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1. �¢¥¤¥¨¥. � ¡®â  ï¢«ï¥âáï ¯à®¤®«¦¥¨¥¬ ¨áá«¥¤®¢ ¨©  ¢â®à  ¯® ¬ â¥¬ â¨ç¥áª¨¬ ¯à®-
¡«¥¬ ¬ â¥®à¨¨ ¬ï£ª¨å ®¡®«®ç¥ª, à¥§ã«ìâ âë ª®â®àëå ¨§«®¦¥ë ¢ [1], [2]. �  ¯®á¢ïé¥  ¤®ª -
§ â¥«ìáâ¢ã â¥®à¥¬ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ãà ¢¥¨© à ¢®¢¥á¨ï ¬ï£ª¨å ®¡®«®ç¥ª ¯à¨ ä¨§¨-
ç¥áª®¬ § ª®¥, ®â«¨ç®¬ ®â áâ¥¯¥®£® á æ¥«ë¬ ¯®ª § â¥«¥¬.

�à ¢¥¨ï áâ â¨ç¥áª®£® á®áâ®ï¨ï, ª®£¤  ªà®¬¥ ¬ áá®¢ëå á¨« ¯à¨áãâáâ¢ã¥â ®à¬ «ì ï á«¥-
¤ïé ï  £àã§ª , ¨¬¥îâ ¢¨¤

(g(jx0(s)j2)x0(s))0 + P (s)x0(s) + f(s) = 0; s 2 
: (1)

�¤¥áì x(s) = (x1(s); x2(s)) | ¢¥ªâ®à ª®®à¤¨ â ç áâ¨æë á ¤ã£®¢®© ª®®à¤¨ â®© s, ®âáç¨âë¢ ¥¬®©
¯® ¥¤¥ä®à¬¨à®¢ ®©  ¯à ¢«ïîé¥©. �®« £ ¥¬, çâ® ¯®« ï ¤«¨   ¯à ¢«ïîé¥© à ¢  1:

 = [0; 1]. �âà¨å®¬ ®¡®§ ç ¥âáï ¢§ïâ¨¥ ¯à®¨§¢®¤®© ¯® s, jx0(s)j2 = (x01(s))

2+(x02(s))
2. �ãªæ¨ï

g ®¯à¥¤¥«ï¥â ä¨§¨ç¥áª¨© § ª®, á¢ï§ë¢ îé¨© ª á â¥«ìë¥ ãá¨«¨ï T ¢¤®«ì  ¯à ¢«ïîé¥© á®
áâ¥¯¥ìî ã¤«¨¥¨ï � í«¥¬¥â  ®¡®«®çª¨

T (s) = g(�2(s))�(s); �(s) = jx0(s)j:

�¥ á¯¥æ¨ä¨ç¥áª®© ®á®¡¥®áâìî ï¢«ï¥âáï à ¢¥áâ¢® g(�2)� = 0 ¯à¨ � � 1. � âà¨ç ï äãªæ¨ï
P (s) ¨¬¥¥â ¢¨¤

P (s) =
�

0 p(s)
�p(s) 0

�
;

£¤¥ p(s) | ¯«®â®áâì á¨«ë, ¤¥©áâ¢ãîé¥©   ¤¥ä®à¬¨à®¢ ãî ¯®¢¥àå®áâì ®¡®«®çª¨ ¯® ®à-
¬ «¨ ª ¥©, â ª çâ®   ãç áâ®ª ds ¤¥©áâ¢ã¥â á¨« , à ¢ ï p(s)�(s)dsn(s). �ç¨â ¥âáï, çâ® ¥¤¨-
¨ç ï ®à¬ «ì n(s)  ¯à ¢«¥  ¢¯à ¢® ¯à¨ ¤¢¨¦¥¨¨ ¯® ª®âãàã ®¡®«®çª¨ ¢ ¯®«®¦¨â¥«ì®¬
 ¯à ¢«¥¨¨. � ¯à¨«®¦¥¨ïå ¢¥«¨ç¨  p(s) ç é¥ ¢á¥£® ®¯à¥¤¥«ï¥âáï § ¤ ç¥© ¢§ ¨¬®¤¥©áâ¢¨ï
®¡®«®çª¨ á £ §®¬ ¨«¨ ¦¨¤ª®áâìî. �à®¬¥ ¯®¢¥àå®áâëå á¨«   ®¡®«®çªã ¤¥©áâ¢ãîâ ¬ áá®¢ë¥
á¨«ë á ¯«®â®áâìî f(s) = (f1(s); f2(s)); â ª¨¬ ®¡à §®¬,   ãç áâ®ª ¤«¨ë ds ¤¥©áâ¢ã¥â á¨« 
f(s)ds (¯à¨ïâ®, çâ® ¯«®â®áâì ¬ ááë ¥¤¥ä®à¬¨à®¢ ®© ®¡®«®çª¨ ¢å®¤¨â ¢ ¢ëà ¦¥¨¥ ¤«ï
f).

� áâ âì¥ à áá¬ âà¨¢ ¥âáï § ¬ªãâ ï ®¡®«®çª  ¡¥§ ªà ï; â®£¤  ¤®¯®«¨â¥«ìë¬¨ ª (1) ï¢«ï-
îâáï ãá«®¢¨ï

x1(0) = x2(0) = x1(1) = x2(1) = 0: (2)

