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� ¡®â  ¯®á¢ïé¥­  ¯à¨¡«¨¦¥­­®¬ã à¥è¥­¨î ¬¥â®¤®¬ ¬¥å ­¨ç¥áª¨å ª¢ ¤à âãà «¨­¥©­ëå ¨­-
â¥£à®¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

x(t) +
Z 1

0

h0(t; s)x(s)ds+
Z 1

0

h1(t; s)x0(s)ds = y(t); 0 � t � 1; (1)

£¤¥ y(t) ¨ h0(t; s); h1(t; s) | ¨§¢¥áâ­ë¥ äã­ªæ¨¨ ­  [0; 1] ¨ [0; 1]2 á®®â¢¥âáâ¢¥­­®,   x(t) | ¨áª®¬ ï
äã­ªæ¨ï.

�§¢¥áâ­® (­ ¯à., [1]), çâ® ãà ¢­¥­¨¥ (1) ¯à¨ ¥áâ¥áâ¢¥­­®¬ ¢ë¡®à¥ ¯à®áâà ­áâ¢ ¨áª®¬ëå í«¥-
¬¥­â®¢ ¨ ¯à ¢ëå ç áâ¥© ®â­®á¨âáï, ¢®®¡é¥ £®¢®àï, ª ª« ááã ­¥ª®àà¥ªâ­® ¯®áâ ¢«¥­­ëå § ¤ ç.
�¤­ ª® ¯à¨ ã¤ ç­®¬ ¢ë¡®à¥ íâ¨å ¯à®áâà ­áâ¢ § ¤ çã à¥è¥­¨ï ãà ¢­¥­¨ï (1) ã¤ ¥âáï ¯®áâ ¢¨âì
ª®àà¥ªâ­®. � ¯®á«¥¤­¨¥ £®¤ë ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (1) ¢ ¥£® ª®àà¥ªâ­®© ¯®áâ ­®¢ª¥ ¯à¥¤«®-
¦¥­ ¨ ®¡®á­®¢ ­ àï¤ ¨§¢¥áâ­ëå ¯àï¬ëå ¬¥â®¤®¢ (­ ¯à., [2]{[4]).

� ¤ ­­®© à ¡®â¥ ¤ ¥âáï â¥®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥ ¢ á¬ëá«¥ [5],[6] ®¤­®£® ¢ à¨ ­â  ¬¥â®-
¤  ¬¥å ­¨ç¥áª¨å ª¢ ¤à âãà ¤«ï ãà ¢­¥­¨ï (1) ¢ ¯à®áâà ­áâ¢¥ �®¡®«¥¢  äã­ªæ¨©, ¨¬¥îé¨å ¢
¯à®¬¥¦ãâª¥ ¨­â¥£à¨à®¢ ­¨ï áã¬¬¨àã¥¬ãî ¯à®¨§¢®¤­ãî.

1. �á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

�  á¥£¬¥­â¥ [0; 1] ¢¢¥¤¥¬ á¥âªã ã§«®¢

�n : 0 = t0 < t1 < � � � < tn = 1; k�nk � max
1�k�n

(tk � tk�1)! 0; n!1; (2)

¨ ­  ­¥© á¨áâ¥¬ã äã­¤ ¬¥­â «ì­ëå á¯« ©­®¢ f k(t)gn1 ¨ f'k(t)gn0 á®®â¢¥âáâ¢¥­­® ­ã«¥¢®© ¨
¯¥à¢®© áâ¥¯¥­¥©. � ª å®à®è® ¨§¢¥áâ­® (­ ¯à., [6]{[9]), íâ¨ äã­ªæ¨¨ á ª®­¥ç­ë¬ ­®á¨â¥«¥¬ ­ 
[0; 1] ®¯à¥¤¥«ïîâáï á«¥¤ãîé¨¬ ®¡à §®¬:

 k(t) =

(
1; tk�1 < t � tk;

0; t =2 (tk�1; tk];

'k(t) =

8>>>><
>>>>:

0; t � tk�1;
t�tk�1
tk�tk�1

; tk�1 � t � tk;
tk+1�t

tk+1�tk
; tk � t � tk+1;

0; t � tk+1;

¯à¨ç¥¬ äã­ªæ¨ï  1(t) ­¥¯à¥àë¢­  ¢ ­ã«¥,   ¢ ®¯à¥¤¥«¥­¨¨ 'k(t) ¯à¨ k = 0 ¨ k = n á«¥¤ã¥â
¯à¥­¥¡à¥çì á®®â¢¥âáâ¢¥­­® ¯¥à¢ë¬¨ ¤¢ã¬ï ¨ ¯®á«¥¤­¨¬¨ ¤¢ã¬ï §¢¥­ìï¬¨.

