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1. �¢¥¤¥¨¥. � ¡®â  ¯®á¢ïé¥  à¥è¥¨î ¬®£®¬¥à®© § ¤ ç¨ �ãàá  ® æ¥âà¨à®¢ ®© ¢®«¥,
à áá¬®âà¥®© ¢ [1] (á. 538) {[5] ¢ ®¤®¬¥à®¬ á«ãç ¥. �áâ ®¢«¥ë ¤®áâ â®çë¥ ãá«®¢¨ï ¥¤¨-
áâ¢¥®áâ¨ ¨ áãé¥áâ¢®¢ ¨ï £®«®¬®àä®£® à¥è¥¨ï § ¤ ç¨ �ãàá , ¯®áâ ¢«¥®© ¤«ï á¨áâ¥¬
ª¢ §¨«¨¥©ëå ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª , ®¯à¥¤¥«¥ëå     «¨â¨ç¥áª®¬ ¬®£®®¡à §¨¨. �¥-
è¥  § ¤ ç  ¢ ®¡é¥© ¯®áâ ®¢ª¥.

2. �®ª «ì ï § ¤ ç . �  ª®¬¯«¥ªá® m-¬¥à®©   «¨â¨ç¥áª®© ¯®¢¥àå®áâ¨ á «®ª «ìë¬¨
ª®®à¤¨ â ¬¨ x1, x2, x = (x3; x4; : : : ; xm) ®¯à¥¤¥«¥ë ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï

mX
k=1

Ak(x1; x2; x;W )(W;B)xk = f(x1; x2; x;W );

mX
k=1

Ck(x1; x2; x;W )Uxk = h(x1; x2; x;W );

(1)

W = (w1; w2; : : : ; wn) = (W;B;U);

W = (w1; w2; : : : ; wq); B = (wq+1; wq+2; : : : ; wp); U = (wp+1; wp+2; : : : ; wn);

f = (f1; f2; : : : ; fp); h = (fp+1; fp+2; : : : ; fn);

Ak = (akij) (1 � i; j � p) : a1ij = 0 (i 6= j); a1ii = 1 (1 � i � q); a1ii = 0 (q + 1 � i � p);

a2ij = 0 (i 6= j; q + 1 � i � p; 1 � j � p); a2ii = 1 (q + 1 � i � p);

Ck = (akij) (p+ 1 � i; j � n) : a2ij = 0 (i 6= j); a2ii = 1 (p+ 1 � i � n):

�®íää¨æ¨¥âë á¨áâ¥¬ë (1) ®¯à¥¤¥«¥ë ¢ ®¡« áâ¨ S � C m+n á ¯à®¥ªæ¨¥© s � S ¢ C m . �¡®§ ç¨¬
s3 = f(x1; x2; x) 2 s : x2 = 0g, s0 = f(x1; x) 2 s3 : x1 = 0g, s1 = s3 n s0.

�ç¨â ¥¬, çâ® s3 ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®© á¥¬¥©áâ¢  �1 á¨áâ¥¬ë (1) ¨   ¥© § ¤   äãªæ¨ï
�(x1; x) (� = ('1; '2; : : : ; 'n)).

�®áâ ¢¨¬ § ¤ çã: ®¯à¥¤¥«¨âì ¢ s� (s1 � s� � sn s0) à¥è¥¨¥W (x1; x2; x) á¨áâ¥¬ë (1), ã¤®¢«¥-
â¢®àïîé¥¥   s1 ãá«®¢¨î

W (x1; 0; x) = �(x1; x) (2)

¨ ¤®¯ãáª îé¥¥ á¥¬¥©áâ¢® å à ªâ¥à¨áâ¨ª �1, á®¤¥à¦ é¨å s0.
� à ªâ¥à¨áâ¨ª¨ á¨áâ¥¬ë (1) ®¯à¥¤¥«ïîâáï ¨â¥£à « ¬¨ ãà ¢¥¨ï ([6], á. 85)

det
mX
k=1

Ak�xk detC
k�xk = 0:

�ãáâì A | ¬®¦¥áâ¢® £®«®¬®àäëå äãªæ¨©, S3 = f(x1; x2; x;W ) 2 S : x2 = 0; (x1; x) 2
s3; W = �(x1; x)g,D (s1 � D � sns0) | ¯®« ï ®¡« áâì � àâ®£á  á ¯«®áª®áâìî á¨¬¬¥âà¨¨ x2 = 0,
¯à®¥ªæ¨ï ª®â®à®©   ¯«®áª®áâì ¯¥à¥¬¥ëå x1, x | ¥¯®« ï ®¡« áâì � àâ®£á  á ¯«®áª®áâìî
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á¨¬¬¥âà¨¨ x1 = 0 ([7], á. 268), Q| ®¡« áâì ¨§¬¥¥¨ï ¯¥à¥¬¥ëå �xk (2 � k � m), á®¤¥à¦ é ï
â®çªã �x2 = 1, �xk = 0 (k � 3).

