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������������� ������������� �������������� �����

� à ¡®â¥ [1] à §¢¨â ¯®¤å®¤ ª â¥®à¨¨ àï¤®¢ �ãàì¥, ®á­®¢ ­­ë© ­  ­¥áâ ­¤ àâ­®¬  ­ «¨§¥.
�â®â ¯®¤å®¤ ®¯¨à ¥âáï ­   ¯¯à®ªá¨¬ æ¨î ®ªàã¦­®áâ¨ S1 £àã¯¯®© ª®à­¥© áâ¥¯¥­¨ N ¨§ ¥¤¨-
­¨æë, £¤¥ N | ¡¥áª®­¥ç­® ¡®«ìè®¥ ­ âãà «ì­®¥ ç¨á«® ¢ á¬ëá«¥ ­¥áâ ­¤ àâ­®£®  ­ «¨§ , ¨ ­ 
 ¯¯à®ªá¨¬ æ¨î ¯à¥®¡à §®¢ ­¨ï �ãàì¥ (��)

f : L2(S
1)! l2(Z)

¯à¥®¡à §®¢ ­¨¥¬ �ãàì¥ ­  íâ®© £àã¯¯¥ (­¨¦¥ â ª®¥ ¯à¥®¡à §®¢ ­¨¥ ­ §ë¢ ¥âáï £¨¯¥àª®­¥ç-
­ë¬). � á¨«ã ¯à¨­æ¨¯  ¯¥à¥­®á  ¢ ­¥áâ ­¤ àâ­®¬  ­ «¨§¥ £¨¯¥àª®­¥ç­®¥ �� ®¡« ¤ ¥â ®á­®¢-
­ë¬¨ á¢®©áâ¢ ¬¨ ª®­¥ç­®£® ��. � [2], [3] íâ®â ¯®¤å®¤ à á¯à®áâà ­¥­ ­  £ à¬®­¨ç¥áª¨©  ­ «¨§
­  ¯à®¨§¢®«ì­ëå «®ª «ì­® ª®¬¯ ªâ­ëå  ¡¥«¥¢ëå £àã¯¯ å, £¤¥, ¢ ç áâ­®áâ¨, ¨§ãç ¥âáï £¨¯¥à-
ª®­¥ç­ ï  ¯¯à®ªá¨¬ æ¨ï �� F : L2(R) ! L2(R), § ¤ ¢ ¥¬®£® ä®à¬ã«®©

F [f ](y) =
Z
Rn

f(x) exp((i=h)(x; y))dx: (1)

� ­­ ï à ¡®â  ¯à®¤®«¦ ¥â ¨áá«¥¤®¢ ­¨ï à ¡®â [2], [3]. �à¥¦¤¥ ¢á¥£®, §¤¥áì ¨áá«¥¤ã¥âáï  ¯¯à®ª-
á¨¬ æ¨ï �� (1), à áá¬ âà¨¢ ¥¬®£® ª ª ®¯¥à â®à ¨§ Lp(Rn) ¢ Lq(Rn),

n 2 !; 1 � p � 2; 2 � q � 1; 1=p+ 1=q = 1; (2)