�¥«ìî à ¡®âë ï¢«ï¥âáï ¯®«ãç¥¨¥ â¥®à¥¬ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï § ¤ ç¨ (1), (2), ª®-
£¤  g(�2)� ¯à¥¤áâ ¢«ï¥â ¥«¨¥©ãî äãªæ¨î ®â �, ®â«¨çãî ®â áâ¥¯¥®© ( ¯à., g(�2)� =
(�� 1) ln�, � � 1),   â ª¦¥, ª®£¤  ¯®ª § â¥«ì � ¢ § ¢¨á¨¬®áâ¨ g(�2)� = �(�� 1)�, � � 1, ¬¥ì-
è¥ ¥¤¨¨æë. �¯à¥¤ì ª®íää¨æ¨¥â ¦¥áâª®áâ¨   à áâï¦¥¨¥-á¦ â¨¥ � ¡ã¤¥¬ ¯®« £ âì §  áç¥â
¢ë¡®à  ¬ áèâ ¡  á¨« à ¢ë¬ ¥¤¨¨æ¥. �¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¯à¨ � > 1 «¥£ª® á«¥¤ãîâ ¨§ ¨§-
¢¥áâëå ä ªâ®¢ [3] ¨ â¥®à¨¨ ¬®®â®ëå ®¯¥à â®à®¢ [4]. �â¨ ä ªâë ¨¦¥ ¡ã¤ãâ ¯à¨¢¥¤¥ë. �à¨

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 98-01-00260).
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� = 1 («¨¥©ë© § ª® �ãª ) ¯®«ãç¥ë¥  ¢â®à®¬ â¥®à¥¬ë á®¤¥à¦ âáï ¢ [2]. �á¥ ¥®¡êïá¥ë¥
®¡é¥ã¯®âà¥¡¨â¥«ìë¥ ®¡®§ ç¥¨ï ¨ â¥à¬¨ë á®®â¢¥âáâ¢ãîâ â ª®¢ë¬ ¨§ [4].

2. �®¤£®â®¢¨â¥«ìë¥ à¥§ã«ìâ âë. � áá¬®âà¨¬ § ¤ çã (1), (2) ¯à¨ á«¥¤ãîé¨å ãá«®¢¨ïå  
äãªæ¨î g(�2)�, � � 0:

1) g(�2)� ¥¯à¥àë¢  ¨ ®¡« ¤ ¥â ªãá®ç®-¥¯à¥àë¢®© ®£à ¨ç¥®©   ®£à ¨ç¥ëå ¬®-
¦¥áâ¢ å ¨§¬¥¥¨ï � ¯à®¨§¢®¤®©;

2) (g(�2)�)0� � 0 ¤«ï ¢á¥å � � 0;
3) g(�2)� = 0 ¯à¨ � � 1, g(�2)� > 0 ¯à¨ � > 1; áãé¥áâ¢ãîâ â ª¨¥ ª®áâ âë D, �, çâ®

g(�2)� = (�� 1)� ¯à¨ � � D, � > 1;
4) g(�2)� � c0(�� 1)� ¤«ï ¢á¥å � � 1 á ä¨ªá¨à®¢ ®© ª®áâ â®© c0 > 0.

�ãáâì V | ¡  å®¢® ¯à®áâà áâ¢® [
�

W 1
p(
)]

2, p = � + 1, V � | á®¯àï¦¥®¥ ¯à®áâà áâ¢®.
�«¥¤ãîé¨¥ ä ªâë ¤®ª § ë ¢ ([1], á. 47{50) ¨ á«¥¤ãîâ ¨§ á¢®©áâ¢ 1){3) äãªæ¨¨ g:

a) ä®à¬  a(u; v) =
R



g(ju0(s)j2)(u0(s); v0(s))ds ®¯à¥¤¥«ï¥â ¯à¨ «î¡®¬ u 2 V «¨¥©ë© ®£à ¨-

ç¥ë© äãªæ¨® «  ¤ V , á«¥¤®¢ â¥«ì®, ¬®¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥ a(u; v) = hAu; vi,
£¤¥ A|¥«¨¥©ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ V ¢ V �; h�; �i| ®â®è¥¨¥ ¤¢®©áâ¢¥®áâ¨
¬¥¦¤ã V ¨ V �;

b) ®¯¥à â®à A ¬®®â®¥ ¨ ¥¯à¥àë¢¥.

� ¨á¯®«ì§®¢ ¨¥¬ á¢®©áâ¢  4) ¤®ª §ë¢ ¥âáï

c) ®¯¥à â®à A ª®íàæ¨â¨¢¥.

�â®à®¬ã á« £ ¥¬®¬ã ãà ¢¥¨ï (1) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ «¨¥©ë© ®¯¥à â®à L, ®¯à¥¤¥-
«ï¥¬ë© ä®à¬®©

hLu; vi =
Z



(P (s)u0(s); v(s))ds:

�¯¥à â®à L ¤¥©áâ¢ã¥â ¨§ V ¢ V � ¨ ¢¯®«¥ ¥¯à¥àë¢¥ [2]. �¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1),
(2)  §®¢¥¬ äãªæ¨î u 2 V â ªãî, çâ®Z




[g(ju0j2)(u0; v0) + (Pu0; v)]ds =
Z



(f; v)ds 8v 2 V: (3)

�á®¢ë¬ ¨áâàã¬¥â®¬ ¨áá«¥¤®¢ ¨ï ¡ã¤ãâ  ¯à¨®àë¥ ®æ¥ª¨ ¤«ï à¥£ã«ïàëå à¥è¥¨© § ¤ -
ç¨ (1), (2). �áî¤ã ¤ «¥¥ ¯®« £ ¥¬ äãªæ¨¨ f(s) ¨ p(s) ¥¯à¥àë¢ë¬¨, ¨ à¥£ã«ïà®áâì ®¡®¡é¥-
®£® à¥è¥¨ï ãà ¢¥¨ï (3) ¯à¨ íâ¨å ãá«®¢¨ïå ¯®«ãç¨¬, á«¥¤ãï [1].

�¥¬¬  1. �ãé¥áâ¢ã¥â â ª ï ¯®áâ®ï ï c, çâ® ¤«ï äãªæ¨¨ g(�2)� ¨¬¥¥â ¬¥áâ® ¥à -

¢¥áâ¢®

[g(�2)�� g(�2)�]=(�� �) � c(1 + �+ �)��1 8�; � > 0; � 6= �: (4)

�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ «¥£ª® á«¥¤ã¥â ¨§ á¢®©áâ¢ 1), 3) äãªæ¨¨ g(�2)�.

