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1. �¢¥¤¥­¨¥

� ­­ ï áâ âìï ¯®á¢ïé¥­  ãá«®¢¨ï¬ à §à¥è¨¬®áâ¨ § ¤ ç¨ ® áª çª¥ ­  ­¥á¯àï¬«ï¥¬®© à §®-
¬ª­ãâ®© ¤ã£¥. �«ï ¯à®áâ®âë § ¤ ¤¨¬ íâã ¤ã£ã á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì ­  ®âà¥§ª¥ I = [0; 1]
®¯à¥¤¥«¥­  ­¥¯à¥àë¢­ ï ¤¥©áâ¢¨â¥«ì­ ï äã­ªæ¨ï Y (x), ®¡à é îé ïáï ¢ ­ã«ì ­  ¥£® ª®­æ å.
�¥ £à ä¨ª

� = fz = x+ iY (x) : 0 � x � 1g (1)

¥áâì ¯à®áâ ï ¤ã£  ­  ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ C á ­ ç «®¬ ¢ â®çª¥ 0 ¨ ª®­æ®¬ ¢ â®çª¥ 1. � ¤ ç 
® áª çª¥ ¥áâì § ¤ ç  ®âëáª ­¨ï £®«®¬®àä­®© ¢ C n � äã­ªæ¨¨ �(z) ¯® ªà ¥¢®¬ã ãá«®¢¨î

�+(t)� ��(t) = f(t); t 2 �0; (2)

£¤¥ ��(t) | ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï �(z) ¢ â®çª¥ t 2 � ¯à¨ ¯à¨¡«¨¦¥­¨¨ z ª t á¢¥àåã ¨ á­¨§ã
á®®â¢¥âáâ¢¥­­®,   �0 = � n f0; 1g. � ¤ ­­ ï ­  � äã­ªæ¨ï f ¯à¥¤¯®« £ ¥âáï ã¤®¢«¥â¢®àïîé¥©
ãá«®¢¨î ��¥«ì¤¥à 

sup
� jf(t0)� f(t00)j

jt0 � t00j� : t0; t00 2 �; t0 6= t00
�
� h�(f;�) <1

á ª ª¨¬-«¨¡® ¯®ª § â¥«¥¬ � 2 (0; 1]. �¨¦¥ ç¥à¥§ H�(�) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å § ¤ ­­ëå
­  � äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å íâ®¬ã ãá«®¢¨î.

� ¤ ç  ® áª çª¥ ï¢«ï¥âáï ¢ ¦­ë¬ ç áâ­ë¬ á«ãç ¥¬ ªà ¥¢®© § ¤ ç¨ �¨¬ ­ . � íâ®© á¢ï§¨
¡ë« ¯®«ãç¥­ àï¤ å®à®è® ¨§¢¥áâ­ëå à¥§ã«ìâ â®¢ ®â­®á¨â¥«ì­® ¥¥ à §à¥è¨¬®áâ¨ (á¬. [1], [2]), ®¤-
­ ª® íâ¨ à¥§ã«ìâ âë ®â­®áïâáï ¢ ®á­®¢­®¬ ª á«ãç î ªãá®ç­®-£« ¤ª®© ¤ã£¨ �, ª®£¤  íâ® à¥è¥­¨¥
¤ ¥âáï ¨­â¥£à «®¬ �®è¨ ¯® íâ®© ¤ã£¥.

� â¥¬ ¡ë« ¯®«ãç¥­ àï¤ à¥§ã«ìâ â®¢ à §à¥è¨¬®áâ¨ § ¤ ç¨ ® áª çª¥ ­  ­¥á¯àï¬«ï¥¬ëå ªà¨-
¢ëå [3]. �¬¥­­®, ¡ë«® ¤®ª § ­®, çâ® ¤«ï «î¡®© ¯à®áâ®© ¤ã£¨ � ¨ «î¡®© § ¤ ­­®© ­  ­¥© äã­ªæ¨¨
f 2 H�(�) ¯à¨ ãá«®¢¨¨

� >
1
2
dm� (3)

áãé¥áâ¢ã¥â £®«®¬®àä­ ï ¢ C n � äã­ªæ¨ï �(z), £à ­¨ç­ë¥ §­ ç¥­¨ï ª®â®à®© á¢ï§ ­ë à ¢¥­-
áâ¢®¬ (2). �¤¥áì dm� | íâ® å®à®è® ¨§¢¥áâ­ ï ¢ â¥®à¨¨ äà ªâ «®¢ ¢¥àå­ïï ¬¥âà¨ç¥áª ï à §-
¬¥à­®áâì � (­ ¯à., [4], á. 37).

