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�§¢¥áâ­® [1], [2], çâ® íªáâà¥¬ «ì­ë¥ á¢®©áâ¢  à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®-
§¢®«ïîâ ¤®ª § âì ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨© ªà ¥¢ëå § ¤ ç ¤«ï íâ¨å ãà ¢­¥­¨©. � ª¨¥ á¢®©áâ¢ 
¡ë«¨ ¤®ª § ­ë ¤«ï àï¤  ãà ¢­¥­¨© ¢â®à®£® ¯®àï¤ª  á ¤¢ã¬ï ­¥§ ¢¨á¨¬ë¬¨ ¯¥à¥¬¥­­ë¬¨ [3],
[4]. � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª  ¢ âà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥

Uxyz = 0: (1)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

G+ = f(x; y; z) : 0 < x� y < z < h; h > 0g; G� = f(x; y; z) : 0 < z < x� y < hg;
G1 = f(x; y; z) : y = 0; 0 � x � z � hg; G2 = f(x; y; z) : x = h; 0 � h� y � z � hg;
G3 = f(x; y; z) : z = x� y; 0 � y � x � hg; G4 = f(x; y; z) : z = 0; 0 � y � x � hg;

H+ = f(x; y; z) : 0 < x < z < h; 0 < x < y < +1g;
H� = f(x; y; z) : 0 < x < z < h; 0 < y < x < hg;

H1 = f(x; y; z) : y = x; 0 � x � z � hg; H2 = f(x; y; z) : z = x; 0 � x � y � hg;
H3 = f(x; y; z) : x = 0; 0 � y � +1; 0 � z � hg;
H4 = f(x; y; z) : z = h; 0 � x � h; 0 � y < +1g;

U(x; y; z)��
G1

= f1(x; z); (2)

U(x; y; z)��
G2

= g1(y; z); (3)

U(x; y; z)��
G3

= �1(x; y); (4)

Uy(x; y; z)
��
G3

= !(x; z); (5)

U(x; y; z)��
G4

= '1(x; y); (6)

U(x; y; z)��
H1

= �2(x; z); (7)

@U
@m

���
H1

=
�
@U
@x

� @U
@y

����
H1

= �(x; z); (8)

£¤¥ @U

@m
| ¯à®¨§¢®¤­ ï ¯® ­®à¬ ¬ ª ¯«®áª®áâ¨ y = x, m = (1;�1; 0),

U(x; y; z)��
H2

= g2(x; y); (9)

U(x; y; z)��
H3

= '2(y; z); (10)

U(x; y; z)��
H4

= f2(x; y): (11)
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�«ï ¤®ª § â¥«ìáâ¢  íªáâà¥¬ «ì­ëå á¢®©áâ¢ à¥è¥­¨© ãà ¢­¥­¨ï (1) ¢®á¯®«ì§ã¥¬áï ¥¤¨­áâ¢¥­-
­ë¬ à¥è¥­¨¥¬ ­¥ª®â®àëå ªà ¥¢ëå § ¤ ç ¢ ®¡« áâïå G�, G+, H� ¨ H+. �®ª § â¥«ìáâ¢  áãé¥-
áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨© íâ¨å ªà ¥¢ëå § ¤ ç §¤¥áì ¯à¨¢®¤¨âì ­¥ ¡ã¤¥¬. �¡« áâ¨,
ªà ¥¢ë¥ ãá«®¢¨ï ¨ ¥¤¨­áâ¢¥­­ë¥ à¥è¥­¨ï ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ â ¡«¨æë.

