
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2006 ���������� ò 11 (534)

��� 517.945

�.�.������, �.�.�������

��������� ������� ���������� ������ �������
��� ������� ��������� �������

�®¢¥¤¥¨¥ á¢®¡®¤®© £à ¨æë § ¤ ç¨ �â¥ä   á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¢â®à®£® à®¤  ¢ ®¤®-
¬¥à®¬ á«ãç ¥ ¨§ãç «®áì ¢ [1]. �â®â á«ãç ©  ¨¡®«¥¥ ¡«¨§®ª ª § ¤ ç¥ �®è¨, ¯®áª®«ìªã â¥¯«®¢®©
¯®â®ª ï¢® ¢ëà ¦ ¥âáï ç¥à¥§ ¢å®¤ë¥ ¤ ë¥ § ¤ ç¨. �áâ ®¢«¥® [1], çâ® ¥á«¨ â¥¯«®¢®© ¯®â®ª
¢®§à áâ ¥â \¥ á«¨èª®¬ ¡ëáâà®", â® ®¡ê¥¬ (\¤«¨ ") \ä §ë ¢®¤ë" ¯à®¯®àæ¨® «¥ ¯®áâã¯¨¢-
è¥¬ã ¢ ®¡« áâì ª®«¨ç¥áâ¢ã â¥¯« . � ¤ ®© à ¡®â¥ ¯®ª § ®, çâ® ¤«ï § ¤ ç¨ �®è¨{�â¥ä  
íâ®â à¥§ã«ìâ â á®åà ¨«áï ¨ ¢ ¬®£®¬¥à®¬ á«ãç ¥. �à®¬¥ â®£®, ãáâ ®¢«¥®, çâ® ¥á«¨ ª®«¨-
ç¥áâ¢® â¥¯«  ¢®§à áâ ¥â ¡ëáâà¥¥, ç¥¬ tn=2, â® § ¢¨á¨¬®áâì ®¡ê¥¬  \ä §ë ¢®¤ë" ®â ª®«¨ç¥áâ¢ 
â¥¯«  ¯à¨®¡à¥â ¥â «®£ à¨ä¬¨ç¥áª¨© å à ªâ¥à. � ¤ ç  á £à ¨çë¬¨ ãá«®¢¨ï¬¨ ¯¥à¢®£® à®¤ 
¨§ãç « áì ¢ [2], [3] «¨èì ¤«ï á«ãç ï, ª®£¤  ®¡ê¥¬ \ä §ë ¢®¤ë" à áâ¥â ¥ ¡ëáâà¥¥, ç¥¬ tn=2.

�ãáâì Q | ®¡« áâì ¢ Rn. �¤®ä § ï § ¤ ç  �â¥ä   á®áâ®¨â ¢ á«¥¤ãîé¥¬: âà¥¡ã¥âáï
 ©â¨ ®¡« áâì 
 � ft > 0g � Q (®¡« áâì ¢®¤ë) ¨ äãªæ¨î U(t; x), (t; x) 2 
 (â¥¬¯¥à âãàã),
ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î â¥¯«®¯à®¢®¤®áâ¨

@U

@t
��U = f; (t; x) 2 
; (1)

 ç «ì®¬ã ãá«®¢¨î

U jt=0 = '(x); x 2 D0 (2)

(¯à¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï ¨§¢¥áâ®© ®¡« áâì D0, § ïâ ï ¢®¤®© ¢  ç «ìë© ¬®¬¥â ¢à¥¬¥¨
t = 0), £à ¨çë¬ ãá«®¢¨ï¬   á¢®¡®¤®© £à ¨æ¥ S = @
 \ fft > 0g �Qg

U = 0; (t; x) 2 S; (3)
nX
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@xi
�i = K�0; (t; x) 2 S; K > 0; (4)

£¤¥ � = (�0; �1; �2; : : : ; �n) | ¥¤¨¨çë© ¢¥ªâ®à ¢¥è¥© (¯® ®â®è¥¨î ª 
) ®à¬ «¨ ª @
.
�¯à¥¤¥«¥¨¥ ®¡®¡é¥®£® à¥è¥¨ï á ¯®¬®éìî ¨â¥£à «ì®£® â®¦¤¥áâ¢  ¡ë«® ¢¢¥¤¥® ¢ [4]{[6]
(¤«ï ¬®£®ä §®© § ¤ ç¨ �â¥ä  ).