�à¨ Y 2 H�(I) ãá«®¢¨¥

� > 1� �

2
(4)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ 06-01-81019-�¥«-a).
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â ª¦¥ ï¢«ï¥âáï ¤®áâ â®ç­ë¬ ¤«ï à §à¥è¨¬®áâ¨ § ¤ ç¨ ® áª çª¥ (á¬. [3]). � ª ¯®ª § ­® ¢ [3],
ãá«®¢¨¥ (3) ­¥ã«ãçè ¥¬® ¢ â¥à¬¨­ å ¢¥«¨ç¨­ � ¨ dm�. � á¢®î ®ç¥à¥¤ì, ãá«®¢¨¥ (4) ­¥ã«ãçè ¥-
¬® ¢ â¥à¬¨­ å ¯®ª § â¥«¥© � ¨ �; ¢ íâ®¬ «¥£ª® ã¡¥¤¨âìáï ¯®áà¥¤áâ¢®¬ ­¥á«®¦­®© ¬®¤¨ä¨ª æ¨¨
¯à¨¬¥à  ¨§ à ¡®âë [5]. �¤­ ª® ª« ááë ªà¨¢ëå, ¤«ï ª®â®àëå § ¤ ç  ® áª çª¥ à §à¥è¨¬ , ¬®-
£ãâ ¡ëâì à áè¨à¥­ë ¯ãâ¥¬ ¯à¨¢«¥ç¥­¨ï ¤àã£¨å ¨å å à ªâ¥à¨áâ¨ª. � ¤ ­­®© áâ âì¥ ¤«ï íâ®£®
¨á¯®«ì§ãîâáï ª®íää¨æ¨¥­âë à §«®¦¥­¨ï äã­ªæ¨¨ Y (x) ¢ àï¤ � ¡¥à {� ã¤¥à .

�¨áâ¥¬  � ¡¥à {� ã¤¥à  (­ ¯à., [6], á. 218) á®áâ®¨â ¨§ § ¤ ­­ëå ­  ®âà¥§ª¥ I äã­ªæ¨©
�n(x), n = 0; 1; 2; : : : , £¤¥ �0(x) = 1 ¨ �1(x) = x ¯à¨ x 2 I,   ¤«ï n = 2k + j, k = 0; 1; 2; : : : ,
j = 1; 2; : : : ; 2k, äã­ªæ¨ï �n(x) ­¥¯à¥àë¢­  ­  I, à ¢­  ­ã«î ­  I n � j�1

2k
; j

2k

�
, à ¢­  ¥¤¨­¨æ¥ ¢

â®çª¥ x = 2j�1
2k+1

¨ «¨­¥©­  ­  ®âà¥§ª å [ j�1
2k
; 2j�1
2k+1

] ¨ [ 2j�1
2k+1

; j

2k
]. �â¨ äã­ªæ¨¨ ®¡à §ãîâ ¡ §¨á ¢

¯à®áâà ­áâ¢¥ ­¥¯à¥àë¢­ëå äã­ªæ¨© C(I), â. ¥. «î¡ ï ­¥¯à¥àë¢­ ï ­  ®âà¥§ª¥ I äã­ªæ¨ï Y (x)

¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ à ¢­®¬¥à­® áå®¤ïé¥£®áï àï¤  Y (x) =
1P
n=0

An�n(x), £¤¥ (­ ¯à., [6]) A0 = Y (0),

A1 = Y (1)� Y (0),   ¯à¨ n = 2k + j, k = 0; 1; 2; : : : , j = 1; 2; : : : ; 2k

An = An(Y ) = Y

�
2j � 1
2k+1

�
� 1
2

�
Y

�
j � 1
2k

�
+ Y

�
j

2k

��
: (5)

�®íää¨æ¨¥­âë � ¡¥à {� ã¤¥à  ¤ îâ ¯®«­ãî å à ªâ¥à¨áâ¨ªã äã­ªæ¨¨ Y ,   §­ ç¨â, ¨ ªà¨-
¢®© �.

2. �á­®¢­ ï ª®­áâàãªæ¨ï

� ª ã¦¥ ®â¬¥ç «®áì, ¯®« £ ¥¬ Y (0) = Y (1) = 0. �®íâ®¬ã à §«®¦¥­¨¥ äã­ªæ¨¨ Y ¢ àï¤
� ¡¥à {� ã¤¥à  ¨¬¥¥â ¢¨¤

Y (x) =
1X
n=2

An(Y )�n(x);

£¤¥ ª®íää¨æ¨¥­âë An(Y ) ®¯à¥¤¥«ïîâáï ä®à¬ã«®© (5). �®«®¦¨¬

Y1(x) = 0; Ym(x) =
mX
n=2

An(Y )�n(x) (m > 1); �m = fz = x+ iYm(x) : 0 � x � 1g:

