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� à §«¨ç­ëå à §¤¥« å ¬ â¥¬ â¨ª¨ ¨ ¥¥ ¯à¨«®¦¥­¨© è¨à®ª® ¯à¨¬¥­ï¥âáï ¨­â¥à¯®«¨à®¢ ­¨¥
­¥¯à¥àë¢­ëå äã­ªæ¨© ¢ íªáâà¥¬ «ì­ëå â®çª å

xk = xk;n = cos
k�

n
; k = 0; n; n 2 N; (0.1)

¬­®£®ç«¥­®¢ �¥¡ëè¥¢  I à®¤ 

Tn(x) = cosn arccos x; �1 6 x 6 1; n+ 1 2 N: (0.2)

�­â¥à¯®«¨àãîé¨¥ ¬­®£®ç«¥­ë ¨¬¥îâ ¢¨¤ (á¬., ­ ¯à., [1], [2]) 1

Ln(f ;x) =
1
n

nX00

k=0

(�1)k+1f(xk)
(1 � x2)Un�1(x)

x� xk
�

nX
k=0

f(xk)lk(x); �1 6 x 6 1; n 2 N; (0.3)

£¤¥ f(x) | ¤ ­­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï,   Un�1(x) | ¬­®£®ç«¥­ë �¥¡ëè¥¢  II à®¤ 

Un�1(x) =
sinn arccos xp

1� x2
; n 2 N: (0.4)

� ¤ ­­®© à ¡®â¥ ¯à¥¤¯à¨­ïâ  ¯®¯ëâª  á¨áâ¥¬ â¨ç¥áª®£® ¨áá«¥¤®¢ ­¨ï  ¯¯à®ªá¨¬ â¨¢­ëå
á¢®©áâ¢ ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá  (0.1){(0.4) ¨ ¥£® ¯à¨«®¦¥­¨© ª à¥è¥­¨î ç áâ® ¯à¨¬¥­ï¥-
¬ëå ­  ¯à ªâ¨ª¥ ¨­â¥£à «ì­ëå ¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

'(x) +
Z 1

�1

h(x; t)'(t)dtp
1� t2

= f(x); �1 6 x 6 1; (0.5)

1
�

Z 1

�1

ln jx� tj'(t)dtp
1� t2

+
1
�

Z 1

�1

h(x; t)'(t)p
1� t2

dt = f(x); �1 6 x 6 1; (0.6)

'(m)(x) +
mX
k=1

ak(x)'(m�k)(x) = f(x); �1 6 x 6 1; m 2 N; (0.7)

£¤¥ f(x), h(x; t), ak(x) | ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨ ¢ á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥­¨ï,   '(t) |
¨áª®¬ ï äã­ªæ¨ï; ¯à¨ íâ®¬ ¢ ®á­®¢ã ¬¥â®¤  ¬¥å ­¨ç¥áª¨å ª¢ ¤à âãà à¥è¥­¨ï ãà ¢­¥­¨© (0.5)
¨ (0.6) ¯®«®¦¥­  ¯®¤à®¡­® ¨áá«¥¤®¢ ­­ ï ¢ [3] ª¢ ¤à âãà­ ï ä®à¬ã« 

Z 1

�1

f(x)dxp
1� x2

�
Z 1

�1

Ln(f ;x)dxp
1� x2

=
�

n

nX00

k=0

f

�
cos

k�

n

�
; n 2 N; f 2 C[�1; 1]: (0.8)

1�¢  èâà¨å  ã §­ ª  áã¬¬ë ®§­ ç îâ, çâ® ¥¥ á« £ ¥¬ë¥ ¯à¨ k = 0 ¨ k = n á«¥¤ã¥â à §¤¥«¨âì ­ 

ª®íää¨æ¨¥­â 2.
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� ¡®â  á®áâ®¨â ¨§ ¤¢ãå ç áâ¥©. � ¯¥à¢®© ¥¥ ç áâ¨ (¯¯. 1{3) ¨áá«¥¤ãîâáï á¢®©áâ¢  ¨­â¥à¯®-
«ïæ¨®­­®£® ¯à®æ¥áá  (0.1){(0.4) ¢ àï¤¥ äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢. �® ¢â®à®© ç áâ¨ (¯¯. 4{6)
à ¡®âë à áá¬ âà¨¢ îâáï à¥è¥­¨ï ãà ¢­¥­¨© (0.5){(0.7) ¬¥â®¤ ¬¨ ª®««®ª æ¨¨ ¨ ¬¥å ­¨ç¥áª¨å
ª¢ ¤à âãà ¨ ¨å â¥®à¥â¨ª®-äã­ªæ¨®­ «ì­®¥ ®¡®á­®¢ ­¨¥ ¢ á¬ëá«¥ ®¡é¥© â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå
¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  [4]{[8].

1. �¯¯à®ªá¨¬ æ¨ï ¢ ¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨©

¨ à ¢­®¬¥à­ë¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨

�¡®§­ ç¨¬ ç¥à¥§ C[�1; 1] � C ¯à®áâà ­áâ¢® ¢á¥å ­¥¯à¥àë¢­ëå ­  [�1; 1] äã­ªæ¨© á ®¡ëç­®©
­®à¬®©

k'kC = k'(x)kC[�1;1] = max
�1�x�1

j'(x)j; ' 2 C[�1; 1]:
�¤¥áì ¢ ¯¥à¢ãî ®ç¥à¥¤ì ­ á ¨­â¥à¥áãîâ ¢®¯à®áë áå®¤¨¬®áâ¨ ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá 

(0.1){(0.4) ¢ ¯à®áâà ­áâ¢¥ C[�1; 1] ¨ à ¢­®¬¥à­ë¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë
f(x) � Ln(f ;x); �1 � x � 1; f 2 C; n 2 N: (1.1)

�ãáâì H n | ¬­®¦¥áâ¢® ¢á¥å  «£¥¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ n, £¤¥ n+ 1 2 N;

En(')C = �('; H n)C = inf
'n2Hn

k'� 'nkC

| äã­ªæ¨®­ «, ¢¢¥¤¥­­ë© ¥é¥ �.�.�¥¡ëè¥¢ë¬ (á¬., ­ ¯à., [9]{[12]) ª ª ­ ¨«ãçè¥¥ à ¢­®¬¥à-
­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ ' 2 C ¢á¥¢®§¬®¦­ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®ç«¥­ ¬¨ áâ¥¯¥­¨ ­¥
¢ëè¥ n;

�n = max
�1�x�1

1
n

nX00

k=0

(1� x2)jUn�1(x)j
jx� xkj ; n 2 N; (1.2)

| ª®­áâ ­â  �¥¡¥£  ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá  (0.3) ¯® ã§« ¬ (0.1),   Ln : C ! C | ®¯¥à â®à,
áâ ¢ïé¨© ¢ á®®â¢¥âáâ¢¨¥ «î¡®© äã­ªæ¨¨ f 2 C ¥¥ ¬­®£®ç«¥­ � £à ­¦  (0.3).

�¥¦¤ã íâ¨¬¨ ¢¥«¨ç¨­ ¬¨, ¨£à îé¨¬¨ äã­¤ ¬¥­â «ì­ãî à®«ì ¢ â¥®à¨¨ ¯à¨¡«¨¦¥­¨©, áã-
é¥áâ¢ã¥â â¥á­ ï á¢ï§ì,   ¨¬¥­­®

�n = sup
f2C;kfkC�1

kLn(f ;x)kC = kLnkC!C : (1.3)

� ¯®¬®éìî à¥§ã«ìâ â®¢ [13], [14] ¨ [5], £«. 3, x 5, ¤®ª §ë¢ ¥âáï
�¥¬¬  1. �¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥  á¨¬¯â®â¨ç¥áª®¥ ¨ ¯®àï¤ª®¢®¥ á®®â­®è¥­¨ï :

�n = kLnkC!C � 2
�
lnn; n!1; (1.4)

2
�
lnn � �n = kLnkC!C � 4

�
+
2
�
ln
4n
�
; n 2 N: (1.5)

�®áª®«ìªã L2
n = Ln, â® ¢ «î¡®© ­®à¬¥, ª®â®à ï â®«ìª® ¨¬¥¥â á¬ëá«, á¯à ¢¥¤«¨¢ë ­¥à ¢¥­-

áâ¢ 

kLnk � 1; n 2 N: (1.6)

� ¯®¬®éìî (1.1){(1.6) ¨§ â¥®à¥¬ë �¦¥ªá®­  (á¬., ­ ¯à., [9]{[12]) ¢ë¢®¤¨âáï

�¥®à¥¬  1. �«ï «î¡®© äã­ªæ¨¨ f(x) 2 C ¯à¨ «î¡ëå n 2 N á¯à ¢¥¤«¨¢  ®æ¥­ª 

kf(x)�Ln(f ;x)kC �
�
1 +

4
�
+
2
�
ln
4n
�

�
En(f)C: (1.7)
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�«¥¤áâ¢¨¥ 1. �«ï «î¡®© äã­ªæ¨¨ f 2 C, ã¤®¢«¥â¢®àïîé¥© ­  [�1; 1] ãá«®¢¨î �¨­¨{
�¨¯è¨æ , ¬­®£®ç«¥­ë (0.3) á ã§« ¬¨ (0.1) à ¢­®¬¥à­® áå®¤ïâáï ª äã­ªæ¨¨ f(x) ­  [�1; 1] á®
áª®à®áâìî

kf(x)�Ln(f ;x)kC = OfEn(f)C lnng: (1.8)

�«¥¤áâ¢¨¥ 2. �ãáâì äã­ªæ¨ï f(x) ¨¬¥¥â ¯à®¨§¢®¤­ãî f (r)(x) 2 LipM �, £¤¥ f (0)(x) � f(x),
r + 1 2 N, 0 < � � 1, M = const > 0. �®£¤  ­  [�1; 1] ¨¬¥¥â ¬¥áâ® à ¢­®¬¥à­ ï áå®¤¨¬®áâì

lim
n!1

Ln(f ;x) = f(x); �1 � x � 1; (1.9)

á® áª®à®áâìî

kf(x)�Ln(f ;x)kC �
�
1 +

4
�
+
2
�
ln
4n
�

�
MCr;�

nr+�
= O

�
lnn
nr+�

�
; (1.10)

£¤¥ Cr;� | ¢¯®«­¥ ®¯à¥¤¥«¥­­ ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â r ¨ �, ­® ­¥ § ¢¨áï-
é ï ®â n 2 N.

2. �å®¤¨¬®áâì ¢ ¯à®áâà ­áâ¢ å �¥¡¥£ 

¨ áà¥¤­¥ª¢ ¤à â¨ç¥áª¨¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨

�§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® ¯®«¨­®¬¨ «ì­ë¥ ®¯¥à â®àë Ln : C ! C ­¥®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢
á®¢®ªã¯­®áâ¨. �âáî¤  ¨ ¨§ â¥®à¥¬ë � ­ å {�â¥©­å ãá  (á¬., ­ ¯à., [8], £«. 7) á ãç¥â®¬ L2

n = Ln

á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â äã­ªæ¨ï f0(x) 2 C[�1; 1], ¤«ï ª®â®à®© ¯à¥¤¥«ì­®¥ á®®â­®è¥­¨¥ (1.9)
¢ ¯à®áâà ­áâ¢¥ C[�1; 1] ­¥ ¨¬¥¥â ¬¥áâ . � á¢ï§¨ á íâ¨¬ (  â ª¦¥ ¢ á¢ï§¨ á ¯à¨«®¦¥­¨ï¬¨)
¢®§­¨ª ¥â ¢®¯à®á ® áå®¤¨¬®áâ¨ ¬­®£®ç«¥­®¢ (0.3) ¢ ¡®«¥¥ á« ¡®© ­®à¬¥; ¢ íâ®¬ ¯ à £à ä¥ ¤ ¥âáï
¯®«®¦¨â¥«ì­ë© ®â¢¥â ­  íâ®â ¢®¯à®á.

