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�®¤ á¨­£ã«ïà­ë¬¨ á¨áâ¥¬ ¬¨ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®­¨¬ îâáï
á¨áâ¥¬ë, á®áâ®ïé¨¥ ¨§ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ­¥¤¨ää¥à¥­æ¨ «ì­ëå
á®®â­®è¥­¨©. � ª ç¥áâ¢¥ ¯®á«¥¤­¨å ®¡ëç­® à áá¬ âà¨¢ îâáï á¨áâ¥¬ë ­¥«¨­¥©­ëå  «£¥¡à ¨ç¥-
áª¨å ¨«¨ âà ­áæ¥­¤¥­â­ëå ãà ¢­¥­¨©. � ­ áâ®ïé¥¥ ¢à¥¬ï ¢ ­ ãç­®© «¨â¥à âãà¥ ¤«ï ®¡®§­ ç¥-
­¨ï á¨áâ¥¬ â ª®£® ¢¨¤  ç é¥ ¨á¯®«ì§ã¥âáï â¥à¬¨­ ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨¥ ãà ¢­¥-
­¨ï.

�®-¢¨¤¨¬®¬ã, ¢¯¥à¢ë¥ ç¨á«¥­­®¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ¨á-
á«¥¤®¢ «®áì ¢ [1]. C¨áâ¥¬  «¨­¥©­ëå ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå _y ãà ¢­¥­¨©

A(y) _y +B(y) = f(t)

á ¢ëà®¦¤¥­­®© ¬ âà¨æ¥© A(y), ®¯¨áë¢ îé ï ¯à®æ¥ááë, ¯à®â¥ª îé¨¥ ¢ í«¥ªâà¨ç¥áª¨å á¥âïå,
¨­â¥£à¨à®¢ « áì ¯à¨ ¯®¬®é¨ ä®à¬ã« ¤¨ää¥à¥­æ¨à®¢ ­¨ï ­ § ¤.

�®§¤­¥¥ ¤«ï à¥è¥­¨ï ¤ ­­®£® ¢¨¤  ãà ¢­¥­¨© ¡ë«¨ à §à ¡®â ­ë ¯à®£à ¬¬ë [2]{[5]. � ­ -
áâ®ïé¥¥ ¢à¥¬ï ¯®¬¨¬® ¬­®£®ç¨á«¥­­ëå áâ â¥© ¤ ­­®© ¯à®¡«¥¬¥ ¯®á¢ïé¥­® ­¥áª®«ìª® ¬®­®-
£à ä¨© [6]{[12]. �¤­ ª®, ­¥á¬®âàï ­  ­¥á®¬­¥­­ë¥ ¤®áâ¨¦¥­¨ï ¢ ¤ ­­®© ®¡« áâ¨, ¯®«ãç¥­­ë¥
à¥§ã«ìâ âë ­¥ «¨ª¢¨¤¨àãîâ âàã¤­®áâ¨ ç¨á«¥­­®£® à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å
ãà ¢­¥­¨© ¯® áà ¢­¥­¨î á à¥è¥­¨¥¬ ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [11]:

| ­ ç «ì­ë¥ ãá«®¢¨ï ¤®«¦­ë ¡ëâì á®£« á®¢ ­­ë¬¨ á ­¥¤¨ää¥à¥­æ¨ «ì­ë¬¨ á®®â­®è¥­¨-
ï¬¨;

| á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨©, à¥è ¥¬ ï ­  ª ¦¤®¬ è £¥ ¯à®æ¥áá  ¨­â¥£à¨à®¢ ­¨ï, ï¢«ï-
¥âáï ¯«®å® ®¡ãá«®¢«¥­­®© ¤«ï ¬¥«ª¨å è £®¢; ¯®ª § ­® [11], çâ® ®¡ãá«®¢«¥­­®áâì á¨áâ¥¬ë ¨¬¥¥â
¯®àï¤®ª O(h�), £¤¥ � | ¨­¤¥ªá á¨áâ¥¬ë, h | è £ ¨­â¥£à¨à®¢ ­¨ï;

| ®è¨¡ª  ¬¥â®¤  ¯à¨ ¢ë¡®à¥ è £  ¨­â¥£à¨à®¢ ­¨ï çã¢áâ¢¨â¥«ì­  ª ­¥á®£« á®¢ ­­®áâ¨ ¢
­ ç «ì­ëå ãá«®¢¨ïå ¨ à¥§ª®¬ã ¨§¬¥­¥­¨î à¥è¥­¨ï;

| ç¨á«¥­­®¥ à¥è¥­¨¥ ¢ ¡®«ìè¥© áâ¥¯¥­¨ § ¢¨á¨â ®â â®ç­®áâ¨  ¯¯à®ªá¨¬ æ¨¨ ¨â¥à æ¨®­­®©
¬ âà¨æë.

�¢¥¤¥¬

�¯à¥¤¥«¥­¨¥ 1. �¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© ­ §ë¢ ¥âáï ­ ¨«ãçè¨¬ ®¡à §®¬ ®¡ãá«®¢«¥­-
­®©, ¥á«¨ ¬ «ë¥ ¨§¬¥­¥­¨ï í«¥¬¥­â®¢ ¬ âà¨æë á¨áâ¥¬ë ¨«¨ ¥¥ ¯à ¢®© ç áâ¨ ¯à¨¢®¤ïâ ª ­ ¨-
¬¥­ìè¥¬ã ¨§¬¥­¥­¨î à¥è¥­¨ï.

