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�ãáâì X | ª®¥çë© ¥¯ãáâ®©  «ä ¢¨â. �¥à¥§ X� ®¡®§ ç¨¬ ¬®¦¥áâ¢® ¢á¥å á«®¢ ª®¥ç®©
¤«¨ë  ¤ X, â. ¥. X� | á¢®¡®¤ë© ¬®®¨¤, £¥¥à¨àã¥¬ë© ¬®¦¥áâ¢®¬ X. �¤¨¨æã ¬®®¨¤ 
X� ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ e, â. ¥. e | ¯ãáâ®¥ á«®¢®. �á«¨ p = x1x2 : : : xn, £¤¥ xi 2 X, i = 1; n, â®
jpj = n ¨ p> = xnxn�1 : : : x2x1.

�¯à¥¤¥«¥¨¥ 1. �áïª®¥ ®â®¡à ¦¥¨¥ f : X� ! R, £¤¥ R | ¯®«¥, ¡ã¤¥¬  §ë¢ âì ¤¨áªà¥â-
ë¬ ¯à®æ¥áá®¬ (ªà âª® ¯à®æ¥áá®¬).

�¯à¥¤¥«¥¨¥ 2. �®¯àï¦¥ë¬ ¯à®æ¥áá®¬ ª ¯à®æ¥ááã f ¡ã¤¥¬  §ë¢ âì ¯à®æ¥áá f>, ®¯à¥-
¤¥«ï¥¬ë© ãá«®¢¨¥¬

f>(p) = f(p>) 8p 2 X�:

�¯à¥¤¥«¥¨¥ 3. �á«¨ f = f>, â® ¯à®æ¥áá f  §ë¢ ¥âáï á ¬®á®¯àï¦¥ë¬.

� ¬¥ç ¨¥ 1. �ç¥¢¨¤®, (f>)> = f .

�¯à¥¤¥«¥¨¥ 4. �®¥çë¬ «¨¥©ë¬  ¢â®¬ â®¬ (���) á ¢ëå®¤®¬  ¤ X ¡ã¤¥¬  §ë¢ âì
âà®©ªã

A = h�; fA(x); x 2 Xg; �i;
£¤¥ � | 1 � n-¬ âà¨æ   ¤ ¯®«¥¬ R, A(x) (x 2 X) | ª¢ ¤à âë¥ n� n-¬ âà¨æë  ¤ ¯®«¥¬ R,
� | n� 1-¬ âà¨æ   ¤ ¯®«¥¬ R.

�ç¥¢¨¤®, á® ¢áïª¨¬ ��� A  áá®æ¨¨àã¥âáï ¥ª®â®àë© ¯à®æ¥áá fA, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬

fA(p) = �A(p)� 8p 2 X�;

£¤¥ A(p) = A(x1)A(x2) : : : A(xk), ¥á«¨ p = x1x2 : : : xk, A(e) | ¥¤¨¨ç ï n� n-¬ âà¨æ .
� íâ®¬ á«ãç ¥ ¡ã¤¥¬ â ª¦¥ £®¢®à¨âì, çâ® ��� à¥ «¨§ã¥â ¯à®æ¥áá fA.

�¯à¥¤¥«¥¨¥ 5. �à®æ¥áá f ¡ã¤¥¬  §ë¢ âì «¨¥©ë¬ ¯à®æ¥áá®¬ (��), ¥á«¨ áãé¥áâ¢ã¥â
��� A â ª®©, çâ® fA = f .

�á«¨ n = nA | ¬¨¨¬ «ì®¥ ¢®§¬®¦®¥ ç¨á«® á®áâ®ï¨© ��� A, à¥ «¨§ãîé¥£® �� f , â®
¡ã¤¥¬ ¯¨á âì n = dimf .

�¯à¥¤¥«¥¨¥ 6. �à®æ¥áá f ¡ã¤¥¬  §ë¢ âì ¯á¥¢¤®¢¥à®ïâ®áâë¬ ¯à®æ¥áá®¬ (��), ¥á«¨P
x2X

f(px) = f(p) 8p 2 X�.

�¯à¥¤¥«¥¨¥ 7. �� f ¡ã¤¥¬  §ë¢ âì ¢¥à®ïâ®áâë¬ ¯à®æ¥áá®¬ (��), ¥á«¨ ¯®«¥ R ¢¥é¥-
áâ¢¥®¥ ¨ 1) f(e) = 1, 2) f(p) � 0 8p 2 X�.