�¡®§­ ç¨¬ ç¥à¥§ L2(�) = L2(�; [�1; 1]) ¯à®áâà ­áâ¢® ª¢ ¤à â¨ç­® áã¬¬¨àã¥¬ëå ¯® �¥¡¥£ã
á ¢¥á®¬ � = �(x) = (1 � x2)�1=2 ­  [�1; 1] äã­ªæ¨© á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¨ ­®à¬®©
á®®â¢¥âáâ¢¥­­®

(f; g) =
Z 1

�1

f(x)g(x)p
1� x2

dx (f; g 2 L2(�));

kfkL2(�) =
�Z 1

�1

jf(x)j2p
1� x2

dx

�1=2

; f 2 L2(�):

� ¤ «ì­¥©è¥¬ áãé¥áâ¢¥­­ãî à®«ì ¨£à ¥â á«¥¤ãîé ï

�¥¬¬  2. �«ï «î¡®© äã­ªæ¨¨ f(x) 2 C[�1; 1] á¯à ¢¥¤«¨¢® ¯à¥¤áâ ¢«¥­¨¥

kLn(f ;x)k2L2(�) =
Z 1

�1

jLn(f ;x)j2p
1� x2

dx =
�

n

nX00

j=0

jf(xj)j2 � �

2n2

����
nX00

j=0

(�1)jf(xj)
����
2

; n 2 N: (2.1)

�«¥¤áâ¢¨¥ 1. �«ï «î¡ëå n 2 N á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

kLnkC!L2(�) = sup
f2C

kfkC�1

kLn(f ;x)kL2(�) =
p
�; kLnkL2(�)!L2(�) =1: (2.2)

�«¥¤áâ¢¨¥ 2. �«ï «î¡®£® ¬­®£®ç«¥­  Q(x) 2 H n á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

�

2n

nX00

j=0

jQ(xj)j2 � kQ(x)k2L2(�) �
�

n

nX00

j=0

jQ(xj)j2; n 2 N; (2.3)

£¤¥ ã§«ë ®¯à¥¤¥«¥­ë ¢ (0.1).
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�®ª § â¥«ìáâ¢®. �­ ç «  ¯®ª ¦¥¬, çâ® ¤«ï «î¡®© äã­ªæ¨¨ f(x) 2 C[�1; 1] á¯à ¢¥¤«¨¢ë
á®®â­®è¥­¨ï

Ln(f ;x) =
cTo;n(f)

2
+

nX
m=1

cTm;n(f)Tm(x); n 2 N; (2.4)

£¤¥

cTm;n(f) =
2
n

nX00

j=0

f(xj)Tm(xj); m = 0; n� 1; (2.5a)

cTm;n(f) =
1
n

nX00

j=0

(�1)jf(xj); m = n: (2.5b)

� íâ®© æ¥«ìî ¯®«®¦¨¬

x = cos �; � = arccos x; xk = cos �k; �k =
k�

n
; k = 0; n; (2.6)

£¤¥ �1 � x � 1, 0 � � � �. �®£¤  ¬­®£®ç«¥­ (0.3) ¯à¨­¨¬ ¥â ¢¨¤

Ln(f ;x) =
1
n

nX00

k=0

(�1)k+1f(xk)
sin � sinn�
cos � � cos �k

: (2.7)

�®áª®«ìªã lk(x) 2 H n , â® á¯à ¢¥¤«¨¢  ä®à¬ã« 

'k(�) =
sin � sinn�
cos � � cos �k

=
�k;0
2

+
nX

m=1

�k;m cosm�; k = 0; n; 0 � � � �; (2.8)

£¤¥

�k;m =
2
�

Z �

0

'k(�) cosm� d� =
2
�

Z �

0

sin � sinn� cosm�
cos � � cos �k

d�; m = 0; n: (2.9)

� ª ª ª ¯à¨ «î¡ëå m = 0; 1; : : : ; n� 1; : : :

2 sin � sinn� cosm� =

=
cos(n� 1�m)� + cos(n� 1 +m)� � cos(n+ 1�m)� � cos(n+ 1 +m)�

2
;

â® ¢ á¨«ã (2.9) ¨ ¨§¢¥áâ­®© ä®à¬ã«ë

1
�

Z �

0

cos r�d�
sin � � sin'

=
sin r'
sin'

; 0 � ' � �; r + 1 2 N; (2.10)

­ å®¤¨¬

�k;m =
sin(n� 1�m)�k + sin(n� 1 +m)�k � sin(n+ 1�m)�k � sin(n+ 1 +m)�k

2 sin �k
=

= 2(�1)k+1 cosm�k; m = 0; n� 1; k = 0; n: (2.11a)

�à®¬¥ â®£®, á­®¢  á ¯®¬®éìî (2.10) ¨§ (2.9) ­ å®¤¨¬

�k;n =
2
�

Z �

0

sin � sinn� cosn�
cos � � cos �k

d� =
1
�

Z �

0

sin � sin 2n�
cos � � cos �k

d� =
1
2�

Z �

0

cos(2n� 1)� � cos(2n+ 1)�
cos � � cos �k

d� =

=
sin(2n� 1)�k � sin(2n+ 1)�k

2 sin �k
= (�1)k+1 cosn�k = �1; k = 0; n: (2.11b)
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�§ á®®â­®è¥­¨© (2.8){(2.11) ¯®«ãç ¥¬

'k(�) =
sin � sinn�
cos � � cos �k

=
nX00

m=0

2(�1)k+1 cosm�k cosm� = 2(�1)k+1

nX00

m=0

Tm(xk)Tm(x) =

= 2(�1)k+1

�
1
2
+

n�1X
m=1

Tm(x)Tm(xk) +
1
2
Tn(x)Tn(xk)

�
; k = 0; n;

0X
m=1

� 0:

�âáî¤  ¨ ¨§ (0.1), (0.2), (2.6){(2.11) ­ å®¤¨¬

Ln(f ;x) =
1
n

nX00

k=0

(�1)k+1f(xk)'k(�) =
2
n

nX00

k=0

f(xk)
nX00

m=0

Tm(x)Tm(xk) =

=
T0(x)
n

nX00

k=0

f(xk) +
n�1X
m=1

Tm(x)
2
n

nX00

k=0

f(xk)Tm(xk) +
Tn(x)
n

nX00

k=0

f(xk)Tn(xk); (2.12)

®âªã¤ , ¢ á¢®î ®ç¥à¥¤ì, á«¥¤ãîâ á®®â­®è¥­¨ï (2.4){(2.5).
� «¥¥, ¢ á¨«ã (2.4){(2.5), (2.12) ¨¬¥¥¬

jLn(f ;x)j2 = jLn(f ;x)� cTn;n(f)Tn(x)j2 + 2cTn;n(f)Tn(x)[Ln(f ;x)� cTn;n(f)Tn(x)] +

+ jcTn;n(f)Tn(x)j2 � P2n�1(x) + jcTn;n(f)Tn(x)j2;

£¤¥ P2n�1(x) 2 H 2n�1 . �®íâ®¬ã á ãç¥â®¬ â®ç­®áâ¨ [3] ª¢ ¤à âãà­®© ä®à¬ã«ë (0.8) ­ å®¤¨¬

Z 1

�1

jLn(f ;x)j2dxp
1� x2

=
Z 1

�1

P2n�1(x)dxp
1� x2

+ jcTn;n(f)j2
Z 1

�1

T 2
n(x)dxp
1� x2

=

=
�

n

nX00

j=0

P2n�1(xj) + jcTn;n(f)j2
�

2
=

=
�

n

nX00

j=0

jLn(f ;xj)j2 � �

n

nX00

j=0

jcTn;n(f)Tn(xj)j2 +
�

2
jcTn;n(f)j2 =

=
�

n

nX00

j=0

jf(xj)j2 � �

2
jcTn;n(f)j2; f 2 C; n 2 N:

�âáî¤  ¨ ¨§ (2.5b) á«¥¤ã¥â (2.1).
�à¨¢¥¤¥¬ ¥é¥ ®¤­® ¤®ª § â¥«ìáâ¢® ä®à¬ã«ë (2.1). � ¯®¬®éìî à ¢¥­áâ¢  � àá¥¢ «ï ¨§ (2.4){

(2.5), (2.12) ­ å®¤¨¬1

2
�

Z 1

�1

jLn(f ;x)j2p
1� x2

dx =
jcT0;n(f)j2

2
+

nX
m=1

jcTm;n(f)j2 =

=
nX0

m=0

jcTm;n(f)j2 =
n�1X0

m=0

���� 2n
nX00

j=0

f(xj)Tm(xj)
����
2

+
���� 1n

nX00

j=0

f(xj)Tn(xj)
����
2

=

=
4
n2

nX00

j=0

nX00

l=0

f(xj)f(xl)
nX000

m=0

Tm(xj)Tm(xl); (2.13)

1�âà¨å ã §­ ª  áã¬¬ë ®§­ ç ¥â, çâ® ¥¥ ¯¥à¢®¥ á« £ ¥¬®¥ á«¥¤ã¥â à §¤¥«¨âì ­  ª®íää¨æ¨¥­â 2.
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£¤¥
nX000

m=0

Tm(xj)Tm(xl) =
1
2
+

n�1X
m=1

Tm(xj)Tm(xl) +
1
4
Tn(xj)Tn(xl) =

=
1
2
+

n�1X
m=1

cosm�j cosm�l +
1
4
(�1)j+l = Dn�1(�j � �l) +Dn�1(�j + �l)

2
+
1
4
(�1)j+l; (2.14)

§¤¥áì ¨ ¤ «¥¥

Dm(�) =
sin(2m+ 1)�

2

2 sin �
2

; � 2 R; (2.15)

| ï¤à® �¨à¨å«¥ ¯®àï¤ª  m, £¤¥ m+ 1 2 N. � á¨«ã (2.13){(2.15) ¨¬¥¥¬

Z 1

�1

jLn(f ;x)j2p
1� x2

dx =
�

n2

nX00

j=0

nX00

l=0

f(xj)f(xl)fDn�1(�j � �l) +Dn�1(�j + �l) +
1
2
(�1)j+lg: (2.16)

�§ (2.16) ¨ (2.6) á ãç¥â®¬ á¢®©áâ¢ ï¤à  �¨à¨å«¥ (2.15) ¯®«ãç ¥¬ ¯à¥¤áâ ¢«¥­¨¥ (2.1).

