¤ ç   ¯¯à®ªá¨¬ æ¨¨ ¯®¢¥àå­®áâ¨ ãà®¢­ï.
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�ãáâì ¤ ­ë ­¥ª®â®àë© í«¥¬¥­â z 2 D ¨ ç¨á«® " > 0. �¡®§­ ç¨¬ � , f(z). � áá¬®âà¨¬
 ¯¯à®ªá¨¬ æ¨î

<(�) = fv1; : : : ; vN 2 Rn : f(vi) = �; i = 1; : : : N; N = N(�)g: (12)

�®£« á­® ¯à¥¤¯®«®¦¥­¨î (HL) 8i = 1; : : : ; N ®¯à¥¤¥«¨¬ ui 2 D â ª, çâ®¡ë

hrf(vi); uii � sup
x2D

hrf(vi); xi � "; (13)

  § â¥¬ á®£« á­® ¯à¥¤¯®«®¦¥­¨î (HU) 8i = 1; : : : ; N ®¯à¥¤¥«¨¬ í«¥¬¥­âë !i 2 Rn : f(!i) = f(z)
¨§ ãá«®¢¨ï

hrf(!i); ui � !ii+ " � sup
v

fhrf(v); ui � vi : f(v) = �g: (14)

�¯à¥¤¥«¥­¨¥ 1. � ¡®à <(�) ­ §®¢¥¬ á¨«ì­® "-à §à¥è îé¨¬, ¥á«¨ ¨§ â®£®, çâ® z ­¥ ï¢«ï-
¥âáï "-à¥è¥­¨¥¬ § ¤ ç¨ (1), â. ¥.

f(z) < sup(f;D)� "; (15)

á«¥¤ã¥â ¢ë¯®«­¥­¨¥ ­¥à ¢¥­áâ¢

i) �(�; ") , hrf(!j); uj � !ji = max
1�i�N

hrf(!i); ui � !ii > 0; (16)

ii) �(�; ") � hrf(y); p� yi � 2"; (17)

£¤¥ p | ­¥ª®â®àë© ¤®¯ãáâ¨¬ë© í«¥¬¥­â (p 2 D), ¤«ï ª®â®à®£®

f(p) � f(z) + �[sup(f;D)� f(z)]� "; (18)

  ç¨á«® � ­¥ § ¢¨á¨â ®â z ¨ ". �à¨ íâ®¬ 0 < � < 1, ¨ í«¥¬¥­â y 2 Rn ®¯à¥¤¥«ï¥âáï ¨§ ãá«®¢¨©
f(y) = f(z),

hrf(y); p� yi � krf(y)k kp� yk � ": (19)

� ¬¥ç ­¨¥ 4. �á«¨ ­ ©¤¥âáï p, ã¤®¢«¥â¢®àïîé¥¥ (18), â® áãé¥áâ¢®¢ ­¨¥ y : f(y) = f(z),
ã¤®¢«¥â¢®àïîé¥£® (19), ¢ëâ¥ª ¥â ¨§ ¯à¥¤¯®«®¦¥­¨ï (HU) ® à¥è¥­¨¨ § ¤ ç¨ (11), â. ª.

hrf(v); p� vi � krf(v)k kp� vk 8v 2 Q:

�¥¬¬  1. �ãáâì áãé¥áâ¢ã¥â ¤®¯ãáâ¨¬ë© í«¥¬¥­â p 2 D : f(p) � f(z)+2", ¤«ï ª®â®à®£®
¢ë¯®«­¥­® (18). �®£¤  ¨§ ­¥à ¢¥­áâ¢  (16) á«¥¤ã¥â (17).

�®ª § â¥«ìáâ¢®. 8v : f(v) = f(z) ¨¬¥¥¬

hrf(v); p� vi � f(p)� f(v) = f(p)� f(z) � 2":

�à®¬¥ â®£®, ¨§ (16) á«¥¤ã¥â
hrf(v); p� vi � 2" � 0 < �(�; ");

â. ¥. (17) â®¦¥ ¨¬¥¥â ¬¥áâ®, çâ® ¨ âà¥¡®¢ «®áì.