� ª¨¬ ®¡à §®¬, �1 = I,   �m á m > 1 ¥áâì «®¬ ­ ï á ­ ç «®¬ ¨ ª®­æ®¬ ¢ â®çª å 0 ¨ 1 á®®â¢¥â-
áâ¢¥­­®. �¢¥ ¯®á«¥¤®¢ â¥«ì­ë¥ «®¬ ­ë¥ �m�1 ¨ �m ¯à¨ Am 6= 0 ®â«¨ç îâáï â¥¬, çâ® ®¤­® ¨§
§¢¥­ì¥¢ �m�1 ¯à¨ ¯¥à¥å®¤¥ ª �m § ¬¥­ï¥âáï ¯ à®© §¢¥­ì¥¢, á®¥¤¨­ïîé¥© ­ ç «® ¨ ª®­¥æ § ¬¥-
­¥­­®£® §¢¥­ . �â¨ âà¨ §¢¥­  ¢¬¥áâ¥ á®áâ ¢«ïîâ âà¥ã£®«ì­¨ª �m, ®£à ­¨ç¨¢ îé¨© âà¥ã£®«ì­ãî
®¡« áâì Tm. �ã¤¥¬ â ª¦¥ ¨á¯®«ì§®¢ âì ®¡®§­ ç¥­¨ï G =

1[
m=1

�m ¨ G = G[ �. �ç¥¢¨¤­®, G ¥áâì

§ ¬ëª ­¨¥ G.
�ãáâì â¥¯¥àì f 2 H�(�). �à¨¬¥­¨¬ ª íâ®© äã­ªæ¨¨ ®¯¥à â®à ¯à®¤®«¦¥­¨ï �¨â­¨. �â®â

®¯¥à â®à (­ ¯à., [7], á. 230) «î¡ãî § ¤ ­­ãî ­  � äã­ªæ¨î f(�) 2 H�(�) ¯à®¤®«¦ ¥â ¤® § ¤ ­­®©
­  ¢á¥© ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ äã­ªæ¨¨ u(z) 2 H�(C), ¯à¨ç¥¬ ¯à®¤®«¦¥­¨¥ u ¨¬¥¥â ¢ C n �
ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x ¨ y â ª¨¥, çâ®

jru(z)j � Ch�(f;�) dist
��1 (z;�);

§¤¥áì ¨ ­¨¦¥ z = x + iy,   ¡ãª¢  C ®§­ ç ¥â à §«¨ç­ë¥  ¡á®«îâ­ë¥ ¯®áâ®ï­­ë¥. �¥¯¥àì ¢®§ì-
¬¥¬ áã¦¥­¨¥ u ­  G ¨ ¯®¢â®à­® ¯à¨¬¥­¨¬ ¯à®¤®«¦¥­¨¥ �¨â­¨ ª íâ®¬ã áã¦¥­¨î. �®«ãç¥­­ãî
äã­ªæ¨î ®¡®§­ ç¨¬ fw(z). �­  ®¡« ¤ ¥â ¢á¥¬¨ ¯¥à¥ç¨á«¥­­ë¬¨ ¢ëè¥ á¢®©áâ¢ ¬¨. �à®¬¥ â®£®,
¨§ ª®­áâàãªæ¨¨ ®¯¥à â®à  ¯à®¤®«¦¥­¨ï �¨â­¨ ([7], á. 232) á«¥¤ã¥â, çâ® ¢­ãâà¨ «î¡®© ¨§ âà¥-
ã£®«ì­ëå ®¡« áâ¥© Tm äã­ªæ¨î fw ¬®¦­® à áá¬ âà¨¢ âì ª ª à¥§ã«ìâ â ¯à®¤®«¦¥­¨ï ¯® �¨â­¨
áã¦¥­¨ï u ­  �m á íâ®© «¨­¨¨ ­  ¢áî ¯«®áª®áâì. �®íâ®¬ã ¯à¨ z 2 Tm á¯à ¢¥¤«¨¢  ®æ¥­ª 

jrfw(z)j � Ch�(f;�) dist
��1 (z; �m):
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�®«®¦¨¬

�m(z) =
1
2�i

Z
�m

fw(�)d�
� � z

:

�â® ¨­â¥£à « �®è¨ ¯® ªãá®ç­®-£« ¤ª®© ªà¨¢®©, ¨ ¤«ï ­¥£® á¯à ¢¥¤«¨¢ë ª« áá¨ç¥áª¨¥ à¥§ã«ì-
â âë � à­ ª , �®à¥àë ¨ �®å®æª®£® ([2], á. 37). �ç¥¢¨¤­®,

�m(z)� �m�1(z) = � 1
2�i

Z
�m

fw(�)d�
� � z

; (6)

£¤¥ §­ ª ¯¥à¥¤ ¨­â¥£à «®¬ ¯à®â¨¢®¯®«®¦¥­ §­ ªã ª®íää¨æ¨¥­â  Am(Y ) (¯à¨ íâ®¬ ª®­âãà �m
®¡å®¤¨âáï ¯à®â¨¢ ç á®¢®© áâà¥«ª¨). �¥è¥­¨¥ § ¤ ç¨ ® áª çª¥ ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