� ¤ ­­®© à ¡®â¥ ¯à¥¤«®¦¥­ ¯®¤å®¤, á®£« á­® ª®â®à®¬ã à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï á¨áâ¥¬ë
¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© à áá¬ âà¨¢ ¥âáï á ¯®§¨æ¨¨ ¬¥â®¤  ¯à®¤®«¦¥­¨ï
à¥è¥­¨ï ¯® ¯ à ¬¥âàã, çâ® ¯®§¢®«ï¥â ¯®áâ ¢¨âì ¢®¯à®á ® ¢ë¡®à¥ ­ ¨«ãçè¥£® ¯ à ¬¥âà  [13]{
[16], ¤®áâ ¢«ïîé¥£® ­ ¨«ãçèãî ®¡ãá«®¢«¥­­®áâì á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢­¥­¨© ¯à®¤®«¦¥­¨ï.
�â® ¯à¨¢®¤¨â ª ®á« ¡«¥­¨î ç áâ¨ ¨§ ®â¬¥ç¥­­ëå âàã¤­®áâ¥©. � ª, á¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥-
­¨© ¯à®¤®«¦¥­¨ï, ¯®«ãç îé ïáï ­  ª ¦¤®¬ è £¥ ¯à®æ¥áá  ¨­â¥£à¨à®¢ ­¨ï, ¡ã¤¥â ­ ¨«ãçè¨¬

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áª®¬¢ã§  �®áá¨©áª®© �¥¤¥à æ¨¨ (£à ­â 
�.-�¥â¥à¡ãà£áª. £®á. ã­-â  95-0-1.8-33).
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®¡à §®¬ ®¡ãá«®¢«¥­­®©,   ¢ á¨«ã ¢ë¡®à   à£ã¬¥­â  § ¤ ç¨ ¢ëç¨á«¨â¥«ì­ ï ®è¨¡ª  ¡ã¤¥â ¬¥­¥¥
çã¢áâ¢¨â¥«ì­  ª à¥§ª®¬ã ¨§¬¥­¥­¨î à¥è¥­¨ï.

1. � áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

F (y; _y; x; t) = 0; y(t0) = y0;

G(y; x; t) = 0; x(t0) = x0;
(1)

y(t) : R1 ! R
n ; x(t) : R1 ! R

m ; F : R2n+m+1 ! R
n ;

G : Rn+m+1 ! R
m ; t 2 R

1 ; _y =
dy

dt
:

�¥«¨ç¨­ë t0, y0, x0 ¤®«¦­ë ¡ëâì á®£« á®¢ ­­ë¬¨, â. ¥. ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ ãà ¢­¥­¨©
G(y0; x0; t0) = 0.

�§ãç ¥âáï ç¨á«¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥-
­¨©, ª®â®àë¥ ­ ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ãîâáï ¯à¨ ®¯¨á ­¨¨ ¯®¢¥¤¥­¨ï ¬¥å ­¨ç¥áª¨å á¨áâ¥¬. � ª¨¥
ãà ¢­¥­¨ï ¨¬¥îâ ¨­¤¥ªá, à ¢­ë© ­ã«î ¨«¨ ¥¤¨­¨æ¥. �¤­ ª® ¤®¯ãáª ¥âáï, çâ® ¢ ­¥ª®â®àëå â®ç-
ª å ¥¤¨­áâ¢¥­­®© £« ¤ª®© ¨­â¥£à «ì­®© ªà¨¢®© § ¤ ç¨ (1), ­ ¯à¨¬¥à, ¢ ¯à¥¤¥«ì­ëå â®çª å,
¬ âà¨æë F; _y= @F=@ _y ¨ G;x= @G=@x ¬®£ãâ ¢ëà®¦¤ âìáï.

�¢¥¤¥¬ ¥é¥ ®¤­®

�¯à¥¤¥«¥­¨¥ 2. � ¨«ãçè¨¬  à£ã¬¥­â®¬ § ¤ ç¨ (1) ­ §ë¢ ¥âáï  à£ã¬¥­â, ¤®áâ ¢«ïîé¨©
á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢­¥­¨© ¯à®¤®«¦¥­¨ï à¥è¥­¨ï ­ ¨«ãçèãî ®¡ãá«®¢«¥­­®áâì.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬ . �á«¨ § ¤ ç  �®è¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (1)
¨¬¥¥â ¥¤¨­áâ¢¥­­ãî £« ¤ªãî ¨­â¥£à «ì­ãî ªà¨¢ãî, â® ¤«ï ¯à¥®¡à §®¢ ­¨ï íâ®© § ¤ ç¨ ª

­ ¨«ãçè¥¬ã  à£ã¬¥­âã ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¡à âì ¢ ª ç¥áâ¢¥ â ª®£®  à£ã¬¥­â  ¤«¨­ã

¤ã£¨ �, ®âáç¨âë¢ ¥¬ãî ¢¤®«ì ¨­â¥£à «ì­®© ªà¨¢®© § ¤ ç¨.

�®ª § â¥«ìáâ¢®. �ãáâì ¨­â¥£à « § ¤ ç¨ (1)

f(y; x; t) = 0;

f(y0; x0; t0) = 0; f : Rn+m+1 ! R
n

(2)

§ ¤ ¥â ¢ (n+m+1)-¬¥à­®¬ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ Rn+m+1 ¥¤¨­áâ¢¥­­ãî £« ¤ªãî ¨­â¥£à «ì-
­ãî ªà¨¢ãî. �à®æ¥áá ¥¥ ¯®áâà®¥­¨ï ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­ ª ª ¯à®æ¥áá ¯à®¤®«¦¥­¨ï à¥è¥­¨ï
y = y(t), x = x(t) ¯® ¯ à ¬¥âàã t. � ª®© ¯®¤å®¤ ¯®§¢®«ï¥â ¯®áâ ¢¨âì ¢®¯à®á [13]{[16] ® ¢ë¡®à¥
­ ¨«ãçè¥£® ¯ à ¬¥âà  ¯à®¤®«¦¥­¨ï à¥è¥­¨ï á¨áâ¥¬ë (2),   §­ ç¨â, ¨ ­ ¨«ãçè¥£®  à£ã¬¥­â 
§ ¤ ç¨ (1).

�«ï â®£® çâ®¡ë ¢ëïá­¨âì, ª ª®©  à£ã¬¥­â ¡ã¤¥â ­ ¨«ãçè¨¬, ¯®« £ ¥¬, çâ® ¢¥«¨ç¨­ë y, x, t
ï¢«ïîâáï äã­ªæ¨ï¬¨ ­¥ª®â®à®£®  à£ã¬¥­â  �, ¯à¨à é¥­¨¥ ª®â®à®£® ¢ ª ¦¤®© â®çª¥ ¨­â¥£à «ì-
­®© ªà¨¢®© § ¤ ç¨ (1) ¯à¨¬¥¬ ¢ ¢¨¤¥

�� = �i�yi + �j�xj + 
�t; i = 1; n; j = 1;m; (3)

£¤¥ �yi, �xj , �t | ¯à¨à é¥­¨ï äã­ªæ¨© yi, xj , t; �i, �j , 
 | ª®¬¯®­¥­âë ¥¤¨­¨ç­®£® ¢¥ªâ®-
à  � = (�1; : : : ; �n; �1; : : : ; �m; 
)T , § ¤ îé¥£® ­ ¯à ¢«¥­¨¥, ¢ ª®â®à®¬ ¢ë¡¨à ¥âáï  à£ã¬¥­â �.
�¤¥áì ¨ ¤ «¥¥ ¯à¥¤¯®« £ ¥âáï áã¬¬¨à®¢ ­¨¥ ¢ ¯à®¨§¢¥¤¥­¨ïå ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¢
®£®¢®à¥­­ëå ¯à¥¤¥« å.