�¯à¥¤¥«¥­¨¥ 2. �ãáâì § ¤ ­ë ç¨á«  " > 0 ¨ �. � áá¬®âà¨¬  ¯¯à®ªá¨¬ æ¨î

W (�) = fv1; : : : ; vN 2 Rn : f(vi) = �; i = 1; : : : ; N; N = N(�)g:

�®áâà®¨¬ â®çª¨ ui 2 D ¨ wi : f(wi) = � ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã« ¬¨ (13) ¨ (14). �ã¤¥¬ ­ §ë¢ âì
­ ¡®à W (�) á« ¡® (¨«¨ ¯à®áâ®) "-à §à¥è îé¨¬, ¥á«¨ ¨§ ­¥à ¢¥­áâ¢  (15) á«¥¤ã¥â â®«ìª® (16).

�à¥¤«®¦¥­¨¥ 2. �á«¨ 8" > 0 ¨ 8� 2 R, inf(f;D) � � < sup(f;D), áãé¥áâ¢ã¥â ¯à®æ¥¤ãà 

¯®áâà®¥­¨ï á« ¡® "-à §à¥è îé¥£® ­ ¡®à  W (�; "), â®

8z 2 D; sup(f;D)� " > f(z) � inf(f;D);

¬®¦­® ¯®áâà®¨âì ¨ á¨«ì­® "-à §à¥è îé¨© ­ ¡®à <(�), £¤¥ � = f(z).
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�®ª § â¥«ìáâ¢®. �ãáâì z 2 D, f(z) � inf(f;D), " > 0. �à¥¤¯®«®¦¨¬, çâ® z ­¥ ï¢«ï¥âáï
"-à¥è¥­¨¥¬ § ¤ ç¨ (1), â. ¥. á¯à ¢¥¤«¨¢® (15). �®«®¦¨¬

� , f(z) + �[sup(f;D)� f(z)]; (20)

£¤¥ ç¨á«® � â ª®¢®, çâ® 0 < � < 1. �ç¥¢¨¤­®,

inf(f;D) � f(z) < � < sup(f;D):

�ë¡¥à¥¬ ç¨á«® � > 0 ¯® ä®à¬ã«¥

� ,
1� �

2
[sup(f;D)� f(z)]: (21)

�¥âàã¤­® ¢¨¤¥âì, çâ® ¢ á¨«ã (20) ¨ (21) ­  ãà®¢­¥ � ­¥ áãé¥áâ¢ã¥â �-à¥è¥­¨© § ¤ ç¨ (1), â. ¥.
� < sup(f;D) � �. �®íâ®¬ã ¯® ¯à¥¤¯®«®¦¥­¨î ¬®¦­® ¯®áâà®¨âì á« ¡® �-à §à¥è îé¨© ­ ¡®à
W1 =W (�). �®£¤  ¨§ ®¯à¥¤¥«¥­¨ï 2 á«¥¤ã¥â, çâ® ­ ©¤ãâáï uj 2 D, wj : f(wj) = �, ¯à¨ ª®â®àëå

�(�; �) , hrf(wj); uj � wji > 0:

�âáî¤  á ãç¥â®¬ ¢ë¯ãª«®áâ¨ f(�) á«¥¤ã¥â

f(uj) > f(wj) = � , f(z) + �[sup(f;D)� f(z)] > f(z) + �[sup(f;D)� f(z)]� " = �� ": (22)

� ç áâ­®áâ¨, f(uj) > f(z). �®«®¦¨¬ p , uj 2 D. � ¢­®¢ì ¯® ¯à¥¤¯®«®¦¥­¨î ¬®¦­® ¯®áâà®¨âì
á« ¡® "-à §à¥è îé¨© ­ ¡®à W2 =W (�). � áá¬®âà¨¬ ¬­®¦¥áâ¢®

<0 =W2 [ fyg;

£¤¥ y â ª®¢®, çâ® f(y) = f(z) ¨ ¯à¨ ¤ ­­ëå p ¨ y c¯à ¢¥¤«¨¢® (19). �®£¤  ¨§ (22) áà §ã ¦¥
á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ¤«ï p = uj ­¥à ¢¥­áâ¢  (18) ¨§ ®¯à¥¤¥«¥­¨ï 1. � ¤àã£®© áâ®à®­ë, ¨§
¯à¥¤¯®«®¦¥­¨ï (HL) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ í«¥¬¥­â  u 2 D â ª®£®, çâ®

hrf(y); ui � sup
x2D

hrf(y); xi � ":

�âáî¤  ¢ëâ¥ª ¥â

hrf(y); u� yi � hrf(y); p� yi � ": (23)

