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�¨ää¥à¥­æ¨ «ì­ ï £¥®¬¥âà¨ï m-¬¥à­ëå ¯®¢¥àå­®áâ¥© ¨ à á¯à¥¤¥«¥­¨©, ¢«®¦¥­­ëå ¢ n-
¬¥à­®¥ ª®­ä®à¬­®¥ ¯à®áâà ­áâ¢® Cn, ¨§ãç « áì ¢ [1]{[7]. � ¤ ­­®© à ¡®â¥ ¨áá«¥¤ã¥âáï ¢­ãâà¥­-
­ïï £¥®¬¥âà¨ï ®á­ é¥­­ëå à á¯à¥¤¥«¥­¨©, ¯®£àã¦¥­­ëå ¢ á®¡áâ¢¥­­® ª®­ä®à¬­®¥ ¯à®áâà ­-
áâ¢® Cn; æ¥­âà «ì­ë¥ à¥§ã«ìâ âë ¯®«ãç¥­ë á ¯à¨¬¥­¥­¨¥¬ â¥®à¨¨ á¢ï§­®áâ¥© ¢ à áá«®¥­­ëå
¯à®áâà ­áâ¢ å ¢ ä®à¬¥, ¤ ­­®© �.� àâ ­®¬ [8] ¨ �.�.� ¯â¥¢ë¬ [9]. �áá«¥¤®¢ ­¨ï ¯à®¢¥¤¥­ë
¢ ¬¨­¨¬ «ì­® á¯¥æ¨ «¨§¨à®¢ ­­®© á¨áâ¥¬¥ ®â­¥á¥­¨ï. �á­®¢­ë¥ à¥§ã«ìâ âë ¤®«®¦¥­ë ­  �¥-
¦¤ã­ à®¤­®© ª®­ä¥à¥­æ¨¨ [10]. �­¤¥ªáë ¯à¨­¨¬ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï:

�; �; � = 0; n+ 1; I;K;L = 0; n; I;K;L = 1; n; i; j; k; l; s; t = 1;m;

i; j; k = 0;m; �; �; 
; � = m+ 1; n; �; �; 
 = 0;m+ 1; n:

1. � áá¬®âà¨¬ á®¡áâ¢¥­­® ª®­ä®à¬­®¥ ¯à®áâà ­áâ¢® Cn; ®â­¥á¥¬ ¥£® ª ¯®¤¢¨¦­®¬ã ¯®«ã¨§®-
âà®¯­®¬ã [4] à¥¯¥àã R = fA�g, á®áâ®ïé¥¬ã ¨§ â®ç¥ª A0, An+1 ¨ n £¨¯¥àáä¥à AK ¤¥©áâ¢¨â¥«ì­ëå
­¥­ã«¥¢ëå à ¤¨ãá®¢, ¯à®å®¤ïé¨å ç¥à¥§ íâ¨ â®çª¨. �á«¨ áª «ïà­ë¥ ¯à®¨§¢¥¤¥­¨ï (A�A�) í«¥-
¬¥­â®¢ ¢ë¡à ­­®£® à¥¯¥à  ®¡®§­ ç¨âì ç¥à¥§ g��, â® [1]

kg��k =







0 0 1
0 gIK 0
1 0 0







 ; g�� = g��; (1)

¯à¨ç¥¬ ¢ á®¡áâ¢¥­­® ª®­ä®à¬­®¬ ¯à®áâà ­áâ¢¥ Cn ¬ âà¨æ  kgIKk ï¢«ï¥âáï ­¥¢ëà®¦¤¥­­®© ¨
¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­®©.

�î¡ãî £¨¯¥àáä¥àã P 2 Cn ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ «¨­¥©­®© ª®¬¡¨­ æ¨¨ í«¥¬¥­â®¢
à¥¯¥à  R:

P = x0A0 + xIAI + xn+1An+1: (2)

�á«¨ P | â®çª  ¯à®áâà ­áâ¢  Cn, â® ¢ á¨«ã á®®â­®è¥­¨© (1), (2) ¨ (PP ) = 0 ¥¥ ª®®à¤¨­ âë
ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î

gIKx
IxK + 2x0xn+1 = 0: (3)

�à ¢­¥­¨¥ (3) ¥áâì ãà ¢­¥­¨¥ ­¥¯®¤¢¨¦­®© ¤¥©áâ¢¨â¥«ì­®© ®¢ «ì­®© £¨¯¥àª¢ ¤à¨ª¨ � à¡ã Q2
n

¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn+1, ­  ª®â®àãî ®â®¡à ¦ îâáï ¢á¥ â®çª¨ ª®­ä®à¬­®£® ¯à®áâà ­-
áâ¢  Cn. �à¨ íâ®¬ ®â®¡à ¦¥­¨¨ � à¡ã ®¡à §ë A0 ¨ An+1 ¢¥àè¨­ A0, An+1 à¥¯¥à  R «¥¦ â
­  £¨¯¥àª¢ ¤à¨ª¥ � à¡ã (3), ®¡à § ¬¨ £¨¯¥àáä¥à P 2 Cn ¤¥©áâ¢¨â¥«ì­®£® ­¥­ã«¥¢®£® à ¤¨ãá 
ï¢«ïîâáï â®çª¨ P ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn+1, ­ å®¤ïé¨¥áï ¢­¥ £¨¯¥àª¢ ¤à¨ª¨ Q2

n; ¢ á¨-
«ã íâ®£® ®¡à § ¬¨ ¢¥àè¨­ AI (â. ¥. £¨¯¥àáä¥à) à¥¯¥à  R ï¢«ïîâáï â®çª¨ AI 2 Pn+1, «¥¦ é¨¥
­  ¯¥à¥á¥ç¥­¨¨ ¯®«ïà â®ç¥ª A0 ¨ An+1. � ¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥ Pn+1 ¨¬¥¥¬ ¯à®¥ªâ¨¢­ë©
à¥¯¥à R = fA�g, á®®â¢¥âáâ¢ãîé¨© ¢ë¡à ­­®¬ã ª®­ä®à¬­®¬ã à¥¯¥àã R = fA�g.

�â¬¥â¨¬, çâ® £àã¯¯  ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© L ¯à®áâà ­áâ¢  Cn ¨§®¬®àä­  ¯®¤£àã¯¯¥
£àã¯¯ë ¯à®¥ªâ¨¢­ëå ¯à¥®¡à §®¢ ­¨© ¯à®áâà ­áâ¢  Pn+1,   ¨¬¥­­®, ¨§®¬®àä­  áâ æ¨®­ à­®©

60



¯®¤£àã¯¯¥ £¨¯¥àª¢ ¤à¨ª¨ � à¡ã Q2
n � Pn+1; íâ  ¯®¤£àã¯¯  § ¢¨á¨â ®â (n+1)(n+2)

2
­¥§ ¢¨á¨¬ëå

¯ à ¬¥âà®¢.

2. �à¨ ¡¥áª®­¥ç­® ¬ «®¬ ¯à¥®¡à §®¢ ­¨¨ ª®­ä®à¬­®© £àã¯¯ë L (áâ æ¨®­ à­®© ¯®¤£àã¯-
¯ë  ¡á®«îâ  Q � Pn+1) í«¥¬¥­âë ª®­ä®à¬­®£® à¥¯¥à  R (¯à®¥ªâ¨¢­®£® à¥¯¥à  R) ¯®«ãç îâ
¯à¨à é¥­¨ï, £« ¢­ãî ç áâì ª®â®àëå ®¯à¥¤¥«ïîâ ¤¨ää¥à¥­æ¨ «ë dA� (á®®â¢¥âáâ¢¥­­® dA�),
ï¢«ïîé¨¥áï £¨¯¥àáä¥à ¬¨ (â®çª ¬¨); íâ¨ ¤¨ää¥à¥­æ¨ «ë à §« £ îâáï ¯® í«¥¬¥­â ¬ ¨áå®¤­®-
£® à¥¯¥à  R (R) á«¥¤ãîé¨¬ ®¡à §®¬:

dA� = !��A� (á®®â¢¥âáâ¢¥­­® dA� = !��A�); (4)

£¤¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ä®à¬ë �ä ää  !�� § ¢¨áïâ ®â ¯ à ¬¥âà®¢ £àã¯¯ë L (áâ æ¨®­ à­®©
¯®¤£àã¯¯ë  ¡á®«îâ  Q2

n). �á«®¢¨ï¬¨ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨ á¨áâ¥¬ë ãà ¢­¥­¨© (4) ï¢«ïîâáï
áâàãªâãà­ë¥ ãà ¢­¥­¨ï, ª®â®àë¬ ¯®¤ç¨­¥­ë ä®à¬ë !

�
� ,

D!
�
� = !

�
� ^ !�� : (5)

�à®¬¥ â®£®, ¢ á¨«ã á®®â­®è¥­¨© (1) ¨ (4) ä®à¬ë !
�
� ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ «¨­¥©­ë¬ § -

¢¨á¨¬®áâï¬ [1]:

( ) !n+1
0 = !0

n+1 = 0; !0
0 + !n+1

n+1 = 0;

(¡) !0
I + gIL!

L
n+1 = 0; !n+1

I + gIL!
L
0 = 0; (6)

(¢) dgIK � gIL!
L
K � gLK!

L
I = 0:

�®à¬   def= (dA0dA0) = gIK!
I
0!