� §¤¥«¨¬ à ¢¥­áâ¢® (3) ­  ��, áâà¥¬ïé¥¥áï ª ­ã«î, â®£¤  ¨¬¥¥¬

�iyi;�+�jxj;� + 
t;�= 1;

i = 1; n; j = 1;m; ();�=
d()
d�

:
(4)
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�à ¢­¥­¨ï ¯à®¤®«¦¥­¨ï à¥è¥­¨ï § ¤ ç¨ (2) ¯®«ãç¨¬, ¥á«¨ á®¢¬¥áâ­® á à ¢¥­áâ¢®¬ (4) à áá¬®-
âà¨¬ á®®â­®è¥­¨ï (2), ¯à®¤¨ää¥à¥­æ¨à®¢ ­­ë¥ ¯® �. �¤­ ª® â ª®© ¯®¤å®¤ ­¥ª®­áâàãªâ¨¢¥­,
â. ª. ¨­â¥£à « (2) ¤® à¥è¥­¨ï § ¤ ç¨ (1) ­¥¨§¢¥áâ¥­.

�à ¢­¥­¨ï ¯à®¤®«¦¥­¨ï ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¨­ ç¥. �¨­¥ à¨§ã¥¬ ¢¥ªâ®à-äã­ªæ¨î F ®â-
­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå _yi ¢ ®ªà¥áâ­®áâ¨ ­¥ª®â®àëå ¨§¢¥áâ­ëå §­ ç¥­¨© _yi = _y�i , ¯®«ãç¥­­ëå,
­ ¯à¨¬¥à, ­  ¯à¥¤ë¤ãé¥¬ è £¥ ¯à®æ¥¤ãàë ¨­â¥£à¨à®¢ ­¨ï ¨«¨ ¨â¥à æ¨®­­®£® ¯à®æ¥áá , â®£¤ 
¨¬¥¥¬

F � + F;�_yi ( _yi � _y�i ) = 0; i = 1; n:

�¤¥áì ¢¥ªâ®à-äã­ªæ¨¨ F � ¨ F;�_yi ¢ëç¨á«ïîâáï ¯à¨ _yi = _y�i .
�à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ãà ¢­¥­¨¥ (4) ¨ à ¢¥­áâ¢  _yi = yi;�=t;�; _y�i = y�i;�=t;

�

�,   â ª¦¥ ¤¨ää¥-
à¥­æ¨àãï ¢¥ªâ®à-äã­ªæ¨î G ®â­®á¨â¥«ì­® �, ¯®«ãç ¥¬ á«¥¤ãîé¨© ¢¨¤ ¯à¥¤áâ ¢«¥­¨ï ãà ¢­¥-
­¨© ¯à®¤®«¦¥­¨ï:

�iyi;� + �jxj;� + 
t;�= 1; t;�� F;
�

_yi
yi;� + (F �t;���F;�_yi y�i;�)t;�= 0;

G;yi yi;� +G;xj
xj;� +G;t t;�= 0; i = 1; n; j = 1;m:

(5)

�­â¥£à «ì­ ï ªà¨¢ ï § ¤ ç¨ (1) ¬®¦¥â ¡ëâì ¯®áâà®¥­  ¢ à¥§ã«ìâ â¥ ¨­â¥£à¨à®¢ ­¨ï á¨-
áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¯®«ãç¥­­®© ¯®á«¥ à §à¥è¥­¨ï ­  ª ¦¤®¬
¨â¥à æ¨®­­®¬ è £¥ ãà ¢­¥­¨© ¯à®¤®«¦¥­¨ï (5) ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå á ãç¥â®¬ ­ ç «ì­ëå
ãá«®¢¨©

yi(0) = yi0; xj(0) = xj0; t(0) = t0; i = 1; n; j = 1;m: (6)

�¤¥áì ¯à¥¤¯®« £ ¥âáï, çâ®  à£ã¬¥­â � ®âáç¨âë¢ ¥âáï ®â ­ ç «ì­®© â®çª¨ § ¤ ç¨ (1).
�ää¥ªâ¨¢­®áâì à §à¥è¥­¨ï á¨áâ¥¬ë (5) ®¯à¥¤¥«ï¥âáï ¥¥ ®¡ãá«®¢«¥­­®áâìî, § ¢¨áïé¥© ®â

¢ë¡®à   à£ã¬¥­â  �, ª®â®àë© ®¯à¥¤¥«ï¥âáï ¢¥ªâ®à®¬ �. �âàãªâãà  íâ®© á¨áâ¥¬ë ¯®«­®áâìî
á®¢¯ ¤ ¥â á® áâàãªâãà®© á¨áâ¥¬ë, à áá¬®âà¥­­®© ¢ [13], [14] ¯à¨ ¤®ª § â¥«ìáâ¢¥ ­¥®¡å®¤¨¬ëå ¨
¤®áâ â®ç­ëå ãá«®¢¨© ¢ë¡®à  ­ ¨«ãçè¥£® ¯ à ¬¥âà  ¯à®¤®«¦¥­¨ï à¥è¥­¨ï á¨áâ¥¬ë ­¥«¨­¥©-
­ëå  «£¥¡à ¨ç¥áª¨å ¨«¨ âà ­áæ¥­¤¥­â­ëå ãà ¢­¥­¨©, á®¤¥à¦ é¨å ¯ à ¬¥âà. � ª¨¬ ¯ à ¬¥-
âà®¬, ¤®áâ ¢«ïîé¨¬ ­ ¨«ãçèãî ®¡ãá«®¢«¥­­®áâì á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢­¥­¨© ¯à®¤®«¦¥­¨ï,
ï¢«ï¥âáï ¤«¨­  ¤ã£¨ �, ®âáç¨âë¢ ¥¬ ï ¢¤®«ì ªà¨¢®© ¬­®¦¥áâ¢  à¥è¥­¨© á¨áâ¥¬ë ­¥«¨­¥©­ëå
ãà ¢­¥­¨©.