�®ª ¦¥¬ á«¥¤áâ¢¨¥ 1. �§ (2.1) ¤«ï «î¡®© äã­ªæ¨¨ f(x) 2 C ­ å®¤¨¬

kLn(f ;x)kL2(�) �
p
�

�
1
n

nX00

j=0

jf(xj)j2
�1=2

� p
�
r
max
0�j�n

jf(xj)j2 �
p
�kf(x)kC ;

®âªã¤  á«¥¤ã¥â ®æ¥­ª 

kLnkC!L2(�) �
p
�; n 2 N: (2.17)

� ¤àã£®© áâ®à®­ë, ¤«ï f(x) � 1 ¢ á¨«ã (2.1) ­ å®¤¨¬

kLnkC!L2(�) = sup
f2C

kfkC�1

kLn(f ;x)kL2(�) � kLn(1;x)kL2(�) = k1kL2(�) =
p
�: (2.18)

�§ ­¥à ¢¥­áâ¢ (2.17) ¨ (2.18) á«¥¤ã¥â ¯¥à¢®¥ ¨§ á®®â­®è¥­¨© (2.2). �â®à®¥ ¨§ á®®â­®è¥­¨© (2.2)
¤®ª §ë¢ ¥âáï ¯®  ­ «®£¨¨ á ä®à¬ã«®© (5.6) ([5], £«. 3).

�®ª ¦¥¬ á«¥¤áâ¢¨¥ 2. � ¬¥â¨¬, çâ® ¤«ï «î¡®£® ¬­®£®ç«¥­  Q(x) 2 H n á¯à ¢¥¤«¨¢® â®¦¤¥-
áâ¢® Ln(Q;x) � Q(x), x 2 R. �®íâ®¬ã ¨§ ä®à¬ã«ë (2.1) á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥

Z 1

�1

jQ(x)j2dxp
1� x2

=
�

n

nX00

j=0

jQ(xj)j2 � �

2n2

����
nX00

j=0

(�1)jQ(xj)
����
2

: (2.19)

� á¨«ã (2.19) ¢¥àå­ïï ¨§ ®æ¥­®ª (2.3) ®ç¥¢¨¤­ ,   ¤«ï ¯®«ãç¥­¨ï ­¨¦­¥© ¨§ ®æ¥­®ª ¨§ (2.3)
¤®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï (2.19) ¨ ­¥à ¢¥­áâ¢®¬

�

2n2

����
nX00

j=0

(�1)jQ(xj)
����
2

� �

2n

nX00

j=0

jQ(xj)j2:

�¥¬ á ¬ë¬ «¥¬¬  2 ¨ ¥¥ á«¥¤áâ¢¨ï ¤®ª § ­ë. � á¢ï§¨ á íâ¨¬ § ¬¥â¨¬, çâ® ¯¥à¢ ï ¨§ ä®à¬ã«
(2.2) à ­¥¥ ¡ë«  ¯®«ãç¥­  ¤àã£¨¬ (¡®«¥¥ á«®¦­ë¬) á¯®á®¡®¬ ¢ ([15], á. 53{55). �

�¥®à¥¬  2. �«ï «î¡®© äã­ªæ¨¨ f(x) 2 C[�1; 1] ¢ ¯à®áâà ­áâ¢¥ L2(�) á¯à ¢¥¤«¨¢® ¯à¥¤¥«ì-
­®¥ á®®â­®è¥­¨¥ lim

n!1
Ln(f ;x) = f(x), ¯à¨ç¥¬ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë f(x) �

Ln(f ;x) ¯à¨ «î¡ëå n 2 N ¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢®¬

kf(x)�Ln(f ;x)kL2(�) � 2
p
�En(f)C ; f 2 C: (2.20)
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�«¥¤áâ¢¨¥. �ãáâì áãé¥áâ¢ã¥â ¯à®¨§¢®¤­ ïdrf(cos �)

d�r
�  (r)(�) ¨ j (r)(�)j �Mr = const, r 2 N.

�®£¤ 

kf(x)�Ln(f ;x)kL2(�) �
�
p
�Mr

(n+ 1)r
; r 2 N; n 2 N: (2.21)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ç¥à¥§ �n(x) 2 H n ¬­®£®ç«¥­ ­ ¨«ãçè¥£® à ¢­®¬¥à­®£® ¯à¨-
¡«¨¦¥­¨ï äã­ªæ¨¨ f(x) 2 C[�1; 1]. � ª ª ª Ln(�n;x) � �n(x); â® ¢ á¨«ã á«¥¤áâ¢¨ï 1 «¥¬¬ë 2
­ å®¤¨¬ ®æ¥­ªã (2.20):

kf(x)�Ln(f ;x)kL2(�) � kf(x)� �n(x)kL2(�) + kLn(f � �n)kL2(�) �
� kf � �nkCk1kL2(�) + kLnkC!L2(�)kf � �nkC = En(f)C

p
� +

p
�En(f)C = 2

p
�En(f)C:

�®áª®«ìªã En(f) ! 0, n ! 1, ¬®­®â®­­® ã¡ë¢ ï ¤«ï «î¡®© äã­ªæ¨¨ f 2 C, â® ¨§ (2.20)
á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë.

�«ï ¤®ª § â¥«ìáâ¢  á«¥¤áâ¢¨ï § ¬¥â¨¬, çâ® En(f)C = ET
n ( ), £¤¥ E

T
n ( ) | ­ ¨«ãçè¥¥ à ¢-

­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ ¨­¤ãæ¨à®¢ ­­®© äã­ªæ¨¨  (�) = f(cos �) âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ¯®«¨-
­®¬ ¬¨ ¯®àï¤ª  ­¥ ¢ëè¥ n. �®íâ®¬ã ¢ á¨«ã ¨§¢¥áâ­®£® à¥§ã«ìâ â  [10]{[12] ¢ à áá¬ âà¨¢ ¥¬®¬
á«ãç ¥ ¨¬¥¥¬

En(f)C = ET
n ( ) �

�

2
Mr

(n+ 1)r
; r 2 N;

®âáî¤  ¨ ¨§ (2.20) á«¥¤ã¥â ®æ¥­ª  (2.21). �

3. �¯â¨¬ «ì­ ï  ¯¯à®ªá¨¬ æ¨ï ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ 

�ãáâì W 1
2 (�; �

�1; [�1; 1]) � W 1
2 | ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëå ­  [�1; 1] äã­ªæ¨©,

¯¥à¢ë¥ ¯à®¨§¢®¤­ë¥ ª®â®àëå ¯à¨­ ¤«¥¦ â ¯à®áâà ­áâ¢ã L2(��1) = L2(
p
1� x2; [�1; 1]). �®à¬ã

¢ ¯à®áâà ­áâ¢¥ W 1
2 ¢¢¥¤¥¬ ä®à¬ã«®©

kfkW 1
2
= fkf(x)k2L2(�) + kf 0(x)k2L2(��1)g1=2; f 2W 1

2 ;

£¤¥

kf 0kL2(��1) =
�Z 1

�1

p
1� x2jf 0(x)j2dx

�1=2

:

� íâ®¬ ¯ à £à ä¥ ¤®ª §ë¢ ¥âáï, çâ® ¢ ¯à®áâà ­áâ¢¥ �®¡®«¥¢  W 1
2 ¨­â¥à¯®«ïæ¨®­­ë¥ ¬­®-

£®ç«¥­ë (0.3) á ã§« ¬¨ (0.1) ¯à¨¡«¨¦ îâ á â ª®© ¦¥ áª®à®áâìî, çâ® ¨ ¬­®£®ç«¥­ë ­ ¨«ãçè¥£®
¯à¨¡«¨¦¥­¨ï. �â® | ®á­®¢­®© à¥§ã«ìâ â ¤ ­­®£® ¯ à £à ä ; ®­ áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ®¯¨à -
¥âáï ­  «¥¬¬ã 2 ¨ ­  á«¥¤ãîé¨¥ «¥¬¬ë.

�¥¬¬  3. �«ï «î¡®© äã­ªæ¨¨ f(x) 2 W 1
2 ª®íää¨æ¨¥­âë �ãàì¥{� £à ­¦  cTk;n(f),

k = 0; n, ¨ ª®íää¨æ¨¥­âë �ãàì¥ cTk (f), k = 0;1, ¯® ¬­®£®ç«¥­ ¬ �¥¡ëè¥¢  I à®¤  (0:2) á¢ï§ ­ë
á®®â­®è¥­¨ï¬¨

cTk;n(f) =
2
n

nX00

j=0

f(xj)Tk(xj) = cTk (f) +
1X

jmj=1

cTk+2nm(f) (3.1)

¯à¨ «î¡ëå k = 0; 1; : : : ; n� 1,   ¯à¨ k = n

cTn;n(f) =
1
n

nX00

j=0

(�1)jf(xj) = cTn (f) +
1X

m=1

cT(2m+1)n(f); (3.2)

£¤¥

cTr (f) =
2
�

Z 1

�1

f(x)Tr(x)p
1� x2

dx; cT�r(f) = cTr (f); r + 1 2 N: (3.3)
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�®ª § â¥«ìáâ¢®. �î¡ ï äã­ªæ¨ï f(x) 2 W 1
2 ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �¨¯è¨æ  á ¯®ª § -

â¥«¥¬ � 2 (0; 1
2
). �®íâ®¬ã (á¬., ­ ¯à., [11], £«. X, x 1) ®­  à §« £ ¥âáï ¢ à ¢­®¬¥à­® áå®¤ïé¨©áï

àï¤ �ãàì¥ ¯® ¬­®£®ç«¥­ ¬ �¥¡ëè¥¢  I à®¤ 

f(x) =
cT0 (f)
2

+
1X
r=1

cTr (f)Tr(x) =
1X0

r=0

cTr (f)Tr(x); �1 � x � 1: (3.4)

�®£¤  ¢ á¨«ã «¥¬¬ë 2 ¯à¨ «î¡ëå k = 0; n� 1 ­ å®¤¨¬

cTk;n(f) =
2
n

nX00

j=0

f(xj)Tk(xj) =

=
nX0

r=0

cTr (f)
2
n

nX00

j=0

Tr(xj)Tk(xj) +
1X

r=n+1

cTr (f)
2
n

nX00

j=0

Tr(xj)Tk(xj) �
X

1
+
X

2
: (3.5)

�®áª®«ìªã ¢ ¯¥à¢®© áã¬¬¥ Tr(x)Tk(x) 2 H 2n�1 , â® ¢ á¨«ã â¥®à¥¬ë 1 ¨§ [3] ¨ á¢®©áâ¢ ¬­®£®ç«¥­®¢
�¥¡ëè¥¢  I à®¤  ¨¬¥¥¬

X
1
�

nX0

r=0

cTr (f)
2
n

nX00

j=0

Tr(xj)Tk(xj) =
nX0

r=0

cTr (f)
2
�

Z 1

�1

Tr(x)Tk(x)dxp
1� x2

=

=

8>>><
>>>:
cTk (f)

2
�

Z 1

�1

T 2
k (x)dxp
1� x2

= cTk (f) ¯à¨ k = 1; n� 1;

cT0 (f)
2

2
�

Z 1

�1

dxp
1� x2

= cT0 (f) ¯à¨ k = 0

9>>>=
>>>; = cTk (f) (3.6)

¯à¨ «î¡ëå k = 0; 1; : : : ; n� 1 (n 2 N). � ª ª ª ¢® ¢â®à®© áã¬¬¥ Tr(x)Tk(x) 2 H r+k , â®, ¨á¯®«ì§ãï
¢â®à®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1 [3] ¨ ä®à¬ã«ã (3.3), ­ å®¤¨¬

