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1. �¢¥¤¥¨¥

�ãáâì A � B(H) | ¯à®¨§¢®«ì ï (¢®®¡é¥ £®¢®àï, ¥á ¬®á®¯àï¦¥ ï) ®¯¥à â®à ï  «£¥¡à ,
§ ¬ªãâ ï ®â®á¨â¥«ì® â®¯®«®£¨¨ à ¢®¬¥à®© áå®¤¨¬®áâ¨. �®£¤  £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢®
H ï¢«ï¥âáï «¥¢ë¬ ¬®¤ã«¥¬  ¤ A á ¥áâ¥áâ¢¥ë¬ ã¬®¦¥¨¥¬ a � h = a(h), a 2 A, h 2 H. �
à ¡®â¥ ¨áá«¥¤ã¥âáï ¢®¯à®á ® â®¬, ¯à¨ ª ª¨å ãá«®¢¨ïå  «£¥¡à  A ¯à®áâà áâ¢¥® ¯à®¥ªâ¨¢ ,
â. ¥. ¬®¤ã«ì H ¯à®¥ªâ¨¢¥.

� ¯®¬¨¬, çâ® «¥¢ë© A-¬®¤ã«ì H  §ë¢ ¥âáï ¯à®¥ªâ¨¢ë¬, ¥á«¨ «î¡®© áîàê¥ªâ¨¢ë©
¬®àä¨§¬ ¯à®¨§¢®«ì®£® ¡  å®¢®£® A-¬®¤ã«ï   H, ¨¬¥îé¨© ¯à ¢ë© ®¡à âë© ®£à ¨ç¥ë©
®¯¥à â®à, ¨¬¥¥â ¨ ¯à ¢ë© ®¡à âë© ¬®àä¨§¬ A-¬®¤ã«¥© ([1], c. 361). � íâ®© à ¡®â¥ á¨¬¢®« ¬¨
_
 ¨ � ¡ã¤ãâ ®¡®§ ç âìáï á®®â¢¥âáâ¢¥® £¨«ì¡¥àâ®¢® â¥§®à®¥ ¯à®¨§¢¥¤¥¨¥ ¨ ®àâ®£® «ì ï
l2-áã¬¬  £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢. �¨¬¢®«®¬ b
 ¡ã¤¥â ®¡®§ ç âìáï ¯à®¥ªâ¨¢®¥ â¥§®à®¥
¯à®¨§¢¥¤¥¨¥ ¡  å®¢ëå ¯à®áâà áâ¢. �ª §ë¢ ¥âáï, ¬®¤ã«ì H ¯à®¥ªâ¨¢¥ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ª ®¨ç¥áª ï ¯à®¥ªæ¨ï � : A+

b
H ! H : ab
h 7! a � h ¨¬¥¥â ¯à ¢ë© ®¡à âë© ¬®àä¨§¬
¬®¤ã«¥© (§¤¥áì ¯à®áâà áâ¢® A+

b
H à áá¬®âà¥® ª ª «¥¢ë© A-¬®¤ã«ì á ã¬®¦¥¨¥¬, ª®àà¥ªâ®
§ ¤ ë¬ ä®à¬ã«®© a � (bb
h) = abb
h, a 2 A, b 2 A+, h 2 H). � á«ãç ¥ ã¨â «ì®©  «£¥¡àë A
¬®¦® à áá¬®âà¥âì ¨ ª ®¨ç¥áªãî ¯à®¥ªæ¨î � : Ab
H ! H.