¯à¨ç¥¬ kFk � 1 (­¥à ¢¥­áâ¢® � ãá¤®àä {�­£ ). � à ¡®â¥ à áá¬ âà¨¢ ¥âáï  ¯¯à®ªá¨¬ æ¨ï
á¢¥àâª¨ � : Lp(Rn)�Lq(Rn)! Lr(Rn) á¢¥àâª ¬¨ äã­ªæ¨© ­  £àã¯¯¥ ¢ëç¥â®¢ ¯® ¬®¤ã«î N ¨ ¯®-
ª §ë¢ ¥âáï, çâ® �ãàì¥-®¡à § á¢¥àâª¨  ¯¯à®ªá¨¬¨àã¥âáï ¯à®¨§¢¥¤¥­¨¥¬ £¨¯¥àª®­¥ç­ëå  ¯¯à®ª-
á¨¬ æ¨© �ãàì¥-®¡à §®¢, ¯®íâ®¬ã £¨¯¥àª®­¥ç­ ï  ¯¯à®ªá¨¬ æ¨ï �� á®åà ­ï¥â ¢á¥ ¥£® ®á­®¢­ë¥
á¢®©áâ¢ . �à®¬¥ â®£®, ¡®«¥¥ ¯®¤à®¡­®, ç¥¬ ¢ [2], ¨§ãç¥­   ¯¯à®ªá¨¬ æ¨ï �� ¯à¨ ¡®«¥¥ ®¡é¨å
¤¨áªà¥â¨§ æ¨ïå ¥£® ï¤à  (á¬. [2], x 3). �®«ãç¥­­ë¥ à¥§ã«ìâ âë à á¯à®áâà ­¥­ë ­  ®¡®¡é¥­­ë¥
äã­ªæ¨¨ ¨ ¨å ¤¨áªà¥â­ë¥  ­ «®£¨. �¥§ã«ìâ âë áâ âì¨ ¨¬¥îâ áâ ­¤ àâ­ãî ¨­â¥à¯à¥â æ¨î ¨ ¬®-
£ãâ ¡ëâì áä®à¬ã«¨à®¢ ­ë ª ª áâ ­¤ àâ­ë¥ ãâ¢¥à¦¤¥­¨ï ® â ¡«¨ç­®© áå®¤¨¬®áâ¨ ã¯®¬ï­ãâëå
¢ëè¥ ®¯¥à â®à®¢. �¡é¥¯à¨­ïâë¥ â¥à¬¨­ë ¨ ®¡®§­ ç¥­¨ï ­¥áâ ­¤ àâ­®£®  ­ «¨§  [4] ¨á¯®«ì§ã-
îâáï ¡¥§ ®á®¡ëå ¯®ïá­¥­¨©. �¥áâ ­¤ àâ­ë© ¯®¤å®¤ ¯à¨ ¨áá«¥¤®¢ ­¨¨ â ¡«¨ç­ëå  ¯¯à®ªá¨¬ æ¨©
®¯¥à â®à®¢ ®á­®¢ ­ ­  â®¬, çâ® äã­ªæ¨ï f : Rn ! C § ¬¥­ï¥âáï â ¡«¨æ¥© ¥¥ §­ ç¥­¨© ¢ ã§« å
á¥âª¨ á ¡¥áª®­¥ç­® ¬ «ë¬¨ è £ ¬¨ �j ¯® ª ¦¤®© ®á¨ (j = 1; n) ­  ¡¥áª®­¥ç­® ¡®«ìè®¬ ¨­â¥à-
¢ «¥, â. ¥. ä¨ªá¨àãîâáï ¡¥áª®­¥ç­® ¬ «ë¥ ç¨á«  �j ¨ ¡¥áª®­¥ç­® ¡®«ìè®¥ ­ âãà «ì­®¥ ç¨á«®
N = 2M + 1 â ª¨¥, çâ® �jN ¡¥áª®­¥ç­® ¢¥«¨ª¨ (j = 1; n). �­ ç¥­¨¥ ¯¥à¥¬¥­­®© xj à áá¬ âà¨-
¢ ¥âáï ¢ â®çª å �jkj , kj = �M;M , ¨ áâ ­¤ àâ­ ï äã­ªæ¨ï f § ¬¥­ï¥âáï â ¡«¨æ¥© ��(f) ¥¥
§­ ç¥­¨© ¢ íâ¨å â®çª å,   ¨­â¥£à «

R
Rn

f(x)dx § ¬¥­ï¥âáï áã¬¬®© §­ ç¥­¨© äã­ªæ¨¨ �f ¢ ã§« å

á¥âª¨, ã¬­®¦¥­­®© ­  ¢¥«¨ç¨­ã
nQ
j=1

�j.

