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(Lx)(t) def= �(t)�x(t)� (Tx)(t) = f(t); t 2 [0; 1];

�(t) = t ¨«¨ �(t) = 1� t; ¨«¨ �(t) = t(1� t);
(1)

á «¨¥©ë¬ ®£à ¨ç¥ë¬ ®¯¥à â®à®¬ T : C ! L, C | ¯à®áâà áâ¢® ¥¯à¥àë¢ëå   [0; 1]
äãªæ¨© x á ®à¬®© kxkC = max

t2[0;1]
jx(t)j, L | ¯à®áâà áâ¢® áã¬¬¨àã¥¬ëå   [0; 1] äãªæ¨© z,

kzkL =
1R
0

jz(s)j ds. �â® ãà ¢¥¨¥ ¨§ãç «®áì ¢ à ¡®â å �.�.�¨£ãà ¤§¥ [1] ¨ �.�.� ¡®¢áª®£® [2]. �

¯à¥¤« £ ¥¬®© áâ âì¥ ¯®«ãç¥ë ãá«®¢¨ï, £ à â¨àãîé¨¥ ¬®®â®®áâì ®¯¥à â®à®¢ �à¨  ¥ª®-
â®àëå ªà ¥¢ëå § ¤ ç ¤«ï ãà ¢¥¨ï (1). �â¨ ¢®¯à®áë ¤«ï äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï ¡¥§ á¨£ã«ïà®áâ¥©, â. ¥. ¯à¨ �(t) � 1, à áá¬ âà¨¢ «¨áì,  ¯à¨¬¥à, ¢ áâ âì¥ [3]{[4]
(á¬. â ª¦¥ ¯à¨¢¥¤¥ë© â ¬ á¯¨á®ª «¨â¥à âãàë). �ë ¯à®¤®«¦ ¥¬ ¨áá«¥¤®¢ ¨ï ã¯®¬ïãâëå
à ¡®â, ¯®«ì§ãïáì ¬¥â®¤ ¬¨ â¥®à¨¨  ¡áâà ªâ®£® äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï
[5], [6].

�¡®§ ç¨¬ ç¥à¥§ I� ¯à®¬¥¦ãâ®ª (0; 1], ¥á«¨ �(t) = t, ¯à®¬¥¦ãâ®ª [0; 1), ¥á«¨ �(t) = 1 � t, ¨
¯à®¬¥¦ãâ®ª (0; 1), ¥á«¨ �(t) = t(1� t).

�«¥¤ãï áå¥¬¥, ¯à¨¢¥¤¥®© ¢ x 9 ¬®®£à ä¨¨ [6], ¯®áâà®¨¬ â ª®¥ ¯à®áâà áâ¢® D� äãª-
æ¨© x : [0; 1] ! R

1 , ¯à¨ ª®â®à®¬ ®¯¥à â®à L : D� ! L ¡ã¤¥â �¥â¥à®¢ë¬ ¨¤¥ªá  2. �â® ¯®-
§¢®«¨â ¥¯®áà¥¤áâ¢¥® ¯®«ì§®¢ âìáï â¥®à¥¬ ¬¨ ®¡é¥© â¥®à¨¨  ¡áâà ªâ®£® äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï, ¨§«®¦¥®© ¢ [5], [6]. �«ï â ª®£® ¯®áâà®¥¨ï § ä¨ªá¨àã¥¬ â®ç-
ªã � 2 I� ¨ ®¯à¥¤¥«¨¬ ¢ ª¢ ¤à â¥ [0; 1] � [0; 1] äãªæ¨î

�� (t; s) =

8>>>><
>>>>:

t� s

�(s)
; � 6 s < t 6 1;

s� t

�(s)
; 0 6 t < s 6 � ;

0 | ¢ ®áâ «ìëå â®çª å ª¢ ¤à â  [0; 1] � [0; 1]:

�â¬¥â¨¬, çâ® �� (t; s) | äãªæ¨ï �à¨  § ¤ ç¨ ��x = z, x(�) = _x(�) = 0. �¬¥¥¬ ¯à¨ s; t 2 [0; 1]:

0 6 ��(t; s) 6 max
�
1��
�
; 1
�
, ¥á«¨ �(t) = t; 0 6 ��(t; s) 6 max

�
1; �

1��

�
, ¥á«¨ �(t) = 1 � t; 0 6

�� (t; s) 6 max
�
1
�
; 1
1��

�
, ¥á«¨ �(t) = t(1� t).

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(96-01-01613, 96-15-96195) ¨ �®ªãàá®£® æ¥âà  ¯® ¨áá«¥¤®¢ ¨ï¬ ¢ ®¡« áâ¨ äã¤ ¬¥â «ì®£® ¥áâ¥-
áâ¢®§ ¨ï, � ªâ-�¥â¥à¡ãà£.
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�ãáâì ¤ «¥¥

(��z)(t)
def=

Z 1

0

�� (t; s)z(s) ds; z 2 L;

(Y��)(t)
def= �1 + �2(t� �); � = f�1; �2g 2 R2 :

� ¢¥áâ¢® x = ��z + Y�� ¤«ï ª ¦¤®£® fz; �g 2 L� R
2 ®¯à¥¤¥«ï¥â í«¥¬¥â ¯à®áâà áâ¢  D�

äãªæ¨© x : [0; 1] ! R
1 , ®¡« ¤ îé¨å á¢®©áâ¢®¬8>><
>>:
x ¥¯à¥àë¢    § ¬ªãâ®¬ ®âà¥§ª¥ [0; 1],

¯à®¨§¢®¤ ï _x ¥¯à¥àë¢  ¢ ¯à®¬¥¦ãâª¥ I�,

¯à®¨§¢¥¤¥¨¥ ��x áã¬¬¨àã¥¬®   [0; 1].