K
0 ï¢«ï¥âáï ®â­®á¨â¥«ì­® ¨­¢ à¨ ­â­®©: � = 2 �0

0 , £¤¥

���
def= !�� j!I

0
=0; �

def= dj!I

0
=0;

®­  ®¯à¥¤¥«ï¥â ã£«®¢ãî ¬¥âà¨ªã ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn. �¥âà¨ç¥áª¨© â¥­§®à gIK á®¡-
áâ¢¥­­® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  ­¥¢ëà®¦¤¥­:

g
def= jgIK j > 0; d ln

p
g = !LL: (7)

3. � ª ¦¤®© â®çª¥ A 2 Cn ¢®§ì¬¥¬ m ¨ n � m «¨­¥©­® ­¥§ ¢¨á¨¬ëå £¨¯¥àáä¥à Pi ¨ P�
á®®â¢¥âáâ¢¥­­®:

Pi = Ai + x0iA0 + x�i A� + xn+1
i An+1;

P� = A� + x0�A0 + xj�Aj + xn+1
� An+1:

�®âà¥¡ã¥¬, çâ®¡ë ¢á¥ £¨¯¥àáä¥àë Pi ¨ P� ¯à®å®¤¨«¨ ç¥à¥§ â®çªã A0. �®£¤ 

(PiA0) = xn+1
i = 0; (P�A0) = xn+1

� = 0;

¨, á«¥¤®¢ â¥«ì­®,

Pi = Ai + x0iA0 + x
�
i A�; P� = A� + x0�A0 + xj�Aj : (8)

�®¢®ªã¯­®áâì â®çª¨ A0 ¨ ¬­®¦¥áâ¢  Lm £¨¯¥àáä¥à P = �jPj + �0A0, ­ âï­ãâëå ­  A0 ¨ ¡ -
§¨á­ë¥ £¨¯¥àáä¥àë Pj , ­ §®¢¥¬ m-¬¥à­ë¬ «¨­¥©­ë¬ í«¥¬¥­â®¬ (A0; Lm);  ­ «®£¨ç­® ¢¢®¤¨âáï
¯®­ïâ¨¥ (n �m)-¬¥à­®£® «¨­¥©­®£® í«¥¬¥­â  (A0; Ln�m), £¤¥ Ln�m ¥áâì ¬­®¦¥áâ¢® £¨¯¥àáä¥à
Q = ��P� + �0A0. �ç¥¢¨¤­®, çâ® ¢á¥ £¨¯¥àáä¥àë P ¨ Q ¯à®å®¤ïâ ç¥à¥§ â®çªã A0.

�á«®¢¨ï ¨­¢ à¨ ­â­®áâ¨ í«¥¬¥­â®¢ Lm ¨ Ln�m ¨¬¥îâ á®®â¢¥âáâ¢¥­­® ¢¨¤

r�x
�
i + ��i � x
i x

�
j �

j

 = 0 ¨ r�x

i
� + �i� � xk�x

i
��

�
k = 0:

�«¥¤®¢ â¥«ì­®, áâàãªâãà­ë¥ ä®à¬ë ¯®«¥© í«¥¬¥­â®¢ Lm ¨ Ln�m, â. ¥. ¯®«¥© ®¡ê¥ªâ®¢ x�i , x
i
�,

¨¬¥îâ á®®â¢¥âáâ¢¥­­® ¢¨¤

�x�i
def= rx�i + !�i � x



i x

�
j !

j

 ¨ �xi�

def= rxi� + !i� � xk�x
i

!



k ; (9)
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à ¢¥­áâ¢  �x�i = 0 ¨ �xi� = 0 ¯à¥¤áâ ¢«ïîâ á®¡®© ãá«®¢¨ï áâ æ¨®­ à­®áâ¨ á®®â¢¥âáâ¢¥­­®
í«¥¬¥­â®¢ Lm ¨ Ln�m ¯à¨ ¤®¯ãáâ¨¬ëå ¯à¥®¡à §®¢ ­¨ïå à¥¯¥à  R.

� ¦¤ ï ¨§ á¨áâ¥¬ ä®à¬ f!K0 ;�x�i g ¨ f!K0 ;�xi�g ¢¯®«­¥ ¨­â¥£à¨àã¥¬ . �«¥¤®¢ â¥«ì­®, ª -
¦¤®¥ ¨§ ¬­®£®®¡à §¨© í«¥¬¥­â®¢ f!K0 ;�x�i g, f!K0 ;�xi�g ï¢«ï¥âáï à áá«®¥­­ë¬ ¯à®áâà ­áâ¢®¬,
¡ §®© ª®â®à®£® á«ã¦¨â ¯à®áâà ­áâ¢® Cn,   á«®ï¬¨ | á®®â¢¥âáâ¢¥­­® ¯ãçª¨ í«¥¬¥­â®¢ (A0; Lm)
¨ (A0; Ln�m), á®®â¢¥âáâ¢ãîé¨¥ â®çª ¬ A0 2 Cn.

� à áá«®¥­­ëå ¯à®áâà ­áâ¢ å f�x�i ; !K0 g ¨ f�xi�; !K0 g n-¬¥à­ë¥ ¯®£àã¦¥­­ë¥ ¬­®£®®¡à §¨ï
M ¨ N, ®¯à¥¤¥«ï¥¬ë¥ á¨áâ¥¬ ¬¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�x�i = ��
iK!

K
0 (10)

¨

�xi� = �i
�K!

K
0 ; (11)

­ §ë¢ îâáï à á¯à¥¤¥«¥­¨ï¬¨ ¢ Cn á®®â¢¥âáâ¢¥­­® m-¬¥à­ëå ¨ (n�m)-¬¥à­ëå «¨­¥©­ëå í«¥-
¬¥­â®¢ (A0; Lm) ¨ (A0; Ln�m); ª ¦¤ ï ¨§ á¨áâ¥¬ (10) ¨ (11) § ¤ ¥â á¥ç¥­¨¥ á®®â¢¥âáâ¢ãîé¥£®
à áá«®¥­­®£® ¯à®áâà ­áâ¢  f�x�i ; !K0 g ¨ f�xi�; !K0 g: ª ¦¤®© â®çª¥ A0 (æ¥­âà à á¯à¥¤¥«¥­¨ï)
áâ ¢¨âáï ¢ á®®â¢¥âáâ¢¨¥ ®¤¨­ m-¬¥à­ë© ¨«¨ (n�m)-¬¥à­ë© «¨­¥©­ë© í«¥¬¥­â ¯ãçª  (A0; Lm)
¨«¨ (A0; Ln�m) á®®â¢¥âáâ¢¥­­®.

� á¨«ã á®®â­®è¥­¨© (9){(11) ¨¬¥¥¬rx�i +!�i �x�i x�j !j� = ��
iK!

K
0 , rxi�+!i��xj�xi�!�j = �i

�K!
K
0 .

�â¨ ãà ¢­¥­¨ï ¯®ª §ë¢ îâ, çâ® ¢®§¬®¦­  ç áâ¨ç­ ï ª ­®­¨§ æ¨ï [11] ª®­ä®à¬­®£® à¥¯¥à 
R = fA�g, ¯à¨ ª®â®à®©

x�i = xi� = 0; (12)

¢ íâ®¬ à¥¯¥à¥ ä®à¬ë !�i , !
i
� áâ ­®¢ïâáï £« ¢­ë¬¨:

!�i = ��
iK!

K
0 ; (13)

!i� = �i
�K!

K
0 : (14)

� ¢ë¡à ­­®¬ à¥¯¥à¥ (13) ¨ (14) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
à á¯à¥¤¥«¥­¨©M ¨ N á®®â¢¥âáâ¢¥­­®; ¢ íâ®¬ à¥¯¥à¥ £¨¯¥àáä¥àë Pi, P� (á¬. (8)) ¢ á¨«ã à ¢¥­áâ¢
(12) ¨¬¥îâ á«¥¤ãîé¨¥ à §«®¦¥­¨ï:

Pi = Ai + x0iA0; P� = A� + x0�A0: (15)

�®âà¥¡ã¥¬, çâ®¡ë ¢ ª ¦¤®¬ æ¥­âà¥ A0 â¥ªãé¨¥ í«¥¬¥­âë Lm ¨ Ln�m à á¯à¥¤¥«¥­¨©M ¨ N
¡ë«¨ ®àâ®£®­ «ì­ë, â. ¥.

(PiP�) = (AiA�) = gi� = 0; (16)

¯à¨ ¢ë¯®«­¥­¨¨ á®®â­®è¥­¨© (16) à á¯à¥¤¥«¥­¨ïM ¨ N ­ §®¢¥¬ ¢§ ¨¬­® ®àâ®£®­ «ì­ë¬¨. � -
áâ¨ç­® ª ­®­¨§¨à®¢ ­­ë© ¯®«ã¨§®âà®¯­ë© ª®­ä®à¬­ë© à¥¯¥à R, ®¯à¥¤¥«ï¥¬ë© ®¡ê¥¤¨­¥­­®©
á¨áâ¥¬®© à ¢¥­áâ¢ (12), (16), ­ §®¢¥¬ ¯®«ã®àâ®£®­ «ì­ë¬ à¥¯¥à®¬ 0-£® ¯®àï¤ª ,  ¤ ¯â¨à®¢ ­-
­ë¬ ª ¢§ ¨¬­® ®àâ®£®­ «ì­ë¬ à á¯à¥¤¥«¥­¨ï¬M ¨ N.