�ãáâì tk+1=2 = (tk + tk+1)=2, k = 0; n� 1, C � C[0; 1] ¨ L1 � L1(0; 1) | ¯à®áâà ­áâ¢  ­¥¯à¥-
àë¢­ëå ¨ á®®â¢¥âáâ¢¥­­® áã¬¬¨àã¥¬ëå ­  á¥£¬¥­â¥ [0; 1] äã­ªæ¨© á ®¡ëç­ë¬¨ ­®à¬ ¬¨

kxkC = max
0�t�1

jx(t)j; x 2 C; kxk1 � kxkL1 =
Z 1

0
jx(t)jdt; x 2 L1;
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  W 1
1 � W 1

1 [0; 1] | ¯à®áâà ­áâ¢® �®¡®«¥¢  äã­ªæ¨©, ¨¬¥îé¨å ­  á¥£¬¥­â¥ [0; 1] ¯¥à¢ãî ¯à®¨§-
¢®¤­ãî ¨§ ¯à®áâà ­áâ¢  L1. �®à¬ã ¢ W 1

1 ¢¢¥¤¥¬ á«¥¤ãîé¨¬ ®¡à §®¬:

kxk1;1 � kxkW 1
1
= kxkC + kx

0k1; x 2W 1
1 :

�¡®§­ ç¨¬ ç¥à¥§ !(x; �)C ¨ !(x; �)1 ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ á è £®¬ � > 0 äã­ªæ¨¨ x(t) ¢
¯à®áâà ­áâ¢¥ C ¨ L1 á®®â¢¥âáâ¢¥­­®,   ç¥à¥§ !t(h; �)L1
C, !t(h; �)C ¨ !t(h; �)1 | ç áâ­ë¥ ¬®¤ã«¨
­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ h(t; s) ¯® ¯¥à¥¬¥­­®© t ¢ ¯à®áâà ­áâ¢ å á®®â¢¥âáâ¢¥­­® L1�C, C([0; 1]2)
¨ L1([0; 1]2). �­ «®£¨ç­® ¢¢®¤ïâáï ç áâ­ë¥ ¬®¤ã«¨ ­¥¯à¥àë¢­®áâ¨ ¯® ¯¥à¥¬¥­­®© s.

�«ï ¯à®¨§¢®«ì­® ä¨ªá¨à®¢ ­­®© äã­ªæ¨¨ x(s) ­  á¥âª¥ (2) ¢¢¥¤¥¬ á¯« ©­ë S1
n(x; s), Q

�
n(x; s)

¨ U�
n(x; s); §¤¥áì S

1
n(x; s) | ¨­â¥à¯®«ïæ¨®­­ë© á¯« ©­ ¯¥à¢®© áâ¥¯¥­¨ ¤«ï x(s) á ã§« ¬¨ ¨­â¥à-

¯®«ïæ¨¨ (2), Q�
n(x; s) | á¯« ©­ ­ã«¥¢®© áâ¥¯¥­¨, ¨­â¥à¯®«¨àãîé¨© §­ ç¥­¨ï äã­ªæ¨¨ x(s)

¢ â®çª å ftk+1=2g,   U�
n(x; s) | á¯« ©­ ­ã«¥¢®© áâ¥¯¥­¨, ¨­â¥à¯®«¨àãîé¨© áà¥¤­¨¥ §­ ç¥­¨ï

äã­ªæ¨¨ x(s) ­  ç áâ¨ç­ëå ¯à®¬¥¦ãâª å (tk�1; tk), k = 1; n.
� á«¥¤ãîé¨å «¥¬¬ å ¯à¨¢®¤ïâáï ­¥ª®â®àë¥  ¯¯à®ªá¨¬ â¨¢­ë¥ á¢®©áâ¢  (­ ¯à., [6]{[10])

íâ¨å á¯« ©­®¢.