� ¤ ®© áâ âì¥ à áá¬®âà¥ á«ãç © § ¤ ç¨ �®è¨{�â¥ä   (Q = Rn). �ã¤¥¬ ¯à¥¤¯®« £ âì,
çâ® D0 ®£à ¨ç¥ , f | ¥®âà¨æ â¥«ì ï äãªæ¨ï, f 2 L2([0; T ] � Rn) ¤«ï ¢á¥å T > 0, ' |
¥®âà¨æ â¥«ì ï äãªæ¨ï, ' 2 L1(Rn) \W 1

2 (R
n); suppf � D0 � [0; T ], supp' � D0, äãªæ¨ï f

®â«¨ç  ®â â®¦¤¥áâ¢¥®£® ã«ï. �«¥¤ãï [4], äãªæ¨î ¡ã¤¥¬  §ë¢ âì ®¡®¡é¥ë¬ à¥è¥¨¥¬
§ ¤ ç¨ (1){(4), ¥á«¨ ¤«ï «î¡ëå T > 0 äãªæ¨ï U 2W

0;1
2 ((0; T )�Rn) ã¤®¢«¥â¢®àï¥â ¨â¥£à «ì-

®¬ã â®¦¤¥áâ¢ãZ T
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@xi
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@xi

�
dx dt =

Z T

0

Z
D0

fV dx dt+
Z
D0

('+K)dx (5)

¤«ï ¢á¥å V 2 C1
0 (R

n+1) â ª¨å, çâ® V jt=T = 0, £¤¥ bU ¯®¨¬ ¥âáï ª ª ¬®£®§ ç®¥ ®â®¡à ¦¥¨¥,
¨¬¥®, bU = U ¯à¨ U < 0, bU = U +K ¯à¨ U > 0, bU = [0;K] ¯à¨ U = 0.
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�ãé¥áâ¢®¢ ¨¥ ¨ ¥¤¨áâ¢¥®áâì ®¡®¡é¥®£® à¥è¥¨ï ãáâ ®¢«¥ë ¢ [2], [6], [7].
�¡®§ ç¨¬ ç¥à¥§ 
 ¬®¦¥áâ¢® ¢á¥å â¥å (t; x) 2 ft > 0g � Rn, ¤«ï ª®â®àëå U(t; x) > 0.

�§ à¥§ã«ìâ â®¢ à ¡®â [3], [8], [9] á«¥¤ã¥â, çâ® ®¡« áâì 
 à áè¨àï¥âáï á ã¢¥«¨ç¥¨¥¬ ¢à¥¬¥¨
(â. ¥. Dt1 � Dt2 ¤«ï «î¡ëå t1, t2, t1 < t2, £¤¥ Dt = fx 2 Rn j (t; x) 2 
g), U(t; x) ¨ bU(t; x)
à ¢ë ã«î ¯®çâ¨ ¢áî¤ã ¢¥ 
. �âe£à «ì®¥ â®¦¤¥áâ¢® (5) ®§ ç ¥â ( ¯à., [10]), çâ® äãªæ¨ïbU(t; x) = U(t; x) +K ï¢«ï¥âáï ®¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨
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; (6)
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i=1
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�i = 0; (t; x) 2 �; t > 0; (7)

bU jt=0 = '(x) +K; x 2 D0: (8)
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t�� dx d� = 1: (9)
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�«¥¤®¢ â¥«ì®, ¥á«¨ äãªæ¨ï E(t)
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1
n (t): (10)
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�
:

�¥®à¥¬ . �ãáâì U(t) | à¥è¥¨¥ § ¤ ç¨ (1){(4), R(t) = sup
x2Dt

jxj, r(t) = inf
x=2Dt

jxj.
�®£¤ 

 ) äãªæ¨ï R(t)� r(t) ®£à ¨ç¥ ,
¡) R(t) � C(E(t))1=n ¤«ï ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å t,

¢) r(t) � c�(t) ¤«ï ¢á¥å ¤®áâ â®ç® ¡®«ìè¨å t,

£) ¥á«¨ ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å t äãªæ¨ï E(t)

t
n
2

®£à ¨ç¥  á¨§ã ¨
E(t)
t"

¥ ã¡ë¢ ¥â ¯à¨

¥ª®â®à®¬ " > 0, â® R(t) � c�(t), ¯®áâ®ïë¥ c ¨ C ¥ § ¢¨áïâ ®â ¢à¥¬¥¨.