�ç¥¢¨¤­®, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ªà¨¢ ï ¬­®¦¥áâ¢  à¥è¥­¨© á¨áâ¥¬ë ­¥«¨­¥©­ëå
ãà ¢­¥­¨© (2) ï¢«ï¥âáï ¨­â¥£à «ì­®© ªà¨¢®© § ¤ ç¨ (1), ¯®íâ®¬ã á¨áâ¥¬  (5) ¡ã¤¥â ­ ¨«ãçè¨¬
®¡à §®¬ ®¡ãá«®¢«¥­­®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ª ç¥áâ¢¥  à£ã¬¥­â  ¯à¨­¨¬ ¥âáï ¤«¨­ 
¤ã£¨ �, ®âáç¨âë¢ ¥¬ ï ¢¤®«ì ¨­â¥£à «ì­®© ªà¨¢®© § ¤ ç¨ (1).

� ¬¥ç ­¨¥ 1. � [13], [14] ¢ ª ç¥áâ¢¥ ¬¥àë ®¡ãá«®¢«¥­­®áâ¨ ¯à¨­¨¬ «¨áì ª ª ¢¥«¨ç¨­  ®¯à¥-
¤¥«¨â¥«ï á¨áâ¥¬ë, ¤¥«¥­­ ï ­  ¯à®¨§¢¥¤¥­¨¥ ª¢ ¤à â¨ç­ëå ­®à¬ ¥£® áâà®ª, â ª ¨ ¢¥«¨ç¨­ 
ª¢ ¤à â¨ç­®© ®è¨¡ª¨.

� ¬¥ç ­¨¥ 2. �®£« á­® ¯à ¢¨«ã �à ¬¥à  à¥è¥­¨¥ á¨áâ¥¬ë (5), ¯à¥®¡à §®¢ ­­®© ª ­ ¨«ãç-
è¥¬ã  à£ã¬¥­âã �, ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

dyi
d�

=
�i

�
;

dxj
d�

=
�n+j

�
;

dt

d�
=
�n+m+1

�
; (7)

i = 1; n; j = 1;m;

£¤¥ � | ®¯à¥¤¥«¨â¥«ì á¨áâ¥¬ë; �k = (�1)k+1�k (k = 1; n+m+ 1), �k | ®¯à¥¤¥«¨â¥«ì, ¯®«ãç -
îé¨©áï ¯à¨ ¢ëç¥àª¨¢ ­¨¨ k-£® áâ®«¡æ  ¢ ¬ âà¨æ¥ ¯®á«¥¤­¨å (n+m) ãà ¢­¥­¨© á¨áâ¥¬ë. �â¨
®¯à¥¤¥«¨â¥«¨ ã¤®¢«¥â¢®àïîâ à ¢¥­áâ¢ã (á¬. [13], [14])

�2 = �k�k; k = 1; n+m+ 1;
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ª®â®à®¥ ¯®ª §ë¢ ¥â, çâ® ª¢ ¤à â¨ç­ ï ­®à¬  ¯à ¢®© ç áâ¨ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (7) ¢á¥£¤  à ¢­  ¥¤¨­¨æ¥. �á«¨  à£ã¬¥­â � ®âáç¨âë¢ âì ®â ­ ç «ì-
­®© â®çª¨ § ¤ ç¨ (1), â® ­ ç «ì­ë¥ ãá«®¢¨ï ¯à¨¬ãâ ¢¨¤ (6), ¨ § ¤ ç  �®è¨ ¤«ï á¨áâ¥¬ë
¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (1) ¯à¥®¡à §ã¥âáï ¢ § ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë
®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (7), (6).

2. � áá¬®âà¨¬  «£®à¨â¬ à¥è¥­¨ï § ¤ ç¨ (1), ¯à¥®¡à §®¢ ­­®© ª ­ ¨«ãçè¥¬ã  à£ã¬¥­âã �.
�ç¥¢¨¤­®, çâ® ¨á¯®«ì§®¢ ­¨¥ ä®à¬ã« (7) ¯à¨¢¥¤¥â ª ­¥íää¥ªâ¨¢­®¬ã  «£®à¨â¬ã, ®á­®¢ ­­®¬ã
­  ¬­®£®ªà â­®¬ ¢ëç¨á«¥­¨¨ ®¯à¥¤¥«¨â¥«¥©. � á¨«ã £« ¤ª®áâ¨ ¨­â¥£à «ì­®© ªà¨¢®© äã­ªæ¨¨
y = y(�), x = x(�), t = t(�) ï¢«ïîâáï ¤¨ää¥à¥­æ¨àã¥¬ë¬¨. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

dyi
d�

= Yi;
dxj
d�

= Xj ;
dt

d�
= T; i = 1; n; j = 1;m: (8)

�®£¤  á ãç¥â®¬ íâ¨å ®¡®§­ ç¥­¨© ãà ¢­¥­¨ï ¯à®¤®«¦¥­¨ï (5), § ¯¨á ­­ë¥ ®â­®á¨â¥«ì­® ­ ¨-
«ãçè¥£®  à£ã¬¥­â  �, ¯à¨¬ãâ ¢¨¤

T �F;�_yi Yi + (F �T � � F;�_yi Y
�

i )T = 0;

G;yi Yi +G;xj
Xj +G;t T = 0;

YiYi +XjXj + TT = 1;

(9)

i = 1; n; j = 1; m:

�á«¨ ¯®á«¥¤­¥¥ ­¥«¨­¥©­®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (9) «¨­¥ à¨§®¢ âì ®â­®á¨â¥«ì­® äã­ªæ¨©
Yi, Xj , T , â® ¯®«ãç ¥¬ á¨áâ¥¬ã «¨­¥©­ëå ãà ¢­¥­¨© ®â­®á¨â¥«ì­® äã­ªæ¨© Y (k)

i , X(k)
j ¨ T (k),

¢ëç¨á«¥­­ëå ­  k-¬ è £¥ ¨â¥à æ¨®­­®£® ¯à®æ¥áá 

T (k�1)F;�_yi Y
(k)
i + (F �T (k�1) � F;�_yi Y

(k�1)
i )T (k) = 0; G;yi Y

(k)
i +G;xj

X
(k)
j +G;t T

(k) = 0;

Y
(k�1)
i Y

(k)
i +X

(k�1)
j X

(k)
j + T (k�1)T (k) = 1; i = 1; n; j = 1;m:

(10)

�¤¥áì §¢¥§¤®çª®© ¯®¬¥ç¥­ë äã­ªæ¨¨, ¢ëç¨á«¥­­ë¥ ­  ¯à¥¤ë¤ãé¥¬ ¨â¥à æ¨®­­®¬ è £¥, â. ¥. ¯à¨
_yi = Y

(k�1)
i =T (k�1).

�¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© (10) á®¢¬¥áâ­® á á¨áâ¥¬®© ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© (8) ®¯à¥¤¥«ï¥â ¯à®æ¥¤ãàã �ìîâ®­ . �á«¨ ­ ç «ì­ ï â®çª  ­¥ ï¢«ï¥âáï ¯à¥¤¥«ì­®©,
â® ­ ç «ì­®¥ §­ ç¥­¨¥ ¢¥ªâ®à  Z = (Y1; : : : ; Yn; X1; : : : ;Xm; T )T ¬®¦­® ¢§ïâì ¢ ¢¨¤¥

Z(0) = (0; : : : ; 0; 1)T : (11)

� ª ç¥áâ¢¥ ­ ç «ì­®£® ¯à¨¡«¨¦¥­¨ï ¢ ¨â¥à æ¨®­­®¬ ¯à®æ¥áá¥ ­  ¤ ­­®¬ è £¥ ¯à®æ¥¤ãàë
¨­â¥£à¨à®¢ ­¨ï ¯à¨­¨¬ ¥âáï à¥è¥­¨¥, ¢ëç¨á«¥­­®¥ ­  ¯à¥¤ë¤ãé¥¬ è £¥ ¯à®æ¥¤ãàë ¨­â¥£à¨-
à®¢ ­¨ï.

� ª¨¬ ®¡à §®¬, ¯à®¡«¥¬  § ª«îç ¥âáï ¢ ¨­â¥£à¨à®¢ ­¨¨ á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥-
à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8), ã¤®¢«¥â¢®àïîé¥© ­ ç «ì­ë¬ ãá«®¢¨ï¬ (6). �à ¢ë¥ ç áâ¨ á¨áâ¥¬ë
(8) ®¯à¥¤¥«ïîâáï ¨§ à¥è¥­¨ï á¨áâ¥¬ë (10), ª®â®àãî á«¥¤ã¥â à¥è âì ¤® â¥å ¯®à, ¯®ª  ¨â¥à -
æ¨®­­ë© ¯à®æ¥áá ­¥ á®©¤¥âáï á ¯à¨­ïâ®© â®ç­®áâìî ", â. ¥. ¯®ª  ­¥ ¡ã¤¥â ¢ë¯®«­¥­® ãá«®¢¨¥
kZ(k) � Z(k�1)k < ". � ¬¥â¨¬, çâ® ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ á¨áâ¥¬ë ®¡ëª­®¢¥­-
­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8) ¯à®£à ¬¬ë PC1 [15] íâ® ãá«®¢¨¥ à¥ «¨§ã¥âáï ¡« £®¤ àï
¬¥â®¤ã ¯à®£­®§  ¨ ª®àà¥ªæ¨¨.

�à ¢­¥­¨ï ¯à®¤®«¦¥­¨ï ¡ã¤ãâ ¨¬¥âì ¡®«¥¥ ¯à®áâ®© ¢¨¤, ¥á«¨ ¤¨ää¥à¥­æ¨ «ì­ë¥ á®®â­®-
è¥­¨ï F ¢ á¨áâ¥¬¥ (1) «¨­¥©­ë ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­ëå _yi, â. ¥. ¨¬¥îâ ¢¨¤

ail(y; x; t)
dyl
dt

= fi(y; x; t); i; l = 1; n;
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£¤¥ ail | í«¥¬¥­âë ª¢ ¤à â­®© ¬ âà¨æë ¯®àï¤ª  n. � íâ®¬ á«ãç ¥ ãà ¢­¥­¨ï ¯à®¤®«¦¥­¨ï (9)
¯à¨¬ãâ ¢¨¤

ailYl � fiT = 0;

G;yi Yi +G;xj
Xj +G;t T = 0;

YiYi +XjXj + TT = 1; i; l = 1; n; � = 1;m:

(12)

�¥à¢ë¥ ¤¢  ãà ¢­¥­¨ï íâ®© á¨áâ¥¬ë á â®ç­®áâìî ¤® ¯®áâ®ï­­®£® ¬­®¦¨â¥«ï ®¯à¥¤¥«ïîâ ¢
¯à®áâà ­áâ¢¥ Rn+m+1 : fy; x; tg ¢¥ªâ®à, ª á â¥«ì­ë© ª ¨­â¥£à «ì­®© ªà¨¢®©. �à¥âì¥ ãà ¢­¥­¨¥
à¥ «¨§ã¥â ¢ë¡®à ª á â¥«ì­®£® ª ¨­â¥£à «ì­®© ªà¨¢®© ¥¤¨­¨ç­®£® ¢¥ªâ®à  �, ®¯à¥¤¥«ïîé¥£®
­ ¯à ¢«¥­¨¥ ®âáç¥â  ­ ¨«ãçè¥£®  à£ã¬¥­â  �. �â® ãà ¢­¥­¨¥ ¤¥« ¥â á¨áâ¥¬ã (12) ­¥«¨­¥©­®©.
�â®¡ë ¨§¡¥¦ âì âàã¤­®áâ¥©, á¢ï§ ­­ëå á ¥¥ à¥è¥­¨¥¬, ¬®¦­® ¯à¨ ­ å®¦¤¥­¨¨ à¥è¥­¨ï ¢ k-©
â®çª¥ ¨­â¥£à «ì­®© ªà¨¢®© ¢§ïâì ¢ ª ç¥áâ¢¥ ¢¥ªâ®à  � ¢¥ªâ®à, ª á â¥«ì­ë© ª ¨­â¥£à «ì­®©
ªà¨¢®© ¢ ¯à¥¤ë¤ãé¥© (k�1)-© â®çª¥. �à¨ ¤®áâ â®ç­® ¬ «®¬ è £¥ ¨­â¥£à¨à®¢ ­¨ï �� = �k �
�k�1 íâ®â ¢¥ªâ®à ¡ã¤¥â ¡«¨§®ª ª ¢¥ªâ®àã, ®¡¥á¯¥ç¨¢ îé¥¬ã ­ ¨«ãçè¨©  à£ã¬¥­â § ¤ ç¨. �®£¤ 
á¨áâ¥¬ã (12) ¤«ï k-© â®çª¨ ¨­â¥£à «ì­®© ªà¨¢®© ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

ailYl � fiT = 0;