�§ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (6(¢)) ¤«ï à ¢¥­áâ¢ (16) á«¥¤ã¥â

gij!
j
� + g��!

�
i = 0;

®âªã¤  á ¨á¯®«ì§®¢ ­¨¥¬ ãà ¢­¥­¨© (13), (14) ­ å®¤¨¬ á¢ï§ì ¬¥¦¤ã ª®¬¯®­¥­â ¬¨ ¯®«¥© äã­-
¤ ¬¥­â «ì­ëå ®¡ê¥ªâ®¢ 1-£® ¯®àï¤ª  ­  à á¯à¥¤¥«¥­¨ïåM ¨ N:

gij�
j
�K + g���

�
iK = 0: (17)
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� ¦¤ ï ¨§ á¨áâ¥¬ äã­ªæ¨© gij , g�� ®¡à §ã¥â ­¥¢ëà®¦¤¥­­ë© ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ë©
á¨¬¬¥âà¨ç­ë© â¥­§®à:

dgij � gik!
k
j � gkj!

k
i = 0; dg�� � g�
!



� � g
�!



� = 0; (18)

g1
def= jgij j > 0; d ln

p
g1 = !kk ; g2

def= jg�� j > 0; d ln
p
g2 = !

 ; (19)

gikg
kj = �ji ; g�
g


� = ���;

dgij + gik!
j
k + gkj!ik = 0; dg�� + g�
!�
 + g
�!�
 = 0:

4. �¨­¨ï l ¢ ª®­ä®à¬­®¬ ¯à®áâà ­áâ¢¥ Cn ®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

l : !K0 = lK�; D� = � ^ �00: (20)

� á¨«ã á®®â­®è¥­¨© (4), (15), (20) á¯à ¢¥¤«¨¢® dA0 = (!0
0�x0k!k0�x0�!�0 )A0+ lk�Pk+ l��P�(mod l).

�«¥¤®¢ â¥«ì­®, ªà¨¢ ï lM, ¯à¨­ ¤«¥¦ é ï à á¯à¥¤¥«¥­¨îM, ¨¬¥¥â ãà ¢­¥­¨ï

lM

(
!�0 = 0;

!i0 = li�; D� = � ^ �00:
(21)

�­ «®£¨ç­®, ªà¨¢ ï lN, ¯à¨­ ¤«¥¦ é ï à á¯à¥¤¥«¥­¨î N, ¨¬¥¥â ãà ¢­¥­¨ï

lN

(
!i0 = 0;

!�0 = l��; D� = � ^ �00:

�¥à¥á¥ç¥­¨¥ n � m £¨¯¥àáä¥à P� ®¡®§­ ç¨¬ ç¥à¥§ [P�]; ®­® ¯à¥¤áâ ¢«ï¥â á®¡®© (n � m)-
¯ à ¬¥âà¨ç¥áªãî á¢ï§ªã m-¬¥à­ëå áä¥à, ¯à®å®¤ïé¨å ç¥à¥§ æ¥­âà A0. �­ «®£¨ç­®, ¯¥à¥á¥ç¥-
­¨¥ m £¨¯¥àáä¥à Pi ¯à¥¤áâ ¢«ï¥â á®¡®© m-¯ à ¬¥âà¨ç¥áªãî á¢ï§ªã (n �m)-¬¥à­ëå áä¥à [Pi],
¯à®å®¤ïé¨å ç¥à¥§ æ¥­âà A0.

�á¥ m-áä¥àë [P�] ª á îâáï ®¡à §ãîé¥£® í«¥¬¥­â  Lm à á¯à¥¤¥«¥­¨ï M ¢ ¥£® æ¥­âà¥ A0,  

á«¥¤®¢ â¥«ì­®, ª á îâáï ¬¥¦¤ã á®¡®© ¢¤®«ì «î¡®© ªà¨¢®© lM, ¯à¨­ ¤«¥¦ é¥© ¯®¤¬­®£®®¡à -

§¨î M.

�¥©áâ¢¨â¥«ì­®, ¯à¨ á¬¥é¥­¨¨ ¢¤®«ì «î¡®© ªà¨¢®© lM ¢ á¨«ã á®®â­®è¥­¨© (4), (16), (21)
á¯à ¢¥¤«¨¢® (P�A0) = 0, (P�A0+dA0) = (P�; lj�Aj) = lj�g�j = 0(mod lM), çâ® ¨ ¤®ª §ë¢ ¥â ­ è¥
ãâ¢¥à¦¤¥­¨¥.

�­ «®£¨ç­®, ¢á¥ (n�m)-áä¥àë [Pi] ª á îâáï ®¡à §ãîé¥£® í«¥¬¥­â  Ln�m à á¯à¥¤¥«¥­¨ï N

¢ ¥£® æ¥­âà¥,   á«¥¤®¢ â¥«ì­®, ª á îâáï ¬¥¦¤ã á®¡®© ¢¤®«ì «î¡®© ªà¨¢®© lN, ¯à¨­ ¤«¥¦ é¥©

¯®¤¬­®£®®¡à §¨î N.

� á¨«ã íâ®£® ¯® ®â­®è¥­¨î ª à á¯à¥¤¥«¥­¨î M (á®®â¢¥âáâ¢¥­­® ª à á¯à¥¤¥«¥­¨î N) ¯®«¥
[P�] ¡ã¤¥¬ ­ §ë¢ âì ¯®«¥¬ ª á â¥«ì­ëå (­®à¬ «ì­ëå)m-áä¥à,   ¯®«¥ [Pi] | ¯®«¥¬ ­®à¬ «ì­ëå
(ª á â¥«ì­ëå) (n�m)-áä¥à.

5. � [5] ¨§ãç ¥âáï £¥®¬¥âà¨ï ­®à¬ «¨§®¢ ­­®£® ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn. �à®áâà ­áâ¢®
Cn ­ §ë¢ ¥âáï ­®à¬ «¨§®¢ ­­ë¬, ¥á«¨ ¢ ­¥¬ § ¤ ­® ¤¨ää¥à¥­æ¨àã¥¬®¥ â®ç¥ç­®¥ á®®â¢¥âáâ¢¨¥
A0 ! Xn+1 (A0 | ­®à¬ «¨§ã¥¬ ï â®çª , Xn+1 | ­®à¬ «¨§ãîé ï â®çª  ¯à®áâà ­áâ¢  Cn);
¯à¨ íâ®¬ ª ¦¤®¥ ¨§ à á¯à¥¤¥«¥­¨©M ¨ N á®£« á­® â¥à¬¨­®«®£¨¨ ¢ [1] ¡ã¤¥¬ ­ §ë¢ âì ¢¯®«­¥
®á­ é¥­­ë¬ (¨«¨ ¯à®áâ® ®á­ é¥­­ë¬).

� ª¨¬ ®¡à §®¬, ­®à¬ «¨§ æ¨ï ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¨­¤ãæ¨àã¥â ¯®«­®¥ ®á­ é¥­¨¥
®¤­®£® (  á«¥¤®¢ â¥«ì­®, ª ¦¤®£®) ¨§ à á¯à¥¤¥«¥­¨©M ¨ N; á¯à ¢¥¤«¨¢® ¨ ®¡à â­®¥. �®á«¥¤­¥¥
à ¢­®á¨«ì­® â®¬ã, çâ® ¢ ª ¦¤®¬ æ¥­âà¥A0 ªm-¬¥à­®¬ã ¨ (n�m)-¬¥à­®¬ã í«¥¬¥­â ¬ Lm ¨ Ln�m

¯à¨á®¥¤¨­¥­ë ¨­¢ à¨ ­â­ë¥ ª á â¥«ì­ë¥ m-áä¥à  [P�] ¨ (n � m)-áä¥à  [Pi] á®®â¢¥âáâ¢¥­­®,
¯à®å®¤ïé¨¥ ç¥à¥§ â®çªã Xn+1.
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�ãáâì Xn+1 | ¯à®¨§¢®«ì­ ï â®çª  ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn, ®â«¨ç­ ï ®â A0 ¨ ­¥
«¥¦ é ï ­  ¨§®âà®¯­®¬ ª®­ãá¥ gIKxIxK = 0 á ¢¥àè¨­®© ¢ â®çª¥ A0. �®£¤ , ª ª ¨§¢¥áâ­® [1],
â®çª  Xn+1 ¨¬¥¥â à §«®¦¥­¨¥

Xn+1 = x0A0 + xjAj + x�A� +An+1 (xn+1 = 1); (22)

¨ ãá«®¢¨¥ ¨­¢ à¨ ­â­®áâ¨ ¥¥ (�Xn+1 = �Xn+1) ¢ á¨«ã � = ��0
0 § ¯¨è¥âáï ¢ ¢¨¤¥

�x0 + 2x0�0
0 + xj�0

j + x��0
� = 0;

�xi + xi�0
0 + xj�ij + �in+1 = 0; �x� + x��0

0 + x���� + ��n+1 = 0:
(23)

�á«®¢¨¥¬ ¯®«­®£® ®á­ é¥­¨ï à á¯à¥¤¥«¥­¨ïM (N) ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ á®®â­®è¥­¨©