� ª®£® à®¤  ¢¥á®¢ë¥ ¯à®áâà áâ¢  ¨§ãç «¨áì ¢ à ¡®â¥ �.�.�ã¤àï¢æ¥¢  [7].
�à®áâà áâ¢® D� ¨§®¬®àä® ¯àï¬®¬ã ¯à®¨§¢¥¤¥¨î L � R

2 . �§®¬®àä¨§¬ J� : L � R
2 !

D� ¬®¦® ®¯à¥¤¥«¨âì à ¢¥áâ¢®¬ J� = f�� ; Y�g. �à¨ íâ®¬ J�
�1 = [�; r� ], £¤¥ �x = ��x, r�x =

fx(�); _x(�)g. �à®áâà áâ¢® D� ¡  å®¢® á ®à¬®©

kxkD� = k��xkL + jx(�)j+ j _x(�)j:

�ãáâì ®¯¥à â®à T ¢¯®«¥ ¥¯à¥àë¢® ¤¥©áâ¢ã¥â ¨§ ¯à®áâà áâ¢  W ¢ ¯à®áâà áâ¢® L, W |

¯à®áâà áâ¢®  ¡á®«îâ® ¥¯à¥àë¢ëå äãªæ¨© x : [0; 1]! R
1 á ®à¬®© kxk = jx(0)j+

1R
0

j _x(s)j ds.

� ª ª ª ¯à®áâà áâ¢® D� ¥¯à¥àë¢® ¢«®¦¥® ¢ ¯à®áâà áâ¢®W , â® ®¯¥à â®à Q�
def= L�� : L! L

äà¥¤£®«ì¬®¢: Q�z = z � T��z.
� ª¨¬ ®¡à §®¬, ®¯¥à â®à L : D� ! L �¥â¥à®¢ ¨¤¥ªá  2 [5]. �«¥¤®¢ â¥«ì®, ªà ¥¢ ï § ¤ ç 

Lx = f; `1x = �1; `2x = �2

á «¨¥©ë¬¨ ®£à ¨ç¥ë¬¨ äãªæ¨® « ¬¨ `1, `2   ¯à®áâà áâ¢¥ D� äà¥¤£®«ì¬®¢ , ¨ ª ¥©
¯à¨¬¥¨¬  ®¡é ï â¥®à¨ï ªà ¥¢ëå § ¤ ç ¬®®£à ä¨© [5], [6].

�à ¥¢ ï § ¤ ç 

Lx = f; x(�) = �1; _x(�) = �2 (2)

íª¢¨¢ «¥â  ãà ¢¥¨î

x = A�x+ g; (3)

£¤¥ A�
def= ��T , g(t)

def= �1 + �2(t� �) +
1R
0

�� (t; s)f(s) ds. �î¡®¥ ¥¯à¥àë¢®¥ à¥è¥¨¥ ¯®á«¥¤¥£®

ãà ¢¥¨ï ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã D�. �®íâ®¬ã ¢®¯à®áë ® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï § ¤ ç¨
(2) ¬®¦® ¨§ãç âì, à áá¬ âà¨¢ ï ãà ¢¥¨¥ (3) ¢ ¯à®áâà áâ¢¥ C.

�¨¥©ë© ®¯¥à â®à N : X ! Y , £¤¥ X, Y | ¨«¨ ¯à®áâà áâ¢® C, ¨«¨ ¯à®áâà áâ¢® L á
¥áâ¥áâ¢¥®© ¯®«ãã¯®àï¤®ç¥®áâìî,  §ë¢ ¥âáï ¨§®â®ë¬ ( â¨â®ë¬), ¥á«¨ Nx > 0 (Nx 6
0) ¤«ï «î¡®© äãªæ¨¨ x > 0, x 2 X. �â¬¥â¨¬, çâ® ®¯¥à â®à A� : C ! C ¨§®â®¥, ¥á«¨ ¨§®â®¥
®¯¥à â®à T . �à®¬¥ â®£®, (A�x)(�) = 0 ¤«ï ª ¦¤®£® x 2 C.

�ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï à¥§ã«ìâ â®¬ à ¡®âë [8], ª®â®àë© ¤«ï ã¤®¡áâ¢  ç¨â â¥«ï ¯à¨¢¥¤¥¬
§¤¥áì ¢ á«¥¤ãîé¥© ä®à¬¥.

�¥¬¬  1. �æ¥ª  �(H) < 1 á¯¥ªâà «ì®£® à ¤¨ãá  «¨¥©®£® ¨§®â®®£® ®¯¥à â®à  H :
C ! C ¨¬¥¥â ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ã¥â â ª ï äãªæ¨ï v 2 C, çâ®

v(t) > 0; v(t)� (Hv)(t) > 0

¯à¨ ¢á¥å t 2 [0; 1], ªà®¬¥, ¡ëâì ¬®¦¥â, â ª¨å ¨§®«¨à®¢ ëå â®ç¥ª ti 2 [0; 1], çâ® (Hx)(ti) = 0
¤«ï ª ¦¤®£® x 2 C.
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�æ¥ª  �(A� ) < 1 £ à â¨àã¥â áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ìëå ¯à¨¡«¨¦¥¨© ¤«ï ãà ¢¥¨ï
(3) ¨ ®¤®§ çãî à §à¥è¨¬®áâì § ¤ ç¨ (2) ¤«ï ª ¦¤ëå f 2 L, f�1, �2g 2 R

2 . �®«¥¥ â®£®,
á¯à ¢¥¤«¨¢ 

�¥¬¬  2. �ãáâì � 2 I� ¨ ®¯¥à â®à T ¨§®â®¥. �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ -

«¥âë:

 ) áãé¥áâ¢ã¥â â ª®© í«¥¬¥â v 2 D�, çâ®

v(t) > 0; '(t) def= (Lv)(t) > 0; t 2 [0; 1]; _v(�) = 0;

¯à¨ç¥¬ v(�) +
1R
0

��(t; s)'(s) ds > 0   [0; 1] §  ¨áª«îç¥¨¥¬, ¡ëâì ¬®¦¥â, â®çª¨ t = � ;

¡) �(A� ) < 1;
¢) ªà ¥¢ ï § ¤ ç  (2) ®¤®§ ç® à §à¥è¨¬  ¯à¨ ª ¦¤®© ¯ à¥ ff; �g 2 L� R

2 , ¯à¨ç¥¬ ®¯¥-

à â®à �à¨  G� íâ®© § ¤ ç¨ ¨§®â®¥.

�®ª § â¥«ìáâ¢®. �ãªæ¨ï v ã¤®¢«¥â¢®àï¥â § ¤ ç¥

Lx = '; x(�) = v(�); _x(�) = 0

¨, á«¥¤®¢ â¥«ì®, ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

v(t)� (A�v)(t) = v(�) +
Z 1

0

�� (t; s)'(s) ds > 0; v(t) > 0

¯à¨ t 2 [0; 1], ªà®¬¥, ¡ëâì ¬®¦¥â, â®çª¨ t = � . �®íâ®¬ã ¢ á¨«ã «¥¬¬ë 1 �(A� ) < 1. �¬¯«¨ª æ¨ï
 )) ¡) ¤®ª §  .

�á«¨ �(A� ) < 1, â® ãà ¢¥¨¥ (3) ®¤®§ ç® à §à¥è¨¬® ¯à¨ «î¡®© äãªæ¨¨ g 2 C. �®íâ®¬ã
®¤®§ ç® à §à¥è¨¬  ¨ § ¤ ç  (2), ¯à¨ç¥¬ ¥¥ ®¯¥à â®à �à¨  ®¯à¥¤¥«ï¥âáï àï¤®¬ �¥©¬  

G� = (I +A� +A2
� + � � � )�� :

�¬¯«¨ª æ¨ï ¡)) ¢) ¤®ª §  .
�«ï ¤®ª § â¥«ìáâ¢  ¨¬¯«¨ª æ¨¨ ¢))  ) ¤®áâ â®ç® ¯®«®¦¨âì ¢ ª ç¥áâ¢¥ v à¥è¥¨¥ § ¤ ç¨

Lx = 0; x(�) = 1; _x(�) = 0:

�¥©áâ¢¨â¥«ì®, à §®áâì y = v � 1 ã¤®¢«¥â¢®àï¥â ¯®«ã®¤®à®¤®© § ¤ ç¥

(Ly)(t) = (T (1))(t) > 0; y(�) = 0; _y(�) = 0:

�®íâ®¬ã y(t) = (G�T (1))(t) > 0. � ª¨¬ ®¡à §®¬, äãªæ¨ï v ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ ãâ¢¥à¦¤¥-

¨ï  ): v(t) = y(t) + 1 > 0, (Lv)(t) = 0 ¨, á«¥¤®¢ â¥«ì®, v(�) +
1R
0

�� (t; s)'(s) ds = v(�) > 0  

[0; 1].

�¯à¥¤¥«¥¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢¥¨¥ (1) ®¡« ¤ ¥â á¢®©áâ¢®¬A, ¥á«¨ ¯à¨ ª ¦¤®¬
� 2 I� § ¤ ç  (2) ®¤®§ ç® à §à¥è¨¬ , ¯à¨ç¥¬ ®¯¥à â®à �à¨  G� íâ®© § ¤ ç¨ ¨§®â®¥.

�á«¨ ãà ¢¥¨¥ (1) á ¨§®â®ë¬ ®¯¥à â®à®¬ T ®¡« ¤ ¥â á¢®©áâ¢®¬ A, â® á¯à ¢¥¤«¨¢ë á«¥-
¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  3. �á«¨ à¥è¥¨¥ u 2 D� ¥à ¢¥áâ¢  (Lx)(t) > 0 ¨¬¥¥â â®çªã áâ æ¨® à®áâ¨

� 2 I� ( _u(�) = 0), ¯à¨ç¥¬ u(�) def= c > 0, â® u(t) > c ¯à¨ t 2 [0; 1].

�®ª § â¥«ìáâ¢®. � §®áâì y = u � c ã¤®¢«¥â¢®àï¥â § ¤ ç¥ Ly = ', y(�) = _y(�) = 0, £¤¥
' = Lu+ Tc > 0. � ª¨¬ ®¡à §®¬, y = G�' > 0 ¨, á«¥¤®¢ â¥«ì®, u = c+ y > c.
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�¥®à¥¬  1. �¢ãåâ®ç¥ç ï ªà ¥¢ ï § ¤ ç 

Lx = f; x(0) = �1; x(1) = �2 (4)

¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D� ¯à¨ ª ¦¤ëå f 2 L, f�1, �2g 2 R
2 , ¯à¨ç¥¬ íâ® à¥è¥¨¥

®âà¨æ â¥«ì®   (0; 1), ¥á«¨ f(t) > 0 ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1] ¨Z 1

0

f(s) ds� �1 � �2 > 0; �1 6 0; �2 6 0: (5)