G;yi Yi +G;xj
Xj +G;t T = 0;

Y �

i Yi +X�

jXj + T �T = 1; i; l = 1; n; j = 1;m:

(13)

�¡®§­ ç¨¬ ç¥à¥§ Z� = (Y �;X�; T �)T ¥¤¨­¨ç­ë© ¢¥ªâ®à à¥è¥­¨ï à §¬¥à­®áâ¨ (n + m + 1),
¢ëç¨á«¥­­ë© ­  ¯à¥¤ë¤ãé¥¬ è £¥ ¯à®æ¥áá  ¨­â¥£à¨à®¢ ­¨ï. �®á«¥¤­¥¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë
(13) ¯à¥¤áâ ¢«ï¥â á®¡®© áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢¥ªâ®à®¢ Z ¨ Z�, ª á â¥«ì­ëå ª ¨­â¥£à «ì­®©
ªà¨¢®© ­  ¤ ­­®¬ ¨ ¯à¥¤ë¤ãé¥¬ è £ å. �â® ãà ¢­¥­¨¥ ãâ¢¥à¦¤ ¥â, çâ® ¯à®¥ªæ¨ï ¢¥ªâ®à  Z ­ 
­ ¯à ¢«¥­¨¥ ¢¥ªâ®à  Z� à ¢­  ¥¤¨­¨æ¥.

�ç¥¢¨¤­®, çâ® ¢¥ªâ®à Z, ã¤®¢«¥â¢®àïîé¨© á¨áâ¥¬¥ «¨­¥©­ëå ãà ¢­¥­¨© (13), ¢®®¡é¥ £®¢®-
àï, ­¥ ¡ã¤¥â ¥¤¨­¨ç­ë¬, ª ª íâ®£® âà¥¡ã¥â á¨áâ¥¬  (12), ¯®íâ®¬ã ¯®á«¥ à¥è¥­¨ï á¨áâ¥¬ë (13)
­ ©¤¥­­ë© ¢¥ªâ®à Z á«¥¤ã¥â ­®à¬¨à®¢ âì ¯® ä®à¬ã« ¬

Z�

i = Zi=
q
ZjZj ; i; j = 1; n+m+ 1: (14)

�à¨ íâ®¬ ¯®«ãç ¥âáï à¥è¥­¨¥ á¨áâ¥¬ë (12).
� ª¨¬ ®¡à §®¬, ¬®¦­® ¯à¥¤«®¦¨âì á«¥¤ãîé¨©  «£®à¨â¬ à¥è¥­¨ï § ¤ ç¨:
| ­ å®¤¨âáï à¥è¥­¨¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8), ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì-

­ë¬ ãá«®¢¨ï¬ (6);
| ¯à ¢ë¥ ç áâ¨ á¨áâ¥¬ë (8) ®¯à¥¤¥«ïîâáï ¨§ à¥è¥­¨ï á¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨© (13) á

¯®á«¥¤ãîé¥© ­®à¬¨à®¢ª®© ¯® ä®à¬ã« ¬ (14).
�à¨ â ª®¬ ¯®¤å®¤¥ ¬®¦­® ®¡å®¤¨âì ­¥ â®«ìª® á¨âã æ¨¨, ¢®§­¨ª îé¨¥ ¨§-§  ®¡à é¥­¨ï ¢

­ã«ì ïª®¡¨ ­  G;x, ­® ¨ à¥è âì á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­®- «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©, ã ª®â®-
àëå äã­ªæ¨¨ f , áâ®ïé¨¥ ¢ ¯à ¢ëå ç áâïå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ®¡à é îâáï ¢ ­¥ª®-
â®àëå â®çª å, ­ ¯à¨¬¥à, ¢ ¯à¥¤¥«ì­ëå, ¢ ¡¥áª®­¥ç­®áâì. �â®¡ë ¯à¥®¤®«¥âì ¢®§­¨ª îé¨¥ ¯à¨
íâ®¬ âàã¤­®áâ¨, ¤®áâ â®ç­® ¯¥à¥¯¨á âì, ¥á«¨ íâ® ¢®§¬®¦­®, ¯¥à¢ë¥ n ãà ¢­¥­¨© á¨áâ¥¬ë (12) ¢
¢¨¤¥

QilYl � PiT = 0; i; l = 1; n;

£¤¥ äã­ªæ¨¨ Qil, Pi ­¥ ®¡à é îâáï ¢ ¡¥áª®­¥ç­®áâì.
�®£« á­® ®¯¨á ­­®¬ã ¯®¤å®¤ã ­   «£®à¨â¬¨ç¥áª®¬ ï§ëª¥ ������� ¡ë«  à §à ¡®â ­  ¢ë-

ç¨á«¨â¥«ì­ ï ¯à®£à ¬¬ , ¢ ª®â®à®© á¨áâ¥¬  ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (8)
¨­â¥£à¨à®¢ « áì ¯à¨ ¯®¬®é¨ ¬¥â®¤  ¯à®£­®§  ¨ ª®àà¥ªæ¨¨ (¯à®£à ¬¬  PC1 [15]),   á¨áâ¥¬ 
«¨­¥©­ëå ãà ¢­¥­¨© ¯à®¤®«¦¥­¨ï à¥è « áì ¯à¨ ¯®¬®é¨ ¬¥â®¤  � ãáá  á ¨á¯®«ì§®¢ ­¨¥¬, ¤«ï
á¨áâ¥¬ë (10), ¨«¨ ¡¥§ ¨á¯®«ì§®¢ ­¨ï, ¤«ï á¨áâ¥¬ë (13), ¨â¥à æ¨®­­®£® ¯à®æ¥áá , ­® á ­®à¬¨-
à®¢ª®© (14).
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� ¬¥ç ­¨¥ 3. �¢¥¤¥­¨¥¬ ­®¢ëå ¯¥à¥¬¥­­ëå zi = _yi, § ¤ ç  (1) ¯à¥®¡à §ã¥âáï ¢ § ¤ çã

dy

dt
= z; y(t0) = y0;

