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�ãáâì D | ªàã£®¢®© á¥ªâ®à, ®£à ¨ç¥ë© ®âà¥§ª ¬¨ l1 ¨ l3 ¯àï¬ëå Re z = � Im z á®®â¢¥â-
áâ¢¥® ¨ ¤ã£®© l2 ®ªàã¦®áâ¨ jzj = 1, j arg zj < �=4. �á«¨ ¨§ § ¬ëª ¨ï D ã¤ «¨âì ç áâì ¯®-
«®¦¨â¥«ì® ®à¨¥â¨à®¢ ®© £à ¨æë � = @D, â® ¯®«ãç¨¬ äã¤ ¬¥â «ì®¥ ¬®¦¥áâ¢® ç áâ-
®£® á«ãç ï ª®¥ç®© £àã¯¯ë ¤¨í¤à  ([1], £«. 7, x 6). �®ào¦¤ îé¨¥ ¯à¥®¡à §®¢ ¨ï �1(z) = iz,
�2(z) = z�1 ¨¤ãæ¨àãîâ £®¬¥®¬®àä¨§¬ �(t) = �! �,

�(t) = t () �(t) = f�j(t); t 2 ljg; j = 1; 2; 3; �3 = ��11 ; �(�(t)) � t;

¨§¬¥ïîé¨© ®à¨¥â æ¨î £à ¨æë. �à®¨§¢®¤ ï �0(t) à §àë¢  ¢ ¢¥àè¨ å t1 = 0, t2;3 =
p
2=2�

i
p
2=2,   á ¬ á¤¢¨£ �(t) 2 C(�).
�¥«ìî ¤ ®© à ¡®âë ï¢«ï¥âáï ¨áá«¥¤®¢a¨¥ ¯à®¡«¥¬ë ®¡à é¥¨ï ®á®¡®£® ¨â¥£à « 

(A')(t) � 1
�i

Z
�

'(�)E(t; �)d� =  (t); t 2 �; (1)

£¤¥ äãªæ¨¨ ' ¨  ã¤®¢«¥â¢®àïîâ ãá«®¢¨î ��e«ì¤¥à    �. �« áá â ª¨å äãªæ¨© ®¡®§ ç¨¬
ç¥à¥§ Q. �¤à® ¨â¥£à «  (1) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

E(z; �) = (� � iz)�1 + (� + iz)�1 + (� � z�1)�1: (2)

�¤¥áì ¨â¥£à « (1) ¯®¨¬ ¥âáï ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯® �®è¨. � ¬¥â¨¬, çâ® ¤«ï á®®â-
¢¥âáâ¢ãîé¥© äãªæ¨¨ (A')(z) á¯à ¢¥¤«¨¢   «®£ ä®à¬ã«ë �.�.�®å®æª®£®{�. �«¥¬¥«ï

A+ = �W +A; (3)

£¤¥ ¨¢®«îâ¨¢ë© ®¯¥à â®à W ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© W : '(t) ! '[�(t)]. �ç¥¢¨¤®, çâ® ¤«ï
£à ¨ç®£® § ç¥¨ï   «¨â¨ç¥áª®© ¢ D äãªæ¨¨ a(z) ¨¬¥¥¬

Aa+ =Wa+; (4)

â. ª. ¯à¥®¡à §®¢ ¨ï £àã¯¯ë, ®â«¨çë¥ ®â â®¦¤¥áâ¢¥®£®, ¯¥à¥¢®¤ïâ â®çªã ¨§ ®¡« áâ¨ D ¢ ¥¥
¢¥è®áâì. � ©¬¥¬áï à¥£ã«ïà¨§ æ¨¥© ãà ¢¥¨ï (1). �«ï íâ®£® § ¬¥â¨¬, çâ® (1) =) A2' = A 
¨ ¢ á¨«ã ä®à¬ã« (3) ¨ (4) á¯à ¢¥¤«¨¢® à ¢¥áâ¢® A2 = A[�W +A+W ] = �J +WA+AW . �¤à®
®¯¥à â®à  AW +WA ¨¬¥¥â ¢¨¤

K(t; �) = E(t; �) � �0(�)E(�(t); �(�)): (5)