ò � ¤ ç  �¡« áâì �à ¥¢ë¥ �¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ § ¤ ç¨
ãá«®¢¨ï

1. D I G+ (2){(4) U+(x; y; z) = �1(x; y) + f1(x; z) � f1(x; x� y)+
+g1(y; z) � g1(0; z) � g1(y; x� y) + g1(0; x � y)

2. B G� (4){(6) U�(x; y; z) = �1(x; x� z) + '1(x; y)�
�'(x; x� y) +

x�zR
y

'1t(t+ z; t)dt�
x�zR
y

!(t+ z; t)dt

3. C �G H� (7){(9) U�(x; y; z) = 1
2
[�(x; z) + �2(y; z)] + g(x; y)�

� 1
2

yR
x

[�(t; z) � �(t; x)]dt

4. D II H+ (7), (10), (11) U+(x; y; z) = �2(x; z) + f(x; y)� f(x; h)+
+'(y; z) � '(x; z) � '(x; h) � '(y; h)

�¥¬¬  1. �á«¨ à¥è¥­¨¥ U+(x; y; z) ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨ G+ â ª®¢®, çâ® äã­ªæ¨ï

U(x; y; x�y) = �1(x; y) ¤®áâ¨£ ¥â ­ ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì­®£® (­ ¨¬¥­ìè¥£® ®âà¨æ â¥«ì­®£®)
§­ ç¥­¨ï ¢® ¢­ãâà¥­­¥© â®çª¥ M0 ¬­®¦¥áâ¢  G3 ¨ ¯à¨ íâ®¬ U+(x; 0; z) ­  ¬­®¦¥áâ¢¥ G1 ¨

U+(h; y; z) ­  ¬­®¦¥áâ¢¥ G2 â®¦¤¥áâ¢¥­­® à ¢­ë ­ã«î, â®

@U+(M0)
@n

= 0;
@2U+(M0)

@n2
< 0

�
@2U+(M0)

@n2
> 0

�
;

£¤¥ @U

@n
= �Ux + Uy + Uz, @2U

@n2
= Uxx + Uyy + Uzz � 2Uxy � 2Uxz + 2Uyz, n = (�1; 1; 1).

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï à¥è¥­¨ï § ¤ ç¨ D I ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë. �®£¤ 
U+(x; y; z) = �1(x; y). �ëç¨á«¥­¨ï ¤ îâ

@U+
@n

���
z=x�y

= �1y(x; y)� �1x(x; y):

T ª ª ª äã­ªæ¨ï �1(x; y) ¢ â®çª¥ M0 ¨¬¥¥â íªáâà¥¬ã¬, â®
@U+(M0)

@n
= 0. �¥âàã¤­® ¯®«ãç¨âì

@2U+(M0)
@n2

= �1xx(M0) + �1yy(M0)� 2�1xy(M0): (12)

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï �1xx(M0) = a, �1yy(M0) = b, �1xy(M0) = c. �ãáâì ¢ â®çª¥ M0 ¤®áâ¨£ ¥âáï
¯®«®¦¨â¥«ì­ë© ¬ ªá¨¬ã¬. �®£¤  ¯® ¤®áâ â®ç­®¬ã ãá«®¢¨î áãé¥áâ¢®¢ ­¨ï íªáâà¥¬ã¬  äã­ª-
æ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå a < 0, ab� c2 > 0. �ç¥¢¨¤­®, b < 0 ¨

p
ab > jcj. � ãç¥â®¬ íâ¨å ­¥à ¢¥­áâ¢

à ¢¥­áâ¢® (12) ¯à¨¬¥â ¢¨¤

@2U+(M0)
@n2

= �(p�a�
p
�b )2 � 2(

p
ab+ c):

�âáî¤  á«¥¤ã¥â @2U(M0)

@n2
< 0. �­ «®£¨ç­® ã¡¥¦¤ ¥¬áï, çâ® @2U+(M0)

@n2
> 0, ¥á«¨ ¢ â®çª¥ M0 ¤®áâ¨-

£ ¥âáï ®âà¨æ â¥«ì­ë© ¬¨­¨¬ã¬.

�à ¢­¥­¨¥ (1) à áá¬®âà¨¬ ­  ¬­®¦¥áâ¢¥ G = G� [G+.