�¯à¥¤¥«¥¨¥ 8. �á«¨ ¤«ï �� f dim f = n < 1, â® f ¡ã¤¥¬  §ë¢ âì ¢¥à®ïâ®áâë¬
«¨¥©ë¬ ¯à®æ¥áá®¬ (���).
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�¯à¥¤¥«¥¨¥ 9. �®¥çë¬ ¢¥à®ïâ®áâë¬  ¢â®¬ â®¬ (���) á ¢ëå®¤®¬  ¤ X ¡ã¤¥¬  -
§ë¢ âì âà®©ªã

B = h�; fB(x); x 2 Xg; �i;
£¤¥ � | áâ®å áâ¨ç¥áª ï 1 � n-¬ âà¨æ , B(x) (x 2 B) | ª¢ ¤à âë¥ ¥®âà¨æ â¥«ìë¥ (¯®í«¥-
¬¥â®) n � n-¬ âà¨æë â ª¨¥, çâ®

P
x2X

B(x) ¥áâì áâ®å áâ¨ç¥áª ï ¬ âà¨æ , � | n � 1-¬ âà¨æ ,

¢á¥ ª®¬¯®¥âë ª®â®à®© à ¢ë ¥¤¨¨æ¥.

�ç¥¢¨¤®, á® ¢áïª¨¬ ��� B  áá®æ¨¨àã¥âáï ��

fB(p) = �B(p)� 8p 2 X�:

� íâ®¬ á«ãç ¥ ¡ã¤¥¬ â ª¦¥ £®¢®à¨âì, çâ® ��� B à¥ «¨§ã¥â �� fB.

�¯à¥¤¥«¥¨¥ 10. �á«¨ áãé¥áâ¢ã¥â ��� B, ª®â®àë© à¥ «¨§ã¥â �� f , â® f  §ë¢ ¥âáï ª®-
¥çë¬ ¢¥à®ïâ®áâë¬ ¯à®æ¥áá®¬ (���).

�ç¥¢¨¤®, ¢áïª¨© ��� f ï¢«ï¥âáï ���, ® ®¡à â®¥, ª ª ¬ë ã¢¨¤¨¬, ¥ ¢á¥£¤  ¨¬¥¥â ¬¥áâ®.
�¨¨¬ «ì®¥ ¢®§¬®¦®¥ ç¨á«® á®áâ®ï¨© ��� B, à¥ «¨§ãîé¥£® ��� f , ®¡®§ ç¨¬ ç¥à¥§

dim+
f .

�¥®à¥¬  1. �ãé¥áâ¢ã¥â �� f â ª®©, çâ® dimf = 3, ® dim+ f =1, jXj = 2.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ «¨¥©ë©  ¢â®¬ â

A = h�; fA(0); A(1)g; �i;
£¤¥

� =
1p

1 + "2
(0; "; 1); A(0) =

1
2

0
@
cos � � sin � 0
sin � cos � 0
0 0 1

1
A ;

A(1) =
1

2(1 + "2(2� cos �))

0
@

"2 sin2 � "2(2� cos �) sin � " sin �
"2(2� cos �) sin � "2(2� cos �)2 "(2 � cos �)

" sin � "(2 � cos �) 1

1
A ; � =

1p
1 + "2

0
@
0
"

1

1
A :

�¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¯®ª §ë¢ ¥âáï, çâ® fA ¯à¨ j"j � 1

3
ï¢«ï¥âáï ��, ¯à¨ç¥¬ ¢

á¨«ã ¨§¢¥áâ®£® [1] ªà¨â¥à¨ï ¨¤ãæ¨àã¥¬®áâ¨ áâ®å áâ¨ç¥áª®£® ¯à®æ¥áá  ¬ àª®¢áª®© æ¥¯ìî, ¯à¨
ãá«®¢¨¨, çâ® " 6= 0 ¨ � | ã£®« ¨àà æ¨® «ì®£® ¯®àï¤ª  ®â®á¨â¥«ì® � (â. ¥. � = r�, £¤¥ r

¨àà æ¨® «ì®¥), fA ¥ ¬®¦¥â ¡ëâì à¥ «¨§®¢  ¨ª ª¨¬ ��� B, â. ¥. ¢ íâ®¬ á«ãç ¥ dim+
f =1.

�¥âàã¤® ¯®ª § âì, çâ® dimfA = 3.

�¥®à¥¬  2. �«ï «î¡®£® N � 3 áãé¥áâ¢ã¥â �� fN â ª®©, çâ® dim+
fN = N , dimfN = 3,

jXj = 2.

�®ª § â¥«ìáâ¢®. �áª®¬ë© �� fN ¥áâì ¯à®æ¥áá, à¥ «¨§ã¥¬ë© ��� ¨§ â¥®à¥¬ë 1 ¤«ï �

¯®¤å®¤ïé¥£® à æ¨® «ì®£® ¯®àï¤ª  ®â®á¨â¥«ì® �.

�¥®à¥¬  3. �áïª¨© �� f , ¤«ï ª®â®à®£® dim f < 3, à¥ «¨§ã¥âáï ���, â. ¥. ï¢«ï¥âáï ���.