�®ª § â¥«ìáâ¢®. �¤®à®¤ ï § ¤ ç  (4) ¨¬¥¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥, â. ª. ¢ ¯à®â¨¢-
®¬ á«ãç ¥ ¥ª®â®à®¥ ¥¥ à¥è¥¨¥ ¡ã¤¥â ¯à¨¨¬ âì á¢®¥  ¨¡®«ìè¥¥ (¯®«®¦¨â¥«ì®¥) § ç¥¨¥
¢ ¨â¥à¢ «¥ (0; 1), çâ® ¯à®â¨¢®à¥ç¨â «¥¬¬¥ 3. � ª¨¬ ®¡à §®¬, ¥®¤®à®¤ ï § ¤ ç  (4) ¨¬¥¥â
¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D� ¯à¨ ¢á¥å f 2 L, f�1, �2g 2 R

2 . �á«¨ ¦¥ à¥è¥¨¥ x ¥®¤®à®¤®©
§ ¤ ç¨ ¯à¨ f > 0 ¯à¨¨¬ ¥â á¢®¥ ¬ ªá¨¬ «ì®¥ § ç¥¨¥ x(�) > 0 ¢ â®çª¥ � 2 (0; 1), â® ¢ á¨«ã
¯à¥¤ë¤ãé¥© «¥¬¬ë x > 0, çâ® ¯à®â¨¢®à¥ç¨â ¥à ¢¥áâ¢ ¬ (5).

� «®£¨çë¥ à ááã¦¤¥¨ï ¯à¨¢®¤ïâ ª ¤¢ã¬ á«¥¤ãîé¨¬ ãâ¢¥à¦¤¥¨ï¬.

�¥®à¥¬  2. �à ¥¢ ï § ¤ ç 

Lx = f; x(a) = 0; x(b) = 0; 0 6 a < b 6 1;

®¤®§ ç® à §à¥è¨¬  ¯à¨ ¢á¥å f 2 L, ¯à¨ç¥¬, ¥á«¨ f(t) > 0 ¯à¨ t 2 [0; 1] ¨ f(t) 6� 0   (a; b),
â® à¥è¥¨¥ x § ¤ ç¨ ã¤®¢«¥â¢®àï¥â áâà®£¨¬ ¥à ¢¥áâ¢ ¬ x(t) < 0 ¯à¨ t 2 (a; b) ¨ x(t) > 0
¯à¨ t 2 [0; 1] n [a; b].

�¥®à¥¬  3. �à ¥¢ ï § ¤ ç 

Lx = f; x(0) = �1; _x(1) = �2; ¥á«¨ �(t) = t, (6)

¨ ªà ¥¢ ï § ¤ ç 

Lx = f; _x(0) = �1; x(1) = �2; ¥á«¨ �(t) = 1� t, (7)

®¤®§ ç® à §à¥è¨¬ë ¯à¨ ¢á¥å f 2 L, f�1, �2g 2 R
2 ¨ ¨å ®¯¥à â®àë �à¨   â¨â®ë.

� áá¬®âà¨¬ â¥¯¥àì ãà ¢¥¨¥ (1) ¡¥§ ¯à¥¤¯®«®¦¥¨ï ®¡ ¨§®â®®áâ¨ ®¯¥à â®à  T .
�ãáâì T = T+�T�, £¤¥ T+; T� : C ! L| «¨¥©ë¥ ¨§®â®ë¥ ®¯¥à â®àë, ¢¯®«¥ ¥¯à¥àë¢-

® ¤¥©áâ¢ãîé¨¥ ¨§ ¯à®áâà áâ¢  W ¢ ¯à®áâà áâ¢® L. �ãáâì ¤ «¥¥ L+x
def= ��x�T+x. �à ¢¥¨¥

(1) § ¯¨è¥¬ ¢ ¢¨¤¥ Lx � L+x + T�x = f . �¡®§ ç¨¬ A
def= � G+T�, £¤¥ G+ | ¨â¥£à «ìë©

®¯¥à â®à �à¨  § ¤ ç¨
L+x = f; x(0) = x(1) = 0:

� ª¨¬ ®¡à §®¬, § ¤ ç  (4) íª¢¨¢ «¥â  ãà ¢¥¨î x = Ax+ g, £¤¥

g(t) =
Z 1

0
G+(t; s)f(s) ds+ u(t); t 2 [0; 1];

u | à¥è¥¨¥ ¯®«ã®¤®à®¤®© § ¤ ç¨ L+x = 0, x(0) = �1, x(1) = �2.
�â¬¥â¨¬, çâ® ®¯¥à â®à G+ : L ! C  â¨â®¥,   ®¯¥à â®à A : C ! C ¨§®â®¥, ¥á«¨

ãà ¢¥¨¥ L+x = f ®¡« ¤ ¥â á¢®©áâ¢®¬ A.

�¥®à¥¬  4. �ãáâì ãà ¢¥¨¥ L+x = f ®¡« ¤ ¥â á¢®©áâ¢®¬ A. �®£¤  á«¥¤ãîé¨¥ ãâ¢¥à-

¦¤¥¨ï íª¢¨¢ «¥âë:

 ) áãé¥áâ¢ã¥â â ª®© í«¥¬¥â v 2 D�, çâ®

v(t) > 0; '(t) def= (Lv)(t) 6 0; t 2 (0; 1);

¯à¨ç¥¬ v(0) + v(1)�
1R
0

'(s) ds > 0;
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¡) á¯¥ªâà «ìë© à ¤¨ãá �(A) ®¯¥à â®à  A : C ! C ¬¥ìè¥ ¥¤¨¨æë;
¢) ªà ¥¢ ï § ¤ ç 

Lx = f; x(0) = �1; x(1) = �2 (8)

¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D� ¤«ï ª ¦¤®£® ff; �g 2 L � R
2 , ¯à¨ç¥¬ ®¯¥à â®à

�à¨  § ¤ ç¨  â¨â®¥;
£) áãé¥áâ¢ã¥â ¯®«®¦¨â¥«ì®¥   [0; 1] à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï Lx = 0.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® äãªæ¨ï v ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

v(t)� (Av)(t) = (G+')(t) + u(t) > 0; t 2 (0; 1);

£¤¥ u | à¥è¥¨¥ ¯®«ã®¤®à®¤®© § ¤ ç¨ L+x = 0, x(0) = v(0) > 0, x(1) = v(1) > 0. � ª ª ª
v(t) > 0 ¯à¨ t 2 (0; 1), â® �(A) < 1 ¢ á¨«ã «¥¬¬ë 1.