�á®¢ë¥ à¥§ã«ìâ âë ¯à¨ ¨§ãç¥¨¨ ¯à®¡«¥¬ë ¯à®áâà áâ¢¥®© ¯à®¥ªâ¨¢®áâ¨ á ¬®á®¯àï-
¦¥ëå ®¯¥à â®àëå  «£¥¡à ¯®«ãç¥ë ¢ áâ âìïå [2], [3]. �ãáâì  «£¥¡à  A � B(H) á ¬®á®¯àï-
¦¥ . � ¯®¬¨¬, çâ® «¥¢ë© ¬®¤ã«ì H  ¤ C�- «£¥¡à®© A  §ë¢ ¥âáï £¨«ì¡¥àâ®¢ë¬, ¥á«¨
® ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà áâ¢®¬ ¨ ¤«ï «î¡ëå x; y 2 H, a 2 A ¢ë¯®«¥® ãá«®¢¨¥
ha �x; yi = hx; a� �yi. �à®¥ªâ®àë p; q 2 A  §ë¢ îâáï íª¢¨¢ «¥âë¬¨ ¯® �îàà¥î{ä® �e©¬ ã,
¥á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥â u 2 A, çâ® p = u�u ¨ q = uu�. �à®¥ªâ®à q 2 A  §ë¢ ¥â-
áï í«¥¬¥â àë¬, ¥á«¨ ¯®¤ «£¥¡à  qAq ®¤®¬¥à . � íâ®¬ á«ãç ¥ ¬®¦® à áá¬®âà¥âì «¥¢ë©
A-¬®¤ã«ì Hq = Aq, ª®â®àë© ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ®â®á¨â¥«ì® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï
haq; bqi = qb�aq (áà. [4], £«. IV, 10). �«ï «î¡®£® £¨«ì¡¥àâ®¢  ¯à®áâà áâ¢  Kq ¢¢¥¤¥¬ «¥¢ë© £¨«ì-
¡¥àâ®¢ ¬®¤ã«ì Hq

_
Kq, ¤¥©áâ¢¨¥   ª®â®à®¬ ª®àà¥ªâ® § ¤ ® ä®à¬ã«®© a � (bq _
k) = abq _
k,
a 2 A, bq 2 Aq, k 2 Kq. � ª¨¬ ®¡à §®¬, í«¥¬¥â a 2 A ¤¥©áâ¢ã¥â   Hq

_
Kq ª ª ®¯¥à â®à ¢¨¤ 
a
 1, £¤¥ a 2 B(Hq).

�§¢¥áâ® [3], çâ® ¤«ï «î¡®© C�- «£¥¡àë A � B(H) £¨«ì¡¥àâ®¢ ¬®¤ã«ì H ¬®¦¥â ¡ëâì ¯à¥¤áâ -
¢«¥ á â®ç®áâìî ¤® ¨§®¬¥âà¨ç¥áª®£® ¨§®¬®àä¨§¬  £¨«ì¡¥àâ®¢ëå ¬®¤ã«¥© ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë
(�q2�Hq

_
Kq) �H0, £¤¥ � | ¬ ªá¨¬ «ì®¥ ¬®¦¥áâ¢® ¯®¯ à® ¥íª¢¨¢ «¥âëå ¯® �îàà¥î{
ä® �e©¬ ã í«¥¬¥â àëå ¯à®¥ªâ®à®¢ ¨§ A, Hq | á¨áâ¥¬  «¥¢ëå A-¬®¤ã«¥© ¢¨¤  Aq, Kq

| á¨áâ¥¬  ¯à®¨§¢®«ìëå £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢,   £¨«ì¡¥àâ®¢ ¬®¤ã«ì H0 ¥ á®¤¥à¦¨â ¨
®¤®£® ¯®¤¬®¤ã«ï, ¨§®¬¥âà¨ç¥áª¨ ¨§®¬®àä®£® «¥¢®¬ã ¯®¤¬®¤ã«î ¢¨¤  Hq ¨ ¤«ï ª ª®£® q 2 �.

�à¨ íâ®¬ ¤«ï «î¡®£® ¯à®¥ªâ®à  q 2 � ¨ ¢¥ªâ®à®¢ h1; h2 2 Hq áãé¥áâ¢ã¥â ®¯¥à â®à h1�h2 2 A,
ª®â®àë© à ¢¥ ã«î   ®àâ®£® «ì®¬ ¤®¯®«¥¨¨ ª ¬®¤ã«î Hq

