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� ��������� ��������� ����������� ����������

�®­áâàãªæ¨ï �¥§¨ª®¢¨ç  ¢¯¥à¢ë¥ ¯®ï¢¨« áì ¢ à ¡®â¥ �.�.�¥§¨ª®¢¨ç , ¯®á¢ïé¥­­®© à¥è¥-
­¨î ¯à®¡«¥¬ë � ª¥©ï \® à §¢®à®â¥ ¨£«ë". � ª ®ª § «®áì ¢ ¤ «ì­¥©è¥¬, íâ  ª®­áâàãªæ¨ï ¢ á¨«ã
àï¤  íªáâà¥¬ «ì­ëå á¢®©áâ¢ ¨¬¥¥â ¢ ¦­ë¥ ¯à¨¬¥­¥­¨ï ¢ â¥®à¨¨ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¨­â¥£à -
«®¢ ¨ ¢ £ à¬®­¨ç¥áª®¬  ­ «¨§¥. � ç áâ­®áâ¨, á ¥¥ ¯®¬®éìî ãáâ ­ ¢«¨¢ ¥âáï ­¥¯«®â­®áâ­®áâì
¡ §¨á , á®áâ®ïé¥£® ¨§ ¢á¥¢®§¬®¦­ëå ¯àï¬®ã£®«ì­¨ª®¢ ­  ¯«®áª®áâ¨ (á¬. [1]),   â ª¦¥ ¡ë« 
®¯à®¢¥à£­ãâ  ¨§¢¥áâ­ ï £¨¯®â¥§  ¤¨áª  [2].

� á¢®¥ ¢à¥¬ï ª®­áâàãªæ¨ï �¥§¨ª®¢¨ç  ¬®¤¨ä¨æ¨à®¢ « áì �¥àà®­®¬, � ¤¥¬ å¥à®¬, �¥­-
¡¥à£®¬, �ãà£¥©­®¬ ¨ ¤àã£¨¬¨  ¢â®à ¬¨. �¤­ ª®, ­¥á¬®âàï ­  ¢ ¦­®áâì à áá¬ âà¨¢ ¥¬®© ª®­-
áâàãªæ¨¨, ¯®áâà®¥­¨¥ ¥¥, ª ª ¯à ¢¨«®, á¢®¤¨«®áì ª ­¥ª®â®à®¬ã £¥®¬¥âà¨ç¥áª®¬ã ¯à¥®¡à §®¢ -
­¨î, ª®â®à®¥ ¨â¥à¨à®¢ «®áì ­¥®¡å®¤¨¬®¥ ª®«¨ç¥áâ¢® à §. �à®á¬®âà¥âì «®ª «ì­ãî áâàãªâãàã
¯®«ãç¥­­®£® ¬­®¦¥áâ¢  ¯à¥¤áâ ¢«ï«®áì ¢¥áì¬  § âàã¤­¨â¥«ì­ë¬ (¢ á¨«ã ¨â¥à â¨¢­®áâ¨ ¬¥â®-
¤ ).

� ¬ ã¤ «®áì â ª ¯®¤®¡à âì ¯ à ¬¥âàë ª®­áâàãªæ¨¨,çâ®¡ë à¥§ã«ìâ â ¯®áâà®¥­¨ï ¬®¦­® ¡ë-
«® § ¯¨á âì ¢ ï¢­®¬ ¢¨¤¥, çâ® ¯®§¢®«ï¥â ¤®áâ â®ç­® ã¤®¢«¥â¢®à¨â¥«ì­®, á ­ è¥© â®çª¨ §à¥­¨ï,
¯à®á«¥¤¨âì «®ª «ì­ãî áâàãªâãàã ª®­áâàãªæ¨¨ �¥§¨ª®¢¨ç  ¨ ¯à®áç¨â âì ¬­®¦¥áâ¢® ­ ¯à ¢«¥-
­¨© áâ®à®­ ®¡à §ãîé¨å ¥¥ âà¥ã£®«ì­¨ª®¢.