�¬¯«¨ª æ¨ï  )) ¡) ¤®ª §  .
�¬¯«¨ª æ¨ï ¡)) ¢) á«¥¤ã¥â ¨§ â®£®, çâ® ®¯¥à â®à �à¨  § ¤ ç¨ (8) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

G = (I +A+A2 + � � � )G+;

¥á«¨ �(A) < 1.
�¬¯«¨ª æ¨î ¢))  ) ¯®«ãç¨¬, ¯®«®¦¨¢ v = �G(1). �¥©áâ¢¨â¥«ì®, v(t) > 0 ¯à¨ t 2 [0; 1],

â. ª. ®¯¥à â®à G  â¨â®¥. �à®¬¥ â®£®, v ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î x = Ax � G+(1). � ª¨¬
®¡à §®¬, v(t) > �(G+(1))(t) > 0 ¯à¨ t 2 (0; 1) ¨ v �Av = 1.

�¬¯«¨ª æ¨ï ¡)) £) á«¥¤ã¥â ¨§ â®£®, çâ® à¥è¥¨¥ z ¯®«ã®¤®à®¤®© § ¤ ç¨

Lx = 0; x(0) = �1 > 0; x(1) = �2 > 0

ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î x = Ax + z0, £¤¥ z0 | ¯®«®¦¨â¥«ì®¥ ¢ á¨«ã â¥®à¥¬ë 1 à¥è¥¨¥
§ ¤ ç¨

L+x = 0; x(0) = �1; x(1) = �2:

� ª¨¬ ®¡à §®¬, z(t) = z0(t) + (Az0)(t) + (A2z0)(t) + � � � > z0(t).
�¬¯«¨ª æ¨ï £)) ¡) á«¥¤ã¥â ¨§ «¥¬¬ë 1, â. ª. ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥ z ãà ¢¥¨ï Lx = 0

ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

z(t) > 0; z(t)� (Az)(t) = z0(t) > 0; t 2 [0; 1];

£¤¥ z0 | à¥è¥¨¥ § ¤ ç¨

L+x = 0; x(0) = z(0) > 0; x(1) = z(1) > 0: �

� «®£¨ç® ¤®ª §ë¢ îâáï ãâ¢¥à¦¤¥¨ï ¤«ï § ¤ ç (6) ¨ (7).

�¥®à¥¬  5. �ãáâì �(t) = t (�(t) = 1 � t) ¨ ãà ¢¥¨¥ L+x = f ®¡« ¤ ¥â á¢®©áâ¢®¬ A.

�®£¤  á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

 ) áãé¥áâ¢ã¥â â ª®© í«¥¬¥â v 2 D�, çâ®

v(t) > 0, '(t) def= (Lv)(t) 6 0, t 2 (0; 1], _v(1) > 0, ¯à¨ç¥¬ v(0) + _v(1)�
1R
0

'(s) ds > 0

�
v(t) > 0, '(t) def= (Lv)(t) 6 0, t 2 [0; 1), _v(0) 6 0, ¯à¨ç¥¬ v(1) � _v(0) �

1R
0

'(s) ds > 0
�
;

¡) á¯¥ªâà «ìë© à ¤¨ãá �(A1) ®¯¥à â®à  A1 : C ! C ¬¥ìè¥ ¥¤¨¨æë; §¤¥áì A1
def= �G+

1 T
�,

£¤¥ G+
1 | ®¯¥à â®à �à¨  § ¤ ç¨

L+x = f; x(0) = _x(1) = 0

(L+x = f; _x(0) = x(1) = 0);

¢) ªà ¥¢ ï § ¤ ç  (6) ((7)) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D� ¤«ï ª ¦¤®£® ff; �g 2 L�R2 ,

¯à¨ç¥¬ ®¯¥à â®à �à¨  § ¤ ç¨  â¨â®¥;
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£) áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥   [0; 1] à¥è¥¨¥ z ®¤®à®¤®£® ãà ¢¥¨ï Lx = 0,
çâ® _z(1) > 0 ( _z(0) < 0).

�¯à¥¤¥«¥¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ®¤®à®¤®£® ãà ¢-
¥¨ï Lx = 0 ¥®áæ¨««ïæ¨® , ¥á«¨ «î¡®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ íâ®£® ãà ¢¥¨ï ¨¬¥¥â  
®âà¥§ª¥ [0; 1] ¥ ¡®«¥¥ ®¤®£® ã«ï, áç¨â ï ªà âë© ã«ì   I� ¤¢ ¦¤ë.