X
2
=

1X
r=n+1

cTr (f)
2
n

nX00

j=0

Tr(xj)Tk(xj) =
1X

r=n+1

cTr (f)
1
n

nX00

j=0

fTr�k(xj) + Tr+k(xj)g =

=
1X

m=1

cTk+2nm(f)
1
n

nX00

j=0

T2nm(xj) +
1X

m=1

cT2nm�k(f)
1
n

nX00

j=0

T2nm(xj) =
1X

jmj=1

cTk+2nm(f): (3.7)

�§ á®®â­®è¥­¨© (3.5){(3.7) á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥ (3.1).
�à¨ k = n ¢ á¨«ã «¥¬¬ë 2 ¨ ä®à¬ã«ë (3.4) ­ å®¤¨¬

cTn;n(f) =
1
n

nX00

j=0

f(xj)Tn(xj) =
n�1X0

r=0

cTr (f)
1
n

nX00

j=0

Tr(xj)Tn(xj) + cTn (f)
1
n

nX00

j=0

T 2
n(xj) +

+
1X

r=n+1

cTr (f)
1
n

nX00

j=0

Tr(xj)Tn(xj) =
n�1X0

r=0

cTr (f)
1
�

Z 1

�1

Tr(x)Tn(x)dxp
1� x2

+ cTn (f) +

+
1X

r=n+1

cTr (f)
1
n

nX00

j=0

Tr�n(xj) + Tr+n(xj)
2

= cTn (f) +
1
2

1X
m=1

cTn+2nm(f)
1
n

nX00

j=0

T2nm(xj) +

+
1
2

1X
m=2

cT�n+2nm(f)
1
n

nX00

j=0

T2nm(xj) = cTn (f) +
1X

m=1

cT(2m+1)n(f): (3.8)

�§ á®®â­®è¥­¨© (3.8) á«¥¤ã¥â ¯à¥¤áâ ¢«¥­¨¥ (3.2).
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�¥¬¬  4. �«ï «î¡®© äã­ªæ¨¨ f(x) 2W 1
2 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

En�1(f 0)L2(��1) �




 ddxff(x)�Ln(f ;x)g






L2(��1)

� �

2
En�1(f 0)L2(��1); n 2 N; (3.9)

£¤¥

En�1(f
0)L2(��1) = inf

fn2Hn�1
kf 0 � fnkL2(��1) = inf

fn2Hn�1

�Z 1

�1

p
1� x2jf 0(x)� fn(x)j2dx

�1=2

| ­ ¨«ãçè¥¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¥ á ¢¥á®¬ ��1 =
p
1� x2 ¯à¨¡«¨¦¥­¨¥ ¯à®¨§¢®¤­®© f 0(x) ¢á¥-

¢®§¬®¦­ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®ç«¥­ ¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n� 1.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã Ln(f ;x) 2 H n , â® ­¨¦­ïï ç áâì ­¥à ¢¥­áâ¢ (3.9) ®ç¥¢¨¤­ .
�®ª ¦¥¬ ¢¥àå­îî ç áâì íâ¨å ­¥à ¢¥­áâ¢. � íâ®© æ¥«ìî á ¯®¬®éìî «¥¬¬ 2 ¨ 3 § ¯¨è¥¬ ¯à¥¤-
áâ ¢«¥­¨ï

f(x)�Ln(f ;x) =
nX0

k=0

[cTk (f)� cTk;n(f)]Tk(x) +
1X

k=n+1

cTk (f)Tk(x); (3.10)

d

dx
ff(x)�Ln(f ;x)g =

nX
k=1

kfcTk (f)� cTk;n(f)gUk�1(x) +
1X

k=n+1

kcTk (f)Uk�1(x); (3.11)

£¤¥

cTk (f)� cTk;n(f) =
1X

jmj=1

cTk+2nm(f) (3.12)

¯à¨ k = 0; 1; : : : ; n� 1,  

cTn (f)� cTn;n(f) =
1X

m=1

cT(2m+1)n(f) (3.13)

¯à¨ k = n. � ¯®¬®éìî à ¢¥­áâ¢  � àá¥¢ «ï ¢ ¯à®áâà ­áâ¢¥ L2(��1) ¨ á¢®©áâ¢ ¬­®£®ç«¥­®¢
�¥¡ëè¥¢  II à®¤  ¨§ á®®â­®è¥­¨© (3.10){(3.13) ­ å®¤¨¬



 ddxff(x)�Ln(f ;x)g






2

L2(��1)

=
�

2

n�1X
k=1

k2jcTk (f)� cTk;n(f)j2 +
�n2

2
jcTn (f)� cTn;n(f)j2 +

+
�

2

1X
k=n+1

k2jcTk (f)j2 =
�

2

n�1X
k=1

k2
����

1X
jmj=1

cTk+2nm(f)
����
2

+
�n2

2

����
1X

m=1

cT(2m+1)n(f)
����
2

+
�

2

1X
k=n+1

k2jcTk (f)j2:
(3.14)

�«ï «î¡®©  ¡á®«îâ­® ­¥¯à¥àë¢­®© äã­ªæ¨¨ f(x) á¯à ¢¥¤«¨¢  ä®à¬ã« 

cTk (f) =
cUk�1(f

0)
k

=
2
�k

Z +1

�1

p
1� t2f 0(t)Uk�1(t)dt; k 2 N: (3.15)

�§ ä®à¬ã« (3.14){(3.15) á ¯®¬®éìî ­¥à ¢¥­áâ¢  �®è¨ ¯®«ãç ¥¬



 ddxff(x)�Ln(f ;x)g





2

L2(��1)

6
�

2

n�1X
k=1

� 1X
jmj=1

k2

(k + 2nm)2

1X
jmj=1

jcUk+2nm�1(f
0)j2
�
+

+
�

2

1X
m=1

jcU(2m+1)n�1(f
0)j2

1X
m=1

1
(2m+ 1)2

+
�

2

1X
k=n+1

jcUk�1(f 0)j2 6

6 max
16k6n�1

1X
jmj=1

���� k

k + 2nm

����
2 �

2

n�1X
k=1

1X
jmj=1

jcUk+2nm�1(f
0)j2 +
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+
�
�2

8
� 1

�
�

2

1X
m=1

jcU(2m+1)n�1(f
0)j2 +E2

n�1(f
0)L2(��1); (3.16)

£¤¥ cU�k(f
0) = �cUk�2(f 0) ¤«ï «î¡ëå k = 0;�1; : : : �á¯®«ì§ãï ä®à¬ã«ë (4.13) ¨ (4.14) ([7], £«. 1) ¨

á¢®©áâ¢  ­ ¨«ãçè¨å ¯à¨¡«¨¦¥­¨© ¢ ¯à®áâà ­áâ¢¥ L2(��1), ¨§ ­¥à ¢¥­áâ¢ (3.16) ­ å®¤¨¬ ¢¥àå-
­îî ¨§ ®æ¥­®ª (3.9) ¯à¨ «î¡ëå n 2 N.

�§ «¥¬¬ 2{4 ¯®á«¥ ­¥á«®¦­ëå ¢ëç¨á«¥­¨© ¢ë¢®¤¨âáï

�¥®à¥¬  3. �«ï «î¡®© äã­ªæ¨¨ f(x) 2 W 1
2 ¢ ¯à®áâà ­áâ¢¥ W 1

2 á¯à ¢¥¤«¨¢® ¯à¥¤¥«ì­®¥

á®®â­®è¥­¨¥ lim
n!1

Ln(f ;x) = f(x). �à¨ íâ®¬ ¯®£à¥è­®áâì ¯à¨¡«¨¦¥­­®© ä®à¬ã«ë f(x) �
Ln(f ;x) ¬®¦¥â ¡ëâì ®æ¥­¥­  ­¥à ¢¥­áâ¢ ¬¨

En(f)W 1
2
6 kf(x)�Ln(f ;x)kW 1

2
6 AEn(f)W 1

2
; n 2 N; (3.17)

£¤¥ A | ¢¯®«­¥ ®¯à¥¤¥«¥­­ ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ­¥ § ¢¨áïé ï ®â n 2 N,  

En(f)W 1
2
= inf

fn2Hn
kf � fnkW 1

2
; f 2W 1

2 ; n 2 N;

| ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ f(x) 2W 1
2 ¢á¥¢®§¬®¦­ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ ¬­®£®ç«¥­ -

¬¨ áâ¥¯¥­¨ ­¥ ¢ëè¥ n 2 N ¢ ¯à®áâà ­áâ¢¥ W 1
2 .

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ¢ ¯à®áâà ­áâ¢¥ W 1
2 ¨­®£¤  ¨á¯®«ì§ãîâáï íª¢¨¢ «¥­â­ë¥ ¢¢¥¤¥­­®©

¢ëè¥ ­®à¬ë

kfkW 1
2
= kf(x)kL2(�) + kf 0(x)kL2(��1) � kfk(1); (3.18)

kfkW 1
2
= kf(x)kC + kf 0(x)kL2(��1) � kfk(2); (3.19)

kfkW 1
2
=
�
jcT0 (f)j2 +

1X
k=1

jkcTk (f)j2
�1=2

� kfk(3): (3.20)

� íâ®¬ á«ãç ¥ ¨§ ¯à¨¢¥¤¥­­ëå ¢ëè¥ à¥§ã«ìâ â®¢ á«¥¤ã¥â, çâ® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 3 (§ 
¨áª«îç¥­¨¥¬ ª®­ªà¥â­®£® §­ ç¥­¨ï ¯®áâ®ï­­®© A ¢ ä®à¬ã«¥ (3.17)) á®åà ­¨âáï. �à®¨««îáâà¨-
àã¥¬ áª § ­­®¥ ¢ á«ãç ¥ ­®à¬ë (3.20), ¤«ï ­®à¬ (3.18) ¨ (3.19) ¨áá«¥¤®¢ ­¨¥ ¯à®¢®¤¨âáï  ­ «®-
£¨ç­®.