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ ­¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥­¨ï. �ã¤¥¬ £®¢®à¨âì, çâ® ¤¨ää¥à¥­æ¨ «ì­ë©
¡ §¨á < ®¡« ¤ ¥â á¢®©áâ¢®¬ ¯«®â­®áâ¨, ¥á«¨ ¤«ï ª ¦¤®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  E ¯®çâ¨ ¢
ª ¦¤®© â®çª¥ x 2 R2 ¤«ï ¯à®¨§¢®«ì­®© áâï£¨¢ îé¥©áï ª x ¯®á«¥¤®¢ â¥«ì­®áâ¨ fRkg

1
k=1 ¨§ <

á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
k!1

jE \Rkj

jRkj
= �E(x):

� «¥¥, ¤«ï ª ¦¤®© äã­ªæ¨¨ f 2 Lloc(R2) ¯®«®¦¨¬

M<f(x) = sup
x2R2<

jRj�1
Z
R

jf(y)jdy:

� [3] ¡ë« ¤®ª § ­ á«¥¤ãîé¨© ªà¨â¥à¨©.

�¥®à¥¬  A. �ãáâì < | ¨­¢ à¨ ­â­ë© ®â­®á¨â¥«ì­® £®¬®â¥â¨¨ ¤¨ää¥à¥­æ¨ «ì­ë© ¡ -

§¨á. �®£¤  á«¥¤ãîé¨¥ ¤¢  á¢®©áâ¢  íª¢¨¢ «¥­â­ë:

(i) < ï¢«ï¥âáï ¯«®â­®áâ­ë¬ ¡ §¨á®¬;
(ii) ¤«ï ª ¦¤®£® � 2 (0; 1) ­ ©¤¥âáï ¯®«®¦¨â¥«ì­ ï ª®­áâ ­â  c(�) â ª ï, çâ® ¤«ï «î¡®£®

®£à ­¨ç¥­­®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢  E ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

jfM<�E > �gj � c(�)jEj:

� â®© ¦¥ à ¡®â¥ ¡ë«® ¤®ª § ­®, çâ® ¯«®â­®áâì ¡ §¨á  < à ¢­®á¨«ì­  â®¬ã, çâ® < ¤¨ää¥à¥­-
æ¨àã¥â L1. � ª¨¬ ®¡à §®¬, ¥á«¨ áãé¥áâ¢ãîâ ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®¦¥áâ¢ fEng

1
n=1 ¨ � 2 (0; 1)

â ª¨¥, çâ®

lim
n!1

sup
jfM<�En > �gj

jEnj
= +1;
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â® < ï¢«ï¥âáï ­¥ ¯«®â­®áâ­ë¬, â.¥. ­¥ ¤¨ää¥à¥­æ¨àã¥â L1. �ã¤¥¬ ¯à¨ íâ®¬ £®¢®à¨âì, çâ®
¯®á«¥¤®¢ â¥«ì­®áâì fEng

1
n=1 ®¡« ¤ ¥â á¢®©áâ¢®¬ �¥§¨ª®¢¨ç  ®â­®á¨â¥«ì­® ¡ §¨á  <.

� ä¨ªá¨àã¥¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ ç¨á«® � > 0. � áá¬®âà¨¬ ¢ ¯«®áª®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâì
£®à¨§®­â «ì­ëå ¯àï¬ëå fakg1k=1, à á¯®«®¦¥­­ëå ¢ ®¤­®© ¯®«ã¯«®áª®áâ¨ ®â­®á¨â¥«ì­® ¯àï¬®©
a1, ¯à¨ç¥¬ dist(a1; ak) = (k � 1)� (k 2 N). �®£®¢®à¨¬áï ¯®¤ ãà®¢­¥¬ á ­®¬¥à®¬ s ¯®­¨¬ âì
¯®«®áã, § ª«îç¥­­ãî ¬¥¦¤ã ¯àï¬ë¬¨ as ¨ as+1.

� áá¬®âà¨¬ ­  ¯¥à¢®¬ ãà®¢­¥ à ¢­®¡¥¤à¥­­ë© ¯àï¬®ã£®«ì­ë© âà¥ã£®«ì­¨ª á ª â¥â®¬, «¥-
¦ é¨¬ ­  a1 ¨ à ¢­ë¬ �. �à®¤®«¦¨¬ ¤àã£®© ª â¥â ¨ £¨¯®â¥­ã§ã ¤® ¯¥à¥á¥ç¥­¨ï á a3 ¨ á®¥¤¨­¨¬
¯®«ãç¥­­ë¥ â®çª¨ ¯¥à¥á¥ç¥­¨ï á ¢¥àè¨­ ¬¨ âà¥ã£®«ì­¨ª , «¥¦ é¨¬¨ ­  a1. �¯¨á ­­®¥ ¯®áâà®-
¥­¨¥ ¡ã¤¥¬ ­ §ë¢ âì ¯à®æ¥¤ãà®© à®áâ .