�¥®à¥¬  1. � ¥ª®â®à®© ®ªà¥áâ®áâ¨ D � s� ¬®¦¥áâ¢  s1 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥

à¥è¥¨¥ W (x1; x2; x) 2 A(D) § ¤ ç¨ ® æ¥âà¨à®¢ ®© ¢®«¥ (1), (2), ¥á«¨ Ak; Ck; f; h 2 A(S3)

(k = 1; 2; : : : ;m), � 2 A(s3) ¢ S �Q det
mP
k=1

Ck�xk ¥ § ¢¨á¨â ®â �x1, ¢ â®çª å S3 ¬ âà¨æ  A =

(a2ij) (1 � i; j � q) ¨¬¥¥â q à §«¨çëå á®¡áâ¢¥ëå § ç¥¨© �i, ¯à¨ç¥¬ �1 = �x��11 c(x1; x2; x;W )
(� = 1; 2; : : : ), ¨ ¢ S3 det l� 6= 0, £¤¥ l� ¯®«ãç ¥âáï § ¬¥®©   @c

@wj
í«¥¬¥â®¢ l1 j ¬ âà¨æë (lij),

á®áâ ¢«¥®© ¨§ ª®¬¯®¥â «¥¢ëå á®¡áâ¢¥ëå ¢¥ªâ®à®¢ A. �«ï â ª®£® à¥è¥¨ï

lim
x1!0

y(x1; x)=xl1 = �; c(0; 0; x;W 0) = �;

lim
x1!0

W (x1; y; (x1; x); x) =W 0(�; x);

L(0; 0; x;W 0)W0
� = 0; B

0 = B0
0; U

0 = U00;

W 0 = (W0;B0;U0); W 0
0 = (W0

0;B
0
0;U

0
0) = �(0; x);

(3)

£¤¥ L = (lij) (2 � i � q, 1 � j � q), x2 = y(x1; x) | ãà ¢¥¨¥ å à ªâ¥à¨áâ¨ª¨ á¥¬¥©áâ¢  �1,

®â¢¥ç îé¥£® �1.

�¥®à¥¬  1 ¤®ª §ë¢ ¥âáï ¬¥â®¤®¬ �.�.�®¢ «¥¢áª®©. �®«®¬®àä ï ¢ D äãªæ¨ï W ¯à¥¤áâ -
¢«ï¥âáï àï¤®¬ � àâ®£á -�®à   ([8], á. 146)

W =
1X
i=0

Wi(x1; x)xi+1
2 ; Wi =

1X
j=�1

Wij(x)x
j
1: (4)

�¨áâ¥¬  (1) ¨¬¥¥â â®«ìª® ¤¢  ¢¨¤  à¥è¥¨©
a) à¥è¥¨¥ ¢ ä®à¬¥ (4) á ª®íää¨æ¨¥â ¬¨

Wi = (Wi;Bi;Ui);

Wi =
1X

j=�(i+1)�

Wij(x)x
j
1; Vj =

1X
j=�i�

Bij(x)x
j
1; Ui =

1X
j=�i�

Uij(x)x
j
1;

(5)

¡) ¬®¦¥áâ¢® à¥è¥¨© ¢ ä®à¬¥ (4) á ª®íää¨æ¨¥â ¬¨

Wi =
1X

j=�(i+1+[i=I])�

Wij(x)x
j
1;

Bi =
1X

j=�(i+[(i�1)=I])�

Bij(x)x
j
1; Ui =

1X
j=�(i+[(i�1)=I])�

Uij(x)x
j
1;

I = 1; 2; : : : ; [i=I] | æ¥« ï ç áâì ç¨á«  i=I:

�áâ  ¢«¨¢ ¥âáï, çâ® â®«ìª® à¥è¥¨¥ (4), (5) ã¤®¢«¥â¢®àï¥â ¯®áâ ®¢ª¥ § ¤ ç¨ ¨ ãâ¢¥à¦¤¥-
¨ï¬ â¥®à¥¬ë 1.