�¥¬¬  1 ¯®§¢®«ï¥â ¯à¨¬¥ïâì â ª  §ë¢ ¥¬®¥ ¥à ¢¥áâ¢® ¯®¤ç¨¥¨ï ([3], á. 51) ¨ á ¯®¬®-
éìî à¥§ã«ìâ â®¢ [5], á«¥¤ãï [4], ãáâ ®¢¨âì, çâ® à¥è¥¨¥ u(s) ãà ¢¥¨ï (3) ¯®çâ¨ ¢áî¤ã ¨¬¥¥â
¥®¡å®¤¨¬ë¥ ¯à®¨§¢®¤ë¥ ¢ ®¡ëç®¬ á¬ëá«¥ ¨ ¯®çâ¨ ¢áî¤ã ¢ 
 ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î (1).
�¬¥® ¢ íâ®¬ á¬ëá«¥ ¡ã¤¥¬ ¯®¨¬ âì à¥£ã«ïà®áâì à¥è¥¨ï. �¬¥¥â ¬¥áâ® ¯à¥¤áâ ¢«¥¨¥

g(�2(s))u0s = �

Z s

0

(f(�) + P (�)u0�)d� + c: (5)

�§ (5) ¢ á¢®î ®ç¥à¥¤ì ¢ëâ¥ª ¥â ¥¯à¥àë¢®áâì äãªæ¨¨ T (s) = g(ju0j2)ju0(s)j ¨ áãé¥áâ¢®¢ ¨¥
¯à®¨§¢®¤®© T 0(s) ¢ ª ¦¤®© â®çª¥, £¤¥ �(s) = ju0(s)j > 1.

�«ï «î¡®© ¥¯à¥àë¢®© äãªæ¨¨  (s)   ¨â¥à¢ «¥ [0; 1] ¡ã¤¥¬ ®¡®§ ç âì ¥¥ ª®«¥¡ ¨¥
ç¥à¥§ ! =  M �  m, £¤¥  M = max

0�s�1
 (s),  m = min

0�s�1
 (s). �áî¤ã ¤ «¥¥ ¨¤¥ªáë M ¨ m ¡ã¤ãâ

á®®â¢¥âáâ¢®¢ âì ¬ ªá¨¬ã¬ã ¨ á®®â¢¥âáâ¢¥® ¬¨¨¬ã¬ã äãªæ¨¨.
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�¥¬¬  2. �«ï ¢á¥å à¥è¥¨© x1(s), x2(s) á¨áâ¥¬ë (1), (2) ª®«¥¡ ¨¥ á®®â¢¥âáâ¢ãîé¥©
äãªæ¨¨ T (s) ®£à ¨ç¥® ®¤®© ¨ â®© ¦¥ ª®áâ â®© c1, ®¯à¥¤¥«ï¥¬®© â®«ìª® äãªæ¨¥© f(s).

�®ª § â¥«ìáâ¢®. � áá¬ âà¨¢ ï (1) ª ª á¨áâ¥¬ã áª «ïàëå ãà ¢¥¨©, ã¬®¦¨¬ ¯¥à¢®¥
ãà ¢¥¨¥ (1)   g(�2(s))x01(s), ¢â®à®¥ |   g(�2(s))x02(s). �«®¦¨¬ ¯®«ãç¥ë¥ á®®â®è¥¨ï

j(T 2(s))0sj = 2j(f1x01 + f2x
0
2)g(�

2(s))j � 2jf(s)jT (s):

�á«¨ T (s) > 0, â® ®âáî¤  á«¥¤ã¥â

jT 0(s)j � jf(s)j: (6)

�â ª, ®â®á¨â¥«ì® T (s) ¬®¦¥¬ ãâ¢¥à¦¤ âì, çâ® íâ® ¥®âà¨æ â¥«ì ï ¥¯à¥àë¢ ï äãªæ¨ï  
§ ¬ªãâ®¬ ¯à®¬¥¦ãâª¥ [0; 1], ¢ ª ¦¤®© â®çª¥ s, £¤¥ ®  áâà®£® ¯®«®¦¨â¥«ì , ã ¥¥ áãé¥áâ¢ã¥â
¯à®¨§¢®¤ ï (á¬. (5)), ã¤®¢«¥â¢®àïîé ï ¥à ¢¥áâ¢ã (6). �¥á«®¦ë¥ à ááã¦¤¥¨ï ¯®ª §ë¢ îâ,
çâ® íâ¨ ãá«®¢¨ï ¢«¥ªãâ ®æ¥ªã !T � max

0�s�1
jf(s)j = c1.

�¥¬¬  3. �ãáâì à¥è¥¨¥ x1(s), x2(s) á¨áâ¥¬ë (1), (2) â ª®¢®, çâ® ¤«ï ¯®«®¦¨â¥«ì®£®
ç¨á«  c2, § ç¥¨¥ ª®â®à®£® ®¯à¥¤¥«ï¥âáï â®«ìª® äãªæ¨¥© p(s), ¢ë¯®«ï¥âáï á®®â®è¥¨¥

g(�2(s)) � c2 (7)

¤«ï ¢á¥å s 2 [0; 1]. �®£¤  áãé¥áâ¢ã¥â ª®áâ â  c3, § ¢¨áïé ï â®«ìª® ®â äãªæ¨© p(s), f(s)
(® ¥ ®â g) â ª ï, çâ® ¢ ¥ª®â®à®© â®çª¥ s 2 [0; 1] �(s) � c3.