� ¡®â  ¯®¤¤¥à¦ ­  �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨© (£à ­â ò 95-01-00673a).
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� ª ¯®ª § ­® ¢ [2], ¤«ï äã­ªæ¨©, ¨­â¥£à¨àã¥¬ëå ¯® �¨¬ ­ã ¢ «î¡®¬ ª®­¥ç­®¬ ¯à®¬¥¦ãâª¥
¨ ®¡« ¤ îé¨å á¢®©áâ¢®¬

lim
c!1
t!0

�
t
X
�>c=t

f(�t) + f(��t)
�
= 0; (3)

¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢® Z
R

f(x)dx = st
�
�

MX
k=�M

�f(�k)
�
:

�­ «®£¨ç­®¥ à ¢¥­áâ¢® ¨¬¥¥â ¬¥áâ® ¨ ¤«ï äã­ªæ¨© ¨§ L1(Rn), ã¤®¢«¥â¢®àïîé¨å  ­ «®£ã ãá«®-
¢¨ï (3). �«¥¤ãï [2], ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® â ª¨å äã­ªæ¨© ç¥à¥§ G,   ¬­®¦¥áâ¢® äã­ªæ¨©
f : Rn ! R

n , ¤«ï ª®â®àëå jf jp 2 G| ç¥à¥§ Gp. � «¥¥ ¢¬¥áâ® �f ¡ã¤¥¬ ¯¨á âì ¯à®áâ® f ¨ ¢¢¥¤¥¬
á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï: a � 1 | \a ¡¥áª®­¥ç­® ¢¥«¨ª®"; a � 0 | \a ¡¥áª®­¥ç­® ¬ «®"; a�1

| \a ª®­¥ç­®"; � = (�1;�2; : : : ;�n);
Q
� =

nQ
j=1

�j ; x = (x1; x2; : : : ; xn); jxj = jx1j+ jx2j+ � � �+ jxnj.

�«ï ¢¥ªâ®à®¢ ç¨á«®¢ë¥ ®¯¥à æ¨¨ ¨ ®â­®è¥­¨ï ®¯à¥¤¥«ïîâáï ¯®ª®¬¯®­¥­â­® (­ ¯à¨¬¥à,
xy = (x1y1; x2y2; : : : ; xnyn)). �¥ªâ®à, ¢á¥ ª®®à¤¨­ âë ª®â®à®£® à ¢­ë ç¨á«ã �, ®¡®§­ ç ¥âáï á¨¬-
¢®«®¬ �.

�¥à¥§ k ¡ã¤¥¬ ®¡®§­ ç âì ¢¥ªâ®à (k1; k2; : : : ; kn), í«¥¬¥­â ¬¨ ª®â®à®£® ï¢«ïîâáï £¨¯¥àæ¥«ë¥
ç¨á« . �®®â¢¥âáâ¢¥­­® § ¯¨áì k = s;m ®§­ ç ¥â, çâ® ¤«ï j 2 f1; 2; : : : ; ng ª®¬¯®­¥­â  kj ¢¥ªâ®à 

k ¯à®¡¥£ ¥â ¢á¥ §­ ç¥­¨ï ®â sj ¤®mj ,   ¤«ï áã¬¬ë
mP
k=s

=
m1P

k1=s1

� � �
mnP

kn=sn

. �á«¨ ¤«ï ¢á¥å j sj = �M ,

  mj =M , â® ¢¬¥áâ® k = s;m ¡ã¤¥¬ ¯¨á âì k = �M;M ,   ¤«ï áã¬¬ë
mP
k=s

=
MP

k=�M
.

��(f) | íâ® â ¡«¨æ  §­ ç¥­¨© äã­ªæ¨¨ f ¢ ã§« å (�k), â. ¥. ��(f) = hf(�k) j k = �M;Mi.
� §¬¥à ¯®«ãç¥­­®© â ¡«¨æë à ¢¥­ Nn. �ãáâì L�(n) | ¯à®áâà ­áâ¢® ¢­ãâà¥­­¨å â ¡«¨æ F =

hF (k) j k = �M;Mi à §¬¥à  Nn á ­®à¬®© kFkp� =
�Q

�
MP

k=�M
jF (k)jp

�1=p
¯à¨ 1 � p < 1, ¨

kFk1� = maxfjF (k)j j k = �M;Mg. �«ï ¢¥ªâ®à  b ¨ â ¡«¨æë F ¨§ L�(n) ®¯à¥¤¥«¨¬ ¢¥«¨ç¨­ë

jF jbp� =
Q
�

bP
k=�b

jF (k)jp ¯à¨ 1 � p <1 ¨ jF jb1� = maxfjF (k)j j k = �b;bg. � «¥¥ ç¥à¥§ Ep�(n)