� ¤ ç  �. � ©â¨ äã­ªæ¨î U(x; y; z) á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) U(x; y; z) 2 C (G);
2) U(x; y; z) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ­  ¬­®¦¥áâ¢¥ G, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (2),

(3), (6) ¨ ãá«®¢¨ï¬ á®¯àï¦¥­¨ï
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@U
@n

���
z=x�y+0

=
@U
@y

���
z=x�y�0

; (13)

@2U
@n2

���
z=x�y+0

=
�
@2U
@y@z

� @!(z + y; y)
@(z + y)

����
z=x�y�0

: (14)

�¥®à¥¬  1. �á«¨ áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ �, â® ®­® ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¯®ª § âì, çâ® à¥è¥­¨¥ § ¤ ç¨ � á ®¤­®à®¤­ë¬¨ ªà ¥¢ë¬¨
ãá«®¢¨ï¬¨ â®¦¤¥áâ¢¥­­® à ¢­® ­ã«î. �ãáâì äã­ªæ¨¨ f1(x; y), g1(x; y) ¨ '1(x; y) â®¦¤¥áâ¢¥­­®
à ¢­ë ­ã«î. �§ ãá«®¢¨ï 1) ¯®áâ ­®¢ª¨ § ¤ ç¨ � á«¥¤ã¥â, çâ® äã­ªæ¨ï U(x; y; x � y) = �1(x; y)
­¥¯à¥àë¢­  ­  ¬­®¦¥áâ¢¥ G3. �® â¥®à¥¬¥ �¥©¥àèâà áá  ­  íâ®¬ ¬­®¦¥áâ¢¥ ®­  ¤®áâ¨£ ¥â á¢®¨å
­ ¨¡®«ìè¥£® ¨ ­ ¨¬¥­ìè¥£® §­ ç¥­¨©. �ãáâì ®­  ¯à¨­¨¬ ¥â á¢®¥ ­ ¨¡®«ìè¥¥ ¯®«®¦¨â¥«ì­®¥
§­ ç¥­¨¥ ¢ â®çª¥M0(x0; y0; x0�y0) ¬­®¦¥áâ¢  G3. � ª ª ª äã­ªæ¨ï �(x; y) ­  £à ­¨æ¥ ¬­®¦¥áâ¢ 
G3 ®¡à é ¥âáï ¢ ­ã«ì, â® â®çª  M0 ¢­ãâà¥­­ïï. �® â®£¤  ¯® «¥¬¬¥ 1

@2U(M0)
@n2

< 0:

�§ à¥è¥­¨ï § ¤ ç¨ B ¯®«ãç ¥¬
�
@2U
@y@z

� @!(zy; y)
@(z + y)

����
z=x�y�0

� 0;

  íâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î á®¯àï¦¥­¨ï (14). �­ ç¨â, ¢­ãâà¨ ¬­®¦¥áâ¢  G3 äã­ªæ¨ï �(x; y) ­¥
¬®¦¥â ¤®áâ¨£ âì á¢®¥£® ­ ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì­®£® §­ ç¥­¨ï. �«¥¤®¢ â¥«ì­®, ­  ¬­®¦¥áâ¢¥
G3 äã­ªæ¨ï �(x; y) = C | const. � ª ª ª ­  £à ­¨æ¥G3 äã­ªæ¨ï �(x; y) = 0, â® �(x; y) � 0 ­  G3.
�® â®£¤  ¨§ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ D I á«¥¤ã¥â, çâ® U(x; y; z) � 0 ¢ G

+
. �§ ãá«®¢¨ï 1)

¯®áâ ­®¢ª¨ § ¤ ç¨ � ¨ ãá«®¢¨ï á®¯àï¦¥­¨ï (13) ¯®«ãç ¥¬ U(x; y; z) � 0 ­  ¬­®¦¥áâ¢¥ G�.
�âáî¤  U(x; y; z) � 0 ¢ G.