�¥¬¬  1. �«ï «î¡®© ­¥¯à¥àë¢­®© ­  [0; 1] äã­ªæ¨¨ x(s) ¨­â¥à¯®«ïæ¨®­­ë© á¯« ©­ S1
n(x; s),

¯®áâà®¥­­ë© ¯® ã§« ¬ (2), à ¢­®¬¥à­® áå®¤¨âáï ª á ¬®© äã­ªæ¨¨ á® áª®à®áâìî

kx� S1
nxkC � !(x; k�nk)C :

� ç áâ­®áâ¨, ¥á«¨ áãé¥áâ¢ã¥â ¯à®¨§¢®¤­ ï1 x0(s), ¨­â¥£à¨àã¥¬ ï ¯® �¥¡¥£ã ­  [0; 1], â®

kx� S1
nxkC � k�nk kx

0k1; n � 1:

�á«¨ á¥âª  (2) ã¤®¢«¥â¢®àï¥â ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î

k�nk
�
min
1�k�n

(tk � tk�1) � � <1 (3)

¨ äã­ªæ¨ï x(s) ¨¬¥¥â ¯à®¨§¢®¤­ãî, ¨­â¥£à¨àã¥¬ãî ¯® �¥¡¥£ã ­  [0; 1], â® ¤«ï ¯®£à¥è­®áâ¨

¨­â¥à¯®«¨à®¢ ­¨ï á¯« ©­®¬ S1
n(x; s) ¯® ­®à¬¥ ¯à®áâà ­áâ¢  L1 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kx� S1
nxkL1 � 7�k�nk!(x

0; k�nk)L1 :

�¥¬¬  2. �«ï «î¡®© ­¥¯à¥àë¢­®© ­  [0; 1] äã­ªæ¨¨ x(s) ¨­â¥à¯®«ïæ¨®­­ë© á¯« ©­ Q�
n(x; s),

¯®áâà®¥­­ë© ¯® ã§« ¬ (2), à ¢­®¬¥à­® áå®¤¨âáï ª á ¬®© äã­ªæ¨¨ á® áª®à®áâìî

jx(s)�Q�
n(x; s)j � !(x; k�nk=2)C :

�¥¬¬  3. �«ï ¨­â¥£à¨àã¥¬®© ¯® �¥¡¥£ã äã­ªæ¨¨ x(s) á¯« ©­ ­ã«¥¢®© áâ¥¯¥­¨ U�
n(x; s),

¯®áâà®¥­­ë© ­  á¥âª¥ �n, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î (3), ®¡« ¤ ¥â á¢®©áâ¢®¬

kx� U�
nxk1 � 2�!(x; k�nk)1; n � 1:

2. �ëç¨á«¨â¥«ì­ ï áå¥¬  ¬¥â®¤ 

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥ á¯« ©­ 

xn(t) =
nX

k=0

ck'k(t); (4)

ª®íää¨æ¨¥­âë ª®â®à®£® ®¯à¥¤¥«¨¬ ¨§ á¨áâ¥¬ë «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)

nX
k=0

�kj ck = yj; j = 0; n; (5)

1� ¬¥â¨¬, çâ® ¥á«¨ ¯à®¨§¢®¤­ ï äã­ªæ¨¨ x(s) à ¢­  â®¦¤¥áâ¢¥­­® ¯®áâ®ï­­®©, â® S1
n(x; s) � x(s).
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£¤¥ yj = y(tj), �kj =
h0(tj ;tk)

2
(tk+1�tk�1) + h1(tj ; tk�1=2) � h1(tj ; tk+1=2) � �kj , k = 1; n�1 (k 6= j),

�jj = 1 + �jj , j = 1; n� 1, �0j = h0(tj ;0)

2
t1 � h1(tj ; t1=2) � �0j , j 6= 0, �00 = 1 + �00, �nj =

h0(tj ;1)

2
(1� tn�1) + h1(tj ; tn�1=2) � �nj , j 6= n, �nn = 1 + �nn.

�¥®à¥¬ . �ãáâì ¢ë¯®«­¥­ë á«¥¤ãîé¨¥ ¯à¥¤¯®«®¦¥­¨ï :

1) y 2W 1
1 [0; 1], h0; h1 2W

1
1 [0; 1] � C[0; 1];

2) ®¤­®à®¤­®¥ ãà ¢­¥­¨¥, á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨î (1), ¨¬¥¥â «¨èì âà¨¢¨ «ì­®¥ à¥-

è¥­¨¥;
3) á¥âª  �n ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (3).

�®£¤  á¨áâ¥¬  (5) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¯à¨ ¢á¥å n, ­ ç¨­ ï å®âï ¡ë á ­¥ª®â®à®£®

­ âãà «ì­®£® n0, ¨ ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï (4) áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î ãà ¢­¥­¨ï (1) ¢
¯à®áâà ­áâ¢¥ W 1

1 á® áª®à®áâìî

kx� xnk1;1 = O

�
!