®¡®§­ ç¨¬ ¯®¤¯à®áâà ­áâ¢® ª®­¥ç­ëå í«¥¬¥­â®¢ ¨§ L�(n): Ep�(n) = fF 2 L�(n) j kFkp� �1g.
1�. � ª ¨§¢¥áâ­®, ª®­¥ç­®¥ �� § ¤ ¥âáï ä®à¬ã«®©

F�[F ] =
Y

�
MX

k=�M

F (k) exp(�2�i(k;m)=N):

�®£¤  � � 0, N � 1, â ª®¥ ¯à¥®¡à §®¢ ­¨¥ ­ §ë¢ ¥âáï £¨¯¥àª®­¥ç­ë¬ ��. �§ à¥§ã«ìâ -
â®¢ à ¡®âë [2] á«¥¤ã¥â, çâ® ¨­â¥£à «ì­®¥ �� F : L2(Rn ) ! L2(Rn)  ¯¯à®ªá¨¬¨àã¥âáï £¨-
¯¥àª®­¥ç­ë¬ �� F� : E2�(n) ! E

2b�(n) ¢ â®¬ á¬ëá«¥, çâ® ¤«ï äã­ªæ¨© f 2 G2 ­®à¬ 
kF�[��(f)] � �b�(F [f ])k2b� � 0, ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (§¤¥áì b� | íâ® ¤«¨­  è £  á¥âª¨
¯à®áâà ­áâ¢  §­ ç¥­¨© äã­ªæ¨¨)

� � 0; N 2 �! n !; �N � 1; �2N �1; (4)

b� � 0; b�N � 1; b�2N �1 (5)

¨

�j
b�jN � 1; j = 1; n: (6)

�¡é¥¥ ®¯à¥¤¥«¥­¨¥  ¯¯à®ªá¨¬ æ¨¨ ®¯¥à â®à  A : Lp(Rn)! Lq(Rn) ¯à¨ n = 1 ¤ ­® ¢ [2]. �â®
®¯à¥¤¥«¥­¨¥ ¨ ¯®á«¥¤ãîé¨© ªà¨â¥à¨©  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ([2], â¥®à¥¬  2) ¡¥§ ¢áïª¨å ¨§¬¥­¥-
­¨© ¯¥à¥­®áïâáï ¨ ­  á«ãç © n � 2. �¨¦¥ ¢ ª ç¥áâ¢¥ ¬­®¦¥áâ¢  äã­ªæ¨©M á ¯«®â­®© ¢ Lp(Rn)
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«¨­¥©­®© ®¡®«®çª®© L(M) â¥®à¥¬ë 2 ¨§ [2] ¡¥à¥âáï ¬­®¦¥áâ¢® å à ªâ¥à¨áâ¨ç¥áª¨å äã­ªæ¨©
n-¬¥à­ëå ¯ à ««¥«®£à ¬¬®¢ ¢ Rn .

�¯¥à â®à F : Lp(Rn) ! Lq(Rn) ®£à ­¨ç¥­. �®ª ¦¥¬, çâ® ®¯¥à â®à F� ®£à ­¨ç¥­. �
íâ®¬ á«ãç ¥ á®£« á­® ªà¨â¥à¨î  ¯¯à®ªá¨¬¨àã¥¬®áâ¨ ¤«ï ¤®ª § â¥«ìáâ¢   ¯¯à®ªá¨¬¨àã¥¬®áâ¨
®¯¥à â®à  F ®¯¥à â®à®¬ F� ­  ¢á¥¬ Lp(Rn) ¤®áâ â®ç­® ¯à®¢¥à¨âì ¢ë¯®«­¥­¨¥ á®®â­®è¥­¨ï
kF�[��(f)]��b�(F [f ])kqb� � 0 ¤«ï f 2M.