�®ª § â¥«ìáâ¢®.  ) �ãáâì P | ¯®«ã¯à®áâà áâ¢® ¢ Rn, á®¤¥à¦ é¥¥ D0. �«ï «î¡®© â®çª¨
x 2 Rn ç¥à¥§ Spx ¡ã¤¥¬ ®¡®§ ç âì â®çªã, á¨¬¬¥âà¨çãî x ®â®á¨â¥«ì® @P . � ¯ãáâì eU(t; x) =
U(t; Spx). �ç¥¢¨¤®, eU ¥áâì à¥è¥¨¥ § ¤ ç¨ �â¥ä  ,   «®£¨ç®© (1){(4) á ef(t; x) = f(t; Spx),e'(x) = '(Spx). �«ï ¢á¥å x 2 P f(t; x) � 0 = ef(t; x), '(t; x) � 0 = e'(x), ¯à¨ç¥¬   @P ¨¬¥¥â ¬¥áâ®
à ¢¥áâ¢® U(t; x) = eU(t; x). �«¥¤®¢ â¥«ì®, U(t; x) � eU(t; x) ¤«ï ¢á¥å x 2 P . �§ íâ®£® á¢®©áâ¢ 
á ¯®¬®éìî ¯à®áâëå £¥®¬¥âà¨ç¥áª¨å à ááã¦¤¥¨© (¯®¤à®¡¥¥ á¬. [11]) á«¥¤ã¥â ®£à ¨ç¥®áâì
äãªæ¨¨ R(t) � r(t). �â¬¥â¨¬, çâ® ¯à¨¢¥¤¥®¥ §¤¥áì à ááã¦¤¥¨¥ á®¤¥à¦¨âáï ¢ [11] ¤«ï § -
¤ ç¨ �â¥ä   á ªà ¥¢ë¬ ãá«®¢¨¥¬ ¯¥à¢®£® à®¤    ¥¯®¤¢¨¦®© £à ¨æ¥ á äãªæ¨¥© f(t; x)
â®¦¤¥áâ¢¥® à ¢®© ã«î.

¡) �®áª®«ìªã bU(t; x) ¥áâì ®¡®¡é¥®¥ à¥è¥¨¥ § ¤ ç¨ (6){(8), â® ¢ á¨«ã
U(t; x) =

Z


G(t; x; �; �)f(�; �)d�d� +

Z
D
G'(�)d� (á¬. [10])
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á¯à ¢¥¤«¨¢®

bU(t; x) = Z t

0

Z
D�

G(t; x; �; �)f(�; �)d� d� +
Z
D0

G(t; x; 0; �)('(�) +K)d�: (11)

� ª ¯®ª § ® ¢ [12], ¤«ï à¥è¥¨ï § ¤ ç¨ (1){(4) á¯à ¢¥¤«¨¢ § ª® \á®åà ¥¨ï í¥à£¨¨"Z
Dt

U(t; x)dx =
Z
Dt1

'(x)dx

¤«ï ¢á¥å t > t1. �«¥¤®¢ â¥«ì®,Z
Dt

Z
Dt1

'(�)G(t; x; t1; �)d� dx =
Z
Dt1

'(x)dx;

â. ¥. ¯à¨ t > t1, � 2 Dt1 Z
Dt1

G(t; x; t1; �)dx = 1; x 2 Dt1 : (12)

�â¥£à¨àãï (11) ¯® Dt, ¯®«ãç¨¬Z
Dt

U(t; x)dx+KmesDt = E(t) +
Z
D0

'(�)d� +KmesD0: (13)