�(z) = lim
m!1

�m(z) = �1(z) +
1X

m=2

(�m(z) ��m�1(z)):

� ãç¥â®¬ à ¢¥­áâ¢  (6) ¨ ä®à¬ã«ë �®à¥«ï{�®¬¯¥©  (­ ¯à., [8], á. 29) ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥

�(z) = �1(z) +
1X
m=2

�
fw(z)�m(z)� 1

2�i

ZZ
C

�m(�)
@fw

@�

d�d�

� � z

�
;

£¤¥ äã­ªæ¨ï �m(z) à ¢­  0 ¢­¥ âà¥ã£®«ì­®© ®¡« áâ¨ Tm ¨ à ¢­  �1 ¢­ãâà¨ ¥¥, ¯à¨ç¥¬ §­ ª ¯¥à¥¤
¥¤¨­¨æ¥© ¯à®â¨¢®¯®«®¦¥­ §­ ªã Am(Y ). �ç¥¢¨¤­®, áã¬¬  �(z) =

1P
m=2

�m(z) ¯à¥¤áâ ¢«ï¥â á®¡®©

âà¨¢¨ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ ® ¥¤¨­¨ç­®¬ áª çª¥ ­  ª®­âãà¥ �[I: ®­  à ¢­  0 ¢ á®¤¥à¦ é¥©1
á¢ï§­®© ª®¬¯®­¥­â¥ ¬­®¦¥áâ¢  C n (� [ I), à ¢­  1 ¢ ª®­¥ç­ëå ª®¬¯®­¥­â å íâ®£® ¬­®¦¥áâ¢ ,
«¥¦ é¨å ­¨¦¥ ¤¥©áâ¢¨â¥«ì­®© ®á¨, ¨ �1 ¢ ª®­¥ç­ëå ª®¬¯®­¥­â å, «¥¦ é¨å ¢ëè¥ ¥¥. �âáî¤ 

�(z) = �1(z) + fw(z)�(z) +
1X
m=2

signAm(Y )
2�i

ZZ
Tm

@fw

@�

d�d�

� � z
: (7)

�«ï ®æ¥­ª¨ á®áâ ¢«ïîé¨å íâ®â àï¤ ¤¢®©­ëå ¨­â¥£à «®¢ ¯® âà¥ã£®«ì­ë¬ ®¡« áâï¬ ¢®á¯®«ì§ã-
¥¬áï ®¤­®© £¥®¬¥âà¨ç¥áª®© ª®­áâàãªæ¨¥© ¨§ [9]. �á«¨ B | ®¤­®á¢ï§­ ï ª®­¥ç­ ï ®¡« áâì á®
á¯àï¬«ï¥¬®© £à ­¨æ¥©, â® ç¥à¥§ �(B) ¡ã¤¥¬ ®¡®§­ ç âì ¥¥ ¯¥à¨¬¥âà. �à®¬¥ â®£®, ¯®­ ¤®¡ïâáï
á«¥¤ãîé¨¥ ¢¥«¨ç¨­ë.

�¯à¥¤¥«¥­¨¥ 1. �¬¥áâ¨¬®áâìî q�(B) ®¡« áâ¨ B ¢ ­ ¯à ¢«¥­¨¨ � ¡ã¤¥¬ ­ §ë¢ âì ¤«¨­ã
áâ®à®­ë ­ ¨¡®«ìè¥£® ¨§ ¯®¬¥é îé¨åáï ¢­ãâà¨ íâ®© ®¡« áâ¨ ®âªàëâëå ª¢ ¤à â®¢, ®¤­  ¨§ áâ®-
à®­ ª®â®àëå ®¡à §ã¥â ã£®« � á ¤¥©áâ¢¨â¥«ì­®© ®áìî. �¬¥áâ¨¬®áâìî ®¡« áâ¨ B ¡ã¤¥¬ ­ §ë¢ âì
¢¥«¨ç¨­ã q(B) = inffq�(B) : 0 � � � �

2
g.

�«ï ¯à®¤®«¦¥­¨© �¨â­¨ á® á¯àï¬«ï¥¬ëå ªà¨¢ëå ¨¬¥¥â ¬¥áâ®

�¥¬¬  1 ([9]). �ãáâì B | ª®­¥ç­ ï ®¡« áâì á® á¯àï¬«ï¥¬®© £à ­¨æ¥© 
, f 2 H�(
),  
fw | ¯à®¤®«¦¥­¨¥ �¨â­¨ äã­ªæ¨¨ f á ªà¨¢®© 
 ¢ ®¡« áâì B. �á«¨ p < 1

1�� , â®ZZ
B

jrfwjpdx dy � Chp�(f; 
)�(B)q
1�p(1��)(B): (8)

�¢¥¤¥¬ ¢¥«¨ç¨­ã ��(�) =
1P
m=2

�(Tm)q�(Tm).