� «¥¥, ¯® ¯à¥¤¯®«®¦¥­¨î (HU) ¬®¦­® ¯®áâà®¨âì w 2 Rn : f(w) = f(z), ¤«ï ª®â®à®£®

hrf(w); u �wi + " � sup
v

fhrf(v); u� vi : f(v) = f(z)g � hrf(y); u� yi:

�âáî¤  á ¯®¬®éìî (23) ¨¬¥¥¬

hrf(w); u� wi � hrf(y); p� yi � 2":

� â®£¤  ¤«ï  ¯¯à®ªá¨¬ æ¨¨ <0 =W2 [ fyg ¯®«ãç ¥¬

�(�; ") � hrf(w); u� wi � hrf(y); p� yi � 2":

�â ª, ­¥à ¢¥­áâ¢® (17) ¨§ ®¯à¥¤¥«¥­¨ï 1 ®ª §ë¢ ¥âáï ¢ë¯®«­¥­­ë¬. � ­¥à ¢¥­áâ¢® (16) á¯à -
¢¥¤«¨¢® ¯® ¯®áâà®¥­¨î W2 =W (�). �®íâ®¬ã <0 ï¢«ï¥âáï á¨«ì­® à §à¥è îé¨¬ ­ ¡®à®¬.
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4. <-áâà â¥£¨ï ¨ ¥¥ áå®¤¨¬®áâì

�ãáâì § ¤ ­ë í«¥¬¥­â x0 2 D ¨ ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì f"kg : "k > 0, k = 0; 1; 2; : : : ,
"k # 0 (k !1). �à¥¤¯®«®¦¨¬, çâ® ­ ©¤¥âáï ª®­áâ ­â  { > 0, ¤«ï ª®â®à®©

krf(v)k � { > 0 8v : f(v) � f(x0): (24)

�à®¬¥ â®£®, à áá¬®âà¨¬ ¯à¥¤¯®«®¦¥­¨¥

(HR): 8" > 0 ¨ ¤«ï «î¡®© "-áâ æ¨®­ à­®© â®çª¨ z 2 D, ­¥ ï¢«ïîé¥©áï "-à¥è¥­¨¥¬ § ¤ ç¨ (1),
¬®¦­® ¯®áâà®¨âì á« ¡® à §à¥è îé¨© ­ ¡®à W (f(z)).

�®£« á­® ¯à¥¤«®¦¥­¨î 2 ¯à¥¤¯®«®¦¥­¨¥ (HR) £ à ­â¨àã¥â ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï á¨«ì­®
à §à¥è îé¥£® ­ ¡®à  ¤«ï «î¡®© ¤®¯ãáâ¨¬®© â®çª¨, ­¥ ï¢«ïîé¥©áï "-£«®¡ «ì­ë¬ à¥è¥­¨¥¬.
�¥£ª® ¢¨¤¥âì, çâ® ¤«ï «î¡®© ­¥áâ æ¨®­ à­®© ¤®¯ãáâ¨¬®© â®çª¨ x ¬­®¦¥áâ¢® W (f(x)) = fxg
ï¢«ï¥âáï á« ¡® à §à¥è îé¨¬ ­ ¡®à®¬ ¡« £®¤ àï ¢ë¯ãª«®áâ¨ f(�). �¥©áâ¢¨â¥«ì­®, ¢ íâ®¬ á«ã-
ç ¥ ­ ©¤¥âáï u = u(x) 2 D, ¤«ï ª®â®à®£®

0 < hrf(x); u� xi � sup
v

hrf(v); u� vi;

çâ®, ª ª ­¥âàã¤­® ¢¨¤¥âì, á®£« áã¥âáï á ®¯à¥¤¥«¥­¨¥¬ 2.
�«ï à¥è¥­¨ï § ¤ ç¨ (1) ¯à¥¤« £ ¥âáï á«¥¤ãîé¨©  «£®à¨â¬.
� £ 0. �®« £ ¥¬ k := 0. �ãáâì § ¤ ­  ­¥ª®â®à ï ¤®¯ãáâ¨¬ ï â®çª  x0.
� £ 1. �áå®¤ï ¨§ â®çª¨ xk, ¬¥â®¤®¬ «®ª «ì­®£® ¯®¤ê¥¬  ¯ã­ªâ  2 ¯®«ãç ¥¬ "k-áâ æ¨®­ à-