�¥®à¥¬  30. �«ï «î¡®© äã­ªæ¨¨ f 2W 1
2 ¯à¨ «î¡ëå n 2 N á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

En(f)W 1
2
6 kf(x)�Ln(f ;x)k(3) 6 (1 + "n)En(f)W 1

2
; (3.170)

£¤¥ 0 < "n ! 0, n!1.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¤«ï ­ ¨«ãçè¥£®
¯à¨¡«¨¦¥­¨ï En(f)W 1

2
� En(f)(3) c ãç¥â®¬ ck(fn) = 0 ¯à¨ k > n ¤«ï «î¡ëå fn 2 H n ­ å®¤¨¬

En(f)(3) = inf
fn2Hn

kf � fnk(3) = inf
fn2Hn

�
jcT0 (f � fn)j2 +

nX
k=1

jkcTk (f � fn)j2 +
1X

k=n+1

jkcTk (f)j2
�1=2

=

=
� 1X

k=n+1

jkcTk (f)j2
�1=2

=
� 1X

k=n

jcUk (f 0)j2
�1=2

� kf � f�nk(3);

f�n =
nX0

k=0

cTk (f)Tk(x): (3.21)
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� ¤àã£®© áâ®à®­ë, ¢ á¨«ã (3.10) á ¯®¬®éìî «¥¬¬ 2 ¨ 3 ¨¬¥¥¬

cTk (f �Lnf) =

8>>>>><
>>>>>:

1P
jmj=1

cTk+2nm(f) ¯à¨ k = 0; n� 1;

1P
m=1

cT(2m+1)n(f) ¯à¨ k = n;

cTk (f) ¯à¨ k = n+ 1; n+ 2; : : :

(3.22)

�§ á®®â­®è¥­¨© (3.20){(3.22) ¯®á«¥ ¯à®áâëå, ­® £à®¬®§¤ª¨å ¢ëç¨á«¥­¨© «¥£ª® ¢ë¢®¤¨âáï âà¥-
¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

4. �à¨¬¥­¥­¨ï ª à¥£ã«ïà­ë¬ ¨­â¥£à «ì­ë¬ ãà ¢­¥­¨ï¬

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (0.5) ¨é¥âáï ¢ ¢¨¤¥ ¬­®£®ç«¥­ 

'n(x) =
nX

k=0

�klk(x) =
nX

k=0

�kx
k; (4.1)

£¤¥ lk(x) = lk;n(x) { ®¯à¥¤¥«¥­­ë¥ ¢ëè¥ äã­¤ ¬¥­â «ì­ë¥ ¬­®£®ç«¥­ë � £à ­¦  ¤«ï ã§«®¢
(0.1). �¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �0; �1; : : : ; �n (  á«¥¤®¢ â¥«ì­®, ¨ �0; �1; : : : ; �n) ¢ á¨«ã ª¢ -
¤à âãà­®© ä®à¬ã«ë (0.8) ®¯à¥¤¥«ïîâáï (á¬. â ª¦¥ ä®à¬ã«ã �«¥­è®ã{�ãàâ¨á  [1], [16]) ¨§
á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)

�i +
�

n

nX00

k=0

h(xi; xk)�k = f(xi); i = 0; n; xr = cos
r�

n
: (4.2)

�«ï ª¢ ¤à âãà­®£® ¬¥â®¤  (0.5), (4.1), (4.2) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ à¥§ã«ìâ âë.

�¥®à¥¬  4. �ãáâì ãà ¢­¥­¨¥ (0:5) ®¤­®§­ ç­® à §à¥è¨¬® ¢ ¢¥á®¢®¬ ¯à®áâà ­áâ¢¥ �¥¡¥£ 

L2(�) = L2((1� x2)�1=2; [�1; 1]). �®£¤  ¯à¨ ¢á¥å n 2 N â ª¨å, çâ®

qn � d1fEx
n(h)C +Et

n�1(h)Cg < 1; (4.3)

���� (4:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ��0; �
�
1; : : : ; �

�
n (�

�
0 ; �

�
1 ; : : : ; �

�
n). �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï

'�n(x) =
nX

k=0

��klk(x) =
nX

k=0

��kx
k (4.1�)

¯à¨ n!1 áå®¤ïâáï ª à¥è¥­¨î '�(x) ãà ¢­¥­¨ï (0:5) ¢ ¯à®áâà ­áâ¢¥ L2(�) ¨ ¢ ã§« å (0:1) á®
áª®à®áâï¬¨, ®¯à¥¤¥«ï¥¬ë¬¨ ­¥à ¢¥­áâ¢ ¬¨ á®®â¢¥âáâ¢¥­­®

k'� � '�nkL2(�) 6 d2fEx
n(h)C +Et

n�1(h)C +En(f)Cg; (4.4)

max
06k6n

j'�(xk)� ��kj 6 d3 fEx
n(h)C +Et

n�1(h)C +En(f)Cg: (4.5)

�«¥¤áâ¢¨¥ 1. � ãá«®¢¨ïå â¥®à¥¬ë 4 ¤«ï ¯®£à¥è­®áâ¨ ¬¥â®¤  (0.5), (4.1), (4.2), (4.1�) ¢ ¯à®-
áâà ­áâ¢¥ C = C[�1; 1] á¯à ¢¥¤«¨¢  ®æ¥­ª 

k'�(x)� '�n(x)kC 6 d4fEx
n(h)C +Et

n�1(h)C +En(f)Cg lnn: (4.6)

�á«¨ ¦¥ h(x; t) (¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå) ¨ f(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨­¨{�¨¯è¨æ , â®
¬¥â®¤ áå®¤¨âáï à ¢­®¬¥à­® á® áª®à®áâìî

k'� � '�nkC 6 d5f[!x(h;n�1) + !t(h;n
�1) + !(f ;n�1)] lnng; (4.7)

£¤¥ !(f ; �) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f(x) á è £®¬ � 2 [0; 2],   !x(h; �) ¨ !t(h; �) |
ç áâ­ë¥ ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ h(x; t) ¯® ¯¥à¥¬¥­­ë¬ x ¨ t á®®â¢¥âáâ¢¥­­®.
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�«¥¤áâ¢¨¥ 2. �ãáâì äã­ªæ¨¨ f(x) ¨ h(x; t) (¯® ª ¦¤®© ¨§ ¯¥à¥¬¥­­ëå) ¯à¨­ ¤«¥¦ âW rH�

(r + 1 2 N, 0 < � 6 1). �®£¤  ¢ ãá«®¢¨ïå â¥®à¥¬ë 4 ¬¥â®¤ (0.5), (4.1), (4.2), (4:1�) áå®¤¨âáï ¢
áà¥¤­¥¬, ¢ ã§« å ¨ à ¢­®¬¥à­® á® áª®à®áâï¬¨, ®¯à¥¤¥«ï¥¬ë¬¨ á®®â¢¥âáâ¢¥­­® ­¥à ¢¥­áâ¢ ¬¨

k'� � '�nkL2(�) 6
d6
nr+�

; max
06i6n

j'�(xi)� ��i j 6
d7
nr+�

; k'� � '�nkC 6
d8 lnn
nr+�

; (4.8)

¯à¨ç¥¬ ®æ¥­ª¨ (4.8) ­¥ ¬®£ãâ ¡ëâì ã«ãçè¥­ë ¢ á¬ëá«¥ ¯®àï¤ª .

�¤¥áì, ª ª ¨ ¢ëè¥, En(f)C | ­ ¨«ãçè¥¥ à ¢­®¬¥à­®¥ ¯à¨¡«¨¦¥­¨¥ äã­ªæ¨¨ f(x) ¢á¥¢®§-
¬®¦­ë¬¨ ¬­®£®ç«¥­ ¬¨ ¨§ H n ,   Ex

n(h)C ¨ Et
n(h)C | á®®â¢¥âáâ¢ãîé¨¥ ç áâ­ë¥ ­ ¨«ãçè¨¥

à ¢­®¬¥à­ë¥ ¯à¨¡«¨¦¥­¨ï äã­ªæ¨¨ h(x; t) ¯® ¯¥à¥¬¥­­ë¬ x ¨ t.
� ¬¥â¨¬, çâ® ­¥ª®â®àë¥ ¨§ íâ¨å à¥§ã«ìâ â®¢  ­®­á¨à®¢ ­ë ¢ â¥§¨á å ¤®ª« ¤®¢ [17], [18],   ¯à¨

¨å ¤®ª § â¥«ìáâ¢¥ áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ¨á¯®«ì§®¢ ­  ¯à¥¤«®¦¥­­ ï ¢ [4] ®¯¥à â®à­ ï áå¥¬ 
®¡®á­®¢ ­¨ï ¬¥â®¤  ¬¥å ­¨ç¥áª¨å ª¢ ¤à âãà. �®íâ®¬ã ­¨¦¥ ¢ ¯¥à¢ãî ®ç¥à¥¤ì ®áâ ­®¢¨¬áï ­ 
®â«¨ç¨â¥«ì­ëå ®â [4] ¬®¬¥­â å ¤®ª § â¥«ìáâ¢ .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4. �ãáâì L2(�) | ¨á¯®«ì§®¢ ­­®¥ ¢ëè¥ ¯à®áâà ­áâ¢® �¥¡¥£  á
¢¥á®¬ �¥¡ëè¥¢  � = �(t) = (1 � t2)�1=2, H n | ¥£® (n + 1)-¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢á¥å  «£¥-
¡à ¨ç¥áª¨å ¬­®£®ç«¥­®¢ áâ¥¯¥­¨ ­¥ ¢ëè¥ n 2 N,   Ln : L2(�) ! H n � L2(�) | ®¯à¥¤¥«¥­­ë©
¯® ä®à¬ã« ¬ (0.1){(0.4) ®¯¥à â®à ¯à®¥ªâ¨à®¢ ­¨ï. �®£¤  ãà ¢­¥­¨ï (0.5) ¨ (4.2) íª¢¨¢ «¥­â­ë
á®®â¢¥âáâ¢¥­­® «¨­¥©­ë¬ ®¯¥à â®à­ë¬ ãà ¢­¥­¨ï¬

K' � '+H0h' = f ('; f 2 L2(�)); (4.9)

Kn'n � 'n + LnH0Lt
n(h'n) = Lnf ('n;Lnf 2 H n ); (4.10)

£¤¥ H0' =
1R
�1

�(t)'(t)dt,   Lt
n ®§­ ç ¥â, çâ® ®¯¥à â®à Ln ¯à¨¬¥­ï¥âáï ª äã­ªæ¨¨ h(x; t)'n(t) ¯®

¯¥à¥¬¥­­®© t 2 [�1; 1].
�®ª ¦¥¬, çâ® ãà ¢­¥­¨ï (4.9) ¨ (4.10) ¡«¨§ª¨ ¢ á¬ëá«¥ â¥®à¥¬ë 7 ([5], £«. 1). � á¨«ã â¥®à¥¬ë

2 ¤«ï ¯à ¢ëå ç áâ¥© íâ¨å ãà ¢­¥­¨© á¯à ¢¥¤«¨¢  ®æ¥­ª 

�n � kf �LnfkL2(�) 6 2
p
�En(f)C ; n 2 N: (4.11)

�®ª ¦¥¬ ¡«¨§®áâì ®¯¥à â®à®¢ K : L2(�) ! L2(�) ¨ Kn : H n ! H n � L2(�). � á¨«ã (4.9) ¨ (4.10)
¤«ï «î¡®£® 'n 2 H n á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

K'n �Kn'n = H0h'n �LnH0Lt
n(h'n) =

= (H0h'n �LnH0h'n) + LnH0(h�Q)'n + LnH0Lt
n[(h�Q)'n] �

� an(x) + bn(x) + cn(x); x 2 [�1; 1]; n 2 N; (4.12)

£¤¥ Q(x; t) | §¤¥áì ¨ ¤ «¥¥  «£¥¡à ¨ç¥áª¨© ¬­®£®ç«¥­ ­ ¨«ãçè¥£® à ¢­®¬¥à­®£® ¯à¨¡«¨¦¥­¨ï
áâ¥¯¥­¨ ­¥ ¢ëè¥ n � 1 äã­ªæ¨¨ h(x; t) ¯® ¯¥à¥¬¥­­®© t 2 [�1; 1],   á¬ëá« ®¡®§­ ç¥­¨© an(x),
bn(x), cn(x) ®ç¥¢¨¤¥­.