(Xn+1P�) = (Xn+1Pi) = 0:

�á¯®«ì§®¢ ­¨¥ à §«®¦¥­¨© (15), (22) ¯®§¢®«ï¥â ¯à¥¤áâ ¢¨âì ¯®á«¥¤­¨¥ á®®â­®è¥­¨ï ¢ ¢¨¤¥

x0� = �g��x�; x0i = �gijxj ; (241)

¨«¨, çâ® â® ¦¥ á ¬®¥,

x� = �g��x0�; xi = �gijx0j : (242)

�®®à¤¨­ âë â®çª¨ Xn+1 (á¬. (22)) ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î £¨¯¥àª¢ ¤à¨ª¨ � à¡ã (3), ®â-
ªã¤  á ¨á¯®«ì§®¢ ­¨¥¬ à ¢¥­áâ¢ (16), (242) ­ å®¤¨¬

x0 = �1
2
(gijx0ix

0
j + g��x0�x

0
�): (25)

�«¥¤®¢ â¥«ì­®, â®çª  Xn+1 (á¬. (22)) ®á­ é îé¥£® ¯®«ï ¢ ¯®«ã®àâ®£®­ «ì­®¬ ª®­ä®à¬­®¬
à¥¯¥à¥ R ¢ á¨«ã (242), (25) ¨¬¥¥â à §«®¦¥­¨¥

Xn+1 = �1
2
(gijx0ix

0
j + g��x0�x

0
�)A0 � gijx0jAi � g��x0�A� +An+1: (26)

� ¢ëà ¦¥­¨¨ (26) äã­ªæ¨¨ x0i , x
0
� ¢ á¨«ã á®®â­®è¥­¨© (6(¡)), (18), (23), (241) ¯®¤ç¨­¥­ë

ãà ¢­¥­¨ï¬

( ) rx0i + !0
i = x0iK!

K
0 ;

(¡) rx0� + !0
� = x0�K!

K
0 :

(27)

�à¨ ¢ë¯®«­¥­¨¨ ãà ¢­¥­¨© (27) ¨¬¥¥¬ ¯®«­®¥ ®á­ é¥­¨¥ ®¡®¨å ®àâ®£®­ «ì­ëå à á¯à¥¤¥«¥­¨©
M ¨ N; ¯à¨ íâ®¬ à¥¯¥à eR = fA0; Pi; P�;Xn+1g ï¢«ï¥âáï ª®­ä®à¬­ë¬ ¯®«ã®àâ®£®­ «ì­ë¬, â. ª.

(A0A0) = (Xn+1Xn+1) = (A0Pi) = (A0P�) = (Xn+1Pi) = (Xn+1P�) = (PiP�) = 0;

(PiPj) = gij ; (P�P�) = g��; (A0Xn+1) = 1:

�á«¨ ¢ (27) ¢ë¯®«­ï¥âáï «¨èì ®¤­  ¨§ á¨áâ¥¬ ãà ¢­¥­¨© (( ) ¨«¨ (¡)), â® £®¢®àïâ, çâ® § ¤ ­®
ç áâ¨ç­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ï M (N). � ¯à¨¬¥à, ¥á«¨ ¤«ï à §«®¦¥­¨© (15) ¢ë¯®«­¥­ 
á¨áâ¥¬  ãà ¢­¥­¨© (27( )), â® ¨¬¥¥¬ ç áâ¨ç­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ïM (N) ¯®«¥¬ ­®à¬ «ì-
­ëå (ª á â¥«ì­ëå) (n�m)-áä¥à [Pi]; ¯à¨ íâ®¬ ¢ ª ¦¤®¬ æ¥­âà¥ A0 (n�m)-áä¥à  [Pi] ¯à®å®¤¨â
ç¥à¥§ á®®â¢¥âáâ¢ãîéãî â®çªã

X 0
n+1 = �1

2
gkjx0kx

0
jA0 � gkjx0jPk +An+1;

  £¨¯¥àáä¥àë Pi, A� ¨ «¥¦ é¨¥ ­  ­¨å â®çª¨ A0, X 0
n+1 ®¡à §ãîâ ª®­ä®à¬­ë© ¯®«ã®àâ®£®­ «ì-

­ë© à¥¯¥à R0 = fA0; Pi; A�;X
0
n+1g.
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�­ «®£¨ç­®, ¥á«¨ ¢ë¯®«­¥­  á¨áâ¥¬  ãà ¢­¥­¨© (27(¡)), â® ¨¬¥¥¬ ç áâ¨ç­®¥ ®á­ é¥­¨¥ à á-
¯à¥¤¥«¥­¨ïM (N) ¯®«¥¬ ª á â¥«ì­ëå (­®à¬ «ì­ëå) m-áä¥à [P�]; ¯à¨ íâ®¬ â®çª 

X 00
n+1 = �1

2
g��x0�x

0
�A0 � g��x0�P� +An+1 (28)

«¥¦¨â ­  m-áä¥à¥ [P�],   â®çª¨ A0, X 00
n+1 ¨ ¯à®å®¤ïé¨¥ ç¥à¥§ ­¨å £¨¯¥àáä¥àë Ai, P� ®¡à §ãîâ

ª®­ä®à¬­ë© ¯®«ã®àâ®£®­ «ì­ë© à¥¯¥à R00 = fA0; Ai; P�;X
00
n+1
g.

6. � ª®­ä®à¬­®¬ ¯à®áâà ­áâ¢¥ Cn áâà®¨¬ ¨­¢ à¨ ­â­ë¥ ¯®«­ë¥ ¨ ç áâ¨ç­ë¥ ®á­ é¥­¨ï
à á¯à¥¤¥«¥­¨©M, N ¨ ¯®¢¥àå­®áâ¥© Vm, ®¯à¥¤¥«ï¥¬ë¥ ¢­ãâà¥­­¨¬ ®¡à §®¬. �à®¤®«¦ ï ãà ¢-
­¥­¨ï (13) ¨ (14), ¨¬¥¥¬

( ) r��
ij +��

ij!
0
0 � gij!

�
n+1 = ��

ijL!
L
0 ;

(¡) r��
i� +��

i�!
0
0 � ���!

0
i = ��

i�L!
L
0 ;

(29)

��
i[jk] = ��

i��
�
[jk]; ��

i[�
] = ��
is�

s
[�
]; ��

ij� � ��
i�j = ��

i��
�
j� � ��

is�
s
�j; (30)

( ) r�i
�j +�i

�j!
0
0 � �ij!

0
� = �i

�jL!
L
0 ;

(¡) r�i
�� +�i

��!
0
0 � g��!

i
n+1 = �i

��L!
L
0 ;

(31)

�i
�[jk] = �i

���
�
[jk]; �i

�[�
] = �i
�s�

s
[�
]; �i

�j� � �i
��j = �i

���
�
j� � �i

�s�
s
�j : (32)

�§ ãà ¢­¥­¨© (29( )), (31(¡)) á«¥¤ã¥â, çâ® ª ¦¤ ï ¨§ á¨áâ¥¬ äã­ªæ¨© ��
[ij], �

i
[��] ®¡à §ã¥â ª®-

á®á¨¬¬¥âà¨ç­ë© â¥­§®à. �¡à é¥­¨¥ ¢ ­ã«ì â¥­§®à  ��
[ij] ¥áâì ãá«®¢¨¥ ¯®«­®© ¨­â¥£à¨àã¥¬®áâ¨

á¨áâ¥¬ë ãà ¢­¥­¨© !�0 = 0, çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ãá«®¢¨¥ £®«®­®¬­®áâ¨ à á¯à¥¤¥«¥­¨ï M.
�­ «®£¨ç­®, ®¡à é¥­¨¥ ¢ ­ã«ì â¥­§®à  �i

[��] ¥áâì ãá«®¢¨¥ £®«®­®¬­®áâ¨ à á¯à¥¤¥«¥­¨ï N.
�à ¢­¥­¨ï¬ (27( )) ¢ á¨«ã á®®â­®è¥­¨© (29(¡)), (31(¡)) ¨ (6(¡)) ã¤®¢«¥â¢®àïîâ ®å¢ âë

�i
def= � 1

n�m
�

i
 ;

e�i
def=

1
n�m

gijg

��j

�
:

� ¨á¯®«ì§®¢ ­¨¥¬ à ¢¥­áâ¢ (17) ã¡¥¦¤ ¥¬áï, çâ® íâ¨ ®å¢ âë á®¢¯ ¤ îâ

e�i � �i = � 1
n�m

�

i
 : (33)

�­ «®£¨ç­®, ãà ¢­¥­¨ï¬ (27(¡)) ã¤®¢«¥â¢®àïîâ ®å¢ âë

��
def= � 1

m
�j
�j ;

e��
def=

1
m
gjkg���

�
kj ;

¯à¨ç¥¬ á¯à ¢¥¤«¨¢®

e�� � �� = � 1
m
�j
�j : (34)

�®ª § ­ 

�¥®à¥¬  1. �­¢ à¨ ­â­®¥ ¯®«­®¥ ®á­ é¥­¨¥ ¢§ ¨¬­® ®àâ®£®­ «ì­ëå à á¯à¥¤¥«¥­¨© M ¨

N, ¯®£àã¦¥­­ëå ¢ ª®­ä®à¬­®¥ ¯à®áâà ­áâ¢® Cn, ®¯à¥¤¥«ï¥âáï ¢­ãâà¥­­¨¬ ®¡à §®¬ ¢ ¯¥à¢®©

¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®«ï¬¨ ª¢ §¨â¥­§®à®¢ �i ¨ �� (á¬. (33), (34)).
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�á«¨ ¢ ª®­ä®à¬­®¬ ¯à®áâà ­áâ¢¥ Cn § ¤ ­  ¯®¢¥àå­®áâì Vm, â® ¥¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢-
­¥­¨ï ¢ ¯®«ã®àâ®£®­ «ì­®¬ à¥¯¥à¥ ¨¬¥îâ ¢¨¤

!�0 = 0; (35)

¯à®¤®«¦¥­¨¥ ãà ¢­¥­¨© á¨áâ¥¬ë (35) ¯à¨¢®¤¨â ª á¨áâ¥¬¥ �ä ää 

!�i = ��
ij!

j
0; ��

[ij] = 0:

�à ¢­¥­¨ï (29), (31) ¨ á®®â­®è¥­¨ï (17), (30), (32) â¥¯¥àì § ¯¨èãâáï ¢ ¢¨¤¥

( ) r��
ij +��

ij!
0
0 � gij!

