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�§ãç ¥âáï á¯¥æ¨ «ì­ë© ª« áá áª®¬¯®­®¢ ­­ëå âà¥åá®áâ ¢­ëå à á¯à¥¤¥«¥­¨© ¯à®¥ªâ¨¢-
­®£® ¯à®áâà ­áâ¢  Pn ([1], c. 115), ª®â®àë© ­ §¢ ­ S-à á¯à¥¤¥«¥­¨¥¬ [2]. �à¨¢¥¤¥­® § ¤ ­¨¥
S-à á¯à¥¤¥«¥­¨ï ¢ à¥¯¥à¥ ¯¥à¢®£® ¯®àï¤ª  R1. � ­  £¥®¬¥âà¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï £®«®-
­®¬­®áâ¨ ®á­®¢­ëå áâàãªâãà­ëå à á¯à¥¤¥«¥­¨© S-à á¯à¥¤¥«¥­¨ï. � áá¬®âà¥­ ¤¢®©áâ¢¥­­ë©
®¡à § à¥£ã«ïà­®£® S-à á¯à¥¤¥«¥­¨ï ¨ ¤¢®©áâ¢¥­­ë¥ ¯à®¥ªâ¨¢­ë¥ á¢ï§­®áâ¨,  áá®æ¨¨à®¢ ­­ë¥
á S-à á¯à¥¤¥«¥­¨¥¬. �® ¢á¥© à ¡®â¥ ¨­¤¥ªáë ¯à®¡¥£ îâ á«¥¤ãîé¨¥ §­ ç¥­¨ï: J;K;L = 1; n;
J;K;L = 0; n; p; q; s; t = 1; r; i; j; k; l = r + 1;m; u; v = r + 1; n� 1; �; �; 
 = m+ 1; n� 1;
a; b; c = 1;m; b�; b�; b
 =m+ 1; n; bu; bv; bw = r + 1; n; bA = (1; r;m+ 1; n); �; �; � = 1; n� 1.

1. � áá¬®âà¨¬ n-¬¥à­®¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn, ®â­¥á¥­­®¥ ª ¯à®¥ªâ¨¢­®¬ã â®ç¥ç­®¬ã
à¥¯¥àã fAJg, ãà ¢­¥­¨ï ¨­ä¨­¨â¥§¨¬ «ì­ëå ¯¥à¥¬¥é¥­¨© ª®â®à®£® ¨¬¥îâ ¢¨¤
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á®®â¢¥âáâ¢¥­­® r-¬¥à­ëå ¯«®áª®áâ¥© � (�-à á¯à¥¤¥«¥­¨¥),m-¬¥à­ëå ¯«®áª®áâ¥©M (M -à á¯à¥-
¤¥«¥­¨¥), £¨¯¥à¯«®áª®áâ¥© H (H-à á¯à¥¤¥«¥­¨¥) ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn á á®®â­®è¥­¨-
ï¬¨ ¨­æ¨¤¥­â­®áâ¨ X 2 �(X) � M(X) � H(X) (2 � r < m < n � 1) ¨å á®®â¢¥âáâ¢ãîé¨å í«¥-
¬¥­â®¢ ¢ ª ¦¤®¬ æ¥­âà¥ X ­ §ë¢ ¥âáï âà¥åá®áâ ¢­ë¬ à á¯à¥¤¥«¥­¨¥¬ ¨«¨ H-à á¯à¥¤¥«¥­¨¥¬
¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn ([1], á. 24), ¯à¨ íâ®¬ �-à á¯à¥¤¥«¥­¨¥ ­ §ë¢ ¥âáï ¡ §¨á­ë¬ à á-
¯à¥¤¥«¥­¨¥¬,   M -à á¯à¥¤¥«¥­¨¥ ¨ H-à á¯à¥¤¥«¥­¨¥ | ®á­ é îé¨¬¨ à á¯à¥¤¥«¥­¨ï¬¨.

�ë¤¥«¨¬ á¯¥æ¨ «ì­ë© ª« áá H-à á¯à¥¤¥«¥­¨©, ¤«ï ª®â®àëå M -à á¯à¥¤¥«¥­¨¥ áª®¬¯®­®-
¢ ­­® [3], â. ¥. �(X) \ L(X) = X, [�(X); L(X)] =M(X): �â®â ª« áá H-à á¯à¥¤¥«¥­¨© ®¡®§­ ç -
¥âáï á¨¬¢®«®¬ H(�; L) ([1], á. 153). �à®¬¥ â®£®, ¯®âà¥¡ã¥¬, çâ®¡ë  ) å à ªâ¥à¨áâ¨ª  �(X) (�-
¯«®áª®áâì) £¨¯¥à¯«®áª®áâ¨ H(X), ¯®«ãç¥­­ ï ¯à¨ á¬¥é¥­¨¨ æ¥­âà  X ¢¤®«ì ¨­â¥£à «ì­ëå «¨-
­¨© �-à á¯à¥¤¥«¥­¨ï, ¯à®å®¤¨«  ç¥à¥§ ¯«®áª®áâì L(X); ¡) å à ªâ¥à¨áâ¨ª  	(X) (	-¯«®áª®áâì)
£¨¯¥à¯«®áª®áâ¨ H(X), ¯®«ãç¥­­ ï ¯à¨ á¬¥é¥­¨¨ æ¥­âà  X ¢¤®«ì «¨­¨© L-à á¯à¥¤¥«¥­¨ï, ¯à®-
å®¤¨«a ç¥à¥§ ¯«®áª®áâì �(X), çâ® ¢ à¥§ã«ìâ â¥ ¯à¨¢®¤¨â ª ãá«®¢¨ï¬