� ¯®¬®éìî á«¥¤áâ¢¨ï 1 «¥¬¬ë 2 ¨ ­¥à ¢¥­áâ¢  �ã­ïª®¢áª®£® ­ å®¤¨¬

kan(x)kL2(�) 6 2
p
�En(H0h'n) 6 2

p
�Ex

n(h)CH0(j'nj); 'n 2 H n ;

£¤¥

H0(j'nj) =
Z 1

�1

�(t)j'n(t)jdt 6
�Z 1

�1

�(t)j'n(t)j2dt
�1=2�Z 1

�1

�(t)dt
�1=2

=
p
�k'nkL2(�):

�®íâ®¬ã

kan(x)kL2(�) 6 2�Ex
n(h)Ck'nkL2(�); 'n 2 H n : (4.13)

33



� ¯®¬®éìî «¥¬¬ë 2 ¤«ï ¢â®à®£® á« £ ¥¬®£® ¨§ ¯à ¢®© ç áâ¨ (4.12) ­ å®¤¨¬

kbn(x)kL2(�) 6
p
�kH0(h�Q)'nkC 6

p
�Et

n�1(h)CH0(j'nj) 6 �Et
n�1(h)Ck'nkL2(�); 'n 2 H n :

(4.14)

� ãç¥â®¬ â®ç­®áâ¨ (á¬., ­ ¯à., [3]) ¨á¯®«ì§®¢ ­­®© ¢ëè¥ ª¢ ¤à âãà­®© ä®à¬ã«ë ¨ «¥¬¬ë 2
­ å®¤¨¬

kcn(x)kL2(�) 6
p
�kH0Lt

n[(Q� h)'n]kC =
p
�





�n
nX00

k=0

[Q(x; xk)� h(x; xk)]'n(xk)





C

6

6
p
�Et

n�1(h)C
�

n

nX00

k=0

j'n(xk)j; 'n 2 H n ;

£¤¥ ¢ á¨«ã á«¥¤áâ¢¨ï 2 «¥¬¬ë 2 ¨ ­¥à ¢¥­áâ¢  �®è¨ ¨¬¥¥¬

�

n

nX00

k=0

j'n(xk)j 6 �p
n

� nX00

k=0

j'n(xk)j2
�1=2

=

=
p
2�
�
�

2n

nX00

k=0

j'n(xk)j2
�1=2

6
p
2�k'nkL2(�); 'n 2 H n :

�®íâ®¬ã

kcn(x)kL2(�) 6 �
p
2Et

n�1(h)Ck'nkL2(�); 'n 2 H n : (4.15)

�§ á®®â­®è¥­¨© (4.12){(4.15) ¤«ï «î¡ëå 'n 2 H n á«¥¤ã¥â ®æ¥­ª 

kK'n �Kn'nkL2(�) 6 �f2Ex
n(h)C + (1 +

p
2)Et

n�1(h)Cgk'nkL2(�);
¯®íâ®¬ã

"n � kK �KnkL2(�)!Hn�L2(�) 6 �f2Ex
n(h)C + (1 +

p
2)Et

n�1(h)Cg; n 2 N: (4.16)

� ãá«®¢¨ïå â¥®à¥¬ë ®¯¥à â®à K : L2(�) ! L2(�) ­¥¯à¥àë¢­® ®¡à â¨¬. �âáî¤  ¨ ¨§ (4.16)
á«¥¤ã¥â, çâ® ¤«ï ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, ­¥à ¢¥­áâ¢® (4.3) ¢ë¯®«­ï¥âáï. �®íâ®¬ã ¢
á¨«ã á®®â­®è¥­¨© (4.11) ¨ (4.16) ¨§ â¥®à¥¬ë 7 ([5], £«. 1) á«¥¤ã¥â ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 4.

� «¥¥, ¨§ â®¦¤¥áâ¢

'�(x) � f(x) +H0(h'
�;x); � 1 6 x 6 1; (4.17)

'�n(x) � Ln(f ;x) + LnfH0(Lt
n(h'

�
n);x)g; � 1 6 x 6 1; (4.18)

£¤¥ '�(x) ¨ '�n(x) | à¥è¥­¨ï ãà ¢­¥­¨© (4.9) ¨ (4.10) á®®â¢¥âáâ¢¥­­®, ¢ ã§« å (0.1) ­ å®¤¨¬
â®¦¤¥áâ¢®

'�(xj)� '�n(xj) = H0fh('� � '�n);xjg+H0f(h �Q)'�n;xjg+

+
�

n

nX00

k=0

fQ(xj ; xk)� h(xj ; xk)g'�n(xk); j = 0; n: (4.19)

�§ (4.19), ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ ®æ¥­ª¨ (4.16), ­ å®¤¨¬

max
06j6n

j'�(xj)� '�n(xj)j 6
p
�khkCk'� � '�nkL2(�) +

+
p
�Et

n�1(h)Ck'�nkL2(�) +Et
n�1(h)C

�

n

nX00

k=0

j'�(xk)j 6

6
p
�khkCk'� � '�nkL2(�) +

p
�Et

n�1(h)Ck'�nkL2(�) +
p
2�Et

n�1(h)Ck'�nkL2(�) =
=
p
�khkCk'� � '�nkL2(�) +

p
�(1 +

p
2)Et

n�1(h)k'�nkL2(�); j = 0; n; (4.20)
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£¤¥ khkC = kh(x; t)kC[�1;1]2 = max
�16x;t61

jh(x; t)j.
� á¨«ã (4.4) ¨¬¥¥¬ k'�nkL2(�) = O(1), n! 1. �®íâ®¬ã ¨§ á®®â­®è¥­¨© (4.4) ¨ (4.20) á«¥¤ã¥â

¢â®à®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 4 á ®æ¥­ª®© (4.5). �

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨©. � á¨«ã â¥®à¥¬ë 4 ¤«ï «î¡®£® n > n0 á¯à ¢¥¤«¨¢® â®¦¤¥áâ¢®

'�(x)� '�n(x) = f'�(x)�Ln('
�;x)g+ Ln('

� � '�n;x); �1 6 x 6 1: (4.21)

�§ (4.21) á ãç¥â®¬ «¥¬¬ë 1 ¨ â¥®à¥¬ë 1 ¢ ¯à®áâà ­áâ¢¥ C = C[�1; 1] ­ å®¤¨¬

k'� � '�nkC 6 2kLnkC!CEn('�)C + kLnkC!C max
06j6n

j'�(xj)� '�n(xj)j; (4.22)

£¤¥ ¢ á¨«ã â®¦¤¥áâ¢  (4.17) ¨¬¥¥¬

En('�)C 6 En(f)C +Ex
n(h)CH0(j'�j) 6

p
�Ex

n(h)Ck'�kL2(�) +En(f)C : (4.23)

�§ á®®â­®è¥­¨© (4.22), (4.23) ¨ ®æ¥­ª¨ (4.5) á«¥¤ã¥â ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 1, â. ¥. ®æ¥­ª 
(4.6),   ¨§ ­¥¥, ¢ á¨«ã ¨§¢¥áâ­®© ¯¥à¢®© â¥®à¥¬ë �¦¥ªá®­  (á¬., ­ ¯à., [10]{[12]), «¥£ª® ¯®«ãç -
¥âáï ¢â®à®¥ ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 1 á ®æ¥­ª®© (4.7).

�â¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï 2 á ®æ¥­ª ¬¨ (4.8) á«¥¤ã¥â ¨§ â¥®à¥¬ë 4 á ãç¥â®¬ ¨§¢¥áâ­®© ¢â®à®©
â¥®à¥¬ë �¦¥ªá®­  [10]{[12]. �¥ã«ãçè ¥¬®áâì ¯® ¯®àï¤ªã ®æ¥­®ª (4.8) ãáâ ­ ¢«¨¢ ¥âáï ¯® áå¥¬¥
¤®ª § â¥«ìáâ¢  á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ ¯® ®¯â¨¬¨§ æ¨¨ ª¢ ¤à âãà­ëå ¬¥â®¤®¢ ¨§ ([5],
£«. 4).

� ¬¥â¨¬, çâ® ¢ â¥®à¥¬¥ 4 ¨ ¥¥ á«¥¤áâ¢¨ïå ç¥à¥§ d1; d2; : : : ; d8 ®¡®§­ ç¥­ë ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥
¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â n 2 N ¨ ¢ëç¨á«ï¥¬ë¥ ¢ ï¢­®¬ ¢¨¤¥ ç¥à¥§ ­®à¬ã
®¡à â­®£® ®¯¥à â®à  K�1 ¨§ (4.9) ¢ ¯à®áâà ­áâ¢¥ L2(�). � á¢ï§¨ á íâ¨¬ (á¬. â ª¦¥ [4]) ¯®«¥§­®©
¬®¦¥â ®ª § âìáï á«¥¤ãîé ï

�¥¬¬  5. �ãáâì ¢ë¯®«­ï¥âáï ®¤­® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

 ) á¨¬¬¥âà¨ç­ ï äã­ªæ¨ï

h+(x; t) =
h(x; t) + h(t; x)

2
; �1 6 x; t 6 1;

à §« £ ¥âáï ¢ áå®¤ïé¨©áï å®âï ¡ë ¢ ¯à®áâà ­áâ¢¥ L2(�(x)�(t); [�1; 1]2) á¨¬¬¥âà¨ç­ë©
àï¤

h+(x; t) =
1X
k=1

ak(x)ak(t); �1 6 x; t 6 1; (4.24)

£¤¥ fak(s)g11 | «¨­¥©­® ­¥§ ¢¨á¨¬ ï á¨áâ¥¬  äã­ªæ¨© ¨§ L2(�; [�1; 1]);
¡) �max(H+) = max

k=0;1;:::
�k(H+) < 1; £¤¥ �k(H+) | á®¡áâ¢¥­­ë¥ ç¨á«  á¨¬¬¥âà¨ç­®£® ¨­â¥-

£à «ì­®£® ®¯¥à â®à  H+ = H0h
+ : L2(�)! L2(�);

¢) �min(H+) = min
k=0;1;:::

�k(H+) > �1.
�®£¤  ¨­â¥£à «ì­ë© ®¯¥à â®à K : L2(�)! L2(�) ¨§ (4:9) ­¥¯à¥àë¢­® ®¡à â¨¬, ¯à¨ç¥¬

kK�1kL2(�)!L2(�) 6Mi <1 (i = a; b; c); (4.25)

£¤¥ Ma = 1, Mb = 1
1��max(H+)

, Mc = 1
1+�min(H+)

¢ á«ãç ïå á®®â¢¥âáâ¢¥­­®  ), ¡) ¨ ¢).