�® ®£à ¨ç¥®, çâ® ¥¯®áà¥¤áâ¢¥® ¯à®¢¥àï¥âáï ¯¥à¥¡®à®¬ à §«¨çëå ¢ à¨ â®¢ ¢§ ¨¬®£®
à á¯®«®¦¥¨ï â®ç¥ª � ¨ t   áâ®à® å �. �®«¥¥ â®£®, ç áâë¥ ¯à®¨§¢®¤ë¥ @K=@� ¨ @K=@t
¥¯à¥àë¢ë   § ¬ëª ¨¨ ª ¦¤®© ¨§ áâ®à®,   ¢¥àè¨ë ï¢«ïîâáï ¤«ï ¨å â®çª ¬¨ à §àë¢ 
¯¥à¢®£® à®¤ . �®íâ®¬ã ®¯¥à â®àë A ¨ W  â¨ª®¬¬ãâ¨àãîâ (á â®ç®áâìî ¤® ª®¬¯ ªâ®£® ®¯¥-
à â®à ) ¢ æ¥«®¬ àï¤¥ äãªæ¨® «ìëå ¯à®áâà áâ¢. �àã£¨¬¨ á«®¢ ¬¨, ®¯¥à â®à A2 = �I + F ,
£¤¥ F ¢¯®«¥ ¥¯à¥àë¢¥. �¥ª®â®àë¥ ¢®¯à®áë â¥®à¨¨ â ª¨å ®¯¥à â®à®¢ ¨§ãç «¨áì à ¥¥ ¢ [2].

�ç¥¢¨¤®, A : Q �! Q. �¢¥¤¥¬ ®¯¥à â®à

T� = �I +AW +WA; � 6= 0: (6)
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�à®¡«¥¬  ®¡à é¥¨ï (1) á¢¥« áì ª ¨áá«¥¤®¢ ¨î ¨â¥£à «ì®£® ãà ¢¥¨ï

T�1' = A : (7)

�ã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨© (ä. á. à.) ®¤®à®¤®£® ãà ¢¥¨ï

T�' = 0 (8)

¢á¥£¤  ¬®¦® ¢ë¡à âì â ª, çâ®¡ë ª ¦¤ ï ¢å®¤ïé ï ¢ ¥¥ äãªæ¨ï ã¤®¢«¥â¢®àï«  ®¤®¬ã ¨§
ãá«®¢¨©

' =W' (' = �W'): (9)

� ª¨¥ à¥è¥¨ï ¡ã¤¥¬  §ë¢ âì, ª ª ®¡ëç®, ¨¢ à¨ âë¬¨ ( â¨¨¢ à¨ âë¬¨). �á«¨ ãà ¢-
¥¨¥ (8) ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥, â® ®® ¨¬¥¥â ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ®¤®£® ¨§ ¢¨¤®¢
(9) ¨«¨ ®¡®¨å ¢¨¤®¢, ¥á«¨ ¯¥à¢® ç «ì® à¥è¥¨¥ ¥ ã¤®¢«¥â¢®àï¥â ¨ ®¤®¬ã ¨§ ãá«®¢¨© (9).

�¥¬¬  1. �á«¨ � 6= �2 ¨ ä. á. à. ãà ¢¥¨ï (8) á®¤¥à¦¨â äãªæ¨î á ®¤¨¬ ¨§ á¢®©áâ¢ (9),
â® ®  á®¤¥à¦¨â ¨ äãªæ¨î á ¯à®â¨¢®¯®«®¦ë¬ á¢®©áâ¢®¬.

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ à¥è¥¨¥ ' ¨¢ à¨ â®. � ¯¨è¥¬ ãà ¢¥¨¥
(8) ¢ ¢¨¤¥ ��' =WA'+A'() �(�+ 2)' = A+'+WA+'. �â® ®§ ç ¥â, çâ® äãªæ¨ï

� = �2�1(�+ 2)' �A+' (10)

 â¨¨¢ à¨ â . �¬®¦¨¬ ®¡¥ ç áâ¨ à ¢¥áâ¢  (10)   ï¤à® (2) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® �, ®âªã¤ 
A+� = �2�1(� + 2)A+'. �á¯®«ì§ãï ä®à¬ã«ã (10) ¨ ¨áª«îç ï ¢¥«¨ç¨ã A+', ¯®«ãç¨¬ A+� =
2�1(�+2)[�+2�1(�+2)']. �à¨¬¥¨¬ ª ®¡¥¨¬ ç áâï¬ ¯®á«¥¤¥£® à ¢¥áâ¢  ®¯¥à â®à W ,   § â¥¬
¯®«ãç¥®¥ á®®â®è¥¨¥ ¢ëçâ¥¬ ¨§ ¨áå®¤®£®. �®£¤  A+��WA+� = (�+2)� () (8). �®¯ãáâ¨¬,
çâ® � � 0. � á¨«ã (10) ¨¬¥¥¬ ' = '+, â. ¥. á ãç¥â®¬ ¨¢ à¨ â®áâ¨ ' � const. �® ¯®áâ®ï ï
¯à¨ ¤«¥¦¨â ä. á. à. ãà ¢¥¨ï (8) â®«ìª® ¯à¨ � = �2.