�®ª § â¥«ìáâ¢®. �«ï ã¯à®é¥¨ï § ¯¨á¥© ®¡®§ ç¨¬ g(�2(s)) ç¥à¥§ '(s). �§ ¯¥à¢®£® ãà ¢-
¥¨ï á¨áâ¥¬ë (1) ¯®«ãç¨¬Z




('x01)
0x1 ds+

Z



px02x1 ds = �

Z



f1x1 ds:

�â¥£à¨à®¢ ¨¥ ¯® ç áâï¬ á ¨á¯®«ì§®¢ ¨¥¬ ªà ¥¢ëå ãá«®¢¨© (2) ¢ ¯¥à¢®¬ ¨â¥£à «¥ íâ®£®
à ¢¥áâ¢  ¯à¨¢®¤¨â ª á®®â®è¥¨îZ




'(x01)
2 ds =

Z



px02x1 ds+
Z



f1x1 ds:

� «®£¨ç® ¨§ ¢â®à®£® ãà ¢¥¨ï (1) ¯®«ãç¨¬Z



'(x02)
2 ds = �

Z



px01x2 ds+
Z



f2x2 ds:

�«®¦¨¢ ¯®á«¥¤¨¥ à ¢¥áâ¢ , ¯à¨å®¤¨¬ ª ®á®¢®© \à ¡®ç¥©" ä®à¬ã«¥Z



'(s)((x01(s))
2 + (x02(s))

2) ds =
Z



(p(x02x1 � x01x2) + (f; x)) ds: (8)

�§ (7) ¨ (8), ¨á¯®«ì§ãï ¥à ¢¥áâ¢  �®è¨{�ãïª®¢áª®£® ¨ �£ , ¯®«ãç ¥¬

c2

Z



((x01)
2 + (x02)

2) ds � 1

2
jpjM

Z



((x01)
2 + (x02)

2) ds+

+ ( 1
2
+ 1

2
jpjM )

Z



(x21 + x22) ds+
1

2

Z



(f 21 + f 22 ) ds: (9)

�ãáâì  | ª®áâ â  ¨§ ¥à ¢¥áâ¢ 



Z



(x21 + x22) ds �
Z



((x01)
2 + (x02)

2) ds; (10)

ª®â®à®¥ ¨¬¥¥â ¬¥áâ® ¢ á¨«ã ®¤®à®¤®áâ¨ ªà ¥¢ëå ãá«®¢¨© (2) ¨ ¥¯à¥àë¢®£® ¢«®¦¥¨ï

[
�

W 1
2(
)]

2 ¢ [L2(
)]2.
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�§ (9) ¨ (10) á«¥¤ã¥â

[(c2 � 1

2
jpjM ) � 1

2
jpjM � 1

2
]
Z



(x21 + x22) ds �
1

2

Z



(f 21 + f 22 ) ds;

¨, ¥á«¨ ¢ë¡¥à¥¬ c2 â ª, çâ®¡ë ¡ë«®

q = (c2 � 1

2
jpjM ) � 1

2
jpjM � 1

2
> 0;

â® ¯à¨å®¤¨¬ ª ®æ¥ª¥ Z



(x21 + x22) ds �
1
2q

Z



(f 21 + f 22 ) ds: (11)

�§ ¥à ¢¥áâ¢ (9), (11) á«¥¤ã¥â, çâ®
R



�2(s)ds � q1, £¤¥ q1 |  ¯à¨®à® ¢ëç¨á«ï¥¬ ï ¯®áâ®ï-

 ï, § ç¥¨¥ ª®â®à®© ®¯à¥¤¥«ï¥âáï ¬ ªá¨¬ «ìë¬ § ç¥¨¥¬ jpjM ¬®¤ã«ï p(s), ª®áâ â®© 
¨ ¨â¥£à «®¬

R



f 2ds. �«¥¤®¢ â¥«ì®, ¢ ¥ª®â®à®© â®çª¥ �(s) � q
1=2
1 = c3.

�¥¬¬  4. �ãáâì äãªæ¨¨ T (�), K(�), N(�) ®¯à¥¤¥«¥ë, ¥¯à¥àë¢ë   ¨â¥à¢ «¥ [a; b]
¨ á¢ï§ ë á®®â®è¥¨¥¬ T (�)K(�) = N(�); äãªæ¨ï T (�) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¢áî-

¤ã ¨ ¯®«®¦¨â¥«ì ; ¯®«®¦¨â¥«ìë¥ ª®áâ âë D1, D2, D3 â ª®¢ë, çâ® 0 < N(�) � D1,
bR
a
K(�)d� � D2, !T [a; b] � D3; �(�) = [T (�)]1=� + 1, £¤¥ 0 < � < 1; ¯¥à¥¬¥ ï s ª ª à¥è¥¨¥

ãà ¢¥¨ï ds=d� = ��1(�) ¬¥ï¥âáï ¢ ¨â¥à¢ «¥ [0; d], ª®£¤  � ¯à®¡¥£ ¥â [a; b]. �®£¤  áãé¥áâ¢ã-
¥â â ª ï ª®áâ â  c4 (¢ëç¨á«ï¥¬ ï ¯® D1, D2, D3, �), çâ® á¯à ¢¥¤«¨¢  ¨¬¯«¨ª æ¨ï: ¥á«¨
¢áî¤ã   [a; b] ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® �(�) � c4, â®   [a; b]  ©¤¥âáï â®çª  �0, ¤«ï ª®â®à®©

D2(T (�0) +D3) + (T (�0) +D3)1=��1 �
1
2

Z d

0

N(�(s)) ds [(T (�0))1=� + 1]: (12)

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ ¥à ¢¥áâ¢® �àîáá  ¤«ï áà¥¤¨å § ç¥¨©���� 1
b� a

Z b

a
g(x) (x) dx �

1
(b� a)2

Z b

a
g(x) dx

Z b

a
 (x) dx

���� � 1
4
(gM � gm)( M �  m);

£¤¥ g(x),  (x) | ¥¯à¥àë¢ë¥ äãªæ¨¨   ¨â¥à¢ «¥ [a; b],   gM � gm,  M � m | ¨å ª®«¥¡ ¨ï.
�®«ãç ¥¬ ¨§ ãá«®¢¨© «¥¬¬ë