�®ª § â¥«ìáâ¢®. � á¨«ã ¨§¢¥áâ®£® [1] ªà¨â¥à¨ï ¨¤ãæ¨àã¥¬®áâ¨ áâ®å áâ¨ç¥áª®£® ¯à®æ¥áá 
¬ àª®¢áª®© æ¥¯ìî ¤®áâ â®ç® ¨á¯®«ì§®¢ âì â®â ä ªâ, çâ® ®áâàë© ¢ë¯ãª«ë© ª®ãá   ¤¢ã¬¥à-
®© ¯«®áª®áâ¨ ¨¬¥¥â ¥ ¡®«¥¥ ¤¢ãå ¡ §¨áëå ®¡à §ãîé¨å,   ã£®« á®®â¢¥âáâ¢ãîé¥£® á¥ªâ®à 
¬¥ìè¥ �.

�¥®à¥¬  4. �à®æ¥áá f ï¢«ï¥âáï �� â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f> ï¢«ï¥âáï ��, ¯à¨ç¥¬

dim f = dim f>.
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�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì f à¥ «¨§ã¥âáï ���

A = h�; fA(x); x 2 Xg; �i;
â. ¥. f(p) = �A(p)� 8p 2 X�. �®£¤  f>(p) = f(p>) = �A(p>)� = �A(xk) : : : A(x1)�. �ç¥¢¨¤®,
¨¬¥¥¬

f>(p) = f(p>) = �>A>(x1)A>(x2) : : : A>(xk)�>;

£¤¥ A>(x) | âà á¯®¨à®¢  ï ¬ âà¨æ  A(x). � ª¨¬ ®¡à §®¬, f> à¥ «¨§ã¥âáï ¯®áà¥¤áâ¢®¬
���

A> = h�>; fA>(x); x 2 Xg; �>i:
�®áâ â®ç®áâì ¢ á¨«ã § ¬¥ç ¨ï 1 ¤®ª §ë¢ ¥âáï   «®£¨ç®. �§ á ¬®£® ¤®ª § â¥«ìáâ¢ 

¢¨¤®, çâ® ¢ íâ®¬ á«ãç ¥ dim f = dim f>.

�¥®à¥¬  5. �á«¨ ¨§¢¥áâ®, çâ® dim f � n, £¤¥ n § ¤ ® ¨ áãé¥áâ¢ã¥â íää¥ªâ¨¢ë© á¯®á®¡

¢ëç¨á«¥¨ï f(p) ¤«ï «î¡®£® p, jpj � 2n � 1, â® á ¬®á®¯àï¦¥®áâì �� f  «£®à¨â¬¨ç¥áª¨

à §à¥è¨¬ .

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¢ íâ®¬ á«ãç ¥ ¤®áâ â®ç® ¯à®¢¥à¨âì á¯à ¢¥¤«¨¢®áâì á®-
®â®è¥¨ï

f(p) = f(p>)

¤«ï ¢á¥å á«®¢ ¤«¨ë � 2n� 1.

�¯à¥¤¥«¥¨¥ 11. �� f  §ë¢ ¥âáï ¤¢ãáâ®à®¨¬, ¥á«¨ f> ï¢«ï¥âáï ��.

�¯à¥¤¥«¥¨¥ 12. �� f  §ë¢ ¥âáï ¤¢ãáâ®à®¨¬, ¥á«¨ f> ï¢«ï¥âáï ��.

�¥®à¥¬  6. �«ï â®£® çâ®¡ë �� f ï¢«ï«áï ¤¢ãáâ®à®¨¬, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®-

¡ë ¢ë¯®«ï«®áì ãá«®¢¨¥ X
x2X

f(xp) = f(p) 8p 2 X�:

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì f> ï¢«ï¥âáï ��. �®£¤ 

f(p) = f>(p>) =
X
x2X

f>(p>x) =
X
x2X

f(xp) 8p 2 X�:

�®áâ â®ç®áâì. �ãáâì â¥¯¥àì �� f ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
P
x2X

f(xp) = f(p) 8p 2 X�.

�®£¤  ¨¬¥¥¬ X
x2X

f>(px) =
X
x2X

f(xp>) = f(p>) = f>(p);

â. ¥. f> ï¢«ï¥âáï ��.

�¥®à¥¬  7. �á«¨ ¤¢ãáâ®à®¨© �� f ï¢«ï¥âáï ��, â® f ï¢«ï¥âáï ¤¢ãáâ®à®¨¬ ��.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã �� f ï¢«ï¥âáï ��, â® f>(e) = f(e>) = f(e) = 1, f>(p) =
f(p>) � 0 8p 2 X�. � ª ª ª f ï¢«ï¥âáï ¤¢ãáâ®à®¨¬ ��, â® ¨ f> ï¢«ï¥âáï ��, â. ¥. f ï¢«ï¥âáï
¤¢ãáâ®à®¨¬ ��.