Ln
ip = 0; �n

pi = 0: (1)

�á«®¢¨ï (1) ¢ë¤¥«ïîâ á¯¥æ¨ «ì­ë© ª« áá áª®¬¯®­®¢ ­­ëåH(�; L)-à á¯à¥¤¥«¥­¨©, ª®â®àë© ­ -
§®¢¥¬ S-à á¯à¥¤¥«¥­¨ï¬¨ [2].

�¥¯¥à 1-£® ¯®àï¤ª  ¢ë¡¨à ¥¬ â ª, çâ® X � A0, fApg � �(A0), fAig � L(A0), A� �

�n�m�1(A0)
def= �(A0), £¤¥ �(A0) (�-¯«®áª®áâì) | å à ªâ¥à¨áâ¨ª  £¨¯¥à¯«®áª®áâ¨ H(A0) ¯à¨
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á¬¥é¥­¨¨ æ¥­âà  A0 ¢¤®«ì ¨­â¥£à «ì­ëå ªà¨¢ëå M -à á¯à¥¤¥«¥­¨ï. �¬¥¥¬
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�®íää¨æ¨¥­âë ¢ ¯à ¢ëå ç áâïå ãà ¢­¥­¨© (4), ¢®®¡é¥ £®¢®àï, ­¥ á¨¬¬¥âà¨ç­ë ¯® ­¨¦­¨¬
¨­¤¥ªá ¬.
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�b�Lg ®¡à §ãîâ £¥®¬¥âà¨ç¥áª¨¥ ®¡ê¥ªâë [4] á®®â¢¥âáâ¢¥­­® 1-£® ¨ 2-£® ¯®àï¤ª®¢ S-
à á¯à¥¤¥«¥­¨ï.

2. �¨áâ¥¬  ãà ¢­¥­¨© !bv0 = 0,  áá®æ¨¨à®¢ ­­ ï [5] á S-à á¯à¥¤¥«¥­¨¥¬, ¢¯®«­¥ ¨­â¥£à¨-
àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¡à é ¥âáï ¢ ­ã«ì â¥­§®à ­¥£®«®­®¬­®áâ¨ ¡ §¨á­®£® �-
à á¯à¥¤¥«¥­¨ï rbvpq = 1

2
(�bvpq � �bvqp). � íâ®¬ á«ãç ¥ ¯à®¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn à áá« ¨¢ ¥âáï

1) ­  (n� r)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®  ) à¥£ã«ïà­ëå £¨¯¥à¯®«®á Hr(L) á¯¥æ¨ «ì­®£® ª« áá ,
b) à¥£ã«ïà­ëå r-¬¥à­ëå £¨¯¥à¯®«®á Hr(M) á¯¥æ¨ «ì­®£® ª« áá , c) r-¬¥à­ëå ¯®«®á Vr(m)(H)
¯®àï¤ª m, ®á­ é¥­­ëå ¯®«¥¬ £¨¯¥à¯«®áª®áâ¥©Hj; 2) ­  (n�m)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢® ¢ë-
à®¦¤¥­­ëå æ¥­âà¨à®¢ ­­ëå à á¯ ¤ îé¨åáï m-¬¥à­ëå £¨¯¥à¯®«®á Hr

m à ­£  r ([1], á. 121). �¨-
áâ¥¬  ãà ¢­¥­¨© ! bA0 = 0,  áá®æ¨¨à®¢ ­­ ï á S-à á¯à¥¤¥«¥­¨¥¬ (L-à á¯à¥¤¥«¥­¨¥¬), ¢¯®«­¥ ¨­â¥-
£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  â¥­§®à ­¥£®«®­®¬­®áâ¨ rbAij ®á­ é îé¥£®M -à á¯à¥¤¥«¥­¨ï
à ¢¥­ ­ã«î ¨ M -à á¯à¥¤¥«¥­¨¥ ­¥á¥â ¤¢ãåª®¬¯®­¥­â­ãî á®¯àï¦¥­­ãî á¨áâ¥¬ã (�; L) [2]. �à®-
¥ªâ¨¢­®¥ ¯à®áâà ­áâ¢® Pn ¢ íâ®¬ á«ãç ¥ à áá« ¨¢ ¥âáï ­  (n �m)-¯ à ¬¥âà¨ç¥áª®¥ á¥¬¥©áâ¢®

70



m-¬¥à­ëå £¨¯¥à¯®«®á Hm, ¡ §¨á­ ï ¯®¢¥àå­®áâì ª ¦¤®© ¨§ ª®â®àëå ­¥á¥â ¤¢ãåª®¬¯®­¥­â­ãî
á®¯àï¦¥­­ãî á¨áâ¥¬ã S(r;l) [2].