�à¥¤«®¦¥­¨¥ 1. �¯¥à â®à F� ®£à ­¨ç¥­ ¨ kF�k � 1 ¯à¨ ãá«®¢¨ïå (2), (4), (5) ¨ � b�N = 1.

�à¥¤«®¦¥­¨¥ 1 ¥áâì  ­ «®£ ­¥à ¢¥­áâ¢  � ãá¤®àä {�­£  ¤«ï £¨¯¥àª®­¥ç­ëå ¯à®áâà ­áâ¢.
� ª ç¥áâ¢¥ á«¥¤áâ¢¨ï § ¬¥â¨¬, çâ® ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© (2), (4), (5) ¨ � b�N �1 ®¯¥à â®à

F� ®£à ­¨ç¥­, ¨ ¥£® ­®à¬  ­¥ ¯à¥¢®áå®¤¨â ¢¥«¨ç¨­ë
�Q

(�j
b�jN)

�2=q
.

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (2), (4) ¨ (5). �¯¥à â®à F�  ¯¯à®ªá¨¬¨àã¥â ®¯¥à -

â®à F â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � b�N � 1.

�«¥¤áâ¢¨¥. �¯¥à â®à F�  ¯¯à®ªá¨¬¨àã¥â ®¯¥à â®à Fh â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � b�N �
2�h.

2�. �ãáâì ®¯¥à â®à eF� : Ep�(n) ! E
qb�(n) ¯®«ãç ¥âáï ¤¨áªà¥â¨§ æ¨¥© ï¤à  K(x; y) =

exp(�2�ixy) ®¯¥à â®à  F : ¤«ï F 2 Ep�(n)

eF�[F ](m) =
Y

�
MX

k=�M

F (k) exp(�2�i(�k; b�m)):

�à¥¤«®¦¥­¨¥ 2. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (4){(6) ¨ ¤«ï j = 1; n

hj = �j
b�jN ; jhj � 1jqNn+q �1; (7)

â® ®¯¥à â®à eF� ®£à ­¨ç¥­.

�¥®à¥¬  2. 1) �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (2), (4){(7), â® ®¯¥à â®à eF�  ¯¯à®ªá¨¬¨àã¥â ®¯¥-

à â®à F ;
2) ¥á«¨ 0 < � b�N < 2, â® k eF�[��(f)]� �b�(F [f ])kqb� � 0 ¤«ï f 2 L(M);

3) ¥á«¨ ãá«®¢¨¥ 0 < � b�N < 2 ­ àãè¥­®, â® eF� ­¥  ¯¯à®ªá¨¬¨àã¥â F .

3�. � «¥¥ ¨§ãç îâáï á¢®©áâ¢  £¨¯¥àª®­¥ç­®£® ®¯¥à â®à  á¢¥àâª¨ ¢ ¯à®áâà ­áâ¢¥ L�(n). �®¤
á¢¥àâª®© F �� G ¤¢ãå â ¡«¨æ ¨§ L�(n) ¡ã¤¥¬ ¯®­¨¬ âì â ¡«¨æã H ¨§ L�(n), ¯®«ãç îéãîáï

¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã: H(m) =
Q
�

MP
k=�M

F (k)G(m
:
� k). �®çª  ­ ¤ §­ ª ¬¨ u ¨

:
� ®§­ ç ¥â

á«®¦¥­¨¥ ¨ ¢ëç¨â ­¨¥ á®®â¢¥âáâ¢¥­­® ¢ £àã¯¯¥ ¢ëç¥â®¢ f�M ;�M + 1; : : : ;Mg ¯® ¬®¤ã«î N .
�ãáâì 1 � p; q; r � 1, ¯à¨ç¥¬

1=p+ 1=q = 1 + 1=r: (8)