�ç¥¢¨¤®, ¢áïª¨© á ¬®á®¯àï¦¥ë© �� (��) f ï¢«ï¥âáï ¤¢ãáâ®à®¨¬ �� (��).

�¥®à¥¬  8. �ãé¥áâ¢ã¥â á ¬®á®¯àï¦¥ë© �� f â ª®©, çâ® dim f = 3, ® dim+ f = 1,

jXj = 2.
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�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ «¨¥©ë©  ¢â®¬ â

A0 = h�;A(0); A0(1); �i
£¤¥ �, �, A(0) â ª¨¥ ¦¥, çâ® ¨ ¯à¨ ®¯à¥¤¥«¥¨¨ «¨¥©®£®  ¢â®¬ â  ¨§ â¥®à¥¬ë 1,   A0(1) ¯à¥¤-
áâ ¢«ï¥â á®¡®© ¬ âà¨æã ¢¨¤ 

A0(1) =
1
2R

0
@

"2 sin2 � "2(2� cos �) sin � " sin �
�"2(2� cos �) sin � "2(2� cos �)2 "(2� cos �)

�" sin � "(2� cos �) 1

1
A

¤«ï R = "2(2� cos �) + 1.
�¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¨ ¨á¯®«ì§ãï â¥®à¥¬ã 5 ¯®ª §ë¢ ¥¬, çâ® fA0 ¯à¨ j"j � 1

3

ï¢«ï¥âáï á ¬®á®¯àï¦¥ë¬ ��. �® â®© ¦¥ ¯à¨ç¨¥, çâ® ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, fA0

¯à¨ ãá«®¢¨¨, çâ® " 6= 0 ¨ � | ã£®« ¨àà æ¨® «ì®£® ¯®àï¤ª  ®â®á¨â¥«ì® �, ¥ ¬®¦¥â ¡ëâì
à¥ «¨§®¢  ¨ª ª¨¬ ��� B, â. ¥. ¢ íâ®¬ á«ãç ¥ dim+ fA0 =1. �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢ 
®áâ ¥âáï § ¬¥â¨âì, çâ® «¨¥©ë©  ¢â®¬ â A0 ï¢«ï¥âáï ¥¯à¨¢®¤¨¬ë¬, â. ¥. dim fA0 = 3.

�«¥¤áâ¢¨¥ 1. �ãé¥áâ¢ã¥â ¤¢ãáâ®à®¨© �� f â ª®©, çâ® dim f = 3, ® dim+
f =1, jXj = 2.

�¥®à¥¬  9. �«ï «î¡®£® N � 3 áãé¥áâ¢ã¥â á ¬®á®¯àï¦¥ë© �� fN â ª®©, çâ®

dim+
fN = N , dimfN = 3, jXj = 2.

�®ª § â¥«ìáâ¢®. �áª®¬ë© á ¬®á®¯àï¦¥ë© �� fN ¥áâì ¯à®æ¥áá, à¥ «¨§ã¥¬ë© ��� ¨§
â¥®à¥¬ë 8 ¤«ï � ¯®¤å®¤ïé¥£® à æ¨® «ì®£® ¯®àï¤ª  ®â®á¨â¥«ì® �.

�«¥¤áâ¢¨¥ 2. �«ï «î¡®£® N � 3 áãé¥áâ¢ã¥â ¤¢ãáâ®à®¨© �� fN â ª®©, çâ® dim+
fN = N ,

dim fN = 3, jXj = 2.

� ¬¥ç ¨¥ 2. � á¨«ã ª®â¨ã «ì®áâ¨ ¢ë¡®à  § ç¥¨© ¯ à ¬¥âà  " ¤«ï á®®â¢¥âáâ¢ãîé¨å
�� ¢ â¥®à¥¬ å 1, 2, 8, 9 íâ¨ â¥®à¥¬ë ¡ã¤ãâ á¯à ¢¥¤«¨¢ë, ¥á«¨ ¨§¬¥¨âì ¨å ä®à¬ã«¨à®¢ª¨ á
ãç¥â®¬ â ª®£® ¢ë¡®à  ". � ª,  ¯à¨¬¥à, â¥®à¥¬  1 ¢ íâ®¬ á«ãç ¥ ¯à¨¬¥â á«¥¤ãîé¨© ¢¨¤.

�¥®à¥¬  10. �ãé¥áâ¢ã¥â ª®â¨ãã¬ �� f â ª¨å, çâ® dim f = 3, ® dim+ f =1, jXj = 2.

�¨â¥à âãà 

1. Heller A. On stochastic processes derived from Markov chains // Ann. Math. Statist. { 1965. {
V. 36. { P. 1286{1291.

� § áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 
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