�¥£ª® ¯à®¢¥à¨âì, çâ® ¯®á«¥ ¯à¨¬¥­¥­¨ï ¯à®æ¥¤ãàë à®áâ  ­  ¢â®à®¬ ãà®¢­¥ ¯®«ãç¨¬ ¤¢ 
âà¥ã£®«ì­¨ª ,   ­  ¯¥à¢®¬ | ¯ à ««¥«®£à ¬¬ á ¤«¨­®© ®á­®¢ ­¨ï ¨ ¢ëá®â®©, à ¢­ë¬¨ �. �¡®-
§­ ç¨¬ ¥£® ç¥à¥§ �(1; 1; �). �á«¨ ª ª ¦¤®¬ã ¨§ âà¥ã£®«ì­¨ª®¢, ¯®«ãç¥­­ëå ­  ¢â®à®¬ ãà®¢­¥,
®¯ïâì ¯à¨¬¥­¨âì ¯à®æ¥¤ãàã à®áâ , â® ­  âà¥âì¥¬ ãà®¢­¥ ¯®«ãç¨¬ ã¦¥ ç¥âëà¥ âà¥ã£®«ì­¨ª ,
  ­  ¢â®à®¬ | ¤¢  ¯ à ««¥«®£à ¬¬  �(2; 1; �), �(2; 2; �), ¯à¨ íâ®¬ ¤«¨­  ®á­®¢ ­¨ï ª ¦¤®£®
¯ à ««¥«®£à ¬¬  ¡ã¤¥â à ¢­ïâìáï �=2,   ¢ëá®â  � (à¨á.1), ¨ â.¤.

�¨á. 1

�®®¡é¥, ¥á«¨ à áá¬®âà¥âì k-© ãà®¢¥­ì, k > 1, â® ­  ­¥¬ ¢ à¥§ã«ìâ â¥ ¯à¨¬¥­¥­¨ï ¯à®æ¥¤ãàë
à®áâ  ­  ¯à¥¤ë¤ãé¥¬ ãà®¢­¥ ¯®«ãç¨âáï 2k�1 âà¥ã£®«ì­¨ª®¢. �á«¨ ª ª ¦¤®¬ã ¨§ ­¨å ®¯ïâì
¯à¨¬¥­¨âì ¯à®æ¥¤ãàã à®áâ , â® ¯®«ãç¨âáï ­  k-¬ ãà®¢­¥ 2k�1 ¯ à ««¥«®£à ¬¬®¢ f�(k; �; �)g2

k�1

�=1 ,
ª ¦¤ë© ¨§ ª®â®àëå ¨¬¥¥â ®á­®¢ ­¨¥, à ¢­®¥ � 2k�1,   ¢ëá®âã � (­ã¬¥à æ¨ï ¯ à ««¥«®£à ¬¬®¢
­  ä¨ªá¨à®¢ ­­®¬ ãà®¢­¥ ¨¤¥â á¯à ¢  ­ «¥¢®).

�«ï «î¡®£® n 2 N ¯®«®¦¨¬

E(n; �) =
n[

k=1

2k�1[
�=1

�(k; �; �):

�à¨ íâ®¬ ¨§ £¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥­¨© ïá­®, çâ® ¤«ï ª ¦¤®£® ¯ à ««¥«®£à ¬¬  �(k; �; �)
âà¥ã£®«ì­¨ª, ®¡à §®¢ ­­ë© ¯¥à¥á¥ç¥­¨¥¬ âà¥å ¯àï¬ëå, ¤¢¥ ¨§ ª®â®àëå ¯à®å®¤ïâ ç¥à¥§ á¥à¥¤¨­ã
áâ®à®­ë ¯ à ««¥«®£à ¬¬  �(k; �; �), «¥¦ é¥© ­  ak+1, ¨ á®®â¢¥âáâ¢¥­­® ç¥à¥§ ¢¥àè¨­ë ¥£®
®á­®¢ ­¨ï,   âà¥âì¥© ï¢«ï¥âáï ¯àï¬ ï a1, ¯®«­®áâìî á®¤¥à¦¨âáï ¢ E(n; �). �¡®§­ ç¨¬ íâ®â
âà¥ã£®«ì­¨ª ç¥à¥§ 4k