�¥¬¬  2. �á«¨ � > 1
2
, ��(�) <1 ¤«ï ­¥ª®â®à®£® � 2 (0; 2��1) ¨ f 2 H�(�), â® ä®à¬ã«  (7)

¤ ¥â à¥è¥­¨¥ § ¤ ç¨ ® áª çª¥ (2).
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�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, ä®à¬ã«ã (7) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ �(z) = �1(z) + �2(z) +
�3(z), £¤¥ �2(z) = fw(z)�(z),

�3(z) =
1X

m=2

signAm(Y )
2�i

ZZ
Tm

@fw

@�

d�d�

� � z
:

�¤¥áì �1 ¨ �2 ¨¬¥îâ áª ç®ª fw ­  ª®­âãà å I ¨ � [ I á®®â¢¥âáâ¢¥­­®. �®íâ®¬ã ¨å áã¬¬  ­¥-
¯à¥àë¢­  ­  I ¨ ¨¬¥¥â áª ç®ª f ­  �; ¯à¨ íâ®¬ ®­  ­¥ ï¢«ï¥âáï, ¢®®¡é¥ £®¢®àï, £®«®¬®àä­®©
¢ C n �, â ª çâ® ¢ â¥à¬¨­ å à ¡®âë [3] áã¬¬  �1 + �2 ¥áâì ª¢ §¨à¥è¥­¨¥ § ¤ ç¨ ® áª çª¥ (2).
� «¥¥

NX
m=2

signAm(Y )
2�i

ZZ
Tm

@fw

@�

d�d�

� � z
= � 1

2�i

ZZ
C

NX
m=2

�m(�)
@fw

@�

d�d�

� � z
;

  ¨§ ®æ¥­ª¨ (8) á«¥¤ã¥â, çâ® ¯à¨ ��(�) < 1 äã­ªæ¨ï á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬
1P

m=2
�m(�)

@fw

@�

¨­â¥£à¨àã¥¬  ¢ áâ¥¯¥­¨ p = 1��
1�� . �®áª®«ìªã � < 2��1, â® p > 2 ¨ ¯®íâ®¬ã (­ ¯à., [8]) á« £ ¥¬®¥

�3 ­¥¯à¥àë¢­® ¢® ¢á¥© ª®¬¯«¥ªá­®© ¯«®áª®áâ¨,   áã¬¬  �1 + �2 + �3 £®«®¬®àä­  ¢ C n �, çâ®
§ ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®.

�¥¯¥àì ®æ¥­¨¬ å à ªâ¥à¨áâ¨ªã ��(�) ç¥à¥§ ª®íää¨æ¨¥­âë Am(Y ).
�à®¥ªæ¨ï ­  ¤¥©áâ¢¨â¥«ì­ãî ®áì âà¥ã£®«ì­¨ª  �m, £¤¥ m = 2k + j, 1 � j � 2k, ¥áâì ®âà¥§®ª

Im = [ j�1
2k
; j

2k
] | ­®á¨â¥«ì äã­ªæ¨¨ �m(x). �¢¥ ¢¥àè¨­ë âà¥ã£®«ì­¨ª  ¯à®¥ªâ¨àãîâáï ­  ª®­æë

íâ®£® ®âà¥§ª ,   âà¥âìï | ¢ ¥£® á¥à¥¤¨­ã. �¥¤¨ ­  âà¥ã£®«ì­¨ª  �m, ¯à®¢¥¤¥­­ ï ¨§ íâ®© âà¥-
âì¥© ¢¥àè¨­ë, ¢¥àâ¨ª «ì­  ¨ ¨¬¥¥â ¤«¨­ã jAm(Y )j. �¡®§­ ç¨¬ ç¥à¥§ Bm(Y ) ¤«¨­ã â®© áâ®à®­ë
âà¥ã£®«ì­¨ª , ¯à®¥ªæ¨ï ª®â®à®© á®¢¯ ¤ ¥â á Im. �®£¤ , ®ç¥¢¨¤­®,

�(Tm) � 2(jAm(Y )j+Bm(Y )): (9)

� «¥¥, Bm(Y ) = 2�k
p
1 +K2

m, £¤¥ Km(Y ) | ã£«®¢®© ª®íää¨æ¨¥­â íâ®© áâ®à®­ë, â. ¥. Km(Y ) =
m�1P
n=2

An(Y )�0n(x) ¯à¨ x 2 Im. �á¥ á« £ ¥¬ë¥ íâ®© áã¬¬ë ¯®áâ®ï­­ë, ¯à¨ç¥¬ ®â«¨ç­ë ®â ­ã«ï

«¨èì â¥, ¤«ï ª®â®àëå ­®á¨â¥«ì �n á®¤¥à¦¨â Im. � ©¤¥¬ ¨å ­®¬¥à .