3. �á¯®«ì§ã¥¬ á¨áâ¥¬ã ¨§ (n+ 1)2 ä®à¬ �ä ää  wJ
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ã¤®¢«¥â¢®àïîâ áâàãªâãà­ë¬ ãà ¢­¥­¨ï¬ ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  ¨ § ¤ îâ ¨­-

ä¨­¨â¥§¨¬ «ì­ë¥ ¯¥à¥¬¥é¥­¨ï â ­£¥­æ¨ «ì­®£® à¥¯¥à  f�Jg, £¤¥ D�J = !K

J
�K. � [5] ¤®ª § ­®,

çâ® ¯à¥®¡à §®¢ ­¨¥ J : !K

J
�! !K

J
ä®à¬ !K

J
¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  ¯® § ª®­ã (5) ï¢«ï¥âáï

¨­¢®«îâ¨¢­ë¬, â. ¥. J = J�1. �¬¥ï ¢ ¢¨¤ã íâã ¨­¢®«îâ¨¢­®áâì, ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯à®áâà ­-
áâ¢  Pn ¨ P n ï¢«ïîâáï ¤¢®©áâ¢¥­­ë¬¨ ([6], c. 143). �¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï à¥£ã«ïà­®£®
S-à á¯à¥¤¥«¥­¨ï, ¤¢®©áâ¢¥­­®£® ¤ ­­®¬ã à¥£ã«ïà­®¬ã S-à á¯à¥¤¥«¥­¨î, ¨¬¥îâ ¢¨¤,  ­ «®£¨ç-
­ë© (3) (â®«ìª® ¢á¥ ä®à¬ë ¨ äã­ªæ¨¨, ¢å®¤ïé¨¥ ¢ ãà ¢­¥­¨ï (3) ¯¨èãâáï á ç¥àâ®© á¢¥àåã).
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�¥®à¥¬  2. �®à¬ «¨§ æ¨ï ®¤­®£® ¨§ à¥£ã«ïà­ëå áª®¬¯®­®¢ ­­ëå à á¯à¥¤¥«¥­¨© S � Pn ¨«¨

S � P n à ¢­®á¨«ì­  ­®à¬ «¨§ æ¨¨ ¤àã£®£®, ¯à¨ íâ®¬ ª®¬¯®­¥­âë ¯®«¥© ®á­ é îé¨å ®¡ê¥ªâ®¢

á¢ï§ ­ë á®®â­®è¥­¨ï¬¨

�pn = ��
pq
n �

0
q ; �0

p = �n
qp�

q
n; �in = �L

ik
n �

0
k ;

�oi = Ln
ki�

k
n; ��n = �H

��
n �0

�; �0
� = Hn

���
�
n :
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�¥®à¥¬  3. �  ®á­ é¥­­®¬ ¢ á¬ëá«¥ � àâ ­  ¡ §¨á­®¬ �-à á¯à¥¤¥«¥­¨¨ ¤ ­­®£® S-à á¯à¥-
¤¥«¥­¨ï ¨­¤ãæ¨àã¥âáï ¯¥à¢ ï «¨­¥©­ ï ¯à®¥ªâ¨¢­ ï á¢ï§­®áâì
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¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨
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P n;r,
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P n;r ¯®¯ à­® ¤¢®©áâ¢¥­­ë ¬¥¦¤ã á®¡®©.

�¥®à¥¬  5. �á­ é¥­¨¥ ¢ á¬ëá«¥ � àâ ­  a) à¥£ã«ïà­®© r-¬¥à­®© £¨¯¥à¯®«®áë Hr(M),
®á­ é¥­­®© ¯®«¥¬ ª á â¥«ì­ëå m-¬¥à­ëå ¯«®áª®áâ¥© M , 2 � r < m < n � 1, b) à¥£ã«ïà­®©
r-¬¥à­®© £¨¯¥à¯®«®áë Hr(L), c) r-¬¥à­®© ¯®«®áë Vr(m) ¯®àï¤ª  m, ®á­ é¥­­®© ¯®«¥¬ ª á â¥«ì-

­ëå £¨¯¥à¯«®áª®áâ¥© H, d) ¢ëà®¦¤¥­­®© æ¥­âà¨à®¢ ­­®© à á¯ ¤ îé¥©áï m-¬¥à­®© £¨¯¥à¯®«®-

áë à ­£  r ¨­¤ãæ¨àã¥â ¤¢  ¯à®áâà ­áâ¢  ¯à®¥ªâ¨¢­®© á¢ï§­®áâ¨
1

P rr ¨
2

P rr,  áá®æ¨¨à®¢ ­­ëå

á ãª § ­­ë¬¨ ¬­®£®®¡à §¨ï¬¨ a)� d), ¯à¨ç¥¬ íâ¨ ¯à®áâà ­áâ¢  ¤¢®©áâ¢¥­­ë ®â­®á¨â¥«ì­®

¯à¥®¡à §®¢ ­¨© J2 (6).
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