_
Kq ¨ ¯¥à¥¢®¤¨â ¯à®¨§¢®«ì-
ë© í«¥¬¥â h _
k 2 Hq

_
Kq ¢ hh; h2ih1 _
k. �®¦¥áâ¢® ®¯¥à â®à®¢ ¢¨¤  h1 � h2, h1 2 Hq ¯à¨
ä¨ªá¨à®¢ ®¬ h2 2 Hq ¡ã¤¥¬  §ë¢ âì «®ª «ìë¬ áâ®«¡æ®¬ ®¤®¬¥àëå ®¯¥à â®à®¢. � ª¨¬
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®¡à §®¬,  «£¥¡à  A á®¤¥à¦¨â «®ª «ìë© áâ®«¡¥æ ®¤®¬¥àëå ®¯¥à â®à®¢ ¤«ï «î¡®£® ¬®¤ã«ï
Hq

_
Kq; q 2 �. �à®¨áå®¦¤¥¨¥ íâ®£® â¥à¬¨  ¥âàã¤® ¯®ïá¨âì á ¯®¬®éìî ¬ âà¨æ. �¬¥®,
¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥ ¡ §¨á®¢ ¯à®¨§¢®«ìë© ®¯¥à â®à a 2 A � B(H) ¬®¦¥â ¡ëâì § ¯¨á 
á«¥¤ãîé¥© ¬ âà¨æ¥©:

a =

0
BBBBBBBBBBBBBBBBBBBBBBBB@

0 0 : : :
0 0 : : :

. . .
: : : 0 a1 0 : : :

: : : 0 a1 0 : : :
. . .

: : : 0 a2 0 : : :
: : : 0 a2 0 : : :

. . .
: : : 0 a3 0 : : :

: : : 0 a3 0
. . .

1
CCCCCCCCCCCCCCCCCCCCCCCCA

;

£¤¥ a1; a2; a3; : : : | íâ® ¥ª®â®àë¥ ®¯¥à â®àë ¨§ B(Hq1), B(Hq2), B(Hq3); : : : ,    ç «ìë© ¡«®ª
¨§ ã«¥© á®®â¢¥âáâ¢ã¥â ¬®¤ã«î H0. �à¨ íâ®¬ ¤«ï ¢áïª®£® í«¥¬¥â  q 2 � ¨ «î¡®£® ¢¥ªâ®à 
(x1; x2; x3; : : : )> 2 Hq  ©¤¥âáï ®¯¥à â®à aq 2 B(Hq) ¢¨¤ 

aq =

0
BBB@
x1 0 0 0 : : :
x2 0 0 0 : : :
x3 0 0 0 : : :
...

...
...

...
. . .

1
CCCA :

� íâ¨å ®¡®§ ç¥¨ïå  «£¥¡à  A ¯à®áâà áâ¢¥® ¯à®¥ªâ¨¢  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï
«î¡®£® ¯à®¥ªâ®à  q 2 � á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® minfdim(Hq);dim(Kq)g < 1,   ¯®¤¬®¤ã«ì H0

®¡« ¤ ¥â âà¨¢¨ «ìë¬ ã¬®¦¥¨¥¬ ¨ ¢ á«ãç ¥ ¥ã¨â «ì®©  «£¥¡àë A à ¢¥ ã«î.
�áâ¥áâ¢¥ë¬ ®¡à §®¬ ¢®§¨ª ¥â ¢®¯à®á ® á¯à ¢¥¤«¨¢®áâ¨ ¯®¤®¡®£® ªà¨â¥à¨ï ¤«ï ¥á -

¬®á®¯àï¦¥ëå ®¯¥à â®àëå  «£¥¡à A � B(H). � ¬ ¯®âà¥¡ãîâáï á«¥¤ãîé¨¥ ®¯à¥¤¥«¥¨ï.
� ®¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥¨¥¬ ¬®¤ã«ï H ¡ã¤¥¬  §ë¢ âì ¥£® à §«®¦¥¨¥ á â®ç®áâìî ¤®
¨§®¬¥âà¨ç¥áª®£® ¨§®¬®àä¨§¬  A-¬®¤ã«¥© ¢ ¢¨¤¥ ¯àï¬®© áã¬¬ë £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢
H = (�p2�Hp

_
Kp)�H0, ¤«ï ª®â®à®© ¢ë¯®«¥ë á«¥¤ãîé¨¥ ãá«®¢¨ï:

1) ¤«ï ª ¦¤®£® ¨¤¥ªá  p 2 � í«¥¬¥â a 2 A ¤¥©áâ¢ã¥â   A-¬®¤ã«¥ Hp
_
Kp ª ª ®¯¥à â®à