�
y0;

1
n

�
1

+ !t

�
(h0)0t;

1
n

�
1

+ !s

�
h0;

1
n

�
C

+

+ !s

�
(h0)0t;

1
n

�
L1
C

+ !t

�
(h1)0t;

1
n

�
1

+ !s

�
h1;

1
n

�
C

+ !s

�
(h1)0t;

1
n

�
L1
C

+
1
n

�
:

�®ª § â¥«ìáâ¢®. � ¯à®áâà ­áâ¢¥ X =W 1
1 ãà ¢­¥­¨¥ (1) § ¯¨è¥¬ ¢ ®¯¥à â®à­®© ä®à¬¥

Kx � x+H0x+H1x = y (x; y 2 X); (10)

£¤¥ ®¯¥à â®àë H0 ¨ H1 ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

(H0x)(t) =
Z 1

0

h0(t; s)x(s)ds; (H1x)(t) =
Z 1

0

h1(t; s)x
0(s)ds:

�ãáâì Xn � X | ¯®¤¯à®áâà ­áâ¢® á¯« ©­®¢ ¢¨¤  (4), Pn : X ! Xn { ®¯¥à â®à, ª®â®àë©
«î¡®© äã­ªæ¨¨ x(t) 2 W 1

1 áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¨­â¥à¯®«ïæ¨®­­ë© á¯« ©­ S1
n(x; t). �®£¤  ­¥-

âàã¤­® ¯®ª § âì, çâ® ���� (5) íª¢¨¢ «¥­â­  á«¥¤ãîé¥¬ã § ¤ ­­®¬ã ¢ ¯®¤¯à®áâà ­áâ¢¥ Xn

®¯¥à â®à­®¬ã ãà ¢­¥­¨î:

Knxn � xn + PnH0;nxn + PnH1;nxn = Pny (xn 2 Xn); (6)

£¤¥ ®¯¥à â®àë H0;n ¨ H1;n § ¤ îâáï á®®â­®è¥­¨ï¬¨

(H0;nx)(t) =
Z 1

0
P s
n

�
h0(t; s)x(s)

�
ds;

(H1;nx)(t) =
Z 1

0

Q�
n
s
�
h1(t; s)

�
x0(s)ds;

  P s
n ¨ Q�

n
s ®§­ ç îâ ¯à¨¬¥­¥­¨¥ ®¯¥à â®à®¢ Pn ¨ Q�

n ¯® ¯¥à¥¬¥­­®© s.
�á¯®«ì§ãï «¥¬¬ë 1, 3 ¨ § ¬¥ç ­¨¥ ª «¥¬¬¥ 1, ¤«ï ¯à ¢ëå ç áâ¥© ãà ¢­¥­¨© (10) ¨ (6) ¨¬¥¥¬1

ky � PnykX = ky � PnykC + ky0 � U�
ny

0k1 � c1!(y
0; k�nk)1;

çâ® ¤®ª §ë¢ ¥â ¡«¨§®áâì ¯à ¢ëå ç áâ¥© ãª § ­­ëå ãà ¢­¥­¨©

ky � PnykX = O

�
!

�
y0;

1
n

�
1

�
! 0; n!1: (7)

� ç áâ­®áâ¨, ¨§ (7) ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì  á¨¬¯â®â¨ç¥áª®© ®æ¥­ª¨

kPnkW 1
1
!W 1

1
� 1; n!1: (8)

1�¤¥áì ¨ ¤ «¥¥ c1; c2; : : : ®¡®§­ ç îâ ¢¯®«­¥ ®¯à¥¤¥«¥­­ë¥ ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥
®â n.
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�®ª ¦¥¬ â¥¯¥àì ¡«¨§®áâì ®¯¥à â®à®¢ K ¨ Kn ãà ¢­¥­¨© (10) ¨ (6) ­  ¯®¤¯à®áâà ­áâ¢¥ Xn.
� íâ®© æ¥«ìî ¤«ï ¯à®¨§¢®«ì­®£® í«¥¬¥­â  xn 2 Xn ¯®«ãç¨¬ ®æ¥­ª¨

kKxn �KnxnkX � kH0xn � PnH0;nxnkX + kH1xn � PnH1;nxnkX � I1 + I2: (9)