�«¥¤áâ¢¨¥. �ãáâì h(x; t) | ª®á®á¨¬¬¥âà¨ç­®¥ ï¤à®. �®£¤  á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥ «¥¬-
¬ë á ¯®áâ®ï­­®© Ma = 1.
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�®ª § â¥«ìáâ¢®. �à¥¤áâ ¢¨¬ ï¤à® h(x; t) ¢ ¢¨¤¥

h(x; t) = h+(x; t) + h�(x; t); h�(x; t) =
h(x; t)� h(t; x)

2
:

�®£¤ 

K' � '+H' = '+H+'+H�' = G'+ T'; ' 2 L2(�); (4.26)

£¤¥

G' = '+H�'; T' = H+'; H�' = H0h
�': (4.27)

� á¨«ã (4.26) ¨ (4.27), ª ª ¨ ¢ ([7], £«. 4), ¤«ï «î¡®© äã­ªæ¨¨ ' 2 L2(�) ­ å®¤¨¬ (G';') =
= (';') + (H�';') = (';'). �®íâ®¬ã

(K';') = k'k2L2(�) + (T'; '); ' 2 L2(�): (4.28)

� á¨«ã (4.24) ¤«ï «î¡®© äã­ªæ¨¨ ' 2 L2(�) ¨¬¥¥¬

(T'; ') =
Z 1

�1

�(x)'(x)dx
Z 1

�1

�(t)h+(x; t)'(t)dt =

=
1X
k=1

Z 1

�1

�(x)ak(x)'(x)dx
Z 1

�1

�(t)ak(t)'(t)dt =
1X
k=1

b2k > 0;

bk =
Z 1

�1

�(s)ak(s)'(s)ds:

�âáî¤  ¨ ¨§ (4.28) á«¥¤ã¥â ®æ¥­ª 

(K';') > (';'); ' 2 L2(�): (4.29)

�®áª®«ìªã

kKkL2(�)!L2(�) 6 1 +
�Z 1

�1

Z 1

�1
�(x)�(t)jh(x; t)j2dx dt

�1=2

<1; (4.30)

â® ¢ á¨«ã (4.29) ®¯¥à â®à K : L2(�)! L2(�) ¢ á«ãç ¥  ) ®¡« ¤ ¥â âà¥¡ã¥¬ë¬ á¢®©áâ¢®¬.
�«ï ¤®ª § â¥«ìáâ¢  â ª®£® ãâ¢¥à¦¤¥­¨ï ¢ á«ãç ïå ¡) ¨ ¢) § ¬¥â¨¬, çâ® ®¯¥à â®à H+ = T

ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ ¨ ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ L2(�). � ª®©
®¯¥à â®à ¨¬¥¥â ­¥ ¡®«¥¥ ç¥¬ áç¥â­®¥ ¬­®¦¥áâ¢® ¢¥é¥áâ¢¥­­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© �0; �1; : : :
�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ ' 2 L2(�) «¥£ª® ¯®ª § âì, çâ®

(H+';') > maxf�min(H
+);��max(H

+)g(';'): (4.31)

�§ (4.28){(4.31) á ãç¥â®¬ áª § ­­®£® ¢ëè¥ ­ å®¤¨¬ ãâ¢¥à¦¤¥­¨¥ «¥¬¬ë. �â¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï
¢ á¨«ã h+(x; t) = 0 áâ ­®¢¨âáï ®ç¥¢¨¤­ë¬.

� ¬¥ç ­¨¥. �á¥ ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ë 4 ¨ ¥¥ á«¥¤áâ¢¨© ¢ á«ãç ¥ ¬¥â®¤  ª®««®ª æ¨¨ à¥-
è¥­¨ï ãà ¢­¥­¨ï (0.5) á®åà ­ïîâáï ¨ ­¥áª®«ìª® ãá¨«¨¢ îâáï, ­ ¯à¨¬¥à, ¢ íâ®¬ á«ãç ¥ ï¤à®
h(x; t) ¬®¦¥â ¡ëâì ¨ á« ¡®á¨­£ã«ïà­ë¬,   ¢ ®æ¥­ª å ¢¥«¨ç¨­  Et

n�1(h)C ®âáãâáâ¢ã¥â.
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5. �à¨¬¥­¥­¨ï ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î I à®¤ 

�­®£®ç¨á«¥­­ë¥ ¯à¨ª« ¤­ë¥ § ¤ ç¨ (á¬., ­ ¯à., [6], [7] ¨ ¡¨¡«¨®£à ä¨î ¢ ­¨å) ¯à¨¢®¤ïâ ª
­¥®¡å®¤¨¬®áâ¨ à¥è¥­¨ï ãà ¢­¥­¨ï ¢¨¤ 

A' � 1
�

Z 1

�1

ln jx� tjp
1� t2

'(t)dt+ V (';x) = f(x); �1 6 x 6 1; (5.1)

£¤¥ f(x) | ¨§¢¥áâ­ ï ­¥¯à¥àë¢­ ï äã­ªæ¨ï, V | ¨§¢¥áâ­ë© «¨­¥©­ë© (¢ â®¬ ç¨á«¥ ¨­â¥-
£à «ì­ë©) ®¯¥à â®à, '(t) | ¨áª®¬ ï äã­ªæ¨ï,   á« ¡®á¨­£ã«ïà­ë© ¨­â¥£à « ¯®­¨¬ ¥âáï ª ª
­¥á®¡áâ¢¥­­ë©.

�á­®¢­ ï âàã¤­®áâì ¢ à¥è¥­¨¨ ãà ¢­¥­¨ï (5.1) | ¥£® ­¥ª®àà¥ªâ­®áâì ¢® ¢á¥å ¨§¢¥áâ­ëå
äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢ å. � [6], [7] íâ  âàã¤­®áâì ¯à¥®¤®«¥­  ¯ãâ¥¬ ¢ë¡®à  ¯ àë äã­ª-
æ¨®­ «ì­ëå ¯à®áâà ­áâ¢ (L2(�);W 1

2 ), ¢ ª®â®à®© § ¤ ç  à¥è¥­¨ï ãà ¢­¥­¨ï (5.1) áâ ¢¨âáï ª®à-
à¥ªâ­®, £¤¥ L2(�); �(x) = (1� x2)�1=2, ¨ W 1

2 | ®¯à¥¤¥«¥­­ë¥ ¢ëè¥ ¢¥á®¢ë¥ ¯à®áâà ­áâ¢  �¥¡¥£ 
¨ �®¡®«¥¢  á®®â¢¥âáâ¢¥­­®. �¨¦¥ ¯à¥¤« £ ¥âáï à¥ «¨§ æ¨ï ãª § ­­®£® ¯®¤å®¤  ¯à¨¬¥­¨â¥«ì-
­® ª ª®««®ª æ¨®­­®¬ã ¬¥â®¤ã à¥è¥­¨ï ãà ¢­¥­¨ï (5.1) ­  ®á­®¢¥ ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá 
(0.1){(0.4).

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (5.1) ¨é¥âáï ¢ ¢¨¤¥ ¬­®£®ç«¥­ 

'n(x) =
nX

k=0

�k Tk(x) =
nX

k=0

�kx
k =

nX
k=0


klk(x); n 2 N; (5.2)

£¤¥ lk(x) | ®¯à¥¤¥«¥­­ë¥ ¢ëè¥ äã­¤ ¬¥­â «ì­ë¥ ¬­®£®ç«¥­ë � £à ­¦  ¯® ã§« ¬ (0.1). �¥¨§-
¢¥áâ­ë¥ ¯®áâ®ï­­ë¥ �k; �k; 
k (k = 0; n) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨§ ���� á®®â¢¥âáâ¢¥­­®

nX
k=0

�kf�kTk(xj) + V (Tk;xj)g = f(xj); j = 0; n; (5.3)

nX
k=0

�kfG(xk;xj) + V (xk;xj)g = f(xj); j = 0; n; (5.4)

nX
k=0


kfajk + V (lk;xj)g = f(xj); j = 0; n; (5.5)

£¤¥ ã§«ë xj ®¯à¥¤¥«¥­ë ¢ (0.1),  

G' =
1
�

Z +1

�1

ln jx� tjp
1� t2

'(t)dt; ajk = G(lk;xj);

�k = f� ln 2 ¯à¨ k = 0; � 1
k
¯à¨ k = 1; 2; : : : g;

¯à¨ç¥¬ ª®íää¨æ¨¥­âë ajk ¢ëç¨á«ïîâáï â®ç­® ([6], £«. 1, ¯. 4).
�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (5.1){(5.5) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

 ) ®¯¥à â®à V : L2(�) �!W 1
2 ¢¯®«­¥ ­¥¯à¥àë¢¥­;

¡) ãà ¢­¥­¨¥ (5:1) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '�(x) 2 L2(�) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

f(x) 2W 1
2 .

�®£¤  ¯à¨ ¢á¥å n > n0 2 N ª ¦¤ ï ¨§ ���� (5:3){(5:5) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥.

�à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (5:2) áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î '�(x) ¢ ¯à®áâà ­áâ¢¥ L2(�) á®

áª®à®áâìî, ®¯à¥¤¥«ï¥¬®© ­¥à ¢¥­áâ¢ ¬¨

En('
�)L2(�) 6 k'� � 'nkL2(�) 6 a1En('

�)L2(�); (5.6)

En(G'
�)W 1

2
6 k'� � 'nkL2(�) 6 b1En(G'

�)W 1
2
; (5.7)
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£¤¥ En('�)L2(�) = �('�; H n)L2(�), En(G'�)W 1
2
= �(G'�; H n )W 1

2
,   a1 ¨ b1 | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®-

ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â n 2 N.

�«¥¤áâ¢¨¥. �ãáâì ®¯¥à â®à V : L2(�) �! W 1
2 ¨ ¯à ¢ ï ç áâì f 2 W 1

2 ãà ¢­¥­¨ï (5.1)
â ª®¢ë, çâ® ¥£® à¥è¥­¨¥ '�(x) = '�(cos �) � e'(�) 2 W rH!

2 [0; 2�], £¤¥ ! = !(�) | ¬®¤ã«ì ­¥¯à¥-
àë¢­®áâ¨ ¢ L2(0; �) á è £®¬ � 2 (0; �]; r+1 2 N. �®£¤  ¬¥â®¤ (5.1){(5.5) áå®¤¨âáï ¢ ¯à®áâà ­áâ¢¥
L2(�) á® áª®à®áâìî

k'� � 'nkL2(�) = O

�
1
nr
!

�
1
n

��
: (5.8)

�á«¨ ¦¥ e'(�) 2 W rH� (r + 1 2 N, 0 < � 6 1), â® ¬¥â®¤ áå®¤¨âáï ¢ ¯à®áâà ­áâ¢ å L2(�) ¨ C
á®®â¢¥âáâ¢¥­­® á® áª®à®áâï¬¨

k'� � 'nkL2(�) = O

�
1

nr+�

�
; k'� � 'nkC = O

�
lnn
nr+�

�
: (5.9)

�å¥¬  ¤®ª § â¥«ìáâ¢ . � á¨«ã ãá«®¢¨© â¥®à¥¬ë ¨ â¥®à¨¨ �¨áá {� ã¤¥à  [8] ®¯¥à â®à
A : L2(�) �! W 1

2 ­¥¯à¥àë¢­® ®¡à â¨¬. �¡®§­ ç¨¬ ç¥à¥§ Xn ¨ Yn ¬­®¦¥áâ¢® H n , á­ ¡¦¥­­®¥
­®à¬ ¬¨ ¯à®áâà ­áâ¢ L2(�) ¨ W 1

2 á®®â¢¥âáâ¢¥­­®; ç¥à¥§ Pn ®¡®§­ ç¨¬ ®¯¥à â®à Ln ¨§ (0.3),
à áá¬ âà¨¢ ¥¬ë© ª ª ®¯¥à â®à ¨§ W 1

2 ¢ ¯®¤¯à®áâà ­áâ¢® Yn � W 1
2 . �®£¤  ª ¦¤ ï ¨§ ����

(5.3){(5.5) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

An'n � PnG'n + PnV 'n = Pnf ('n 2 Xn; Pnf 2 Yn); (5.10)

£¤¥ ¢ á¨«ã ([6], £«. 1) ¨ à¥§ã«ìâ â®¢ ¯. 3 An = PnA : Xn �! Yn | ­¥¯à¥àë¢­ë© ®¯¥à â®à ¯à¨
«î¡ëå n 2 N. � «ìè¥ á ¯®¬®éìî à¥§ã«ìâ â®¢ ¯¯. 1{3 ¤®ª §ë¢ ¥âáï, çâ® ®¯¥à â®à­ë¥ ãà ¢­¥­¨ï
(5.1) ¨ (5.10) ¡«¨§ª¨ ¢ á¬ëá«¥ â¥®à¥¬ë 7 ([5], £«. 1), ®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë á
®æ¥­ª ¬¨ (5.6) ¨ (5.7).