�¥®à¥¬  6. �«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï íª¢¨¢ «¥âë:

 ) ãà ¢¥¨¥ L+x = f ®¡« ¤ ¥â á¢®©áâ¢®¬ A;
¡) «î¡®¥ ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ®¤®à®¤®£® ãà ¢¥¨ï L+x = 0, ¨¬¥îé¥¥ ã«ì   ®âà¥§ª¥

[0; 1], ¥ ¨¬¥¥â ã«¥© ¯à®¨§¢®¤®©   ¯à®¬¥¦ãâª¥ I�;
¢) äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ãà ¢¥¨ï L+x = 0 ¥®áæ¨««ïæ¨® ;
£) áãé¥áâ¢ã¥â â ª ï ¯ à  äãªæ¨© v1, v2 2 D�, çâ®

v1(0) = 0; v1(1) > 0; v2(0) > 0; v2(1) = 0;

vi(t) > 0; 'i(t)
def= (L+vi)(t) > 0; i = 1; 2; t 2 (0; 1);

¯à¨ç¥¬, ¥á«¨ �(t) = t, â® '1(t) > 0 ¯à¨ ¯®çâ¨ ¢á¥å t 2 (0; 1) ¨, ¥á«¨ �(t) = 1 � t, â®
'2(t) > 0 ¯à¨ ¯®çâ¨ ¢á¥å t 2 (0; 1).

�®ª § â¥«ìáâ¢®. �¬¯«¨ª æ¨ï  )) ¡) ¯®çâ¨ ®ç¥¢¨¤ . �ãáâì à¥è¥¨¥ u ãà ¢¥¨ï L+x = 0
â ª®¢®, çâ® _u(�) = 0, u(�) > 0, � 2 I�. �§ «¥¬¬ë 3 á«¥¤ã¥â, çâ® äãªæ¨ï u ¥ ¨¬¥¥â ã«¥©  
®âà¥§ª¥ [0; 1].

�á«¨ ¢ë¯®«¥® ãâ¢¥à¦¤¥¨¥ ¡), â®   ¯à®¬¥¦ãâª¥ I� ¥âà¨¢¨ «ì®¥ à¥è¥¨¥ ãà ¢¥¨ï
L+x = 0 ¥ ¨¬¥¥â ªà âëå ã«¥©. �¢ãå à §«¨çëå ã«¥©   ®âà¥§ª¥ [0; 1] â ª¦¥ ¥ ¬®¦¥â ¡ëâì,
â. ª. ¢ ¨â¥à¢ «¥ ¬¥¦¤ã ¨¬¨ ¯à®¨§¢®¤ ï à¥è¥¨ï ¤®«¦  ®¡à é âìáï ¢ ã«ì. � ª¨¬ ®¡à §®¬,
¨¬¯«¨ª æ¨ï ¡)) ¢) ¤®ª §  .

�®ª ¦¥¬ ¨¬¯«¨ª æ¨î ¢)) £). � áá¬®âà¨¬ à¥è¥¨ï ¯®«ã®¤®à®¤ëå § ¤ ç

L+x = 0; x(0) = 0; x(1) = 1;

L+x = 0; x(0) = 1; x(1) = 0;

| u1 ¨ u2 á®®â¢¥âáâ¢¥®. �¥®áæ¨««ïæ¨ï £ à â¨àã¥â ®âáãâáâ¢¨¥ ¥âà¨¢¨ «ì®£® à¥è¥¨ï ®¤-
®à®¤®© § ¤ ç¨

L+x = 0; x(0) = 0; x(1) = 0;

¯®íâ®¬ã ¢ á¨«ã äà¥¤£®«ì¬®¢®áâ¨ à¥è¥¨ï u1, u2 áãé¥áâ¢ãîâ. �â¨ à¥è¥¨ï ã¦¥ ¨¬¥îâ ¯® ®¤®¬ã
ã«î ¨ ¯®íâ®¬ã ¯®«®¦¨â¥«ìë   (0; 1). �á«¨ �(t) = t(1 � t), â® äãªæ¨¨ v1 � u1 ¨ v2 � u2

ã¤®¢«¥â¢®àïîâ ãá«®¢¨î £).
�á«¨ �(t) = 1� t, â® § ¤ ç 

L+x = 0; x(0) = 0; _x(0) = k > 0

¨¬¥¥â à¥è¥¨¥ zk. �¥©áâ¢¨â¥«ì®, ®¤®à®¤ ï § ¤ ç  ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¥®áæ¨««ïæ¨¨ ¨¬¥-
¥â â®«ìª® âà¨¢¨ «ì®¥ à¥è¥¨¥. � ª ª ª § ¤ ç  äà¥¤£®«ì¬®¢ , â® ¥®¤®à®¤ ï § ¤ ç  ¡ã¤¥â
®¤®§ ç® à §à¥è¨¬ . �¥è¥¨¥ zk ¯®«®¦¨â¥«ì®   (0; 1], â. ª. ¥ ¬®¦¥â ¨¬¥âì ¢â®à®£® ã«ï.
� ä¨ªá¨àã¥¬ ¯®«®¦¨â¥«ìãî ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1] äãªæ¨î '. �ãáâì z' | à¥è¥¨¥ § ¤ ç¨

L+x = '; x(0) = 0; x(1) = 0:

�¥®áæ¨««ïæ¨ï ¨ äà¥¤£®«ì¬®¢®áâì íâ®© § ¤ ç¨ ®¡¥á¯¥ç¨¢ îâ ¥¥ ®¤®§ çãî à §à¥è¨¬®áâì.
�ã¬¬  z def= z'+zk ¯à¨ ¤®áâ â®ç® ¡®«ìè®¬ k ¯®«®¦¨â¥«ì    (0; 1], â. ª. § ç¥¨¥ _z'(0) ª®¥ç®.
�ãªæ¨¨ v1 � u1 ¨ v2 � z ã¤®¢«¥â¢®àïîâ ãá«®¢¨î £).