¢¨¤  a
1, £¤¥ a 2 B(Hp). �à®¬¥ â®£®, H0 | âà¨¢¨ «ìë© ¬®¤ã«ì ®â®á¨â¥«ì® ¤¥©áâ¢¨ï
 «£¥¡àë A;

2) ¤«ï ª ¦¤®£® ¨¤¥ªá  p 2 � áãé¥áâ¢ã¥â ¢¥ªâ®à h2 2 Hp â ª®©, çâ® ¤«ï «î¡®£® ¢¥ªâ®à 
h1 2 Hp  «£¥¡à  A á®¤¥à¦¨â ®¯¥à â®à h1 � h2.

(�¤¥áì, ª ª ¨ ¢ëè¥, á¨¬¢®«®¬ h1�h2 ®¡®§ ç¥ ®¯¥à â®à ¨§ A, à ¢ë© ã«î   ®àâ®£® «ì®¬ ¤®-
¯®«¥¨¨ ª ¬®¤ã«î Hp

_
Kp ¨ ¯¥à¥¢®¤ïé¨© ¯à®¨§¢®«ìë© í«¥¬¥â h _
k 2 Hp
_
Kp ¢ hh; h2ih1 _
k.)

�®¦¥áâ¢® ¢á¥å ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î 2) ¢¥ªâ®à®¢ h2 ®¡à §ã¥â § ¬ªãâ®¥ «¨¥©®¥ ¯®¤-
¯à®áâà áâ¢® ¢ Hp, ª®â®à®¥ ¬ë ®¡®§ ç¨¬ ç¥à¥§ Bp.

� ª ¯®ª § ® ¢ [5], ¤«ï ¥á ¬®á®¯àï¦¥®© ®¯¥à â®à®© ¯®¤ «£¥¡àë ¢ B(H) ãá«®¢¨¥ ¯à®-
¥ªâ¨¢®áâ¨ ¬®¤ã«ï H ã¦¥ ¥ ¢«¥ç¥â áãé¥áâ¢®¢ ¨¥ ª ®¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï ¤«ï íâ®-
£® ¬®¤ã«ï. �à®áâ¥©è¨¬ ¯à¨¬¥à®¬ á«ã¦¨â  «£¥¡à  ¬ âà¨æ ¢¨¤ 

�
� �
0 �

�
 ¤ ¤¢ã¬¥àë¬ £¨«ì-

¡¥àâ®¢ë¬ ¯à®áâà áâ¢®¬ H = C 2 . �ãé¥áâ¢ãîâ ¨ ¯®«ã¯à®áâë¥  «£¥¡àë, ®¡« ¤ îé¨¥ íâ¨¬
á¢®©áâ¢®¬. �®®â¢¥âáâ¢ãîé¨¬ ¯à¨¬¥à®¬ ï¢«ï¥âáï ¯à®áâà áâ¢® �®¡®«¥¢ , á®áâ®ïé¥¥ ¨§  ¡á®-
«îâ® ¥¯à¥àë¢ëå äãªæ¨©   ®âà¥§ª¥ [a; b], ¯à®¨§¢®¤ë¥ ª®â®àëå ¯à¨ ¤«¥¦ â ¯à®áâà -
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áâ¢ã L2[a; b] [5]. �® ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ®â®á¨â¥«ì® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï hf; gi =
bR

x=a

f(x)g(x) dx+
bR

x=a

f 0(x)g0(x) dx. �®â®ç¥ç®¥ ã¬®¦¥¨¥ äãªæ¨© ¯à¥¢à é ¥â íâ® ¯à®áâà áâ¢®

¢ ¡  å®¢ã  «£¥¡àã, ª®â®à ï ï¢«ï¥âáï «¥¢ë¬ ¬®¤ã«¥¬  ¤ á®¡®©.
�ãáâì â¥¯¥àì ¬®¤ã«ì H ®¡« ¤ ¥â ª ®¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥¨¥¬. �«ï íâ®£® á«ãç ï  ¢â®à®¬