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ç¨á«® n ¯®¤ç¨­¥­® ç¨á«ã m, ¥á«¨ ®âà¥§®ª In ¥áâì
á®¡áâ¢¥­­®¥ ¯®¤¬­®¦¥áâ¢® ®âà¥§ª  Im.

�á¥ ç¨á« , ¯®¤ç¨­¥­­ë¥ m = 2k+ j > 2, ¬®¦­® ­ ©â¨ ¯® á«¥¤ãîé¥¬ã ¯à ¢¨«ã. �ãáâì j0 = j.
�®«®¦¨¬ jl+1 à ¢­ë¬ jl

2
¤«ï ç¥â­®£® jl ¨

jl+1
2

¤«ï ­¥ç¥â­®£® jl ¯à¨ l = 0; 1; 2; : : : �ç¥¢¨¤­®,
jl = 1 ¯à¨ l � k. �®£¤  ç¨á«ã m ¯®¤ç¨­¥­ë k à §«¨ç­ëå ­ âãà «ì­ëå ç¨á¥« ml = 2k�l + jl,
l = 1; 2; : : : ; k, ¯à¨ç¥¬ ­ ¨¬¥­ìè¥¥ ¨§ ­¨å ¥áâì mk = 2.

� «¥¥, ¯à®¨§¢®¤­ ï �0n ¯à¨ n = ml ­  ®âà¥§ª¥ Im à ¢­  (�1)(jl+1)2k�l+1 . �âáî¤  Km(Y ) =
kP
l=1

(�1)jl+12k�l+1Aml
(Y ), ¨ á ãç¥â®¬ ®ç¥¢¨¤­®£® ­¥à ¢¥­áâ¢ 

p
1 +K2 � 1 + jKj ¯®«ãç ¥¬

Bm(Y ) � 2m�1 + 2
��� kP
l=1

(�1)jl+12�lAml
(Y )

���. �¡®§­ ç¨¬

B�
m(Y ) =

kX
l=1

(�1)jl+12�lAml
(Y ); (10)

£¤¥ áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¢á¥¬ ç¨á« ¬ ml, ¯®¤ç¨­¥­­ë¬ m. �®£¤  á®£« á­® (9)

�(Tm) � 4m�1 + 2jAm(Y )j+ 4jB�
m(Y )j:

�¥¯¥àì ®æ¥­¨¬ ¢¬¥áâ¨¬®áâì q(Tm). �ãáâì m = 2k + j, £¤¥ 1 � j � 2k. �®£¤  âà¥ã£®«ì­¨ª Tm
á®¤¥à¦¨âáï ¢ ¯®«®á¥ fz = x + iy : j�1

2k
� x � j

2k
g, ¢¬¥áâ¨¬®áâì ª®â®à®© à ¢­  2�k�

1
2 . �®áª®«ìªã
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2k � m=2, ®âáî¤  ¯®«ãç ¥¬ q(Tm) �
p
2

m
. � «¥¥, ¬¥¤¨ ­  íâ®£® âà¥ã£®«ì­¨ª , ¯à®¢¥¤¥­­ ï ¨§

¢¥àè¨­ë á  ¡áæ¨áá®© 2j�1
2k+1

, ¨¬¥¥â ¤«¨­ã jAm(Y )j. �âáî¤  q(Tm) � jAm(Y )j ¨, ®ª®­ç â¥«ì­®,
q(Tm) �

p
2minfm�1; jAm(Y )jg.

�¡ê¥¤¨­¨¢ ¯®«ãç¥­­ë¥ ®æ¥­ª¨ ¤«ï ¯¥à¨¬¥âà  ¨ ¢¬¥áâ¨¬®áâ¨, ¯®«ãç ¥¬

��(�) � C
1X
m=2

(m�1 + jAm(Y )j+ jB�
m(Y )j)(minfm�1; jAm(Y )jg)�;

£¤¥ ¯®áâ®ï­­ ï C ­¥ § ¢¨á¨â ®â m. �à¨ íâ®¬ àï¤
1X
m=2

m�1(minfm�1; jAm(Y )jg)� �
1X
m=2

m�1��

áå®¤¨âáï ¯à¨ «î¡®¬ � > 0. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬ . �á«¨ � > 1
2
¨ ¤«ï ­¥ª®â®à®£® � 2 (0; 2� � 1) áå®¤ïâáï àï¤ë

1X
m=2

jAm(Y )j(minfm�1; jAm(Y )jg)� <1; (11)

1X
m=2

jB�
m(Y )j(minfm�1; jAm(Y )jg)� <1; (12)

â® ¤«ï «î¡®© äã­ªæ¨¨ f 2 H�(�) § ¤ ç  ® áª çª¥ (2) ­  ªà¨¢®© (1) ¨¬¥¥â à¥è¥­¨¥.

