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Abstract—In this paper, we describe finite-dimensional homogeneously simple algebras of associa-
tive type whose 1-component is a full matrix algebra. In addition, we prove that a finite-dimensional
division ring of associative type over an algebraically closed field is isomorphic to a group algebra.
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Algebras of associative type discussed in this paper are partial case of algebras of Lie type introduced
in [1, 2]. Properties of finite-dimensional algebras of associative type were studied in [3–5]. Note that
many properties of these algebras are similar to the properties of finite-dimensional associative algebras.

In this paper, we study the structure of finite-dimensional homogeneously simple algebras of
associative type. In [5], it has been proved that the component Ae (e is the identity of the grading group)
of a homogeneously simple algebra of associative type over a field of zero characteristic is a semisimple
associative algebra. If the basic field k is algebraically closed, then the component Ae is the direct sum of
a number of full matrix algebras. This fact also takes place in the case of homogeneously simple algebras
of associative type. For this reason, studying a homogeneously simple algebra of associative type, it is
natural to consider first the case when the component Ae is a full matrix algebra. In the present paper,
we consider this case without assumption that the basic field is algebraically closed. The result obtained
is similar to the corresponding result for finite-dimensional homogeneously simple associative algebras
(see [6]).

Recall the basic definitions. Let G be a multiplicative group with identity element e. Then an algebra
A = ⊕

g∈G
Ag over a field k is called a G-graded algebra (or a graded algebra with fixed group G) if

AgAh ⊆ Agh for all g, h ∈ G. The subspaces Ag are called homogeneous components of the grading.
In particular, Ae is called the identity component. For any g ∈ G, an element a ∈ Ag is called a
homogeneous element.

It is not necessary that all homogeneous components Ag of a G-graded algebra A = ⊕
g∈G

Ag are

nonzero. The set suppA = {g ∈ G | Ag �= 0} is called the support of the grading.
A G-graded algebra A = ⊕

g∈G
Ag is called an algebra of associative type if, for any collection

g1, g2, g3 ∈ G, there exists λ = λ(g1, g2, g3) ∈ k∗ = k \ {0} such that

(ag1ag2)ag3 = λag1(ag2ag3)

for any homogeneous elements agi ∈ Agi , i = 1, 2, 3.
A subspace V ⊆A is called a homogeneous subspace if V = ⊕

g∈G
(V ∩Ag). A subalgebra B in an

algebra of associative type A is called homogeneous if it is a homogeneous subspace. A homogeneous
(left, right, two-sided) ideal is defined in a similar manner.
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