�
n+1 = ��

ijk!
k
0 ;

(¡) r�i
�j +�i

�j!
0
0 � �ij!

0
� = �i

�jk!
k
0 ; (36)

(¢) ��
i[jk] = �i

�[jk] = 0; �i
�j = �gikg����

kj :

� ¦¤ ï ¨§ á¨áâ¥¬ äã­ªæ¨© f��
ij ; gijg, f�i

�kg ­  ¯®¢¥àå­®áâ¨ Vm � Cn ®¡à §ã¥â £¥®¬¥âà¨ç¥-
áª¨© ®¡ê¥ªâ ¢â®à®£® ¯®àï¤ª . � ª ª ª ¨§ ®å¢ â®¢ (33), (34) ­  ¯®¢¥àå­®áâ¨ Vm � Cn ¨¬¥¥â á¬ëá«
«¨èì (34), â® ¢ á¨«ã ãà ¢­¥­¨© (27), (36) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. � ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ­¨¦¥ âà¥âì¥£® ¯®àï¤ª  ­¥¢®§¬®¦­® ¯®-

áâà®¨âì ¢­ãâà¥­­¨¬ ®¡à §®¬ ¨­¢ à¨ ­â­®¥ ¯®«­®¥ ®á­ é¥­¨¥ ¯®¢¥àå­®áâ¨ Vm � Cn. �­¢ -

à¨ ­â­®¥ ª á â¥«ì­®¥ ®á­ é¥­¨¥ ¥¥ ®¯à¥¤¥«ï¥âáï ¢­ãâà¥­­¨¬ ®¡à §®¬ ¢® ¢â®à®© ¤¨ää¥à¥­-

æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®«¥¬ ª¢ §¨â¥­§®à  �� (á¬. (34)).

�â¬¥â¨¬, çâ® �.�.�ª¨¢¨á [1] ¢ âà¥âì¥© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ â®çª¨ A0 2 Vm
¢­ãâà¥­­¨¬ ®¡à §®¬ ¯®áâà®¨« ¨­¢ à¨ ­â­®¥ ­®à¬ «ì­®¥ (  á«¥¤®¢ â¥«ì­®, ¨ ¯®«­®¥) ®á­ é¥-
­¨¥ ¯®¢¥àå­®áâ¨ Vm � Cn. �ãé¥áâ¢¥­­ë¬ ¯à¨ íâ®¬ ï¢«ï¥âáï ¯®áâà®¥­¨¥ ®â«¨ç­®£® ®â ­ã«ï
®â­®á¨â¥«ì­®£® ¨­¢ à¨ ­â  ¢â®à®£® ¯®àï¤ª  M , ¢­ãâà¥­­¨¬ ®¡à §®¬ ®¯à¥¤¥«ï¥¬®£® á ¬®© ¯®-
¢¥àå­®áâìî

d lnM + 2m1!
0
0 =Mk!

k
0 ; m1 6= 0: (37)

�à®¤®«¦ ï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ¨¬¥¥¬

rMk +Mk!
0
0 + 2m1!

0
k =Mks!

s
0; M[ks] = 0: (38)

�à ¢­¨¢ ï ãà ¢­¥­¨ï (27( )) ¨ (37), á ãç¥â®¬ (35) § ª«îç ¥¬, çâ® ®å¢ â

fMk
def=

1
2m1

Mk (39)

¢ âà¥âì¥© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¢­ãâà¥­­¨¬ ®¡à §®¬ ®¯à¥¤¥«ï¥â ¨­¢ à¨ ­â­®¥ ­®à-
¬ «ì­®¥ ®á­ é¥­¨¥ ¯®¢¥àå­®áâ¨ Vm � Cn.

� á«ãç ¥ £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 � Cn ¢ ª ç¥áâ¢¥ ®â­®á¨â¥«ì­®£® ¨­¢ à¨ ­â  ¢â®à®£® ¯®àï¤-
ª  �.�. �ª¨¢¨á [2] ¡¥à¥â ®¯à¥¤¥«¨â¥«ì ­¥¢ëà®¦¤¥­­®£® á¨¬¬¥âà¨ç­®£® â¥­§®à 

anij
def= �n

ij �
1

n� 1
gijg

ks�n
sk; a

def= janij j; akjn a
n
ik = �

j
i ; (40)

d ln a+ (n� 1)!0
0 � 2!kk = ak!

k
0 : (41)

�à ¢­¥­¨¥ (41) ¢ á¨«ã (19) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥

d ln
�
a

g1

�
+ (n� 1)!0

0 = ak!
k
0 (áà ¢­¨ á (37)). (410)

�å¢ â

eak def=
1

n� 1
ak; rak + ak!

0
0 + (n� 1)!0

k = aks!
s
0; a[ks] = 0 (42)
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¢ âà¥âì¥© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¢­ãâà¥­­¨¬ ®¡à §®¬ ®¯à¥¤¥«ï¥â ¨­¢ à¨ ­â­®¥ ­®à-
¬ «ì­®¥ ®á­ é¥­¨¥ £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 � Cn.

�å¢ âë (40) á¯à ¢¥¤«¨¢ë ¨ ­  à¥£ã«ïà­®¬ (â. ¥. janij j 6= 0) à á¯à¥¤¥«¥­¨¨ £¨¯¥à¯«®áª®áâ­ëå
í«¥¬¥­â®¢ M; ¯à¨ íâ®¬ ãà ¢­¥­¨¥ (410) § ¯¨è¥âáï ¢ ¢¨¤¥

d ln
�
a

g1

�
+ (n� 1)!0

0 = aL!
L
0 : (43)

�à®¤®«¦ ï ãà ¢­¥­¨¥ (43), ¨¬¥¥¬

( ) rak + ak!
0
0 + (n� 1)!0

k = akL!
L
0 ; a[ks] = �n

[ks];

(¡) dan + an(!0
0 � !nn) + (n� 1)!0

n = anL!
L
0 :

�«¥¤®¢ â¥«ì­®, ¯®«¥ ª¢ §¨â¥­§®à  ¢â®à®£® ¯®àï¤ª  (42) ¢® ¢â®à®© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®-
áâ¨ ®¯à¥¤¥«ï¥â ¢­ãâà¥­­¥¥ ¨­¢ à¨ ­â­®¥ ­®à¬ «ì­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ïM; ªà®¬¥ â®£®,
¯®«¥ áª «ïà  ea0n def= 1

n�1
a0n ¢® ¢â®à®© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ®¯à¥¤¥«ï¥â ¢­ãâà¥­­¥¥

¨­¢ à¨ ­â­®¥ ª á â¥«ì­®¥ ®á­ é¥­¨¥ ­¥£®«®­®¬­®£® ¯®¤¬­®£®®¡à §¨ï M.

�¥®à¥¬  3. �­¢ à¨ ­â­®¥ ­®à¬ «ì­®¥ (ª á â¥«ì­®¥) ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ï £¨¯¥à¯«®á-

ª®áâ­ëå í«¥¬¥­â®¢M ¨«¨ £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¯®«¥¬ ª¢ §¨â¥­§®à  x0i (x
0
n) ¯®àï¤ª  v ¢ ¤¨ä-

ä¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®àï¤ª  v+1 ¨­¤ãæ¨àã¥â ¨­¢ à¨ ­â­®¥ ª á â¥«ì­®¥ (­®à¬ «ì­®¥)
®á­ é¥­¨¥ ¯®¤¬­®£®®¡à §¨ï M ¨«¨ Vn�1.