¯à¥¤êï¢«¥ ªà¨â¥à¨© ¯à®¥ªâ¨¢®áâ¨ ¬®¤ã«ï H. � ¯®¬¨¬, çâ® âà¨¢¨ «ìë© A-¬®¤ã«ì H0 6= 0
¯à®¥ªâ¨¢¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   «£¥¡à  A ®¡« ¤ ¥â ¯à ¢®© ¥¤¨¨æ¥© ([3], á. 13{15).
�®íâ®¬ã ¢ ¤ «ì¥©è¥¬ ¬®¦® ¥ ¢ª«îç âì H0 ¢ ª ®¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥. �®£¤  ¤«ï ¯à®-
¥ªâ¨¢®áâ¨ ¬®¤ã«ï H ¤®áâ â®çë¬¨ ï¢«ïîâáï á«¥¤ãîé¨¥ ãá«®¢¨ï [6]:

1) ¤«ï «î¡®£® ¨¤¥ªá  p 2 � ¢¥à® ¥à ¢¥áâ¢® min(dim(Hp);dim(Kp)) <1;
2) áãé¥áâ¢ã¥â ¥ª®â®à®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® N â ª®¥, çâ® ¤«ï «î¡®£® ¨¤¥ªá  p 2 �

á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® min(dim(Hp);dim(Kp)) � N dim(Bp).

� ¤ ®© à ¡®â¥ ¡ã¤¥â ¤®ª §   ¥®¡å®¤¨¬®áâì ãª § ëå ãá«®¢¨©. � ¥¥ íâ® ¡ë«® á¤¥« ®
¤«ï C�- «£¥¡à [3], £¤¥ Hp = Bp, ¨ ¯®â®¬ã ãá«®¢¨¥ 2) ¢á¥£¤  ¢¥à®,   â ª¦¥ ¤«ï CSL- «£¥¡à á
 â®¬ë¬ ª®¬¬ãâ â®¬ [7].

� ë© ªà¨â¥à¨© ¯®«ãç¥  ¢â®à®¬ ¨§   «¨§  ¯à¥¤«®¦¥ëå �.�.�¥«¥¬áª¨¬ ¯à¨¬¥à®¢
¯à®áâà áâ¢¥® ¥¯à®¥ªâ¨¢ëå ®¯¥à â®àëå  «£¥¡à, ¤«ï ª®â®àëå ¥ ¢ë¯®«ï¥âáï ¯¥à¢®¥ ¨«¨
¢â®à®¥ ãá«®¢¨¥. �®®â¢¥âáâ¢ãîé¨© ¯à¨¬¥à ¤«ï ¯¥à¢®£® ãá«®¢¨ï ¡ë« ¢¯¥à¢ë¥ à áá¬®âà¥ ¢ áâ âì¥
[6]. �â® ä ªâ®à Rm;n â¨¯  I, £¤¥ ®¡  ç¨á«  m, n (à §¬¥à®áâ¨ ä ªâ®à  ¨ ¥£® ª®¬¬ãâ â )
¡¥áª®¥çë. �à¨¬¥à®¬ ¤«ï ¢â®à®£® ãá«®¢¨ï ï¢«ï¥âáï £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® H = �n2NC

n

¨ ¥á ¬®á®¯àï¦¥ ï  «£¥¡à  A = �n2NAn � B(H), £¤¥ An � B(Hn) |  «£¥¡àë âà¥ã£®«ìëå
¬ âà¨æ (¢ íâ®¬ á«ãç ¥ à §¬¥à®áâì á®®â¢¥âáâ¢ãîé¥£® ¯à®áâà áâ¢  Bn ¥ ¬¥ìè¥ ¥¤¨¨æë,  
¯®â®¬ã ãá«®¢¨¥ 2), ®ç¥¢¨¤®,  àãè ¥âáï) [8].