�®£¤  á¢¥àâª  äã­ªæ¨© f 2 Lp(Rn) ¨ g 2 Lq(Rn) ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã Lr(Rn). �à®¬¥
â®£®, ¯à¥®¡à §®¢ ­¨¥ �ãàì¥ á¢¥àâªã äã­ªæ¨© ¯¥à¥¢®¤¨â ¢ ¯à®¨§¢¥¤¥­¨¥ �ãàì¥-®¡à §®¢ íâ¨å
äã­ªæ¨©. �­ «®£¨ç­ë¬¨ á¢®©áâ¢ ¬¨ ®¡« ¤ ¥â ¨ ¤¨áªà¥â­®¥ ��,   §­ ç¨â, ¨ £¨¯¥àª®­¥ç­ë¥
 ­ «®£¨ ®¯¥à â®à®¢ á¢¥àâª¨ ¨ ��. �¤¥áì ¯®ª § ­®, çâ® ®¯¥à â®à á¢¥àâª¨ (�)  ¯¯à®ªá¨¬¨àã¥âáï
¥£® ¤¨áªà¥â­ë¬  ­ «®£®¬ (��).

�¥®à¥¬  3. 1) �á«¨ F 2 Ep�(n), G 2 Eq�(n) ¨ ¢ë¯®«­¥­® (8), â® F �� G 2 Er�(n);
2) ¥á«¨ F;G 2 L�(n), â® F�[F �� G] = F�[F ] � F�[G];
3) ¥á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (4), (8), â® £¨¯¥àª®­¥ç­ë© ®¯¥à â®à á¢¥àâª¨ �� : Ep�(n) �

Eq�(n)! Er�(n)  ¯¯à®ªá¨¬¨àã¥â áâ ­¤ àâ­ë© ®¯¥à â®à á¢¥àâª¨ � : Lp(Rn)�Lq(Rn)! Lr(Rn)
¢ â®¬ á¬ëá«¥, çâ® ¤«ï f 2 Gp, g 2 Gq

k��(f) �� ��(g) � ��(f � g)kr� � 0:
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4�. �®¤ ¯à®¨§¢®¤­®© ¯® j-© ¯¥à¥¬¥­­®© (j = 1; n) ®â F ¨§ L�(n) ¯®­¨¬ ¥âáï í«¥¬¥­â G = D jF
¨§ L�(n) â ª®©, çâ®

G(k) = (F (k1; : : : ; kj�1; kj u 1; kj+1; : : : ; kn)� F (k1; : : : ; kj�1; kj
:
� 1; kj+1; : : : ; kn))=(2�j):

�ãáâì � = !n. �¥£ª® ¯à®¢¥àï¥âáï, çâ® ®¯¥à â®àë D i ¨ D j ª®¬¬ãâ¨àãîâ, ¯®íâ®¬ã ¤«ï � =
(�1; �2; : : : ; �n) 2 � ®¯¥à â®à D

(�)
� = D

�1
1 � � � D �nn ®¯à¥¤¥«¥­ ª®àà¥ªâ­®.

�¥®à¥¬  4. �ãáâì p � 1 ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (4). �«ï «î¡®£® � 2 � ®¯¥à â®à D
(�)
�  ¯¯à®ª-

á¨¬¨àã¥â áâ ­¤ àâ­ë© ®¯¥à â®à ¤¨ää¥à¥­æ¨à®¢ ­¨ï D(�) äã­ªæ¨© ¨§ S(Rn) ¢ â®¬ á¬ëá«¥,

çâ® ¤«ï f 2 S(Rn)
kD

(�)
� (��(f))� ��(f (�))kp� � 0:

� ¯®¬­¨¬, çâ® S(Rn) | ¯à®áâà ­áâ¢® �¢ àæ  ¡ëáâà® ã¡ë¢ îé¨å äã­ªæ¨©.
�à¨¢¥¤¥¬ ­¥áª®«ìª® ä®à¬ã« ¤«ï £¨¯¥àª®­¥ç­ëå ®¯¥à â®à®¢ ��, á¢¥àâª¨ ¨ ¤¨ää¥à¥­æ¨à®-

¢ ­¨ï ¢ L�(n), ª®â®àë¥ ï¢«ïîâáï  ­ «®£ ¬¨ ä®à¬ã« ¤«ï áâ ­¤ àâ­ëå ®¯¥à â®à®¢ ¨ ¯à®¢¥àï-
îâáï ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨: ¥á«¨ F ¨ G ¨§ L�(n), â®