�®ª § â¥«ìáâ¢®. �à®¤®«¦ ï ãà ¢­¥­¨ï (27( )), ¯à¨ � = n ¨¬¥¥¬ r�x
0
ij + x0ij�

0
0 + x0i�

0
j +

x0j�
0
i + gijx

0
k�

k
n+1 +�n

ik�
0
n = 0: � ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®àï¤ª  v + 1 áâà®¨¬ ®å¢ âë

ex0ij def= x0ij � x0ix
0
j +

1
2
gijg

stx0sx
0
t ; r�ex0ij + ex0ij�0

0 +�n
ij�

0
n = 0;

bx0ij def= ex0ij � gij�n

�
1

n� 1
gst�n

st �
1
2
gnn�n

�
; r�bx0ij + bx0ij�0

0 + anij�
0
n = 0:

�®«¥ áª «ïà 

bx0n def=
1

n� 1
ajin bx0ij ; �bx0n + bx0n(�0

0 � �nn) + �0
n = 0

®¯à¥¤¥«ï¥â ¨­¢ à¨ ­â­®¥ ª á â¥«ì­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ï £¨¯¥à¯«®áª®áâ­ëå í«¥¬¥­â®¢
M ¨«¨ £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¢ ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®àï¤ª  v + 1.

�¡à â­®, ¯ãáâì ®¯à¥¤¥«¥­® ¨­¢ à¨ ­â­®¥ ª á â¥«ì­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ï £¨¯¥à¯«®á-
ª®áâ­ëå í«¥¬¥­â®¢ M ¨«¨ £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1 ¯®«¥¬ áª «ïà  x0n ¯®àï¤ª  v:

dx0n + x0n(!
0
0 � !nn) + !0

n = x0nL!
L
0 : (44)

�à®¤®«¦ ï ãà ¢­¥­¨¥ (44), ¯®«ãç¨¬

r�x
0
ni + x0ni(�

0
0 � �nn)� x0nj�

j
i + (�k

ni + �ki x
0
n)�

0
k = 0: (45)

�à¥¤¯®« £ ï ­¥¢ëà®¦¤¥­­®áâì â¥­§®à 

e�k
ni

def= �k
ni + �ki x

0
n;

e�ni
k
e�k
nj = �ij ;

¨§ ãà ¢­¥­¨© (45) ­ å®¤¨¬ r�x
0
k + �0

k = 0, x0k
def= e�ni

k x
0
ni. �®«¥ ª¢ §¨â¥­§®à  v

0
k ¯®àï¤ª  v + 1

®¯à¥¤¥«ï¥â ¨­¢ à¨ ­â­®¥ ­®à¬ «ì­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ï £¨¯¥à¯«®áª®áâ­ëå í«¥¬¥­â®¢
M ¨«¨ £¨¯¥à¯®¢¥àå­®áâ¨ Vn�1.
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7. � ª®­ä®à¬­®¬ ¯à®áâà ­áâ¢¥ Cn à áá¬®âà¨¬ à á¯à¥¤¥«¥­¨¥M (  á«¥¤®¢ â¥«ì­®, ¨ à á¯à¥-
¤¥«¥­¨¥N), ¢¯®«­¥ ®á­ é¥­­®¥ ¯®«ï¬¨ ª¢ §¨â¥­§®à®¢ x0i , x

0
� (á¬. (27)), â. ¥. ¯®«ï¬¨ ­®à¬ «ì­ëå

(ª á â¥«ì­ëå) (n�m)-áä¥à [Pi] ¨ ª á â¥«ì­ëå (­®à¬ «ì­ëå)m-áä¥à [P�]; ¯à¨ íâ®¬ £¨¯¥àáä¥àë
(15) ¢ ª ¦¤®¬ æ¥­âà¥ A0 ¯à®å®¤ïâ ç¥à¥§ A0 ¨ â®çªã Xn+1 (á¬. (26)).

� áá¬®âà¨¬ ¤¢¥ á¨áâ¥¬ë ä®à¬,   ¨¬¥­­®, f!I0 ; �ji g, f!I0 ; �
�
�g, £¤¥

�
j
0 = !

j
0; �

j
i = !

j
i � �

j
i (!

0
0 � x0k!

k
0 � x0
!



0 ) + gjkx0k!

n+1
i + x0i!

j
0; (46)

��0 = !�0 ; ��� = !�� � ���(!
0
0 � x0k!

k
0 � x0
!



0 ) + g�
x0
!

n+1
� + x0�!

�
0 : (47)

� ¦¤ ï ¨§ íâ¨å á¨áâ¥¬ ã¤®¢«¥â¢®àï¥â á«¥¤ãîé¨¬ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬:(
D!I0 = !K0 ^ (!IK � �IK!

0
0); D�j0 = �k0 ^ �jk + 1

2
rj0KL!

K
0 ^ !L0 ;

D�
j
i = �ki ^ �jk + 1

2
r
j
iKL!

K
0 ^ !L0 ;

(48)(
D!I0 = !K0 ^ (!IK � �IK!

0
0); D�

�
0 = �



0 ^ ��
 + 1

2
r
�
0KL!

K
0 ^ !L0 ;

D��� = �
� ^ ��
 + 1
2
r��KL!

K
0 ^ !L0 :

(49)

�¤¥áì

rj0KL = 2(�
[K�
j

j
jL] � �j[K�



L]x
0

); (50)

r
j
iKL = 2[gstx0tx

0
sgi[K�

j

L] � gjsx0sgi[K�
t
L]x

0
t + x0i[K�

j

L] +

+�


i[K�
j

j
jL] � x0ix
0
s�

s
[K�

j

L] � gjsx0s�



i[KgL]
 � gjsx0s[KgL]i +

+�ji (x
0
s[K�

s
L] � x0s�

s

[K�




L] + x0
[K�



L] + x0
�
s
[K�




jsjL])]; (51)

r�0KL = 2(�j[K�
�

jjjL] � ��[K�
j

L]x
0
j); (52)

r
�
�KL = 2[g
�x0�x

0

g�[K�

�

L] � g��x0�g�[K�



L]x
0

 + x0�[K�

�

L] +

+�j

�[K�
�

jjjL] � x0�x
0

�




[K�
�

L] � g�
x0
�
j

�[KgL]j � g�
x0
[KgL]� +

+���(x
0

[K�




L] � x0
�



j[K�
j

L] + x0j[K�
j

L] + x0j�



[K�
j

j
jL])]: (53)

�§ á®®â­®è¥­¨© (48), (49) á«¥¤ã¥â, çâ® ª ¦¤ ï ¨§ á¨áâ¥¬ ä®à¬ (46), (47) ¢ à áá«®¥­­®¬ ¬­®-
£®®¡à §¨¨ á «¨­¥©­®© áâàãªâãà­®© £àã¯¯®©, ®¯à¥¤¥«ï¥¬®© ¨­¢ à¨ ­â­ë¬¨ ä®à¬ ¬¨ f�j

i
g, f���g,

ã¤®¢«¥â¢®àï¥â áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ � àâ ­ {� ¯â¥¢  [9], [12],   á«¥¤®¢ â¥«ì­®, ãáâ ­ ¢«¨-

¢ ¥â äã­¤ ¬¥­â «ì­®-£àã¯¯®¢ãî  ää¨­­ãî á¢ï§­®áâì
(m)

r ¨«¨
(n�m)

r ­  ®á­ é¥­­®¬ à á¯à¥¤¥«¥-
­¨¨ M ¨«¨ N á®®â¢¥âáâ¢¥­­®. �®®â¢¥âáâ¢ãîé¨¥ ¯à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨ ®¡®§­ ç¨¬
ç¥à¥§ An;m ¨ An;n�m. � áâàãªâãà­ëå ãà ¢­¥­¨ïå (48), (49) ª ¦¤ ï ¨§ á¨áâ¥¬ äã­ªæ¨© rj0KL,
r
j
iKL (r�0KL, r

�
�KL) ®¡à §ã¥â á®®â¢¥âáâ¢¥­­® â¥­§®à ªàãç¥­¨ï ¨ â¥­§®à ªà¨¢¨§­ë ¯à®áâà ­áâ¢ 

An;m (An;n�m). �®ª § ­ 

�¥®à¥¬  4. �à¨ ¯®«­®¬ ®á­ é¥­¨¨ ®¤­®£® (  á«¥¤®¢ â¥«ì­®, ª ¦¤®£®) ¨§ à á¯à¥¤¥«¥­¨© M
¨ N, ¯®£àã¦¥­­ëå ¢ ª®­ä®à¬­®¥ ¯à®áâà ­áâ¢® Cn, ­  ¯®¤¬­®£®®¡à §¨ïå M ¨ N ¨­¤ãæ¨àãîâáï

¯à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨ An;m ¨ An;n�m á®®â¢¥âáâ¢¥­­®, ¡ §®© ª®â®àëå ï¢«ï¥âáï

¯à®áâà ­áâ¢® Cn ¨ á«®¥¢ë¬¨ ä®à¬ ¬¨ | ä®à¬ë (46) ¨ (47). �¥­§®àë ªàãç¥­¨ï ¨ ªà¨¢¨§­ë

íâ¨å ¯à®áâà ­áâ¢ ¨¬¥îâ á®®â¢¥âáâ¢¥­­® áâà®¥­¨ï (50), (51) ¨ (52), (53).

�à ¢­¥­¨ï (18) ¢ á¨«ã áâà®¥­¨ï ä®à¬ �
j
i , �

�
� (á¬. (46), (47)) ¨ á®®â­®è¥­¨© (6(¡)), (16) § ¯¨-

èãâáï ¢ ¢¨¤¥

( ) dgij � gik�
k
j � gkj�

k
i = 2gij(!

0
0 � x0k!

k
0 � x0
!



0 );

(¡) dg�� � g�
�


� � g
��



� = 2g��(!