�¥à¥¤  ç «®¬ à ááã¦¤¥¨© á¤¥« ¥¬ ¥ª®â®àë¥ ¯à¥¤¢ à¨â¥«ìë¥ § ¬¥ç ¨ï. �ãáâì  «£¥-
¡à  A � B(H) ¥ ã¨â «ì . �®£¤  ¬®¦® ®â®¦¤¥áâ¢¨âì ¥¥ ã¨â «¨§ æ¨î A+ á ®¯¥à â®à®©
¯®¤ «£¥¡à®© ¢ B(H). �® á¤¥« ë¬ ¢ëè¥ ¯à¥¤¯®«®¦¥¨ï¬ ª ®¨ç¥áª®¥ ¯à¥¤áâ ¢«¥¨¥ ¬®¤ã«ï
H ¥ á®¤¥à¦¨â âà¨¢¨ «ì®£® ¯®¤¬®¤ã«ï H0. �® â®£¤  ®® ï¢«ï¥âáï ª ®¨ç¥áª¨¬ ¯à¥¤áâ ¢«¥-
¨¥¬ ¨  ¤ A+. �à¨ íâ®¬ ¤«ï «î¡®£® ¨¤¥ªá  p 2 � ¯à®áâà áâ¢  Bp ¨ B+

p , á®®â¢¥âáâ¢ãîé¨¥
 «£¥¡à ¬ A ¨ A+, á®¢¯ ¤ îâ. �¥©áâ¢¨â¥«ì®, ¯ãáâì x 2 Bp; y 2 B+

p , z 2 Hp. �®£¤  z � x 2 A ¨
¯®â®¬ã z � y = (z � x)(x � y) 2 A. � ª¨¬ ®¡à §®¬, ¢ë¯®«¥¨¥ ãá«®¢¨© 1) ¨ 2)  ¤  «£¥¡à®© A
íª¢¨¢ «¥â® ¨å ¢ë¯®«¥¨î  ¤  «£¥¡à®© A+. �«¥¤®¢ â¥«ì®, ¢ ¤ «ì¥©è¥¬  «£¥¡àã A ¬®¦®
áç¨â âì ã¨â «ì®© ¨ à áá¬ âà¨¢ âì ª ®¨ç¥áªãî ¯à®¥ªæ¨î � : Ab
H ! H.

� «¥¥ ¢á¥ ¡ §¨áë £¨«ì¡¥àâ®¢ëå ¯à®áâà áâ¢ ¯® ã¬®«ç ¨î ¯à¥¤¯®« £ îâáï ®àâ®®à¬¨à®-
¢ ë¬¨.

2. �¢®©áâ¢  ¯à ¢®£® ®¡à â®£® ª ª ®¨ç¥áª®© ¯à®¥ªæ¨¨ ¬®àä¨§¬ 

�á®¢®© ¬¥â®¤ íâ®© à ¡®âë ¢¯¥à¢ë¥ ¢¢¥¤¥ ¢ [2], ® §¤¥áì ¨§« £ ¥âáï § ®¢® á® § ç¨â¥«ì-
ë¬¨ ¨§¬¥¥¨ï¬¨.

�¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â p 2 �. �®ïâ®, çâ® ¥á«¨ ¬®¤ã«ì H ¯à®¥ªâ¨¢¥, â® ¨ ¥£®
¯®¤¬®¤ã«ì H 0 = Hp

_
Kp â®¦¥ ¯à®¥ªâ¨¢¥ (ª ª ¯àï¬®¥ á« £ ¥¬®¥,   ¯®â®¬ã ¨ à¥âà ªâ H). �¢¥¤¥¬
¡ §¨áë e0i 2 Hp, e00j 2 Kp, ei;j := e0i _
e00j 2 Hp

_
Kp, £¤¥ i 2 I, j 2 J .

�áá«¥¤ã¥¬ ¬®àä¨§¬ � : H 0 ! Ab
H 0, ¯à ¢ë© ®¡à âë© ª ª ®¨ç¥áª®© ¯à®¥ªæ¨¨ � : Ab
H 0 !
H 0. �à¥¤¢ à¨â¥«ì® ¤«ï ¯®«®âë ¨§«®¦¥¨ï ¤®ª ¦¥¬ ¥áª®«ìª® ¯à®¬¥¦ãâ®çëå «¥¬¬ á®£« á-
® ([2], á. 390).