� .
� ª¨¬ ®¡à §®¬, á ¯®¬®éìî ¯à®æ¥¤ãàë à®áâ  ¬ë ¯®áâà®¨«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¬­®¦¥áâ¢

fE(n; �)g1n=1. �¯à ¢¥¤«¨¢  á«¥¤ãîé ï â¥®à¥¬ , ä®à¬ã«¨à®¢ª¥ ª®â®à®© ¯à¥¤¯®è«¥¬ ¢á¯®¬®£ -
â¥«ì­ë© à¨áã­®ª.
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�¨á. 2

�¥®à¥¬  1. �¬¥îâ ¬¥áâ® âà¨ ãâ¢¥à¦¤¥­¨ï:

(i) fE(n; �)g1n=1 ®¡« ¤ ¥â á¢®©áâ¢®¬ �¥§¨ª®¢¨ç  ®â­®á¨â¥«ì­® ¤¨ää¥à¥­æ¨ «ì­®£® ¡ §¨á 

<0, á®áâ®ïé¥£® ¨§ ¢á¥¢®§¬®¦­ëå ¯ à ««¥«®£à ¬¬®¢;
(ii) jE(n; �)j = �2n;
(iii) ª ¦¤ë© ¯ à ««¥«®£à ¬¬ �(k; �; �) ­ ª«®­¥­ ª ¯àï¬®© a1 ¯®¤ ã£«®¬ !k

� , £¤¥ tg!k
� =

= 2k=(2� � 1).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ á­ ç «  (iii), ¨á¯®«ì§ãï ¬¥â®¤ ¬ â¥¬ â¨ç¥áª®© ¨­¤ãªæ¨¨ ¯® k
(â.¥. ¯® ­®¬¥àã ãà®¢­ï). �à¨ k = 1 ãâ¢¥à¦¤¥­¨¥ ®ç¥¢¨¤­®, â.ª. âà¥ã£®«ì­¨ª ABC (à¨á.1) ¯àï¬®-
ã£®«ì­ë©,   ¯®â®¬ã tg!1

1 = jABj=jACj = 2.
�ãáâì â¥¯¥àì k > 1. �à¥¤¯®«®¦¨¬, çâ® ãâ¢¥à¦¤¥­¨¥ (iii) á¯à ¢¥¤«¨¢® ¤«ï ª ¦¤®£® ¯ à «-

«¥«®£à ¬¬  á ãà®¢­ï k � 1. �ãáâì �(k � 1; s; �) ¯à®¨§¢®«ì­ë© ¨§ ­¨å (1 � s � 2k�1) (à¨á. 2). �
à¥§ã«ìâ â¥ ¯à¨¬¥­¥­¨ï ¯à®æ¥¤ãàë à®áâ  ­ ¤ ­¨¬ \¢ëà®á«¨" ¤¢  ¯ à ««¥«®£à ¬¬  �(k; 2s�1; �),
�(k; 2s; �). �®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë, ­ ¯à¨¬¥à, ¤«ï �(k; 2s � 1; �) (à¨á. 2).

�§ ¯àï¬®ã£®«ì­®£® âà¥ã£®«ì­¨ª KSL (à¨á. 2) ¯®«ãç¨¬ jSLj = jKSj= tg !k�1
s . � ª ª ª jFLj =

� 21�k ¨ jTSj = jSF j, â®, à áá¬ âà¨¢ ï âà¥ã£®«ì­¨ª TPL, ¨¬¥¥¬

tg!k
2s�1 =

jTP j

jTLj
=

jTP j

jTSj+ jSF j+ jFLj
=

jTP j

2jSLj � jFLj
=

2�
2jKSj= tg !k�1

s � � 21�k
=

2k

2(2s� 1)� 1
:

�®¢¥àè¥­­®  ­ «®£¨ç­® ¤®ª §ë¢ ¥âáï (iii) ¨ ¤«ï ¯ à ««¥«®£à ¬¬  �(j; 2s; �). �â ª, (iii) ¤®-
ª § ­®.