0
0 � x0k!

k
0 � x0
!



0 );

68



¯®á«¥¤­¨¥ ãà ¢­¥­¨ï £®¢®àïâ ® â®¬, çâ®  ää¨­­ë¥ á¢ï§­®áâ¨
(m)

r ,
(n�m)

r ¯à®áâà ­áâ¢ An;m ¨
An;n�m ï¢«ïîâáï ¢¥©«¥¢ë¬¨ [13] (¢®®¡é¥ £®¢®àï, á ªàãç¥­¨¥¬) á ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ gij ¨«¨
g�� ¨ ¤®¯®«­¨â¥«ì­®© ä®à¬®©

�
def= !0

0 � x0k!
k
0 � x0
!



0 : (54)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨ An;m ¨ An;n�m, ¨­¤ãæ¨àã¥¬ë¥ ¯®«­ë¬

®á­ é¥­¨¥¬ à á¯à¥¤¥«¥­¨© M ¨ N, ï¢«ïîâáï ¢¥©«¥¢ë¬¨ (¢®®¡é¥ £®¢®àï, á ªàãç¥­¨¥¬) á ¬¥-

âà¨ç¥áª¨¬ â¥­§®à®¬ gij ¨«¨ g�� ¨ ¤®¯®«­¨â¥«ì­®© ä®à¬®© � (á¬. (54)).

�®¬¯®­¥­âë â¥­§®à  ªàãç¥­¨ï, ­ ¯à¨¬¥à, ¯à®áâà ­áâ¢  An;m (á¬. (50)) ¨¬¥îâ á«¥¤ãîé¥¥
áâà®¥­¨¥:

r
j
0st = 0; r

j
0s� = �(�j

�s + x0��
j
s); r

j
0�
 = 2�j

[�
]: (55)

�§ á®®â­®è¥­¨© (55) á«¥¤ã¥â, çâ® ¥á«¨ ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ An;m, ¨­¤ãæ¨àã¥¬®¥
­  ®á­ é¥­­®¬ à á¯à¥¤¥«¥­¨¨M, ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥, â® ®àâ®£®­ «ì­®¥ ¥¬ã à á¯à¥¤¥«¥­¨¥
N ï¢«ï¥âáï £®«®­®¬­ë¬ ¨ ¯®«¥ ª á â¥«ì­ëå m-¬¥à­ëå áä¥à [P�] ¢­ãâà¥­­¨¬ ®¡à §®¬ ®¯à¥¤¥-
«ï¥âáï ¢ ¯¥à¢®© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ®å¢ â®¬ (34):

x0� = ��;

¯à¨ íâ®¬ à á¯à¥¤¥«¥­¨¥M â ª¦¥ ï¢«ï¥âáï £®«®­®¬­ë¬, ¨¡® ¨§ á®®â­®è¥­¨© (17) ¢ á¨«ã rj0s� = 0
(á¬. (55)) á«¥¤ã¥â g���

�
ij � gij�� = 0, ®âªã¤  g���

�

[ij] = 0 ¨ ��

[ij] = 0.
�¯à ¢¥¤«¨¢ â ª¦¥  ­ «®£¨ç­ë© à¥§ã«ìâ â ¤«ï ¯à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨ An;n�m,

¨­¤ãæ¨àã¥¬®£® ­  ®á­ é¥­­®¬ à á¯à¥¤¥«¥­¨¨ N. �«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  6. �á«¨ ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ An;m (An;n�m), ¨­¤ãæ¨àã¥¬®¥ ­  ¢¯®«-
­¥ ®á­ é¥­­®¬ à á¯à¥¤¥«¥­¨¨ M (N), ¨¬¥¥â ­ã«¥¢®¥ ªàãç¥­¨¥, â® ®àâ®£®­ «ì­®¥ ¥¬ã à á¯à¥-

¤¥«¥­¨¥ N (M) ¨ ¨áå®¤­®¥ ¯®¤¬­®£®®¡à §¨¥ M (N) ï¢«ïîâáï £®«®­®¬­ë¬¨, ¯à¨ç¥¬ ¯®«¥ ª á -

â¥«ì­ëå m-áä¥à [P�] ((n�m)-áä¥à [Pi]) ¢­ãâà¥­­¨¬ ®¡à §®¬ ®¯à¥¤¥«ï¥âáï ¢ ¯¥à¢®© ¤¨ää¥à¥­-

æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ®å¢ â®¬ (34) ((33)).

8. � ª®­ä®à¬­®¬ ¯à®áâà ­áâ¢¥ Cn à áá¬®âà¨¬ ¯®¢¥àå­®áâì Vm; ¢ á¨«ã ãà ¢­¥­¨© (35) ¨

áâà®¥­¨ï ä®à¬ (46)  ää¨­­ ï á¢ï§­®áâì
(m)

r ­  ¯®¢¥àå­®áâ¨ Vm � Cn ®¯à¥¤¥«ï¥âáï ¡¥§ § ¤ ­¨ï
¯®«ï ª¢ §¨â¥­§®à  x0
 . � ª¨¬ ®¡à §®¬, ¥á«¨ § ¤ ­® ­®à¬ «ì­®¥ ®á­ é¥­¨¥ ¯®¢¥àå­®áâ¨ Vm ¯®«¥¬
ª¢ §¨â¥­§®à  x0k, â® ­  ­¥© ¨­¤ãæ¨àã¥âáï ¯à®áâà ­áâ¢®  ää¨­­®© á¢ï§­®áâ¨ Am;m, ®¯à¥¤¥«ï¥¬®¥
á¨áâ¥¬®© ä®à¬ f!j0; �ji g, £¤¥

�
j
i = !

j
i � �

j
i (!

0
0 � x0k!

k
0 ) + gjkx0k!

n+1
i + x0i!

j
0;

íâ® ¯à®áâà ­áâ¢® ­¥ ¨¬¥¥â ªàãç¥­¨ï (rj0st = 0, á¬. (55)) ¨ ï¢«ï¥âáï ¢¥©«¥¢ë¬ (â¥®à¥¬  5) á
¤®¯®«­¨â¥«ì­®© ä®à¬®©

� = !0
0 � x0k!

k
0 : (56)

�«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  7. �®à¬ «ì­®¥ ®á­ é¥­¨¥ ¯®¢¥àå­®áâ¨ Vm ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¨­¤ã-

æ¨àã¥â ¢¥©«¥¢® ¯à®áâà ­áâ¢® Wm � Am;m á ¬¥âà¨ç¥áª¨¬ â¥­§®à®¬ gij ¨ ¤®¯®«­¨â¥«ì­®©

ä®à¬®© (56).
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�â¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â à ­¥¥ ¯®«ãç¥­ �.�.�®à¤¥­®¬ [5] ¨ ¢ 1964 £. �.�.�ª¨¢¨á®¬ ¢
¤®ªâ®àáª®© ¤¨áá¥àâ æ¨¨.

�à®¤®«¦ ï ãà ¢­¥­¨ï (á¬. (27( )))

rx0i + x0i!
0
0 + !0

i = x0ij!
j
0;

­ å®¤¨¬

r�x
0
ij + x0ij�

0
0 + x0i�

0
j + x0j�

0
i + gijx

0
k�

k
n+1 +��

ij�
0
� = 0:

�«¥¤®¢ â¥«ì­®, ­  ¯®¢¥àå­®áâ¨ Vm � Cn á¨áâ¥¬  äã­ªæ¨© x0[ij] ®¡à §ã¥â ª®á®á¨¬¬¥âà¨ç­ë©
â¥­§®à.

� ª ª ª D� = 2x0[st]!
s
0 ^ !t0, â® ¤®¯®«­¨â¥«ì­ ï ä®à¬  (56) ï¢«ï¥âáï ¯®«­ë¬ ¤¨ää¥à¥­æ¨ -

«®¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ª®á®á¨¬¬¥âà¨ç­ë© â¥­§®à x0[st] ®¡à é ¥âáï ¢ ­ã«ì; ¯®á«¥¤­¥¥
ï¢«ï¥âáï ãá«®¢¨¥¬ à¨¬ ­®¢®áâ¨ ¯à®áâà ­áâ¢  Wm. �®ª § ­ 

�¥®à¥¬  8. �¥©«¥¢® ¯à®áâà ­áâ¢® Wm, ¨­¤ãæ¨àã¥¬®¥ ­®à¬ «ì­ë¬ ®á­ é¥­¨¥¬ ¯®¢¥àå­®-

áâ¨ Vm ª®­ä®à¬­®£® ¯à®áâà ­áâ¢  Cn, ï¢«ï¥âáï à¨¬ ­®¢ë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

®¡à é ¥âáï ¢ ­ã«ì ª®á®á¨¬¬¥âà¨ç­ë© â¥­§®à x0[ij]. �â® ãá«®¢¨¥ ¢ë¯®«­ï¥âáï ¤«ï ­®à¬ «ì­®£®

®á­ é¥­¨ï ¯®¢¥àå­®áâ¨ Vm ¯®«¥¬ ª¢ §¨â¥­§®à  fMk âà¥âì¥£® ¯®àï¤ª  (á¬. (38), (39)) ¨ ¯à¨

m = n� 1 | ¯®«¥¬ ª¢ §¨â¥­§®à  eak âà¥âì¥£® ¯®àï¤ª  (á¬. (42)).
9. �ãáâì à á¯à¥¤¥«¥­¨¥ M ç áâ¨ç­® ®á­ é¥­® ¯®«¥¬ ª á â¥«ì­ëå m-áä¥à [P�], ®¯à¥¤¥«ï-

¥¬ë¬ ¯®«¥¬ ª¢ §¨â¥­§®à  x0�. �«¥¤®¢ â¥«ì­®, ª á â¥«ì­ë¥ £¨¯¥àáä¥àë P� (á¬. (15)) ¯à®å®¤ïâ
ç¥à¥§ â®çªã X 00

n+1 (á¬. (28)), ¯à¨ç¥¬ â®çª¨ A0, X 00
n+1 ¨ ¯à®å®¤ïé¨¥ ç¥à¥§ ­¨å £¨¯¥àáä¥àë Ai, P�

®¡à §ãîâ ª®­ä®à¬­ë© ¯®«ã®àâ®£®­ «ì­ë© à¥¯¥à R00 (á¬. ¯. 5).