1) eF�[D
(�)
� F ] = eA(�)

m
(F�[F ]);

2) F�[D
(�)
� F ] = A(�)

m
(F�[F ]),

§¤¥áì ®¯¥à â®àë eA(�)
m

¨ A(�)
m

áãâì ®¯¥à â®àë ã¬­®¦¥­¨ï ­  ¢¥«¨ç¨­ã
Q
(i sin(2��j

b�jmj)=�j)�j

¨
Q
(i sin(2�mj=N)=�j)�j á®®â¢¥âáâ¢¥­­®;
3) (D (�)

� F ) �� G = D
(�)
� (F �� G) = F �� (D (�)

� G).
� «¥¥ ã¯®àï¤®ç¨¬ ¬­®¦¥áâ¢® � «¥ªá¨ª®£à ä¨ç¥áª¨ ¨ ®¯à¥¤¥«¨¬ ¯®á«¥¤®¢ â¥«ì­®áâì hL(k)

p� j

k 2 !i ¢­¥è­¨å ¯®¤¯à®áâà ­áâ¢ L�(n): L
(0)
p� = fF 2 L�(n) j ¤«ï «î¡®£® stA > 0 áãé¥áâ¢ã¥â

stC > 0 â ª®¥, çâ® ¤«ï b = [A=�] jF j
(b)
p� < Cg. �«ï k 2 ! à áá¬®âà¨¬ â ª¨¥ � 2 �, ¤«ï

ª®â®àëå j�j = k. � ­ã¬¥à®¢ ¢ ¨å ¢ ¯®àï¤ª¥ ¢®§à áâ ­¨ï �(1) < �(2) < � � � < �(s), ®¯à¥¤¥«¨¬
¯à®áâà ­áâ¢ 

L
(k)
p� =

sM
j=1

D
(�(j))
� L

(0)
p� =

M
j�j=k

D
(�)
� L

(0)
p�; L

(�)
p� =

M
k2!

L
(k)
p�:

�­ «®£¨ç­® ¯®áâà®¨¬ ¯à®áâà ­áâ¢® C(�)p� : C(0)p� = Ep�, â. ¥.

C
(0)
p� = fF 2 L

(0)
p� j kFkp� �1g; C

(k)
p� =

M
j�j=k

D
(�)
� C

(0)
p�; C

(�)
p� =

M
k2!

C
(k)
p� :

�ã¤¥¬ £®¢®à¨âì, çâ® F ¨§ L�(n) ¨¬¥¥â ª®­¥ç­ë© ­®á¨â¥«ì, ¥á«¨ ­ ©¤¥âáï áâ ­¤ àâ­®¥ ¯®-
«®¦¨â¥«ì­®¥ A â ª®¥, çâ® F (k) = 0, ª ª â®«ìª® ¤«ï ­¥ª®â®à®£® j ¨§ f1; 2; : : : ; ng jkj j > A=�j .

�ç¥¢¨¤­®, çâ® ¥á«¨ F ¨¬¥¥â ª®­¥ç­ë© ­®á¨â¥«ì, â® ¨ D (�)
� F ¨¬¥¥â ª®­¥ç­ë© ­®á¨â¥«ì (� 2 �).

�à¥¤«®¦¥­¨¥ 3. 1) �á«¨ 1 � p; q; r � 1 ¨ 1=p+ 1=q = 1 + 1=r, â® ¤«ï F 2 C
(0)
p�, G 2 C

(0)
q� ¨å

á¢¥àâª  F ��G 2 C
(0)
r�,   ¤«ï F 2 C

(�)
p� ¨ G 2 C

(�)
q� F �� G 2 C

(�)
r� . 2) �á«¨ p; q > 1, 1=p+1=q = 1, G

¨¬¥¥â ª®­¥ç­ë© ­®á¨â¥«ì, â® ¤«ï F 2 C(0)p� ¨ G 2 C(0)q� ¨å á¢¥àâª  F �� G 2 C(0)p�,   ¤«ï F 2 C(�)p�

¨ G 2 C
(�)
q� F �� G 2 C

(�)
p� .