1
l2

Z b

a

T (�) d�
Z b

a

K(�) d� +
1
4
!T!K �

1
l2

Z b

a

N

�
d�

Z b

a

� d� �
1
4
!N=�!�: (13)

�¤¥áì ¤«ï ¯à®áâ®âë § ¯¨á¨ ¯®«®¦¥® a � b = l, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® �(�) � c4, £¤¥ c4
®¯à¥¤¥«¨¬ ¨¦¥. �æ¥¨¬ ®â¤¥«ìë¥ á« £ ¥¬ë¥ ¢ ¥à ¢¥áâ¢¥ (13)

!T � D3;
!K = !N=T � !N=Tm + !1=TNM �

� NM=Tm + (1=Tm � 1=TM )NM � NM=Tm +D3=(TmTM);
!T!K � D3D1=Tm +D2

3=(TmTM ) = "1;
!� = T 1=�

M � T 1=�
m = 1

�
D3T

1=��1
1 ;

(14)

£¤¥ T1 = T (�1), �1 2 [a; b];

!N=� = (N=�)M � NM=�m; !�!N=� �
1
�
D3D1T

1=��1
M =�m = "2:

�ãáâì T2 ¨ �3, �4 | § ç¥¨ï äãªæ¨© T ¨ � á®®â¢¥âáâ¢¥® ¢ â®çª å s2 ¨ s3, s4 â ª¨å, çâ®
¢ë¯®«ïîâáï à ¢¥áâ¢ Z b

a
T (�) d� = T2l;

Z b

a
�(�) d� = �3l; l =

Z d

0

� ds = �4d:
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� ¯®¬®éìî ®æ¥®ª (14) ¯®«ãç ¥¬ ¨§ (13)

D2T2 �

Z d

0

N(�(s)) ds �3 �
d

4
"1�4 �

d

4
"2�4: (15)

� «ì¥©è¥¥ ¯à¥®¡à §®¢ ¨¥ ä®¬ã«ë (15) á®áâ®¨â ¢ ¯à¨¢¥¤¥¨¨ § ç¥¨© äãªæ¨© T ¨ � ª
§ ç¥¨ï¬ íâ¨å äãªæ¨© ¢ ®¤®© â®çª¥ s3

D2T2 � �3

� Z d

0

N(�(s)) ds � "1d=4 � "2d=4
�
+
1
4
("1 + "2)d(�3 � �4) �

�
�3
2

Z d

0

N(�(s)) ds�
d

4
("1 + "2)!� �

�3
2

Z d

0

N(�(s)) ds � T
1=��1
M : (16)

�ë¡¥à¥¬ â¥¯¥àì c4 â ª, çâ®¡ë ¢ë¯®«ï«¨áì ãá«®¢¨ï

("1 + "2)d=4 �
1
2

Z d

0

N(�(s)) ds ¨ D3("1 + "2)d=4� � 1:

�â® ¢®§¬®¦®, ¯®áª®«ìªã

T
1=��1
M =�m �

�
(Tm +D3)=(�m � 1)

�

1��

� 1

�
�1

�
�
((�m � 1)� +D3)=(�m � 1)

�

1��

� 1

�
�1

! 0; �m !1:

�à®¤®«¦ ï ¯à¥®¡à §®¢ ¨¥ ä®à¬ã«ë (16) ¯®  ¬¥ç¥®¬ã ¯ãâ¨, á ¨á¯®«ì§®¢ ¨¥¬ ®æ¥®ª T2 �
T (s3) +D3 ¨ TM � T (s3) +D3 ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢® (12) á s0 = s3.

�«¥¤áâ¢¨¥. �à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© «¥¬¬ë 4 ¨ ãá«®¢¨ï N(�) � h > 0 á¯à ¢¥¤«¨¢  ®æ¥ª 
T (�0) � c5(d; h). �®áâ â  c5 § ¢¨á¨â ®â D1, D2, D3, �, d, h, ¨ ¢ë¡¨à ¥âáï â ª, çâ®¡ë ¢ë¯®«ï-
«®áì ¥à ¢¥áâ¢® (12) á § ¬¥®© N   h=2.

3. �¥áâ¥¯¥ ï § ¢¨á¨¬®áâì. �®ª § â¥«ìáâ¢® â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¯à®¢¥¤¥¬ ¤«ï äãª-
æ¨¨ ãá¨«¨ï T = T (�) ¯à¨ ãá«®¢¨ïå 1), 2), 4) ¯. 2 ¨ ãá«®¢¨¨

limT (�)=� =1; �!1: (17)

�ë¡¥à¥¬ ª®áâ âã c > 1 â ª¨¬ ®¡à §®¬, çâ®¡ë ¢ë¯®«ï«¨áì ¥à ¢¥áâ¢ 

(T (�)� c1)=� � c2 8� � c; (18)

T (c3) + c1 < T (�) 8� � c; (19)

£¤¥ c1, c2, c3 | ª®áâ âë, ä¨£ãà¨àãîé¨¥ ¢ «¥¬¬ å 2, 3. �®áâà®¨¬ äãªæ¨î g(�2)�, ¯®« £ ï

g(�2)� =

(
T (�); ¥á«¨ 0 � � � c;
g(�2)�; ¥á«¨ � � c:

(20)

�à¨ íâ®¬ ¯à®¤®«¦¥¨¥ �g áâà®¨¬ â ª, çâ®¡ë ¢ë¯®«ï«¨áì ãá«®¢¨ï 1){4) ¯. 2. � á¨«ã á¢®©áâ¢
a){c) á®®â¢¥âáâ¢ãîé¥£® g ®¯¥à â®à  A ¨ «¥¬¬ë 1 § ¤ ç  (1), (2) á ä¨§¨ç¥áª¨¬ á®®â®è¥¨¥¬
(20) ¨¬¥¥â à¥£ã«ïà®¥ à¥è¥¨¥ x(s). � áá¬®âà¨¬ á«¥¤ãîéãî  «ìâ¥à â¨¢ã ¤«ï ¯®«ãç¥®£®
à¥è¥¨ï: «¨¡® ¤«ï ¢á¥å s 2 [0; 1] g(�2(s)) � c2, «¨¡® áãé¥áâ¢ã¥â â®çª  s0 2 [0; 1] â ª ï, çâ®
g(�2(s0)) < c2.