�®§ì¬¥¬ á¨áâ¥¬ã ¨§ (m+ 1)2 ä®à¬ �ä ää  f
j

i
g:(


j
0 = !j0; 
0

0 = !0
0 � x0�!

�
0 ; 
j

i = !ji ;


0
i = !0

i � x0�!
�
i � 1

2
g��x0�x

0
�!

n+1
i

(57)

¨ ¤®¯®«­¨â¥«ì­ãî á¨áâ¥¬ã ä®à¬ f
j
n+1;


n+1

i
g:


j
n+1 = �gjk
0

k; 
n+1
i = !n+1

i ; 
n+1
0 = !n+1

0 = 0; 
0
n+1 = !0

n+1 = 0:

�¨áâ¥¬  ä®à¬ (57) ã¤®¢«¥â¢®àï¥â áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ ¯à®áâà ­áâ¢  ª®­ä®à¬­®© á¢ï§­®-
áâ¨ Cn;m á n-¬¥à­®© ¡ §®© ¨ m-¬¥à­ë¬¨ á«®ï¬¨, ï¢«ïîé¨¬¨áï ª®­ä®à¬­ë¬¨ ¯à®áâà ­áâ¢ ¬¨
Cm(ui) � Cm(u):

D!I0 = !K0 ^ (!IK � �IK!
0
0);

D
j

i
= 
k

i
^ 
j

k
+
n+1

i
^ 
j

n+1 +
1
2
R
j

iKL
!K0 ^ !L0 :

(58)

�á«¨ ¢ ª ¦¤®¬ «®ª «ì­®¬ ¯à®áâà ­áâ¢¥ Cm(u) ¢ë¡à âì ª®­ä®à¬­ë© à¥¯¥à fA0; Ai;X
00
n+1g,

®â®¦¤¥áâ¢¨¢ æ¥­âà A0 à á¯à¥¤¥«¥­¨ï M á â®çª®© A(u) 2 Cn;m, â®, á«¥¤ãï �.� àâ ­ã [8] ¨
�.�.� ¯â¥¢ã [9], ª®­ä®à¬­ãî á¢ï§­®áâì ¯à®áâà ­áâ¢  Cn;m ¬®¦­® ®¯à¥¤¥«¨âì ®â®¡à ¦¥­¨¥¬
á®á¥¤­¥£® á«®ï Cm(u+ du) ­  ¨áå®¤­ë© á«®© Cm(u) ¯® § ª®­ã

Ai(u+ du)! Ai(u; du) = Ai +
j

i
Aj +
n+1

i
X 00

n+1 + �("j
i
Aj + "n+1

i
X 00

n+1);

X 00
n+1(u+ du)! X 00

n+1(u; du) = X 00
n+1 +
j

n+1Aj + �("jn+1Aj + "n+1
n+1X

00
n+1);

£¤¥

� =
q
(!1

0)2 + � � �+ (!m0 )2; lim
�!0

"
~j
~i
= 0; ei;ej = 0; 1;m; n+ 1:
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� áâàãªâãà­ëå ãà ¢­¥­¨ïå (58) ª®¬¯®­¥­âë â¥­§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï Rj

iKL
¯à®áâà ­áâ¢ 

Cn;m ¨¬¥îâ á«¥¤ãîé¥¥ áâà®¥­¨¥:

R0
0KL = 2��[Kx

0
j�jL]; R

j
0KL = 2(��[K�

j

j�jL] + x0��
�
[K�

j

L]);

R
j
iKL = 2(��

i[K�
j

j�jL] � g��x0�x
0
�gi[K�

j

L] � g��x0�gi[K�
j

j�jL]);

R0
iKL = 2(x0�x

0
��

�

[K�
�
jijL] � x0�[K�

�
jijL] + g��x0�x

0
�[KgL]i) +

+ g��x0�x
0
�(x

0

gi[K�




L] � g
[K�



jijL]):

(59)

�¨áâ¥¬  äã­ªæ¨© Rj
0KL ®¡à §ã¥â á ¬®áâ®ïâ¥«ì­ë© â¥­§®à, ª®â®àë© ­ §ë¢ ¥âáï â¥­§®à®¬

ªàãç¥­¨ï ¯à®áâà ­áâ¢  Cn;m. �á«¨ ¯à®áâà ­áâ¢® Cn;m ¡¥§ ªàãç¥­¨ï, â®, § ¬ëª ï ãà ¢­¥­¨ï
D
j

0 = 
0
0 ^ 
j

0 +
k
0 ^ 
j

k (á¬. (58)), ¯®«ãç¨¬

(Rj
iKL � �

j
iR

0
0KL)!

i
0 ^ !K0 ^ !L0 = 0;

®âªã¤  ­ å®¤¨¬

R
j

(ist) = 0; R
j

[ik]� � �
j

[iR
0
j0jk]� = 0: (60)

�®®â­®è¥­¨ï (60) ¯à¥¤áâ ¢«ïîâ á®¡®©  ­ «®£¨ â®¦¤¥áâ¢ �¨çç¨ ¯à®áâà ­áâ¢  Cn;m ¡¥§ ªàãç¥­¨ï.
� ª ª ª Rj

0KL � rj0KL (á¬. (50) ¨ (59)), â® ¨¬¥¥¬ ¯à¥¤«®¦¥­¨¥,  ­ «®£¨ç­®¥ â¥®à¥¬¥ 6. � ª¨¬
®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  9. � áâ¨ç­®¥ ®á­ é¥­¨¥ à á¯à¥¤¥«¥­¨ï M m-¬¥à­ëå «¨­¥©­ëå í«¥¬¥­â®¢ ª®­-

ä®à¬­®£® ¯à®áâà ­áâ¢  Cn ¯®«¥¬ ª á â¥«ì­ëå m-áä¥à [P�] ¨­¤ãæ¨àã¥â ¯à®áâà ­áâ¢® ª®­-

ä®à¬­®© á¢ï§­®áâ¨ Cn;m, ®¯à¥¤¥«ï¥¬®¥ á¨áâ¥¬®© (m+1)2 ä®à¬ �ä ää  (57). �®¬¯®­¥­âë â¥­-

§®à  ªà¨¢¨§­ë-ªàãç¥­¨ï íâ®£® ¯à®áâà ­áâ¢  ¨¬¥îâ áâà®¥­¨¥ (59), ¯à¨ç¥¬ ¥á«¨ ¯à®áâà ­áâ¢®

Cn;m ¡¥§ ªàãç¥­¨ï, â® ¨¬¥îâ ¬¥áâ®  ­ «®£¨ â®¦¤¥áâ¢ �¨çç¨ (60), ¢§ ¨¬­® ®àâ®£®­ «ì­ë¥

à á¯à¥¤¥«¥­¨ï M ¨ N £®«®­®¬­ë ¨ ¯®«¥ ª á â¥«ì­ëå m-áä¥à [P�] ®¯à¥¤¥«ï¥âáï ¢­ãâà¥­­¨¬

®¡à §®¬ ¢ ¯¥à¢®© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®«¥¬ ª¢ §¨â¥­§®à  �� (á¬. (34)).

� ¬¥â¨¬, çâ® ¥á«¨ à á¯à¥¤¥«¥­¨¥M ç áâ¨ç­® ®á­ é¥­® ¯®«¥¬ ­®à¬ «ì­ëå (n�m)-áä¥à [Pi],
®¯à¥¤¥«ï¥¬ë¬ ¯®«¥¬ ª¢ §¨â¥­§®à  x0i , â® á®£« á­® ¯. 5 ¯®á«¥¤­¥¥ à ¢­®á¨«ì­® ª á â¥«ì­®¬ã
®á­ é¥­¨î à á¯à¥¤¥«¥­¨ï N, çâ®, ¢ á¢®î ®ç¥à¥¤ì, ¯à¨¢®¤¨â ª á¯à ¢¥¤«¨¢®áâ¨ ¯à¥¤«®¦¥­¨ï,
 ­ «®£¨ç­®£® â¥®à¥¬¥ 9; ¯à¨ íâ®¬ ¢ á®®â­®è¥­¨ïå (57){(60) á«¥¤ã¥â ¯à®¨§¢¥áâ¨ § ¬¥­ã ¨­¤¥ªá®¢
fi; j; kg $ f�; �; 
g.
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