­ãî â®çªã zk, f(zk) , �k, â. ¥. â®çªã, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨î

sup
x2D

hrf(zk); x� zki � "k:

� £ 2. �âà®¨¬ á¨«ì­® "k-à §à¥è îé¨© ­ ¡®à

<k = <(�k) = fv1; : : : ; vN j f(vi) = �k; i = 1; : : : ; N; N = N(k)g:

� £ 3. �«ï i = 1; : : : ; N ­ å®¤¨¬ â®çª¨ ui 2 D ¯® ¯à ¢¨«ã (13).
� £ 4. �«ï i = 1; : : : ; N ®¯à¥¤¥«ï¥¬ â®çª¨ wi : f(wi) = �k ¯® ¯à ¢¨«ã (14), £¤¥ � = �k.
� £ 5. �®à¬¨àã¥¬ ¢¥«¨ç¨­ã �k = �(�k; "k) = hrf(wj); uj � wji , max

i
hrf(wi); ui � wii.

� £ 6. �á«¨ �k > 0, â® ¯®« £ ¥¬ xk+1 := uj , k := k + 1 ¨ ¢®§¢à é ¥¬áï ­  è £ 1.
� £ 7. �á«¨ �k � 0, â® ¯®« £ ¥¬ xk+1 := zk, k := k + 1 ¨ ¢®§¢à é ¥¬áï ­  è £ 1.

� ¬¥ç ­¨¥ 5. � £¨ 1, 2, 3, 4 <- «£®à¨â¬  ï¢«ïîâáï ®¡®á­®¢ ­­ë¬¨ ¢¢¨¤ã ¯à¥¤«®¦¥­¨ï 1
¨ ¯à¥¤¯®«®¦¥­¨© (HR) (HL) ¨ (HU) á®®â¢¥âáâ¢¥­­®.

� ¬¥ç ­¨¥ 6. �§ ®¯¨á ­¨ï è £  1 ¢¨¤­®, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì, £¥­¥à¨àã¥¬ ï <- «£®-
à¨â¬®¬, ï¢«ï¥âáï ¯®á«¥¤®¢ â¥«ì­®áâìî "k-áâ æ¨®­ à­ëå â®ç¥ª.

� ¬¥ç ­¨¥ 7. �à¨ ¯à ªâ¨ç¥áª®© à¥ «¨§ æ¨¨  «£®à¨â¬  ®áâ ­®¢ ¯à®¨§¢®¤¨âáï, ¥á«¨ �k � 0
¨ "k � �, £¤¥ �| § ¤ ­­ ï â®ç­®áâì. � íâ®¬ á«ãç ¥ ¨§ ®¯à¥¤¥«¥­¨ï á¨«ì­® à §à¥è îé¥£® ­ ¡®à 
á«¥¤ã¥â

f(zk) � sup(f;D)� "k � sup(f;D)� �;

â ª çâ® zk ï¢«ï¥âáï �-à¥è¥­¨¥¬.