F (y; z; x; t) = 0; x(t0) = x0; (15)

G(y; x; t) = 0; z(t0) = z0;

y; z : R1 ! R
n ; x : R1 ! R

m ; F : R2n+m+1 ! R
n ; G : Rn+m+1 ! R

m ;

ª®â®à ï ­¥ âà¥¡ã¥â ¯à¨¬¥­¥­¨ï ¨â¥à æ¨®­­®© ¯à®æ¥¤ãàë �ìîâ®­ . �¤­ ª® ª ª ¯®ª §ë¢ ¥â ¯à¨-
¢¥¤¥­­ë© ­¨¦¥ ¯à¨¬¥à, â ª®¥ ¯à¥®¡à §®¢ ­¨¥ ­¥ ¢á¥£¤  ®¯à ¢¤ ­® ¨ ¬®¦¥â ¤ ¦¥ ¯à¨¢¥áâ¨ ª
­¥¯à¥®¤®«¨¬ë¬ ¢ëç¨á«¨â¥«ì­ë¬ âàã¤­®áâï¬.

� áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï ¢ëà®¦¤¥­­®£® ãà ¢­¥­¨ï � ­-¤¥à-�®«ï [10], [12], § ¯¨á ­­®£®
¢ ­¥ï¢­®¬ ¢¨¤¥

(1� y2)
dy

dt
� y = 0; y(0) = 2: (16)

� áâ­ë© ¨­â¥£à « § ¤ ç¨ ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ä®à¬¥

ln
y

2
� y2

2
+ 2� t = 0:

�á«¨ ¦¥ § ¤ çã (16) ¯à¥®¡à §®¢ âì ª ¢¨¤ã (15), ¢ ª®â®à®¬ ®­  ¯à¨¢®¤¨âáï ¢ [10], â® ¯®«ãç¨¬

dy

dt
= x; y(0) = 2;

(1� y2)x� y = 0; x(0) = �0:66:
(17)

�­â¥£à «ì­ ï ªà¨¢ ï íâ®© § ¤ ç¨ ¢ ¯à®áâà ­áâ¢¥ ¯¥à¥¬¥­­ëå t, y, x ¨¬¥¥â à §àë¢ ¢¤®«ì ¯àï¬®©
y = 1, t = 3=2� ln 2 ¨, ¥áâ¥áâ¢¥­­®, ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ § ¤ ç¨ (17) «î¡ë¬ ç¨á«¥­­ë¬ ¬¥â®¤®¬
¢ ®ªà¥áâ­®áâ¨ íâ®© ¯àï¬®© ¢®§­¨ª­ãâ ­¥¯à¥®¤®«¨¬ë¥ ¢ëç¨á«¨â¥«ì­ë¥ âàã¤­®áâ¨.

�à¨¢¥¤¥­­ë© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® á«¥¤ã¥â ¡ëâì ®áâ®à®¦­ë¬ ¯à¨ ¯¥à¥å®¤¥ ®â § ¤ ç¨
(1) ª § ¤ ç¥ (15), å®âï ¢ ®â¤¥«ì­ëå á«ãç ïå â ª®© ¯¥à¥å®¤ ¤®¯ãáâ¨¬ ¨ ®¯à ¢¤ ­, ­¥á¬®âàï ­ 
â®, çâ® ¯à¨ íâ®¬ ­  ¥¤¨­¨æã ã¢¥«¨ç¨¢ ¥âáï ¨­¤¥ªá á¨áâ¥¬ë ¨ ­  n ¥¤¨­¨æ ã¢¥«¨ç¨¢ ¥âáï ¥¥
à §¬¥à­®áâì.

3. � ª ç¥áâ¢¥ ¯¥à¢®£® ¯à¨¬¥à  à áá¬®âà¨¬ ç¨á«¥­­®¥ à¥è¥­¨¥ ª¨­¥¬ â¨ç¥áª¨å ãà ¢­¥­¨©
�©«¥à  [17]

0
@sin � sin' 0 cos'
sin � cos' 0 � sin'
cos � 1 0

1
A
0
@ ;t';t
�;t

1
A =

0
@!1!2
!3

1
A ; (18)

®¯à¥¤¥«ïîé¨å á¢ï§ì ¬¥¦¤ã ª®¬¯®­¥­â ¬¨ ¢¥ªâ®à  ã£«®¢®© áª®à®áâ¨ !(!1(t), !2(t), !3(t)) ¢ ¯®-
¤¢¨¦­®© á¨áâ¥¬¥ ª®®à¤¨­ â, á¢ï§ ­­®© á ®¡ê¥ªâ®¬, ¨ ¯à®¨§¢®¤­ë¬¨ ¯® ¢à¥¬¥­¨ t ®â ã£«®¢ �©-
«¥à   , ', �, £¤¥  | íâ® ã£®« ¯à¥æ¥áá¨¨, ' | ã£®« á®¡áâ¢¥­­®£® ¢à é¥­¨ï ¨ � | ã£®« ­ãâ æ¨¨.
�«ï ®¯à¥¤¥«¥­¨ï § ª®­  ¨§¬¥­¥­¨ï ã£«®¢ �©«¥à  á¨áâ¥¬ã (18) á«¥¤ã¥â à §à¥è¨âì ®â­®á¨â¥«ì­®
¯à®¨§¢®¤­ëå. � âà¨æ  íâ®© á¨áâ¥¬ë ¢ëà®¦¤ ¥âáï ¯à¨ §­ ç¥­¨¨ ã£«  ­ãâ æ¨¨ � = 0, ¨ à¥è¥­¨¥
á¨áâ¥¬ë ¯à¨ ¯®¬®é¨ âà ¤¨æ¨®­­ëå ¯®¤å®¤®¢ ¯à¨ ãá«®¢¨ïå !1 = �100, !2 = 1, !3 = 0;

t = 0;  = ' = 0; � = �=100 (19)