�§ £¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥­¨© ïá­®, çâ® ¯ à ««¥«®£à ¬¬ë ­  ä¨ªá¨à®¢ ­­®¬ ãà®¢­¥ ¯®-
¯ à­® ­¥ ¨¬¥îâ ®¡é¨å ¢­ãâà¥­­¨å â®ç¥ª,   ¯®â®¬ã

jE(n; �)j =
nX

k=1

2k�1X
�=1

j�(k; �; �)j =
nX

k=1

2k�1X
�=1

� 21�k� = �2n:

� ä¨ªá¨àã¥¬ â¥¯¥àì ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢® E(n; �) ¨ ¯ à ««¥«®£à ¬¬ �(n; �; �), � =
1; : : : ; 2n�1. �à®¢¥¤¥¬ ç¥à¥§ ¢¥àè¨­ë ®á­®¢ ­¨ï âà¥ã£®«ì­¨ª  4n

� ¯àï¬ë¥, ¯ à ««¥«ì­ë¥ ¡®-
ª®¢ë¬ áâ®à®­ ¬ ¯ à ««¥«®£à ¬¬  �(n; �; �) (à¨á. 3).

5



�¨á. 3

�¥¦¤ã ¯àï¬ë¬¨ a2n ¨ a4n ¯®«ãç¨âáï ¯ à ««¥«®£à ¬¬Rn
� . �à¨ íâ®¬ jR

n
� j = 22�nn2�2. �ç¥¢¨¤-

­®, Rn
�

T
Rn
j = ; (� 6= j). �¯à ¢¥¤«¨¢®áâì ¯®á«¥¤­¥£® á®®â­®è¥­¨ï áà §ã ¢ëâ¥ª ¥â ¨§ ¤®ª § ­­®£®

ãá«®¢¨ï (iii) ¨ â®£® ä ªâ , çâ® ¯ à ««¥«®£à ¬¬ë ­  ä¨ªá¨à®¢ ­­®¬ ãà®¢­¥ ¯®¯ à­® ­¥ ¨¬¥îâ
®¡é¨å ¢­ãâà¥­­¨å â®ç¥ª.

�®ª ¦¥¬, çâ®

fM<0�E(n;�) � 1=8g �
2n�1[
�=1

Rn
� : (1)

�¥©áâ¢¨â¥«ì­®, ¯ãáâì x 2 Rn
� . �®£¤  áãé¥áâ¢ã¥â â ª®© ¯ à ««¥«®£à ¬¬ bRn

� 2 <0(x) ( bRn
� =

ABCD, á¬. à¨á. 3), çâ®

1

j bRn
� j

Z
bRn
�

�E(n;�) �
j 4n

� j

j bRn
� j

=
n�jADj

2jADj(4n� 1)�
�
1
8
:

�¤¥áì ¨á¯®«ì§®¢ ­® ¢ª«îç¥­¨¥4n
� � E(n; �). �ç¨âë¢ ï â¥¯¥àì (1) ¨ ¤¨§êî­ªâ­®áâì á¨áâ¥¬ë

fRn
�g

2n�1

�=1 , ¯®«ãç¨¬

jfM<0�E(n;�) � 1=8gj
jE(n; �)j

�

2n�1P
�=1

jRn
� j

jE(n; �)j
=

2n�1P
�=1

22�nn2�2

n�2
= 2n: �

� ¬¥ç ­¨¥. �â¢¥à¦¤¥­¨¥ (i) â¥®à¥¬ë ¢¥à­® â ª¦¥ ¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ¡ §¨á , á®-
áâ®ïé¥£® ¨§ ¢á¥¢®§¬®¦­ëå ¯àï¬®ã£®«ì­¨ª®¢ (¤®áâ â®ç­® ¢§ïâì ¯àï¬®ã£®«ì­¨ª, á®¤¥à¦ é¨©
¯ à ««¥«®£à ¬¬ bRn

� á ­ ¨¬¥­ìè¥© ¯«®é ¤ìî, áâ®à®­ë ª®â®à®£® ¯ à ««¥«ì­ë ¡®ª®¢ë¬ áâ®à®-
­ ¬ íâ®£® ¯ à ««¥«®£à ¬¬ ).
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� § ª«îç¥­¨¥  ¢â®à áç¨â ¥â ¯à¨ïâ­ë¬ ¤®«£®¬ ¢ëà §¨âì £«ã¡®ªãî ¡« £®¤ à­®áâì
�.�. �â®ª®«®áã §  ¯®áâ ­®¢ªã § ¤ ç¨, ¯®«¥§­ë¥ ®¡áã¦¤¥­¨ï ¨ ¯®áâ®ï­­®¥ ¢­¨¬ ­¨¥ ª à ¡®â ¬
 ¢â®à .
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