� ¬¥ç ­¨¥ 8. �¥âàã¤­® ¢¨¤¥âì, çâ® ¢ëè¥®¯¨á ­­ë© ¬¥â®¤ ­¥ ï¢«ï¥âáï  «£®à¨â¬®¬ ¢ ®¡é¥-
¯à¨­ïâ®¬ á¬ëá«¥, ¯®áª®«ìªã, ­ ¯à¨¬¥à, ­¥ ãâ®ç­¥­®, ª ª¨¬  «£®à¨â¬®¬ à¥è âì «¨­¥ à¨§®¢ ­-
­ãî § ¤ çã ¨«¨ § ¤ çã ãà®¢­ï. �¥ ãª § ­® â ª¦¥, ª ª áâà®¨âì (á¨«ì­® ¨«¨ á« ¡®) à §à¥è îé¨©
­ ¡®à. �  ¨ ­  ¯¥à¢®¬ è £¥ ¯®«ì§®¢ â¥«ì ¬®¦¥â ¢ë¡à âì ¤àã£®© ¬¥â®¤ «®ª «ì­®£® ¯®¤ê¥¬ ,
¥á«¨ ®­ áç¨â ¥â ¥£® ¡®«¥¥ ¯®¤å®¤ïé¨¬ ¢ â®¬ ¨«¨ ¨­®¬ á«ãç ¥. �â¬¥â¨¬ â®«ìª®, çâ® íâ¨ ¬¥â®-
¤ë ¤®«¦­ë à ¡®â âì ®ç¥­ì ¡ëáâà®, ¯®áª®«ìªã ®­¨ ¯à¨¬¥­ïîâáï ¯® ­¥áª®«ìª® à § ­  ª ¦¤®©
¨â¥à æ¨¨.
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�®íâ®¬ã à §ã¬­o ­ §¢ âì ¯à¥¤áâ ¢«¥­­ë© ¢ëè¥ ¬¥â®¤ £«®¡ «ì­®£® ¯®¨áª  ¯à¨­æ¨¯¨ «ì­ë¬
 «£®à¨â¬®¬ [2] ¨«¨ áâà â¥£¨¥© £«®¡ «ì­®£® ¯®¨áª  [10]. �®áª®«ìªã ¯®­ïâ¨¥ à §à¥è îé¥£® ­ -
¡®à  ï¢«ï¥âáï ®¯à¥¤¥«ïîé¨¬ ¤«ï ãá¯¥è­®£® ¯®¨áª  £«®¡ «ì­®£® ¬ ªá¨¬ã¬  ¢ § ¤ ç¥ (1), â®
¡ã¤¥¬ ­ §ë¢ âì ¢ëè¥®¯¨á ­­ë© ¬¥â®¤ ¤«ï ªà âª®áâ¨ <-áâà â¥£¨¥©.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ¯à¥¤¯®«®¦¥­¨ï (2), (24), (HR), (HL) ¨ (HU). �®£¤  ¯®á«¥¤®-

¢ â¥«ì­®áâì fzkg, £¥­¥à¨àã¥¬ ï <-áâà â¥£¨¥©, ï¢«ï¥âáï ¬ ªá¨¬¨§¨àãîé¥© ¢ § ¤ ç¥ (1).

�®ª § â¥«ìáâ¢®.  ) �ãáâì �k � 0 8k �m � 0. �®£¤  ¨§ ®¯à¥¤¥«¥­¨ï à §à¥è îé¥£® ­ ¡®à 
f(zk) � sup(f;D)� "k. �®íâ®¬ã lim

k!1
f(zk) = sup(f;D).

¡) �ãáâì â¥¯¥àì �k > 0 8k = 0; 1; 2; : : : �® ¯®áâà®¥­¨î zk+1 ï¢«ï¥âáï "k+1-áâ æ¨®­ à­®©
â®çª®©, ¯®«ãç¥­­®© «®ª «ì­ë¬ ¯®¤ê¥¬®¬ à §¤¥«  2, ¨áå®¤ï ¨§ xk+1 := ujk , £¤¥

�k , �(f(zk); "k) = hrf(wjk); ujk � wjki = max
1�i�N

hrf(wi); ui � wii > 0:

�®íâ®¬ã ¢ á¨«ã ¢ë¯ãª«®áâ¨ f(�) ¨¬¥¥¬

0 < �k � f(ujk)� f(wjk) � f(zk+1)� f(zk): (25)

�¥âàã¤­® ¢¨¤¥âì, çâ® ¯à¨ íâ®¬ f(zk) < f(xk+1) � f(zk+1).
� ª¨¬ ®¡à §®¬, ç¨á«®¢ ï ¯®á«¥¤®¢ â¥«ì­®áâì ff(zk)g, k = 0; 1; 2; : : : , ï¢«ï¥âáï ¬®­®â®­­®

¢®§à áâ îé¥©. � ¯®áª®«ìªã á®£« á­® (2) f(�) ®£à ­¨ç¥­  á¢¥àåã ­  D, â® áãé¥áâ¢ã¥â ª®­¥ç­ë©
¯à¥¤¥« lim

k!1
f(zk) = f . �à¨ íâ®¬ ¨§ (25) á«¥¤ã¥â, çâ®

�k # 0 (k ! +1): (26)

�à¥¤¯®«®¦¨¬, â¥¬ ­¥ ¬¥­¥¥, çâ® fzkg ­¥ ï¢«ï¥âáï ¬ ªá¨¬¨§¨àãîé¥©, â. ¥. ­ ©¤¥âáï ç¨á«® 
 > 0,
¯à¨ ª®â®à®¬

�k , f(zk) � f < sup(f;D)� 
: (27)