�â¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï á ®æ¥­ª ¬¨ (5.8){(5.9) ãáâ ­ ¢«¨¢ ¥âáï ­  ®á­®¢¥ ¯à¥¤«®¦¥­­ëå ¢
[4]{[7] ¬¥â®¤®¢ ¨áá«¥¤®¢ ­¨ï ¨ à¥§ã«ìâ â®¢ ¯¯. 1{3. �¢¨¤ã ¨§«¨è­¥© £à®¬®§¤ª®áâ¨ ¯®¤à®¡­ë¥
¢ëª« ¤ª¨ §¤¥áì ­¥ ¯à¨¢®¤ïâáï.

� ¬¥â¨¬, çâ® ¤«ï ãà ¢­¥­¨ï (0.6) â¥®à¥¬  5 ¨ ¥¥ á«¥¤áâ¢¨¥ á®åà ­ïîâáï ¨ ­¥áª®«ìª® ãá¨«¨-
¢ îâáï; ¡®«¥¥ â®£®, à¥§ã«ìâ âë,  ­ «®£¨ç­ë¥ ¨¬, á¯à ¢¥¤«¨¢ë â ª¦¥ ¤«ï ª¢ ¤à âãà­®£® ¬¥â®¤ 
à¥è¥­¨ï ãà ¢­¥­¨ï (0.6). � ª®¥ ãâ¢¥à¦¤¥­¨¥ ¢ë¢®¤¨âáï ¨§ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ ([6],
£«. 1) ¨ à¥§ã«ìâ â®¢ ¯¯. 1{3, ¯à¨ íâ®¬ á¨áâ¥¬ë (5.3){(5.5) ­¥áª®«ìª® ¬®¤¨ä¨æ¨àãîâáï, ­ ¯à¨¬¥à,
���� (5.5) § ¬¥­ï¥âáï ­  ����

nX
k=0

ajk
k +
�

n

nX00

k=0

h(xj ; xk)
k = f(xj); j = 0; n; (5.50)

£¤¥ ª®íää¨æ¨¥­âë ajk ®¯à¥¤¥«¥­ë ¢ëè¥.

6. �à¨¬¥­¥­¨¥ ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬

� íâ®¬ ¯ à £à ä¥ ¯à¨¢®¤ïâáï à¥§ã«ìâ âë ¯® à¥è¥­¨î ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (0.7)
¬¥â®¤®¬ ª®««®ª æ¨¨, ®á­®¢ ­­ë¬ ­  ¨áá«¥¤®¢ ­­®¬ ¢ëè¥ ¨­â¥à¯®«ïæ¨®­­®¬ ¯à®æ¥áá¥ (0.1){
(0.4). �ãâì ¤¥«  ¤®áâ â®ç­® ¯à®¨««îáâà¨à®¢ âì ¤«ï ªà ¥¢®© § ¤ ç¨

A' � '00(x) + a(x)'0(x) + b(x)'(x) = f(x); �1 6 x 6 1; (6.1)

'(�1) = '(+1) = 0; (6.2)

£¤¥ a(x), b(x) ¨ f(x) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ¨§ ª« áá  C = C[�1; 1],   '(x) | ¨áª®¬ ï äã­ªæ¨ï.
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�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (6.1){(6.2) ¨é¥âáï ¢ ¢¨¤¥ ¬­®£®ç«¥­ 

'n(x) = (1� x2)
nX

k=0

�kx
k; n 2 N; (6.3)

­¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë �k; k = 0; n, ª®â®à®£® ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨©

A('n;xj) = f(xj); j = 0; n: (6.4)

� á¨«ã «¨­¥©­®áâ¨ ®¯¥à â®à  A íâ¨ ãá«®¢¨ï íª¢¨¢ «¥­â­ë á«¥¤ãîé¥© ����:

nX
k=0

�kfy00k(xj) + a(xj)y
0
k(xj) + b(xj)yk(xj)g = f(xj); j = 0; n; (6.5)

£¤¥

yk(x) = (1� x2)xk; k = 0; n; xj = cos
j�

n
; j = 0; n: (6.6)

�¨¦¥, ªà®¬¥ ¯à®áâà ­áâ¢  C, ­ ¬ ¯®­ ¤®¡ïâáï â ª¦¥ ¢¥á®¢ë¥ ¯à®áâà ­áâ¢  �¥¡¥£  L2 �
L2(q(x); [�1; 1]) ¨ �®¡®«¥¢ 

�

W 2
2 � f' 2W 2

2 (q(x); [�1; 1]); '(�1) = 0g á®®â¢¥âáâ¢¥­­® á ­®à¬ ¬¨

kfkL2 =
�Z 1

�1

q(x)jf(x)j2dx
�1=2

; f 2 L2;

k'k �

W 2
2

=
�Z 1

�1

q(x)j'00(x)j2dx
�1=2

= k'00kL2 ; ' 2
�

W 2
2; q(x) 6 �(x):

�«ï ¢ëç¨á«¨â¥«ì­®© áå¥¬ë (6.1){(6.6) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  6. �á«¨ ªà ¥¢ ï § ¤ ç  (6:1){(6:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ '�(x) 2
�

W 2
2 ¯à¨

«î¡®© ¯à ¢®© ç áâ¨ f(x) 2 L2, â® ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£® n0 2 N, ���� (6:5),
(6:6) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ �0; �1; : : : ; �n. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (6:3) ¯à¨ n ! 1
áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î '�(x) ¢ ¯à®áâà ­áâ¢¥

�

W 2
2 á® áª®à®áâìî

k'� � 'nk �

W 2
2

= OfEn('�00)Cg:

�«¥¤áâ¢¨¥. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î ¢ â®¬ á¬ëá«¥, çâ®

maxfk'�(x)� 'n(x)kC ; k'�0(x)� '0n(x)kCg = OfEn('�00)Cg:
�á«¨, ªà®¬¥ â®£®, äã­ªæ¨¨ a(x); b(x); f(x) 2 W rH� (r + 1 2 N, 0 < � 6 1), â® ¬¥â®¤ áå®¤¨âáï á®
áª®à®áâï¬¨, ®¯à¥¤¥«ï¥¬ë¬¨ á®®â­®è¥­¨ï¬¨

k'�00(x)� '00n(x)kL2 = O

�
1

nr+�

�
;

maxfk'�(x)� 'n(x)kC ; k'�0(x)� '0n(x)kCg = O

�
1

nr+�

�
;

k'�00(x)� '00n(x)kC = O

�
1

nr+��1=2

�
; r + � >

1
2
:

�¥®à¥¬  7. � ãá«®¢¨ïå â¥®à¥¬ë 6 á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

max
06j6n

j'�00(xj)� '00n(xj)j = OfEn('
�00)Cg ! 0; n!1;

k'�00(x)� '00n(x)kC = OfEn('
�00)C lnng; n!1:

39



�«¥¤áâ¢¨¥ 1. �á«¨ äã­ªæ¨¨ a(x), b(x) ¨ f(x) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î �¨­¨{�¨¯è¨æ , â®
¬¥â®¤ (6.1){(6.6) áå®¤¨âáï ¢ â®¬ á¬ëá«¥, çâ®

k'�00(x)� '00n(x)kC = Of!(a; 1=n) + !(b; 1=n) + !(f ; 1=n)g lnn! 0; n!1;

£¤¥ !( ; �) | ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨  (x) 2 C á è £®¬ � 2 (0; 2].

�«¥¤áâ¢¨¥ 2. � ãá«®¢¨ïå á«¥¤áâ¢¨ï â¥®à¥¬ë 6 ¬¥â®¤ (6.1){(6.6) áå®¤¨âáï á® áª®à®áâìî

k'�00(x)� '00n(x)kC = O

�
lnn
nr+�

�
; (6.7)

­¥ã«ãçè ¥¬®© ¢ á¬ëá«¥ ¯®àï¤ª .

�®ª § â¥«ìáâ¢  â¥®à¥¬ 6 ¨ 7. �ãé¥áâ¢ãîâ ¯® ªà ©­¥© ¬¥à¥ ¤¢  á¯®á®¡  ¤®ª § â¥«ìáâ¢ 
íâ¨å â¥®à¥¬ ¨ ¨å á«¥¤áâ¢¨©. �®£« á­® ¯¥à¢®¬ã á¯®á®¡ã ®­¨ ¤®ª §ë¢ îâáï á ¯®¬®éìî ®¡é¥©
â¥®à¨¨ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  [4]{[8], â¥®à¨¨ ¯à¨¡«¨¦¥­¨ï äã­ªæ¨©
[9]{[12] ¨ á ¯®¬®éìî ãáâ ­®¢«¥­­ëå ¢ëè¥ à¥§ã«ìâ â®¢ ¤«ï ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá  (0.1){
(0.4). �®¤à®¡­ë¥ ¢ëª« ¤ª¨ ¢¢¨¤ã ¨å ¨§«¨è­¥© £à®¬®§¤ª®áâ¨ §¤¥áì (  â ª¦¥ ¢® ¢â®à®¬ á¯®á®¡¥)
­¥ ¯à¨¢®¤ïâáï.

�®£« á­® ¢â®à®¬ã á¯®á®¡ã ®¡®§­ ç¨¬ ç¥à¥§ g(x; t) äã­ªæ¨î �à¨­  ¤¨ää¥à¥­æ¨ «ì­®£®
®¯¥à â®à  '00(x), �1 6 x 6 1, ¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (6.2). � ¤ ç  (6.1){(6.2) íª¢¨¢ «¥­â-
­  ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î ¢¨¤  (0.5) ®â­®á¨â¥«ì­® ­®¢®© ¨áª®¬®© äã­ªæ¨¨  (x) = '00(x).
�à¥¡ã¥¬ë¥ ãâ¢¥à¦¤¥­¨ï á«¥¤ãîâ ¨§ à¥§ã«ìâ â®¢ ¯. 4 ¤«ï ãà ¢­¥­¨ï (0.5) á ï¤à®¬ h(x; t) =
= a(x)@g(x;t)

@x
+ b(x)g(x; t).

� ®¡®¨å á«ãç ïå ­¥ã«ãçè ¥¬®áâì ¯® ¯®àï¤ªã ®æ¥­ª¨ (6.7) ¢ë¢®¤¨âáï ¨§ á®®â¢¥âáâ¢ãîé¥£®
à¥§ã«ìâ â  ([5], £«. 4, ¯. 8.6) á ¨á¯®«ì§®¢ ­¨¥¬ ¯à¨ íâ®¬ ãáâ ­®¢«¥­­ëå ¢ëè¥ áâàãªâãà­ëå ¨
 ¯¯à®ªá¨¬ â¨¢­ëå á¢®©áâ¢ ¨­â¥à¯®«ïæ¨®­­®£® ¯à®æ¥áá  (0.1){(0.4). �
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