3. �«¥¤áâ¢¨ï

�®à®è® ¨§¢¥áâ­®, çâ® Y 2 H�(I) ¯à¨ � 2 (0; 1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  Am = O(m��)
(­ ¯à., [6], á. 221). �¥£ª® ¢¨¤¥âì, çâ® B�

m = O(m��) ¨ àï¤ë (11), (12) áå®¤ïâáï ¯à¨ ãá«®¢¨¨ (4).
� ª¨¬ ®¡à §®¬, â¥®à¥¬  ¢«¥ç¥â

�«¥¤áâ¢¨¥ 1. �ãáâì ç¨á«  � 2 (0; 1) ¨ � 2 (0; 1) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (4). �®£¤  § ¤ ç 
® áª çª¥ (2) à §à¥è¨¬  ¤«ï «î¡®© ªà¨¢®© �, ï¢«ïîé¥©áï £à ä¨ª®¬ äã­ªæ¨¨ Y ª« áá  H�(I),
¨ «î¡®© § ¤ ­­®© ­  ­¥© äã­ªæ¨¨ f ª« áá  H�(�).

� ª ®â¬¥ç «®áì ¢® ¢¢¥¤¥­¨¨, íâ®â à¥§ã«ìâ â ¬®¦¥â ¡ëâì ¯®«ãç¥­ ¨ ª ª á«¥¤áâ¢¨¥ ¡®«¥¥ à ­-
­¨å à¥§ã«ìâ â®¢ ¯¥à¢®£®  ¢â®à , ­¥ ¨á¯®«ì§®¢ ¢è¨å àï¤ë � ¡¥à {� ã¤¥à . �¯à®ç¥¬, äã­ªæ¨¨
� ¡¥à {� ã¤¥à  ¨ ­¥ ¬®£«¨ ¯à¨¢¥áâ¨ ª ¡®«¥¥ á¨«ì­®¬ã, ç¥¬ (4), ãá«®¢¨î à §à¥è¨¬®áâ¨ ¤«ï
¢á¥£® ¬­®¦¥áâ¢  ªà¨¢ëå, ï¢«ïîé¨åáï £à ä¨ª ¬¨ äã­ªæ¨© ª« áá  ��¥«ì¤¥à , ¯®áª®«ìªã ¢ íâ®¬
ª« áá¥ ãá«®¢¨¥ (4) ­¥ã«ãçè ¥¬®.

�­ ç¥ ®¡áâ®¨â ¤¥«® ¤«ï « ªã­ à­ëå àï¤®¢ � ¡¥à {� ã¤¥à . �ãáâìm = fm1;m2; : : : g| ¡¥á-
ª®­¥ç­ ï ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­ âãà «ì­ëå ç¨á¥«. �ã¤¥¬ ­ §ë¢ âì àï¤ � ¡¥à {
� ã¤¥à  m-« ªã­ à­ë¬, ¥á«¨ ¢ ­¥¬ ®â«¨ç­ë ®â ­ã«ï «¨èì ª®íää¨æ¨¥­âë á ­®¬¥à ¬¨ ¨§
¬­®¦¥áâ¢  m. �­ ç «  ¤®¯ãáâ¨¬, çâ® m ã¤®¢«¥â¢®àï¥â ãá«®¢¨îX

m2m
m�� <1 (13)

¤«ï ­¥ª®â®à®£® � < 1.

�«¥¤áâ¢¨¥ 2. �ãáâì ªà¨¢ ï � ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (1), £¤¥ äã­ªæ¨ï Y ¨¬¥¥âm-« ªã­ à-
­ë© àï¤ � ¡¥à {� ã¤¥à ,   ¬­®¦¥áâ¢® m ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (13) ¤«ï ­¥ª®â®à®£® � < 1.
�á«¨

� >
1 + �

2
; (14)

â® § ¤ ç  ® áª çª¥ (2) à §à¥è¨¬  ­  ªà¨¢®© � ¤«ï «î¡®© äã­ªæ¨¨ f ª« áá  H�(�).
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�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, ª®íää¨æ¨¥­âë � ¡¥à {� ã¤¥à  (5) ®£à ­¨ç¥­ë. �á«¨
jAnj � C ¤«ï «î¡®£® n, â® á®£« á­® (10) jB�

nj � 2C ¨ àï¤ë (11), (12) áå®¤ïâáï ¤«ï ¯®ª § -
â¥«ï � ¨§ ãá«®¢¨ï (13). � ª¨¬ ®¡à §®¬, ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«­¥­ë ¯à¨ � < 2� � 1, â. ¥. ¯à¨
ãá«®¢¨¨ (14).