� «®£¨ç® à áá¬ âà¨¢ ¥âáï á«ãç © �(t) = t.
�®ª ¦¥¬ ¨¬¯«¨ª æ¨î £))  ). �®ª ¦¥¬, çâ® ãá«®¢¨¥ ¢) â¥®à¥¬ë ¯®§¢®«ï¥â ¯®áâà®¨âì ¤«ï

ª ¦¤®© â®çª¨ � 2 I� äãªæ¨î v, ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬ «¥¬¬ë 2.
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�ãáâì �(t) = t(1 � t). �§ ãá«®¢¨ï ¢) á«¥¤ã¥â, çâ® _v1(t) > 0, _v2(t) < 0 ¯à¨ t 2 (0; 1). �«¥¤®-
¢ â¥«ì®, ¤«ï ª ¦¤®© â®çª¨ � 2 I�  ©¤¥âáï â ª ï ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï C, çâ® áã¬¬ 
v = Cv1 + v2 ®¡« ¤ ¥â á¢®©áâ¢®¬: _v(�) = 0, v(t) > 0 ¯à¨ t 2 [0; 1], (L+v)(t) = C'1(t) + '2(t) > 0
¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1].

�ãáâì â¥¯¥àì � = 0, �(t) = 1 � t. �®£¤  äãªæ¨ï v(t) def= v1(t) � _v1(0)t ®¡« ¤ ¥â á¢®©áâ¢®¬:
_v(0) = 0, v(0) = 0, v(t) > 0 ¯à¨ t 2 (0; 1], (L+v)(t) > '1(t) > 0 ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1].
�¥©áâ¢¨â¥«ì®, ¥á«¨ _v1(0) = 0, â® v = v1, L+v = '1. �á«¨ ¦¥ _v1(0) 6= 0, â® _v1(0) > 0 ¨ L+v =

L+v1 + T [ _v1(0)t] > '1 ¨, â. ª. �v = �v1 = 1
�
(Tv1 + '1)

def= �, â® v(t) =
tR
0

(t� s)�(s) ds > 0 ¯à¨ t 2 (0; 1].

�«ãç © �(t) = t à áá¬ âà¨¢ ¥âáï ¯® â®© ¦¥ áå¥¬¥. �ãªæ¨ï v(t) = v2(t)+ _v2(1)(1� t) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 2 ¯à¨ � = 1.

� ª¨¬ ®¡à §®¬, ¬ë ¤®ª § «¨, çâ® á¢®©áâ¢® A ãà ¢¥¨ï L+x = f íª¢¨¢ «¥â® ®âáãâáâ¢¨î
ã «î¡®£® ¥âà¨¢¨ «ì®£® à¥è¥¨ï ®¤®à®¤®£® ãà ¢¥¨ï L+x = 0 ¤¢ãå ã«¥©   ®âà¥§ª¥ [0; 1],
¯à¨ç¥¬ ªà âë© ã«ì ¢ â®çª¥ t = 0 áç¨â ¥âáï ¤¢ ¦¤ë ¢ á«ãç ¥ �(t) = 1 � t, ¨ ªà âë© ã«ì ¢
â®çª¥ t = 1 áç¨â ¥âáï ¤¢ ¦¤ë ¢ á«ãç ¥ �(t) = t.

�â¬¥â¨¬, çâ® ¢ ãá«®¢¨ïå ¯. ¡) ¯à¥¤ë¤ãé¥© â¥®à¥¬ë äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìë¥
ãà ¢¥¨ï ¡¥§ á¨£ã«ïà®áâ¥© ¨§ãç «¨áì,  ¯à¨¬¥à, ¢ à ¡®â¥ [9].

� áá¬®âà¨¬ ¢ ¯à®áâà áâ¢¥ D� ãà ¢¥¨¥

�(t)�x(t)� p(t)xh(t) = f(t); t 2 [0; 1]; (9)

£¤¥ «¨¥©ë© ®¯¥à â®à ¢ãâà¥¥© áã¯¥à¯®§¨æ¨¨ x! xh ®¯à¥¤¥«¥ à ¢¥áâ¢®¬

xh(t) =

(
x(h(t)); ¥á«¨ h(t) 2 [0; 1];

0; ¥á«¨ h(t) =2 [0; 1],

h : [0; 1]! R
1 | ¨§¬¥à¨¬ ï äãªæ¨ï, p(t) > 0, p 2 L. �¡®§ ç¨¬ �

def= 1h.
�á«¨ ¯à¨ �(t) = t(1� t) ¯®«®¦¨âì

v1(t)
def= (1� t) ln(1� t) + t; v2(t)

def= t ln t� t+ 1;

â® ¨¬¥¥¬

t(1� t)�v1(t) = t; t(1� t)�v2(t) = 1� t;

v1(t)=t2 6 (1 + t)=2 6 1; v2(t)=(1 � t)2 6 1� t=2 6 1; t 2 [0; 1]:

�à¨¬¥¨¢ â¥®à¥¬ã 6, ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 1. �ãáâì �(t) = t(1 � t), â®£¤  ãà ¢¥¨¥ (9) ®¡« ¤ ¥â á¢®©áâ¢®¬ A, ¥á«¨ ¯à¨
¯®çâ¨ ¢á¥å t 2 [0; 1] ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

(1 + h(t))h2(t)�(t)p(t) 6 2t; (2� h(t))(1 � h(t))2�(t)p(t) 6 2(1 � t):

�®áâ â®çë¬¨ ãá«®¢¨ï¬¨ á¯à ¢¥¤«¨¢®áâ¨ ¯®á«¥¤¨å ¥à ¢¥áâ¢ ï¢«ïîâáï á«¥¤ãîé¨¥ ãá«®-
¢¨ï: ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; 1] ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

h2(t)�(t)p(t) 6 t; (1� h(t))2�(t)p(t) 6 1� t

¨«¨ ¯à¨ ¯®çâ¨ ¢á¥å â ª¨å t 2 [0; 1], çâ® h(t) 2 [0; 1], ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