�®íâ®¬ã mesDt � mesD0 + 1
K
(E(t) +

R
D0

'(�)d�). �ç¨âë¢ ï ãâ¢¥à¦¤¥¨¥  ), ¨§ ¯®á«¥¤¥£® ¥à -

¢¥áâ¢  á«¥¤ã¥â, çâ® R(t) � C(E(t))1=n ¤«ï ¤®áâ â®ç® ¡®«ìè¨å t.
¢) �ãáâì eU(t; x) | à¥è¥¨¥ § ¤ ç¨ �®è¨ (1){(2) (äãªæ¨ï f ¨ ' ¯à®¤®«¦¥ë ã«¥¬ ¢¥ D0)
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�
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� á¨«ã ¯à¨æ¨¯®¢ ¬ ªá¨¬ã¬  U(t; x) � eU(t; x) ¤«ï ¯®çâ¨ ¢á¥å x 2 Rn, t > 0. �§ \§ ª®  á®åà -
¥¨ï í¥à£¨¨" ¤«ï § ¤ ç¨ �®è¨ (  «®£¨ç® (12)) á«¥¤ã¥âZ

Rn

eU(t; x)dx = E(t) +
Z
D0

'(�)d�:

�âªã¤ , ãç¨âë¢ ï (13), ¯®«ãç¨¬

KmesDt �
Z
RnnDt

eU(t; x)dx+KmesD0:

�®áª®«ìªã Dt á®¤¥à¦¨âáï ¢ è à¥ à ¤¨ãá  R(t), â®Z
RnnDt

eU(t; x)dx � 1
(2
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Z
jxj>R(t)
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Z
D0

f(�; �)
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jx��j2
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(jxj+R(t))2

4(t��) dx d� d�:
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(t� �)n=2

Z
jxj>R(t)
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(jxj+R(t))2

4(t��) dx � 1
(t� �)n=2

Z
jxj>R(t)

e�
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��1 R
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mesDt � �2

K(2
p
�)n

Z t

0

Z
D0

f(�; �)e��1
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�ç¨âë¢ ï, çâ® mesDt � !nR
n(t), £¤¥ !n | ®¡ê¥¬ ¥¤¨¨ç®£® è à  ¢ Rn, ¯®«ãç¨¬

�2

K!nRn(t)(2
p
�)n

Z t

0

Z
D0

f(�; �)e��1
R2(t)
t�� d� d� � 1:

�«¥¤®¢ â¥«ì®,

1
(�3R(t))n

Z t

0

Z
D0

f(�; �)e�
(�3R(t))

2

t�� d� d� � 1;

£¤¥ �3 = max
�p

�1;
2
p
�(K!n)

1=n

�
1=n
2

�
. �à ¢¨¢ ï ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® á (9) ¨ ãç¨âë¢ ï ãâ¢¥à¦¤¥¨¥

 ), ¯®«ãç¨¬ âà¥¡ã¥¬®¥ ¥à ¢¥áâ¢®.
£) �®áª®«ìªã bU(t; x) = U(t; x) +K � K, â® ¤«ï «î¡®£® A � Dt ¨ q 2 [1; 2]

K(mesA)
1
q �

�Z
A

bU q(t; x)dx
� 1

q

: (14)

�§ (11) á«¥¤ã¥â

�Z
A

bU q(t; x)dx
� 1

q

�
�Z

A

�Z t

0

Z
D�

G(t; x; �; �)f(�; �)d� d�
�q
dx

� 1
q

+

+
�Z

A

�Z
D0

G(t; x; 0; �)('(�) +K)d�
�q
dx

� 1
q

:

�à¨¬¥ïï ®¡®¡é¥®¥ ¥à ¢¥áâ¢® �¨ª®¢áª®£® (á¬.,  ¯à., [13]), ¯®«ãç¨¬

�Z
A

bU q(t; x)dx
� 1

q

�
Z t

0

Z
D�

f(�; �)
�Z

A

Gq(t; x; �; �)dx
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q

d� d� +

+
Z
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('(�) +K)
�Z

A

Gq(t; x; 0; �)dx
� 1

q

d�:

�®«®¦¨¬ ¢ ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ A = Dt \ fjxj > rg ¨ ¢®á¯®«ì§ã¥¬áï â¥¬, çâ®
�Z

Dt\fjx�"j>rg
Gq(t; x; �; �)dx

� 1
q

� C1 exp(�kmin( 1p ; 1q ) r2

t�� )