�á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì m ¢®§à áâ ¥â á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨, â® ãá«®¢¨¥
(13) ¢ë¯®«­ï¥âáï ¤«ï «î¡®£® ¯®«®¦¨â¥«ì­®£® �. �®íâ®¬ã á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 3. �ãáâì ªà¨¢ ï � ®¯à¥¤¥«¥­  à ¢¥­áâ¢®¬ (1), £¤¥ äã­ªæ¨ï Y ¨¬¥¥â m-« ªã-
­ à­ë© àï¤ � ¡¥à {� ã¤¥à ,   ¬­®¦¥áâ¢® m ã¤®¢«¥â¢®àï¥â ãá«®¢¨î mn � CQn, n = 1; 2; : : : ,
¤«ï ­¥ª®â®àëå C > 0, Q > 1. �®£¤  § ¤ ç  ® áª çª¥ (2) à §à¥è¨¬  ­  ªà¨¢®© � ¤«ï «î¡®©
äã­ªæ¨¨ f ª« áá  H�(�) ¯à¨ � > 1

2
.

� ¯®á«¥¤­¨å ¤¢ãå á«¥¤áâ¢¨ïå ­¥â ­¨ª ª¨å ®£à ­¨ç¥­¨© ­  áª®à®áâì ã¡ë¢ ­¨ï ­¥­ã«¥¢ëå
ª®íää¨æ¨¥­â®¢ Am, m 2 m, ¨ ã¤®¢«¥â¢®àïîé ï ¨å ¯à¥¤¯®«®¦¥­¨ï¬ äã­ªæ¨ï Y ¬®¦¥â ã¤®-
¢«¥â¢®àïâì ãá«®¢¨î ��¥«ì¤¥à  á® áª®«ì ã£®¤­® ¬ «ë¬ ¯®ª § â¥«¥¬ � ¨«¨ ­¥ ã¤®¢«¥â¢®àïâì ¥¬ã
¢®¢á¥. �á«®¢¨¥ (14) ¬®¦¥â ¢ë¯®«­ïâìáï ¢ â® ¢à¥¬ï, ª®£¤  Y 2 H�(I) ¤«ï ­¥ª®â®à®£® �, ­® ãá«®-
¢¨¥ (4) ­ àãè¥­®,   â ª¦¥ ¢ á«ãç ¥, ª®£¤  Y ­¥ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��¥«ì¤¥à  ­¨ á ª ª¨¬
¯®ª § â¥«¥¬. �á¥ íâ® ®â­®á¨âáï ¨ ª ãá«®¢¨î � > 1

2
. �­® á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï

­¥¯à¥àë¢­ëå £à ­¨ç­ëå §­ ç¥­¨© ¨­â¥£à «  �®è¨ ¯® ­¥£« ¤ª®© á¯àï¬«ï¥¬®© ªà¨¢®© [10], [11].
�¤­ ª® ¨§ ®æ¥­®ª à §¬¥à­®áâ¥©, ¯®«ãç¥­­ëå ¢ [12] ¨ [13], á«¥¤ã¥â, çâ® ã¤®¢«¥â¢®àïîé ï ãá«®-
¢¨ï¬ á«¥¤áâ¢¨© 2 ¨«¨ 3 ªà¨¢ ï � ¬®¦¥â ®ª § âìáï ­¥á¯àï¬«ï¥¬®©.

�¤­¨¬ ¨§ å®à®è® ¨§¢¥áâ­ëå ¯à¨¬¥à®¢ äà ªâ «ì­ëå ªà¨¢ëå ï¢«ï¥âáï ªà¨¢ ï �¥©¥àèâà áá {
� ­¤¥«ì¡à®â  (­ ¯à., [4]), ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®© £à ä¨ª « ªã­ à­®£® âà¨£®­®¬¥âà¨ç¥áª®-
£® àï¤ . �®§¬®¦­®, ¤«ï â ª¨å àï¤®¢ á¯à ¢¥¤«¨¢ë  ­ «®£¨ á«¥¤áâ¢¨© 2 ¨ 3.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® á ¯®¬®éìî à¥§ã«ìâ â®¢ à ¡®â [14] ¨ [15] ¬®¦­® ¯®ª § âì, çâ®
à¥è¥­¨¥ (7) § ¤ ç¨ ® áª çª¥, ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï £à ­¨ç­ëå §­ ç¥­¨© ª®â®à®© ãáâ ­ ¢«¨¢ -
îâáï ¢ â¥®à¥¬¥ ¨ ¥¥ á«¥¤áâ¢¨ïå, ¯à¨ ­¥ª®â®àëå ¤®¯®«­¨â¥«ì­ëå ¯à¥¤¯®«®¦¥­¨ïå ¯à¥¤áâ ¢¨¬®
¨­â¥£à «®¬ �®è¨{�â¨«ìâì¥á .
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