5�. � «¥¥ à áá¬ âà¨¢ ¥âáï ¢®¯à®á ®¡  ¯¯à®ªá¨¬ æ¨¨ ®¯¥à â®à®¢ á¢¥àâª¨, �� ¨ ¤¨ää¥à¥­-
æ¨à®¢ ­¨ï ¤«ï ®¡®¡é¥­­ëå äã­ªæ¨©. � ¯®¬­¨¬, çâ® C1

0 (R
n) ¥áâì ¯à®áâà ­áâ¢® ¡¥áª®­¥ç­®

¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© á ª®¬¯ ªâ­ë¬¨ ­®á¨â¥«ï¬¨. �¢¥¤¥¬ ­  L�(n) áª «ïà­®¥ ¯à®¨§-

¢¥¤¥­¨¥ (F;G)� = (
Q
�)

MP
k=�M

F (k)G(k). �ãáâì F ¨§ L�(n) â ª®¢®, çâ® ¤«ï ¢áïª®© äã­ªæ¨¨ f

¨§ C1
0 (R

n) (S(Rn) á®®â¢¥âáâ¢¥­­®) ¢¥«¨ç¨­  (F;��(f))� ª®­¥ç­ . �®£¤  ®¯à¥¤¥«¥­ «¨­¥©­ë©
äã­ªæ¨®­ «  �

F (f) ¨§ C
1
0 (R

n) (S(Rn) á®®â¢¥âáâ¢¥­­®) ¢ C â ª®©, çâ®  �
F (f) = st(F;��(f))�.

�«¥¤ãîé¨¥ â¥®à¥¬ë ®â¢¥ç îâ ­  ¢®¯à®á, ª®£¤  äã­ªæ¨®­ «  �
F § ¤ ¥â ®¡®¡é¥­­ãî äã­ªæ¨î,

¨ ®¯¨áë¢ îâ ®á­®¢­ë¥ á¢®©áâ¢  íâ¨å äã­ªæ¨®­ «®¢.
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�¥®à¥¬  5. �ãáâì 1 � p � 1, � 2 � ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (4).

1) �«ï ¢áïª®£® F ¨§ L
(�)
p� äã­ªæ¨®­ «  �

F 2 (C1
0 (R

n))0.
2) �á«¨ g ¥áâì ®¡®¡é¥­­ ï äã­ªæ¨ï ¨§ (C1

0 (Rn))0 ¨ g = '(�) ¤«ï ­¥ª®â®à®© à¥£ã«ïà­®© ��

', â® ­ ©¤¥âáï â ª®¥ G 2 L
(�)
p�, çâ®  

�
G = g.

3) �«ï ¢áïª®£® F ¨§ L
(�)
p� ( �

F )
(�) =  �

D
(�)

�
[F ]
.

�¥®à¥¬  6. �ãáâì 1 � p � 1, � 2 � ¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (4), (5).

1) �á«¨ F 2 C
(�)
p� , â®  

�
F 2 (S(Rn ))0.

2) �á«¨ g 2 (S(Rn ))0, â® ­ ©¤¥âáï G ¨§ C
(�)
p� â ª®¥, çâ® g =  �

G .

3) �«ï ¢áïª®£® F ¨§ C
(�)
p�

 ) ( �
F )

(�) =  �

D
(�)

�
F
;

¡) F [ �
F ],  

b�
F�[F ]

«¥¦ â ¢ (S(Rn))0, ¯à¨ç¥¬ ¯à¨ p � 2 ¨ � b�N � 1 ®­¨ à ¢­ë.

4) �á«¨ F 2 C
(�)
p� , G 2 C

(�)
q� ¨ ¢ë¯®«­¥­® (8), â®

 )  �
F �  �

G 2 (S(Rn))0 ¨  �
F �  �

G =  �
F��G

;
¡) D(�)( �

F �  �
G) 2 (S(Rn))0 ¨ D(�)( �

F �  �
G) =  �

D
(�)

�
(F��G)

;

¢) F [ �
F �  �

G ] 2 (S(Rn))0 ¨ F [ �
F �  �

G ] = F [ �
F ] � F [ 

�
G ].

�¨â¥à âãà 
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