(d+(�; �; t))n=q(d�(t; x; �))n=p

(á¬. [11]). �®£¤  ¯à¨ r > r(0) ¡ã¤¥¬ ¨¬¥âì
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f(�; �)
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+
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exp
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� k(r � r(0))2
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d�: (15)

�ç¨âë¢ ï ª®¬¯ ªâ®áâì ®á¨â¥«¥© ' ¨ f ¢ D0, § ª«îç ¥¬, çâ® äãªæ¨ï d+(�; �; t) ®£à ¨ç¥ 
á¨§ã ¯à¨ t � � � � > 0 ¨ � ¨§ ®¡ê¥¤¨¥¨ï ®á¨â¥«¥© ' ¨ f . �«¥¤®¢ â¥«ì®, ¥á«¨ äãªæ¨ï f1
á®¢¯ ¤ ¥â á f ¯à¨ � > T ¨ à ¢  ã«î ¢ ¯à®â¨¢®¬ á«ãç ¥, â® ¨§ (15) ¢ëâ¥ª ¥â
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£¤¥ �1 ¥ § ¢¨á¨â ®â t.
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� á¨«ã ãâ¢¥à¦¤¥¨ï ¢) â¥®à¥¬ë, ¥à ¢¥áâ¢  (10), ®£à ¨ç¥®áâ¨ á¨§ã äãªæ¨¨ E(t)

t
n
2

¯à¨ ¤®áâ â®ç® ¡®«ìè¨å t, ¬®¦® ¢ë¡à âì T â ª¨¬ ®¡à §®¬, çâ® ¯à¨ � > T d+(�; �; t) �
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p
t� � ;

p
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®£à ¨ç¥ , â® ¯¥à¢®¥ á« £ ¥¬®¥ I1 ¢ ¯à ¢®© ç áâ¨ (16) ¬®¦®
®æ¥¨âì ¢ ¢¨¤¥
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t=2
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f(�; �) exp
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� k(r � r(0))2

2p(t� �)

�
d� d�:

�«ï ®æ¥ª¨ ¢â®à®£® á« £ ¥¬®£® I2 ¢®á¯®«ì§ã¥¬áï ¯à¥®¡à §®¢ ¨ï¬¨Z t=2
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n
2p e�
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2
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, ¯®«ãç¨¬

I2 � �6

(r � r(0))n=p
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0
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D�

f(�; �) exp
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� k(r � r(0))2

4p(t� �)

�
d� d�; (18)

á ãç¥â®¬ (17), (18) ¨§ (16) ¢ëâ¥ª ¥â

�Z
A

bU q(t; x)dx
� 1
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� �7

(r � r(0))n=p

Z t

0

Z
D�

f(�; �) exp
�
� k(r � r(0))2

4p(t� �)

�
d� d�: (19)

�®áª®«ìªã ¨§ ãâ¢¥à¦¤¥¨ï ¢) â¥®à¥¬ë, ¥à ¢¥áâ¢  (10) ¨ ®£à ¨ç¥®áâ¨ á¨§ã E(t)

tn=2
á«¥¤ã¥â

R(t)!1 ¯à¨ t!1, â®, ãç¨âë¢ ï ãâ¢¥à¦¤¥¨¥  ) ¨ ¯®« £ ï r = 1
2
R(t) ¯à¨ ¤®áâ â®ç® ¡®«ìè¨å

t, ¯®«ãç¨¬ mesA = mes(Dt \ fjxj > 1
2
R(t)g) � �7R

n(t) ¨ ( 1
2
R(t)� r(0))2 > 1

5
R2(t).

� ª¨¬ ®¡à §®¬, ¨§ ¥à ¢¥áâ¢ (14), (19) ¢ëâ¥ª ¥â

1 � �8

Rn(t)

Z t

0

Z
D�

f(�; �) exp
�
� kR2(t)
20p(t� �)

�
d� d�:

�®íâ®¬ã

1 � 1
(�9R(t))n

Z t

0

Z
D�

f(�; �) exp
�
� (�9R(t))2

t� �

�
d� d�:

�¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï £) á«¥¤ã¥â ¨§ ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¨ á®®â®è¥¨ï (9).
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