3. �«®¡ «ì ï § ¤ ç . �¢ §¨«¨¥©ãî á¨áâ¥¬ã ¡¥à¥¬ ¢ ä®à¬¥

C(p)w = g; (6)

w = (w1; w2; : : : ; wk); g = (g1; g2; : : : ; gk); z = (z1; z2; : : : ; zm) 2 C
m ;

p = (p1; p2; : : : ; pm); pi =
@

@zi
; C = (csr); (1 � s; r � k);

csr =
mX

�1;�2;:::;�q(r)=1

Csr
�1;�2;:::;�q(r)

p�1p�2 � � � p�q(r) :
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� ¥© ª ¦¤ ï äãªæ¨ï wr ¨¬¥¥â á¢®©  ¨¢ëáè¨© ¯®àï¤®ª q(r) ¯à®¨§¢®¤ëå.

�à¥¤¯®«®¦¥¨¥ 1. A. �®íää¨æ¨¥âë á¨áâ¥¬ë (6) ®¯à¥¤¥«¥ë ¢ ®¡« áâ¨ 
 ¨§¬¥¥¨ï ¯¥-

à¥¬¥ëå z,
@jwr

@zi11 @z
i2
2 � � � @zimm

(i1+ i2+ � � �+ im = j, j = 0; 1; : : : ; q(r)�1, r = 1; 2; : : : ; k); csr�1;�2;:::;�q(r) ,

g 2 A(
),

csr�1;:::;�i;:::;�j ;:::;�q(r) = csr�1;:::;�j ;:::;�i;:::;�q(r) :

�. � ¯à®¥ªæ¨¨ ! ®¡« áâ¨ 
 ¢ ¯à®áâà áâ¢® C
m ¯¥à¥¬¥®© z ®¯à¥¤¥«¥ë äãªæ¨¨  (z); '(z) 2

A(w), ¤«ï ª®â®àëå rang @( ;')

@z
= 2 ¢ ª ¦¤®© â®çª¥ !.

B. �  ¯®¢¥àå®áâ¨ !3 = fz 2 ! : '(z) = 0g § ¤ ë äãªæ¨¨ 	r;i1;i2;:::;im(z) 2 A(!3), r =
1; 2; : : : ; k; j = 0; 1; : : : ; q(r)� 1, i1 + i2 + � � �+ im = j. � ª ¦¤®© â®çª¥ ®¡« áâ¨


3 =
�
z 2 !3;

@jwr

@zi11 @z
i2
2 � � � @z

im
m

= 	r;i1;i2;:::;im(z)
�

 ¯à ¢«¥¨ï ®à¬ «¥© !3 ï¢«ïîâáï å à ªâ¥à¨áâ¨ç¥áª¨¬¨, ¨ íâ  ¯®¢¥àå®áâì ¯à¨ ¤«¥¦¨â á¥-
¬¥©áâ¢ã å à ªâ¥à¨áâ¨ª �1.

�. � ¯à ¢«¥¨ï ®à¬ «¥© ¯®¢¥àå®áâ¨  (z) = const ¢ â®çª å 
3 ¥ ï¢«ïîâáï å à ªâ¥à¨áâ¨-
ç¥áª¨¬¨.

�ãáâì !2 = fz 2 ! :  (z) = 0g, !0 = !2 \ !3, !1 = !3 n !0. �®áâ ¢¨¬ § ¤ çã: ®¯à¥¤¥«¨âì
à¥è¥¨¥ w(z) ãà ¢¥¨ï (6), ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î

@jwr

@zi11 @z
i2
2 � � � @z

im
m

= 	r;i1;i2;:::;im ; z 2 !1; (7)

¨ ¤®¯ãáª îé¥¥ á¥¬¥©áâ¢® å à ªâ¥à¨áâ¨ª �1, á®¤¥à¦ é¨å !0.
�¡®§ ç¨¬ A = (Asr) (s; r = 1; 2; : : : ; k). �¨ £® «ì ï ª«¥âª  Ass ¨¬¥¥â ¯®àï¤®ª q(s). �¥à-