�á«¨ à¥ «¨§ã¥âáï ¯¥à¢ë© á«ãç ©, â® ¤«ï ¥ª®â®à®£® s ¯® «¥¬¬¥ 3 �(s) � c3, á«¥¤®¢ â¥«ì®,
T (�(s)) � T (c3); â®£¤  ¯® (19) ¤«ï ¢á¥å s �(s) � c. �®íâ®¬ã à¥è¥¨¥ x(s) ¯®¤ç¨ï¥âáï ä¨§¨ç¥-
áª®¬ã § ª®ã, ®¯à¥¤¥«ï¥¬®¬ã äãªæ¨¥© T (�).

�ãáâì à¥ «¨§ã¥âáï ¢â®à ï ¢®§¬®¦®áâì  «ìâ¥à â¨¢ë. �®£¤  ¢ á¨«ã «¥¬¬ë 2 ¨¬¥¥¬ T (�(s)) �
T (�(s0) + c1) 8s. �ãáâì �(s) � c ¤«ï ¥ª®â®à®£® s. � á¨«ã (18) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
(T (�(s))� c1)=�(s) � c2, ¥£® ¬®¦® ãá¨«¨âì, ¨á¯®«ì§ãï ¯à¥¤ë¤ãéãî ®æ¥ªã T (�(s)),

(T (�(s0)) + c1 � c1)=�(s0) � c2:
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�®«ãç¥®¥ ¯à®â¨¢®à¥ç¨¥ ¯®ª §ë¢ ¥â, çâ® ¤«ï ¢á¥å s 2 [0; 1] �(s) � c, ¨ ¯®â®¬ã à¥è¥¨¥
x(s) ®¯ïâì ®ª §ë¢ ¥âáï æ¥«¨ª®¬ ¢ §®¥ ¤¥©áâ¢¨ï § ª® , ®¯à¥¤¥«ï¥¬®£® äãªæ¨¥© T (�). � ª¨¬
®¡à §®¬, ¤®ª §  

�¥®à¥¬  1. � ¤ ç  (1), (2) ¨¬¥¥â à¥è¥¨¥, ¯à¨ ¤«¥¦ é¥¥ ¯à®áâà áâ¢ã [
�

W 1
p(
)]

2, p > 2,
¥á«¨ f(s) ¨ p(s) | ¥¯à¥àë¢ë¥ äãªæ¨¨, a g(�2)� ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1), 2), 4) ¯. 2 ¨
ãá«®¢¨î (17).

� ¬¥ç ¨¥. �§«®¦¥®¥ ¢ëè¥ ¤®ª § â¥«ìáâ¢® ¯à®å®¤¨â ¤ ¦¥ ¯à¨ ¡®«¥¥ á« ¡®¬ ãá«®¢¨¨
limT (�)=� � c, £¤¥ c | ª®áâ â , ®¯à¥¤¥«ï¥¬ ï ãá«®¢¨ï¬¨ § ¤ ç¨. �à¨ íâ®¬ ¥®¡å®¤¨¬®,
çâ®¡ë ãá«®¢¨ï 1){4) ¢ë¯®«ï«¨áì (¨áª«îç ï § ¢¨á¨¬®áâì g(�2)� = (�� 1)� ¯à¨ � � D).

4. �â¥¯¥ ï § ¢¨á¨¬®áâì á ¯®ª § â¥«¥¬, ¬¥ìè¨¬ ¥¤¨¨æë. � áá¬ âà¨¢ ¥âáï ä¨§¨ç¥áª®¥
á®®â®è¥¨¥ (0 < � < 1)

T (�) = [(�� 1)�]+; � 2 [0;1): (21)

�â®¡ë ®¡¥á¯¥ç¨âì ãá«®¢¨ï 1){4) ¯. 2, ¨§¬¥¨¬ § ¢¨á¨¬®áâì   ¨â¥à¢ «¥ [1; 1 + �] ¨ à áá¬®âà¨¬
äãªæ¨î

T�(�) =

(
0; ¥á«¨ 0 � � � 1;
(�� 1)�; ¥á«¨ � � 1 + �:

(22)

�ãªæ¨ï T� ¯à®¤®«¦ ¥âáï   ¨â¥à¢ « [1; 1 + �] â ª¨¬ ®¡à §®¬, çâ®¡ë ¡ë«  ¥¯à¥àë¢®-
¤¨ää¥à¥æ¨àã¥¬®© ¨ ¬®®â®®©   ¢á¥¬ ¨â¥à¢ «¥ ¨§¬¥¥¨ï �.

�¥®à¥¬  2. � ¤ ç  (1), (2), (21) ¨¬¥¥â à¥è¥¨¥, ¯à¨ ¤«¥¦ é¥¥ ¯à®áâà áâ¢ã [
�

W 1
p(0; 1)]

2,
p > 2, ¥á«¨ f(s) ¨ p(s) | ¥¯à¥àë¢ë¥ äãªæ¨¨, p(s) � r > 0 ¤«ï ¢á¥å s 2 [0; 1].

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ª®áâ âã c, ¨áå®¤ï ¨§ ãá«®¢¨©

c > 1; c > c3 + 1; ((�� 1)� � c1)=� � c2 ¤«ï ¢á¥å � � c;

T�(�) > maxfT�(c3) + c1; T�(c4) + c1; c5(d; h) + c1g ¤«ï ¢á¥å � � c� 1; (23)

jf(s)j=� � h=2 ¤«ï � � c=2 ¨ ¢á¥å s 2 [0; 1];

£¤¥ c1, c2, c3, c4, c5(d; h) | ª®áâ âë ¨§ «¥¬¬ 2, 3, 4, ¢ «¥¬¬¥ 4 ¨ á«¥¤áâ¢¨¨ ¡¥à¥¬ ä¨ªá¨à®¢ ®¥
d < 1, h = 2

3
r, D1 = pM + 1

3
r, D2 = 4�, D3 = c1.