�¥à¢®¥ á« £ ¥¬®¥ ¢ (9) á ¯®¬®éìî ¯®«ãç¥­­ëå ­¥à ¢¥­áâ¢ (7) ¨ (8) ¬®¦­® ®æ¥­¨âì á«¥¤ãî-
é¨¬ ®¡à §®¬:

I1 � kH0xn � PnH0xnkX + kPn(H0 �H0;n)xnkX �

� kh0 � P t
nh0kX
L1kxnkC + kh0xn � P s

n(h0xn)kX
L1 �

� á2!t((h0)
0
t; k�nk)1kxnkC + !s(h0xn; k�nk)X
C �

� c2!t((h0)0t; k�nk)1kxnkX + !s(h0; k�nk)CkxnkC + !s((h0)0t; k�nk)L1
CkxnkC +

+ kh0kC!(xn; k�nk)C + k(h0)0tkL1
C!(xn; k�nk)C �

� c3!t((h0)
0
t; 1=n)1kxnkX + c4!s(h0; 1=n)CkxnkC +

+ c5!s((h0)0t; 1=n)L1
CkxnkC + c6
�
kh0kC + k(h0)0tkL1
C

�
kx0nk1=n:

�®íâ®¬ã

I1 = Of!t((h0)
0
t; 1=n)1 + !s(h0; 1=n)C + !s((h0)

0
t; 1=n)L1
C + (kh0kC + k(h0)

0
tkL1
C)=ngkxnkX :

(10)

�«ï ¢â®à®£® á« £ ¥¬®£® ¢ (9), á ãç¥â®¬ «¥¬¬ 1{3 ¨ ®æ¥­ª¨ (7),  ­ «®£¨ç­® ¨¬¥¥¬

I2 = kH1xn � PnH1;nxnkX � kH1xn � PnH1xnkX + kPn(H1 �H1;n)xnkX �

� kh1 � P t
nh1kX
Ckx

0
nk1 + k

�
h1 �Q�

n
s(h1)

�
x0nkX
L1 �

� á7!t((h1)
0
t; k�nk)L1
Ckx

0
nk1 + !s(h1; k�nk)X
Ckx

0
nk1 �

� c7!t((h1)0t; k�nk)L1
CkxnkX + !s(h1; k�nk)Ckx0nk1 + !s((h1)0t; k�nk)L1
Ckx
0
nk1 �

� c8!t((h1)
0
t; 1=n)L1
CkxnkX + c9!s(h1; 1=n)Ckx

0
nk1 + c10!s((h1)

0
t; 1=n)L1
Ckx

0
nk1:

�âáî¤  á«¥¤ã¥â

I2 = Of!t((h1)0t; 1=n)L1
C + !s(h1; 1=n)C + !s((h1)0t; 1=n)L1
CgkxnkX : (11)

�§ ¯®àï¤ª®¢ëå ®æ¥­®ª (10) ¨ (11) ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì ®æ¥­ª¨

kK �KnkXn!X = Of!t((h0)
0
t; 1=n)1 + !s(h0; 1=n)C +

+ !s((h0)0t; 1=n)L1
C + !t((h1)0t; 1=n)L1
C + !s(h1; 1=n)C + !s((h1)0t; 1=n)L1
C + 1=ng:

�á¯®«ì§ãï à¥§ã«ìâ âë £«. 1 ¨§ [6], ®âáî¤  ¢ë¢®¤¨¬, çâ® ®¯¥à â®àë Kn : Xn ! Xn ­¥¯à¥-
àë¢­® ®¡à â¨¬ë å®âï ¡ë ¯à¨ ¢á¥å n, ­ ç¨­ ï á ­¥ª®â®à®£®, ¯à¨ íâ®¬ ®¡à â­ë¥ ®¯¥à â®àë K�1

n

®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨. �®á«¥¤­¥¥ ®§­ ç ¥â, çâ® ���� (5) ¯à¨ â ª¨å n ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ c�k, k = 0; n. �à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï x�n(s), ¯®áâà®¥­­ë¥ ¯® ä®à¬ã«¥ (4)
¯à¨ ck = c�k, áå®¤ïâáï ¯® ­®à¬¥ ¯à®áâà ­áâ¢  X ª â®ç­®¬ã à¥è¥­¨î x�(s) ãà ¢­¥­¨ï (1) á®
áª®à®áâìî

kx� � x�nkX = Ofky � PnykX + kK �KnkXn!Xg: �

�¨â¥à âãà 
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