¯à¨¢®¤¨â ª ­¥¤®áâ®¢¥à­ë¬ à¥§ã«ìâ â ¬.
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�®á«¥ ¯à¥®¡à §®¢ ­¨ï á¨áâ¥¬ë (18) ª ­ ¨«ãçè¥¬ã  à£ã¬¥­âã � á¨áâ¥¬  ãà ¢­¥­¨© ¯à®¤®«-
¦¥­¨ï (13) ¯à¨¬¥â ¢¨¤

0
BB@
sin � sin' 0 cos' �!1
sin � cos' 0 � sin' �!2
cos � 1 0 �!3
 ;�� ';�� �;�� t;��

1
CCA

0
BB@
 ;�
';�
�;�
t;�

1
CCA =

0
BB@
0
0
0
1

1
CCA :

�à¨ à¥è¥­¨¨ íâ®© á¨áâ¥¬ë ¯à¨ ­ ç «ì­ëå ãá«®¢¨ïå (19) á ¯®¬®éìî ¢ëè¥®¯¨á ­­®© ¯à®£à ¬¬ë
¯®«ãç îâáï ¤®áâ®¢¥à­ë¥ à¥§ã«ìâ âë. �à¨ç¥¬ ¤®áâ®¢¥à­®¥ ç¨á«¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ ¯®«ãç ¥â-
áï ¨ ¢ â®¬ á«ãç ¥, ª®£¤  ¢ ­ ç «ì­ëå ãá«®¢¨ïå (19) ¯®« £ ¥âáï � = 0. �à¨ íâ®¬ ã£«ë ¯à¥æ¥áá¨¨ ¨
á®¡áâ¢¥­­®£® ¢à é¥­¨ï ã¤®¢«¥â¢®àïîâ ¨§¢¥áâ­®¬ã  ­ «¨â¨ç¥áª®¬ã á®®â­®è¥­¨î [17] '+ = 0.
� ç «ì­®¥ §­ ç¥­¨¥ ¢¥ªâ®à  Z ¢ ¢¨¤¥ (11) ¡à âì ­¥«ì§ï, â. ª. ­ ç «ì­ ï â®çª  ï¢«ï¥âáï ¯à¥-
¤¥«ì­®© ¯® ¯¥à¥¬¥­­®© t. �â® §­ ç¥­¨¥ Z ¬®¦­® ¢§ïâì, ­ ¯à¨¬¥à, ¢ ¢¨¤¥ Z(0) = (1; 0; 0; 0)T .

� ª ç¥áâ¢¥ ¤àã£®£® ¯à¨¬¥à  à áá¬®âà¨¬ § ¤ çã, ¢ ãà ¢­¥­¨¥ ª®â®à®© ¯à®¨§¢®¤­ ï ¢å®¤¨â
­¥«¨­¥©­®

y � t� _y + ln _y = 0; y(1) = e;

y � x2 � t2 = 0; x(1) =
p
e� 1;

(20)

£¤¥ ç¨á«® e = 2:71828 : : :
�à®áâà ­áâ¢¥­­ ï ¨­â¥£à «ì­ ï ªà¨¢ ï § ¤ ç¨ ¯®«ãç ¥âáï ¢ à¥§ã«ìâ â¥ ¯¥à¥á¥ç¥­¨ï ¯®¢¥àå-

­®áâ¨ æ¨«¨­¤à  y� et = 0 á ¯®¢¥àå­®áâìî ¯ à ¡®«®¨¤ , § ¤ ­­®£® ¢â®àë¬ ãà ¢­¥­¨¥¬ á¨áâ¥¬ë
(20). �è¨¡ª  ¢ëç¨á«¥­¨© ®æ¥­¨¢ ¥âáï ¯® ä®à¬ã« ¬

�1 = y � et; �2 = y � x2 � t2; (21)

£¤¥ ¯à¨áãâáâ¢ãîâ ¢ëç¨á«¥­­ë¥ §­ ç¥­¨ï äã­ªæ¨©.
� ¤ ç  (20) ¯à¨ ­ ç «ì­®¬ è £¥ ¨­â¥£à¨à®¢ ­¨ï ¯® ¯¥à¥¬¥­­®© �, à ¢­®¬ 0:001, ¨ â®ç­®áâ¨

¢ëç¨á«¥­¨© 10�5 à¥è « áì ¯à¨ ¯®¬®é¨ à §à ¡®â ­­®© ¯à®£à ¬¬ë ­  ®âà¥§ª¥ t 2 [1; 2] §  38 á.
�è¨¡ª¨ (21), ¢ëç¨á«¥­­ë¥ ¢ ¬®¬¥­â t = 2, ¨¬¥«¨ §­ ç¥­¨ï �1 = 0:29 � 10�2, �2 = 0:9 � 10�3.

�¨áâ¥¬  «¨­¥©­ëå ãà ¢­¥­¨© (10) ¨¬¥«  ¢¨¤

�
T (k�1)

Y (k�1)
� 1
�
Y (k) +

�
y � t+ ln

Y (k�1)

T (k�1)
� 1
�
T (k) = 0;

Y (k) � 2xX(k) � 2tT (k) = 0;

Y (k�1)Y (k) +X(k�1)X(k) + T (k�1)T (k) = 1:

�à¨ à¥è¥­¨¨ § ¤ ç¨ à áá¬ âà¨¢ «¨áì ª ª â®ç­®¥ §­ ç¥­¨¥ ¢¥ªâ®à  Z(0) = (Y0;X0; T0)T , à ¢-
­®¥

Z(0) =
�
2
p
e� 1
Q

;
e� 2
eQ

;
Y0
e

�T

; Q =
p
4e� 3;

­ ©¤¥­­®¥ ¨§ à¥è¥­¨ï á¨áâ¥¬ë

e� 1� Y0
T0

+ ln
Y0
T0

= 0;

Y0 � 2
p
e� 1X0 � 2T0 = 0;

Y 2
0 +X2

0 + T 2
0 = 1;

â ª ¨ ¯à¨¡«¨¦¥­­®¥ Z(0) = (2=3; 2=3; 1=3)T . �  à¥è¥­¨¥ § ¤ ç¨ íâ® ­¥ ®ª §ë¢ «® ¢«¨ï­¨ï.
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