�®áâà®¨¬ äãªæ¨î gc(�2)�, ¯®« £ ï

gc(�
2)� =

(
T�(�); 0 � � � c� 1;
(�� 1)� ; c � � <1:

�  ¨â¥à¢ «¥ � = [c � 1; c] äãªæ¨ï gc(�2)� ¯à®¤®«¦ ¥âáï â ª¨¬ ®¡à §®¬, çâ® ¢ë¯®«ïîâáï
ãá«®¢¨ï 1){4) ¯. 2.

�¥è¥¨¥ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ ®¡®§ ç¨¬ ç¥à¥§ uc(s). � ááã¦¤ ï â ª ¦¥, ª ª ¢ ¤®ª § -
â¥«ìáâ¢¥ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë, ã¡¥¦¤ ¥¬áï, çâ® § ç¥¨ï á®®â¢¥âáâ¢ãîé¥© à¥è¥¨î äãªæ¨¨
�c(s) «¥¦ â ¢ ¨â¥à¢ «¥ (0; c). � áá¬®âà¨¬ ¨§¬¥à¨¬®¥ ¬®¦¥áâ¢® Ac = fs : ju0c(s)j 2 �g ¨ ¢
¢ à¨ æ¨®®¬ à ¢¥áâ¢¥ (3), ®¯à¥¤¥«ïîé¥¬ uc, ¯®«®¦¨¬ v = uc. �®«ãç¨¬Z

Ac

gc(ju
0
c(s)j

2)ju0c(s)j
2 ds �

Z



(f; uc) ds:

�ë ¢®á¯®«ì§®¢ «¨áì ª®á®á¨¬¬¥âà¨ç®áâìî ®¯¥à â®à  L : (Pu0; u) = 0. �à ¢ ï ç áâì ¯®á«¥¤¥£®
¥à ¢¥áâ¢  ®æ¥¨¢ ¥âáï á¢¥àåã ¢¥«¨ç¨®© kfkL2

c, «¥¢ ï ®æ¥¨¢ ¥âáï á¨§ã ¢¥«¨ç¨®© (c �
1)�c�(Ac). �«¥¤®¢ â¥«ì®, «¥¡¥£®¢  ¬¥à  �(Ac) ¬®¦¥áâ¢  Ac áâà¥¬¨âáï ª ã«î á à®áâ®¬ c.
�¨ªá¨àã¥¬ c â ª¨¬ ®¡à §®¬, çâ® á®®â¢¥âáâ¢ãîé¥¥ ¬®¦¥áâ¢® B = 
 nAc ¨¬¥¥â �(B) > d, £¤¥ d
|  ¯¥à¥¤ § ¤ ®¥ ç¨á«® ¨§ ãá«®¢¨© (23).
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�á«¨ ¡ë ¬®¦¥áâ¢® B (®âªàëâ®¥) á®¤¥à¦ «® ¨â¥à¢ « ¤«¨ë, ¥ ¬¥ìè¥© d, ¬ë ¯à¨¬¥-
¨«¨ ¡ë ª íâ®¬ã ¨â¥à¢ «ã «¥¬¬ã 4, £¤¥ T (s), N(s), K(s) ¨¬¥îâ á®®â¢¥âáâ¢ãîé¨© à¥è¥¨î
ä¨§¨ç¥áª¨© á¬ëá«, â. ¥.

N(s) = p(s) + (f(s); (u02(s); �u
0
1(s)))=�

2(s); T (s) = (�(s)� 1)�: (24)

�®¤£    íâ®¬ ¨â¥à¢ «¥ áãé¥áâ¢®¢ «  ¡ë â®çª  s0, ¤«ï ª®â®à®© «¨¡® T (s0) � c5(d; h), «¨¡®
�(s0) � c4. �®®â¢¥âáâ¢ãîé¥¥ à¥è¥¨¥ uc(s) ¤«ï ¢á¥å s ¯®¤ç¨ï«®áì ¡ë § ª®ã (21) ¢ á¨«ã ¢ë¡®à 
(23) ª®áâ âë c.

� á«ãç ¥ ®âáãâáâ¢¨ï ¨â¥à¢ «  ¤«¨ë d ¢ ¬®¦¥áâ¢¥ B ¢ë¡¨à ¥¬ â®çª¨ s1; s2 2 B â ª¨¥,
çâ® s1 � s2 � d. �®« £ ¥¬

TH(s) =

(
T (s); s 2 B \ [s1; s2];
(T (1)(2 � s) + T (2)(s� 1))=(2 � 1)

¤«ï ª ¦¤®£® á®áâ ¢«ïîé¥£® ®âªàëâ®¥ ¬®¦¥áâ¢® (s1; s2) n B ¨â¥à¢ «  (1; 2). �à¨ íâ®© «¨-
¥©®© ¨â¥à¯®«ïæ¨¨ á®åà ï¥âáï ®æ¥ª  !TM . �ãªæ¨î N(s)   ¨â¥à¢ «¥ [s1; s2] á®åà ï¥¬
â ª®©, ª ª®© ®  ¯®«ãç ¥âáï ¨§ uc(s) ¯® ä®à¬ã«¥ (24). �® TH(s) ®¯à¥¤¥«ï¥¬ äãªæ¨î �H(s)
ç¥à¥§ § ¢¨á¨¬®áâì (24) ¨ á®®â¢¥âáâ¢¥® «¥¬¬¥ 4 ®¯à¥¤¥«ï¥¬ äãªæ¨¨ sH(�) ¨ KH(s) = N=TH .
�®áâ âë D1, D3 «¥¬¬ë 4 á®åà ïîâáï â ª¨¬¨, ª ª ¥á«¨ ¡ë ¨á¯®«ì§®¢ «¨   [s1; s2] äãªæ¨¨
Tc(s), Kc(s), N(s), á®®â¢¥âáâ¢ãîé¨¥ à¥è¥¨î uc(s). �æ¥¨¬ ¨â¥£à «Z b

a

KH(�) d� =
Z s2

s1

KH(s)�H(s) ds:

�®¤¨â¥£à «ì®¥ ¢ëà ¦¥¨¥ ¤®¯ãáª ¥â ®æ¥ªã (¢ á¨«ã ¢ë¡®à  c)

�H(s) � �c(s); KH(s) =
N(s)
TH(s)

�
N(s)
Tc(s)

Tc(s)
Tc(s)� 2D3

� 2Kc(s) ¯à¨ Tc(s) � T0:

�¥§ ãé¥à¡  ¤«ï ®¡é®áâ¨ à ááã¦¤¥¨© ¬®¦¥¬ ¯à¨ïâì ¯à¥¤¯®«®¦¥¨¥, çâ® T0 � Tc(s1) � Tc(s2).

� á¨«ã ¢á¥£® íâ®£®
bR
a
KH(�) d� � 4�. �â ª, ¤«ï ¢®¢ì ¯®áâà®¥ëå äãªæ¨© T , N , K «¥¬¬  4

¯à¨¬¥¨¬  á â¥¬¨ ¦¥ ª®áâ â ¬¨ ª ª ¤«ï äãªæ¨©, ¯®áâà®¥ëå ¯® à¥è¥¨î uc(s), ¨ ¯à¨¬¥-
ï¥âáï ®    ¨â¥à¢ «¥ [s1; s1 + d]. � «¥¥ ¯®¢â®àï¥¬ à ááã¦¤¥¨ï, ã¦¥ ¯à®¢¥¤¥ë¥ ¢ëè¥.

�¥è¥¨¥ § ¤ ç¨ (1), (2), (22) ¯à¨ � = 1=n ®¡®§ ç¨¬ ç¥à¥§ un(s). � á¨«ã â®£®, çâ® ¢á¥ un(s),

n = 1; 2; : : : , ¤®¯ãáª îâ à ¢®¬¥àë¥ ¯® n ®æ¥ª¨ ¢ ®à¬¥ ¯à®áâà áâ¢  V = [
�

W 1
p(
)]

2, ¯®-
á«¥¤®¢ â¥«ì®áâì fun(s)g á« ¡® ª®¬¯ ªâ . �ãáâì un(s) * u(s). � «¥¥ ¯à®¢®¤¨¬ áâ ¤ àâë¥
à ááã¦¤¥¨ï. �®á«¥¤®¢ â¥«ì®áâì äãªæ¨© gn(ju0(s)j2)u0(s) ¯®â®ç¥ç® à ¢®¬¥à® à ¢®áâ¥¯¥-
® ®£à ¨ç¥  ¨ ¯® ¯®áâà®¥¨î äãªæ¨© gn ¯®â®ç¥ç® áâà¥¬¨âáï ª g(ju0(s)j2)u0(s) ¯à¨ n ! 1;
g(�2)� = (�� 1)�+. �â¨å ¤¢ãå ä ªâ®¢ ¤®áâ â®ç®, çâ®¡ë § ª«îç¨âì, çâ®

lim
n!1

Z



(gn(ju
0(s)j2)u0; u0n � u0) ds = 0:

�âáî¤ , ª ª ®¡ëç®, ¯®«ì§ãïáì ¢ à¨ æ¨®ë¬ à ¢¥áâ¢®¬ (3) ¨ ¬®®â®®áâìî ®¯à¥¤¥«ï¥¬®£®
gn(�2)� ®¯¥à â®à  An, ¯®«ãç ¥¬

lim
n!1

Z



(gn(ju0nj
2)u0n � gn(ju0j2)u0; u0n � u0) ds = 0: (25)

�¥à¥å®¤ï, ¥á«¨ ¥®¡å®¤¨¬® ª ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¨, ¨§ (25) ¨¬¥¥¬ ¤«ï ¯®çâ¨ ¢á¥å s 2 [0; 1]

lim
n!1

(gn(ju0nj
2)u0n(s)� gn(ju0(s)j2)u0(s); u0n(s)� u0(s)) = 0: (26)

�â ¤ àâë¬¨ à ááã¦¤¥¨ï¬¨ ¨§¢«¥ª ¥¬ ¨§ (26) ä ªâ, çâ® gn(ju0n(s)j
2)u0n(s) ¯®çâ¨ ¢áî¤ã ¯®â®-

ç¥ç® áå®¤¨âáï ª g(ju0(s)j2)u0(s) ¯à¨ n!1. � ¯®áª®«ìªã ç«¥ë ¯®á«¥¤®¢ â¥«ì®áâ¨ ¯®â®ç¥ç®
à ¢®¬¥à® ¨ à ¢®áâ¥¯¥® ®£à ¨ç¥ë, ¨¬¥¥¬ á¨«ìãî áå®¤¨¬®áâì ¢ Lq(
), 1=q + 1=p = 1.
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�®« £ ï ¢ ¢ à¨ æ¨®®¬ à ¢¥áâ¢¥ (3) u = un, ¯¥à¥å®¤ï ª ¯à¥¤¥«ã ¯® n, § ª«îç ¥¬, çâ® u(s)
ï¢«ï¥âáï ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1), (2), (21).

� ¬¥ç ¨¥. �£à ¨ç¥¨ï   äãªæ¨î p(s) ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 2 ¢® ¬®£®¬ ¬®¦®
®á« ¡¨âì, ¯à¨¬¥ïï  ¯à¨®àë¥ ®æ¥ª¨ áâ âì¨ [1].
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