�¥¬¬  2. �á«¨ à¥è¥­¨¥ U�(x; y; z) ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨ H� â ª®¢®, çâ® äã­ªæ¨ï

U�(x; y; z) = �2(x; z) ¤®áâ¨£ ¥â á¢®¥£® ­ ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì­®£® (­ ¨¬¥­ìè¥£® ®âà¨æ -

â¥«ì­®£®) §­ ç¥­¨ï ¢® ¢­ãâà¥­­¥© â®çª¥ M0(x0; y0; z0) ¬­®¦¥áâ¢  H1 ¨ ¯à¨ íâ®¬ U�(x; y; x)
¨

@U
�

(x;y;z)

@m
â®¦¤¥áâ¢¥­­® à ¢­ë ­ã«î ­  ¬­®¦¥áâ¢ å H1 ¨ H2 á®®â¢¥âáâ¢¥­­®, â®

@2U�(M0)
@m2 < 0

�
@2U�(M0)

@m2 > 0
�
:

�®ª § â¥«ìáâ¢®. �à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© «¥¬¬ë 2 à¥è¥­¨¥ § ¤ ç¨ C �G ¯à¨¬¥â ¢¨¤

U�(x; y; z) = 1
2
[�(x; z) + �(y; z)]:

�âáî¤ 
@2U(x; y; z)

@m2 =
1
2

�
@2�(x; z)
@x2

+
@2(y; z)
@y2

�
:

�ãáâì ¢ â®çª¥ M0(x0; y0; z0) ¤®áâ¨£ ¥âáï ¯®«®¦¨â¥«ì­ë© ¬ ªá¨¬ã¬. �®£¤ 

@2U�(M0)
@m2 = �xz(x0; z0) < 0

¢ á¨«ã ¤®áâ â®ç­®£® ¯à¨§­ ª  áãé¥áâ¢®¢ ­¨ï íªáâà¥¬ã¬  äã­ªæ¨¨ ¤¢ãå ¯¥à¥¬¥­­ëå. �­ «®-
£¨ç­®, ¥á«¨ ¢ â®çª¥ M0 ¤®áâ¨£ ¥âáï ®âà¨æ â¥«ì­ë© ¬¨­¨¬ã¬, â®

@2U
�

(M0)

@m2 > 0.
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�¥¬¬  3. �á«¨ à¥è¥­¨¥ U+(x; y; z) ãà ¢­¥­¨ï (1) ¢ ®¡« áâ¨ H+ â ª®¢®, çâ® äã­ªæ¨ï

U+(x; x; z) ¤®áâ¨£ ¥â á¢®¥£® ­ ¨¡®«ìè¥£® ¯®«®¦¨â¥«ì­®£® (­ ¨¬¥­ìè¥£® ®âà¨æ â¥«ì­®£®) §­ -
ç¥­¨ï ¢® ¢­ãâà¥­­¥© â®çª¥ ¬­®¦¥áâ¢  H1 ¨ ¯à¨ íâ®¬ U+(0; y; z) ¨ U+(x; y; h) â®¦¤¥áâ¢¥­­®

à ¢­ë ­ã«î ­  ¬­®¦¥áâ¢ å H3 ¨ H4 á®®â¢¥âáâ¢¥­­®, â®

@U+(M0)
@m

= 0;
@2U+(M0)

@m2 < 0
�
@2U+(M0)

@m2 > 0
�
:

�®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥­¨ï ¯à®¢®¤¨âáï  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 2 á ¨á-
¯®«ì§®¢ ­¨¥¬ à¥è¥­¨ï § ¤ ç¨ D II.

� ¤ ç  D. �ãáâì H = H� [H+. � ©â¨ äã­ªæ¨î U(x; y; z) á® á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) U(x; y; z) 2 C (H );
2) U(x; y; z) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ­  ¬­®¦¥áâ¢¥ H, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ (9){

(11) ¨ ãá«®¢¨ï¬ á®¯àï¦¥­¨ï

@U�
@m

���
y�x=�0

=
@U+
@m

���
y�x=+0

;

@2U�
@m2

���
y�x=�0

= �@
2U�
@m2

���
y�x=+0

:

�¥®à¥¬  2. �á«¨ áãé¥áâ¢ã¥â à¥è¥­¨¥ § ¤ ç¨ D, â® ®­® ¥¤¨­áâ¢¥­­®.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë  ­ «®£¨ç­® ¤®ª § â¥«ìáâ¢ã â¥®à¥¬ë 1.

�¨â¥à âãà 
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