�®áª®«ìªã ¢ ª ¦¤®© â®çª¥ zk ¬®¦­® ¯®áâà®¨âì á« ¡® à §à¥è îé¨© ­ ¡®à,   ¯®â®¬ã á®£« á­®
¯à¥¤«®¦¥­¨î 2 ¨ á¨«ì­® à §à¥è îé¨© ­ ¡®à, â® ¡ã¤¥¬ ¨¬¥âì

�k = �(zk; "k) � hrf(yk); pk � yki � 2"k; (28)

£¤¥ pk â ª®¢®, çâ® f(pk) � f(zk)+�[sup(f;D)��k]�"k. �§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨ (27) ¢ëâ¥ª ¥â

f(pk) � f(zk) + �
 � "k; (29)

®âªã¤  ¢ á¢®î ®ç¥à¥¤ì á«¥¤ã¥â

lim inf
k!1

f(pk) � f + �
: (30)

� ¤àã£®© áâ®à®­ë, ¯®áª®«ìªã �
 � "k > 0 ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å k, â® ¨§ (29) ¢ë¢®¤¨¬
f(pk) > f(zk) , �k 8k � k0. �ë¡¥à¥¬ â¥¯¥àì yk; f(yk) = �k, â ª¨¬ ®¡à §®¬, çâ®¡ë hrf(yk); pk �
yki � krf(yk)k kpk � ykk � "k. � ãç¥â®¬ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  ¨§ (28) á«¥¤ã¥â �k + 2"k �
krf(yk)k kpk � ykk � "k. �âáî¤  ¯®«ãç ¥¬ ¢ á¨«ã ¯à¥¤¯®«®¦¥­¨ï (24) �k + 3"k � {kpk � ykk.
�®íâ®¬ã á ¯®¬®éìî (26) § ª«îç ¥¬, çâ® kpk � ykk # 0 (k !1). � â®£¤  ¢ á¨«ã ­¥¯à¥àë¢­®áâ¨
f(�) ¨¬¥¥¬

lim
k!1

f(pk) = lim
k!1

f(yk) = lim
k!1

�k = f:

�¤­ ª® ¯®á«¥¤­¨¥ à ¢¥­áâ¢  ­¥á®¢¬¥áâ­ë á (30), ¯®áª®«ìªã � > 0; 
 > 0. �â ª, ¯à¥¤¯®«®¦¥­¨¥
® â®¬, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì fzkg ­¥ ï¢«ï¥âáï ¬ ªá¨¬¨§¨àãîé¥©, ¯à¨¢¥«® ­ á ª  ¡áãà¤ã.
�«¥¤®¢ â¥«ì­®, fzkg ®ª §ë¢ ¥âáï ¬ ªá¨¬¨§¨àãîé¥©.

¢) �ç¥¢¨¤­®, ¢ ®¡é¥¬ á«ãç ¥ ¯®á«¥¤®¢ â¥«ì­®áâì f�kg à §¡¨¢ ¥âáï ­  ¤¢¥ ¯®¤¯®á«¥¤®¢ -
â¥«ì­®áâ¨ f�ksg ¨ f�ktg ¯®áà¥¤áâ¢®¬ ãá«®¢¨© �ks � 0 ¨ �kt > 0 â ª, çâ® ks [ kt = f0; 1; 2; : : : g:
C®®â¢¥âáâ¢¥­­® ¨ ¯®á«¥¤®¢ â¥«ì­®áâì fzkg à á¯ ¤ ¥âáï ­  ¤¢¥ ¯®¤¯®á«¥¤®¢ â¥«ì­®áâ¨ fzksg ¨

80



fzktg. �à¨ íâ®¬ fzksg, ¤«ï ª®â®à®© �ks � 0, s = 0; 1; 2; : : : , ¡ã¤¥â ¬ ªá¨¬¨§¨àãîé¥© ¯® ç áâ¨ a),
  ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fzktg ¡ã¤¥â ¬ ªá¨¬¨§¨àãîé¥© ¯® ç áâ¨ ¡) ¤®ª § â¥«ìáâ¢ . �®íâ®¬ã ¨
¢áï ¯®á«¥¤®¢ â¥«ì­®áâì fzkg ¡ã¤¥â ¬ ªá¨¬¨§¨àãîé¥© ¢ § ¤ ç¥ (1).
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