¢ ï ¥¥ áâà®ª  á®áâ ¢«¥  ¨§ ª®íää¨æ¨¥â®¢ ass2;�1;�2 (�1 + �2 = q(s) � 1, �1; �2 � 0), ¨¦-
ïï á®á¥¤ïï ¯ à ««¥«ì ª £« ¢®© ¤¨ £® «¨ | ¨§ �1,   ®áâ «ìë¥ ¥¥ í«¥¬¥âë ï¢«ïîâáï
ã«ï¬¨. �¥à¢ ï áâà®ª  ª«¥âª¨ Asr (s 6= r) à §¬¥à  q(s) � q(r) á®áâ®¨â ¨§ í«¥¬¥â®¢ asr2;�1;�2
(�1+�2 = q(r)� 1, �1; �2 � 0),   ®áâ «ìë¥ ¥¥ í«¥¬¥âë à ¢ë ã«î. �¤¥áì asr2;�1;�2 | í«¥¬¥âë
¬ âà¨æë (bsr1;1;:::;1)

�1(hsr2;�1;�2),

hsr2;�1;�2 =
q(r)

q(r)� �1

(�1 + �2)!
�1!�2!

bsr2;�1;�2 ; �1 + �2 = q(r)� 1;

bsr2;�;� =
mX

�1;�2;:::;�q(r)=1

csr�1;�2;:::;�q(r)
@'

@z�1

@ 

@z�2
� � �

@ 

@z��+1

@'

@z��+2

� � �
@'

@z�q(r)
;

bsr1;1;:::;1 =
mX

�1;�2;:::;�q(r)=1

csr�1;�2;:::;�q(r)
@ 

@z�1

@ 

@z�2
� � �

@ 

@z�q(r)
:

� á«ãç ¥ ®¤®£® ãà ¢¥¨ï A = A11. �«ï á¨áâ¥¬ë ãà ¢¥¨© ¯¥à¢®£® ¯®àï¤ª  Asr = asr2
(q = 1, �1 = �2 = 0).
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�ãáâì xi (i = 1; 2; : : : ;m, x1 =  (z), x2 = '(z); : : : ) | «®ª «ìë¥ ª®®à¤¨ âë. �¡®§ ç¨¬

wr;�1;�2;:::;�m =
@jwr

@x�11 @x
�2
2 � � � @x�mm

; j = �1 + �2 + � � �+ �m;

W = (wr;�1;�2) ( r = 1; 2; : : : ; k; �1 + �2 = q(r)� 1; �1; �2 � 0 );

B = (wr;�1;�2;:::;��) ( r = 1; 2; : : : ; k; � = 3; 4; : : : ;m;

�1 + �2 + � � �+ �� = q(r)� 1; �� = 1; 2; : : : ; q(r)� 1 );

U = (wr; wr;�1;�2;:::;��) ( r = 1; 2; : : : ; k; � = 1; 2; : : : ;m;

j = 1; 2; : : : ; q(r)� 2; �1 + �2 + � � �+ �� = j; �1; �2; : : : ; ���1 � 0; �� = 1; 2; : : : ; j);

W = (W;B;U):

�à¥¤¯®«®¦¥¨¥ 2. � â®çª å 
3 ¬ âà¨æ  A ¨¬¥¥â q =
kP
r=1

q(r) à §«¨çëå á®¡áâ¢¥ëå § -

ç¥¨© �i, ¯à¨ç¥¬ �1 = �x��11 c, det l� 6= 0.

�¤¥áì l� ¯®«ãç ¥âáï ¨§ l, á®áâ ¢«¥®© ¨§ «¥¢ëå á®¡áâ¢¥ëå ¢¥ªâ®à®¢ ¬ âà¨æë A, § ¬¥®©
í«¥¬¥â®¢ ¯¥à¢®© áâà®ª¨   @c

@W
.

�¥®à¥¬  2. �à¨ ¯à¥¤¯®«®¦¥¨ïå 1, 2 áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ £®«®¬®àä®¥ ¢ ¥ª®â®à®©

®ªà¥áâ®áâ¨ !� � ! n!0 å à ªâ¥à¨áâ¨ª¨ !1 à¥è¥¨¥ § ¤ ç¨ ®âæ¥âà¨à®¢ ®© ãá«®¢¨ï¬¨ (6),
(7). � «®ª «ìëå ª®®à¤¨ â å â ª®¥ à¥è¥¨¥ ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ (3).

�¥®à¥¬  2 ¤®ª §ë¢ ¥âáï á¢¥¤¥¨¥¬ § ¤ ç¨ (6), (7) ª § ¤ ç¥ (1), (2), ¯®¨¦¥¨¥¬ ¯®àï¤ª 
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¯®á«¥ ¯¥à¥å®¤  ª «®ª «ìë¬ ª®®à¤¨ â ¬.
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