M
def= vrai sup

t2[0;1]

p(t) > 0; 1�

r
1� t

M
6 h(t) 6

r
t

M
:

�á«¨ ¯à¨ �(t) = t(1 � t) ¯®«®¦¨âì v1(t)
def= t2, v2(t)

def= (1 � t)2 ¨ ¯à¨¬¥¨âì â¥®à¥¬ã 6, â®
¯®«ãç¨¬
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�«¥¤áâ¢¨¥ 2. �ãáâì �(t) = t(1 � t), â®£¤  ãà ¢¥¨¥ (9) ®¡« ¤ ¥â á¢®©áâ¢®¬ A, ¥á«¨ ¯à¨
¯®çâ¨ ¢á¥å t 2 [0; 1] ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

h2(t)�(t)p(t) 6 2t(1� t); (1� h(t))2�(t)p(t) 6 2t(1 � t):

�®áâ â®çë¬ ãá«®¢¨¥¬ á¯à ¢¥¤«¨¢®áâ¨ ¯®á«¥¤¨å ¥à ¢¥áâ¢ ï¢«ï¥âáï ¢ë¯®«¥¨¥ ¯à¨ ¯®çâ¨
¢á¥å t 2 [0; 1] ¥à ¢¥áâ¢ 

�(t)p(t) 6 2t(1� t):

�ãé¥áâ¢¥®áâì ãá«®¢¨© ¯à¨¢¥¤¥ëå ¯à¨§ ª®¢ ¨ à®«ì áâàãªâãàë äãªæ¨¨ h ¯®ª §ë¢ ¥â

�¥®à¥¬  7. �ãáâì �(t) = t(1 � t). �á«¨ p(t) > p0 > 0, h(t) 2 ["; 1] ¨«¨ h(t) 2 [0; 1 � "] ¯à¨
¢á¥å t 2 [0; 1] ¨ ¥ª®â®à®¬ " > 0, â® ãà ¢¥¨¥ (9) ¥ ®¡« ¤ ¥â á¢®©áâ¢®¬ A.

�®ª § â¥«ìáâ¢®. �ãáâì,  ¯à¨¬¥à, h(t) 2 ["; 1] ¯à¨ ¢á¥å t 2 [0; 1]. �á«¨ ãà ¢¥¨¥ (9) ®¡« -
¤ ¥â á¢®©áâ¢®¬ A, â®, ª ª ãâ¢¥à¦¤ ¥â â¥®à¥¬  6, áãé¥áâ¢ã¥â â ª ï äãªæ¨ï v1 2 D�, çâ®
v1(t) > 0 ¯à¨ t 2 (0; 1], v1(0) = 0 ¨

t(1� t)�v1(t) > p(t)(v1)h(t) > p0 min
t2[";1]

v1(t)
def= � > 0; t 2 [0; 1]:

�ãáâì u | à¥è¥¨¥ ®¤®§ ç® à §à¥è¨¬®© § ¤ ç¨

t(1� t)�u(t) = �; u(0) = 0; u(1) = v1(1) > 0:

�®£¤  äãªæ¨ï z
def= v1 � u ¥¯®«®¦¨â¥«ì , â. ª. ï¢«ï¥âáï à¥è¥¨¥¬ ¯®«ã®¤®à®¤®© § ¤ ç¨ á

 â¨â®ë¬ ®¯¥à â®à®¬ �à¨ 

t(1� t)�z(t) = '(t) > 0; z(0) = 0; z(1) = 0;

'(t) = t(1� t)�v1(t)� �, t 2 [0; 1].
� ª¨¬ ®¡à §®¬, 0 6 v1 = z + u 6 u ¯®çâ¨ ¢áî¤ã   ®âà¥§ª¥ [0; 1], á«¥¤®¢ â¥«ì®, äãªæ¨ï u

¥®âà¨æ â¥«ì . �ãªæ¨ï u ¨¬¥¥â ¢¨¤

u(t) = �((1 � t) ln(1� t) + t ln t) + v1(1)t; t 2 [0; 1]:

�à¨è«¨ ª ¯à®â¨¢®à¥ç¨î, â. ª. ¢ ¥ª®â®à®© ®ªà¥áâ®áâ¨ ã«ï äãªæ¨ï u ®âà¨æ â¥«ì .

�à¨ �(t) = t ¯®«®¦¨¬

v1(t)
def= t2=2; v2(t)

def= t ln t� t+ 1; t 2 [0; 1]:

�®£¤ 

t�v1(t) = t; t�v2(t) = 1;

v1(t)=t
2 = 1=2; v2(t)=(1 � t)2 6 1� t=2 6 1; t 2 [0; 1]:

�«¥¤áâ¢¨¥ 3. �ãáâì �(t) = t, â®£¤  ãà ¢¥¨¥ (9) ®¡« ¤ ¥â á¢®©áâ¢®¬ A, ¥á«¨ ¯à¨ ¯®çâ¨
¢á¥å t 2 [0; 1] ¢ë¯®«¥ë ¥à ¢¥áâ¢ 

h2(t)�(t)p(t) 6 2t; (2� h(t))(1 � h(t))2�(t)p(t) 6 2:

�®áâ â®çë¬ ãá«®¢¨¥¬ á¯à ¢¥¤«¨¢®áâ¨ ¯®á«¥¤¨å ¥à ¢¥áâ¢ ï¢«ï¥âáï ¢ë¯®«¥¨¥ ¯à¨ ¯®-
çâ¨ ¢á¥å t 2 [0; 1] ¥à ¢¥áâ¢

h2(t)�(t)p(t) 6 2t; (1� h(t))2�(t)p(t) 6 1:
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