�¥¬¬  2. �¤®à®¤®¥ ãà ¢¥¨¥ �à¥¤£®«ì¬  (8) ¯à¨ � = �1 ¥ ¨¬¥¥â ¥âà¨¢¨ «ìëå à¥-

è¥¨©.

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 ¤®áâ â®ç® ¯®ª § âì, çâ® ä. á. à. ãà ¢¥¨ï T�1' = 0
¥ á®¤¥à¦¨â  â¨¨¢ à¨ âëå äãªæ¨©. � áá¬®âà¨¬ íâ® ãà ¢¥¨¥ ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥
C(�) á ®à¬®© k'k = max j'(t)j, t 2 �. �®§¬®¦ë ¤¢  á«ãç ï.

1�. t 2 l1. � §®¡ì¥¬ ¨â¥£à «ì®¥ á« £ ¥¬®¥ ¢ (6)   âà¨ ¨â¥£à «  Ij ¯® á®®â¢¥âáâ¢ãîé¨¬
áâ®à® ¬ �. �à¨ � 2 l1 ¨¬¥¥¬ K(t; �) = 2t(t2� 2 � 1)�1, â. ¥. jI1j < 2��1k'k. �à¨ � 2 l3 ¨¬¥¥¬
K(t; �) � 0. �à¨ � 2 l2 ¯®«ãç¨¬K(t; �) = 2��1+(�+it)�1+(�(t�+1))�1. �  áç¥â  â¨¨¢ à¨ â®©
¯«®â®áâ¨ á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

2�iI2 =
Z
l2

'(�)[K(t; �) � ��2K(t; ��1)]d�;

¢ ç¥¬ ¬®¦® ã¡¥¤¨âìáï § ¬¥®© ¯¥à¥¬¥®© � = ��11 ¢ ¨â¥£à «¥ ®â ¢â®à®£® á« £ ¥¬®£® ¢ ï¤à¥.
�ë¯®«ïîâáï ®ç¥¢¨¤ë¥ ¥à ¢¥áâ¢ 

j(t� 2 + �)�1 � (� + t)�1j < 0;5 ; j(� + it)�1 � (it� 2 + �)�1j < 0;5 ;

â. ¥. jI2j � 0;25k'k. �§ ¯®«ãç¥ëå ®æ¥®ª á«¥¤ã¥â k'k = 0.
2�. t 2 l2. �à¨ � 2 l2 ¨¬¥¥¬ K(t; �) = 3��1 , â. ¥. I2 = 0. �à®¬¥ â®£®,

K(t; �) =
1

� � it
� t

t� + 1
=

1 + it2

(� � it)(t� + 1)
¯à¨ � 2 l1

¨

K(t; �) =
1

� + it
� t

t� + 1
=

1� it2

(� + it)(t� + 1)
¯à¨ � 2 l3:
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�®áª®«ìªã
j� � itj jt� + 1j � 1 (� 2 l1) ¨ j� + itj jt� + 1j � 1 (� 2 l3);

â®

jI1 + I3j � 1
�
maxfj1 + it2j+ j1� it2jgk'k � 2

p
2

�
k'k =) ' � 0:

�¥¬ á ¬ë¬ ¤®ª § ®, çâ® ®¤®à®¤®¥ ãà ¢¥¨¥ ¥ ¨¬¥¥â ¥âà¨¢¨ «ìëå ¥¯à¥àë¢ëå à¥è¥-
¨©.

�ä®à¬ã«¨àã¥¬ ®á®¢®© à¥§ã«ìâ â.

�¥®à¥¬ . �à®¡«¥¬  ®¡à é¥¨ï ®á®¡®£® ¨â¥£à «  (1) á ï¤à®¬ (2), ¯®¨¬ ¥¬®£® ¢ á¬ëá«¥

£« ¢®£® § ç¥¨ï ¯® �®è¨, ¡¥§ãá«®¢® à §à¥è¨¬  ¨ ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

' = T�1

�1 (A ):

�«ï ¤®ª § â¥«ìáâ¢  ã¦® ¯à¨¬¥¨âì  «ìâ¥à â¨¢ã �à¥¤£®«ì¬  ¨ «¥¬¬ã 2.

�¨â¥à âãà 
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