�ãáâì H | ¯à®¨§¢®«ì®¥ £¨«ì¡¥àâ®¢® ¯à®áâà áâ¢® á ¡ §¨á®¬ em;m 2 I, E | ¯à®¨§¢®«ì-
®¥ ¡  å®¢® ¯à®áâà áâ¢®. �«ï ª ¦¤®£® m à áá¬®âà¨¬ ®¯¥à â®à �m : E b
H ! E, ª®àà¥ªâ®
§ ¤ ë© ä®à¬ã«®© �m(f b
h) = hh; emif , f 2 E, h 2 H. �¥¬ á ¬ë¬, ¤«ï ¢áïª®£® ¯à¥¤áâ ¢«¥¨ï
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í«¥¬¥â  u 2 E b
H ¢ ¢¨¤¥ áã¬¬ë

u =
1X
k=1

yk b
xk; 1X
k=1

kykk kxkk <1; yk 2 E; xk 2 H;

¢¥à  ä®à¬ã« 

�m(u) =
1X
k=1

hxk; emiyk: (1)

�¥¬¬  1. �«ï ª ¦¤®£® u 2 E b
H á¯à ¢¥¤«¨¢® à ¢¥áâ¢® u =
P
m2I

�m(u)b
em.
(�ë¬¨ á«®¢ ¬¨, ¥á«¨ � = (m1; : : : ;mk) | á¥âì ¢á¥å ª®¥çëå ¯®¤¬®¦¥áâ¢ ¢ I, ã¯®àï¤®-

ç¥ ï ¯® ¯àï¬®¬ã ¢ª«îç¥¨î, â®  ¯à ¢«¥®áâì

u� = �m1
(u)b
em1

+ � � � + �mk
(u)b
emk

áå®¤¨âáï ª u:)

�®ª § â¥«ìáâ¢®. �«ï § ¤ ®£® ¯®¤¬®¦¥áâ¢  � = (m1; : : : ;mk) ®¡®§ ç¨¬ ç¥à¥§ q� ¯à®¥ª-
æ¨î ¯à®áâà áâ¢  H   § ¬ªãâ®¥ ¯®¤¯à®áâà áâ¢®,  âïãâ®¥   ¢¥ªâ®àë em1

; : : : ; emk
. �®£¤ 

¤«ï «î¡®£® í«¥¬¥â à®£® â¥§®à  u = y b
x ¢¥à  ä®à¬ã« 

u� :=
kX

i=1

�mi
(u)b
emi

=
kX

i=1

yhx; emi
ib
emi

= y b
( kX
i=1

hx; emi
iemi

) = y b
q�(x) = (1b
q�)u:
� â® ¦¥ ¢à¥¬ï  ¯à ¢«¥®áâì q�(x) áâà¥¬¨âáï ª x. �®íâ®¬ã  ¯à ¢«¥®áâì (1b
q�)u áâà¥¬¨âáï
ª u. � ª ª ª ¤«ï «î¡®£® ª®¥ç®£® ¯®¤¬®¦¥áâ¢  � � I ®à¬  ®¯¥à â®à  1b
q� à ¢  ¥¤¨¨æ¥,
â® ¤«ï «î¡®£® í«¥¬¥â  u 2 E b
H  ¯à ¢«¥®áâì u� = (1b
q�)u áâà¥¬¨âáï ª u.

�¥¬¬  2. �«ï ª ¦¤®£® u 2 E b
H á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®
P
m2I

k�m(u)k2 � kuk2.

�®ª § â¥«ìáâ¢®. �«ï «î¡®£® ¯à¥¤áâ ¢«¥¨ï u ¢ ¢¨¤¥ áã¬¬ë u =
1P
k=1

yk b
xk ¡¥§ ®£à ¨ç¥¨ï
®¡é®áâ¨ ¬®¦® áç¨â âì, çâ® kxkk = kykk. �§ ä®à¬ã«ë (1) ¯®«ãç ¥¬ æ¥¯®çªã ¥à ¢¥áâ¢

X
m2I

k�m(u)k2 �
X
m2I

� 1X
k=1

jhxk; emij � kykk
�2

�

�
X
m2I

�� 1X
k=1

jhxk; emij2
�� 1X

k=1

kykk2
��

=
� 1X

k=1

kykk2
�� 1X

k=1

kxkk2
�
:

�® â. ª. kxkk = kykk, â® � 1X
k=1

kykk2
�� 1X

k=1

kxkk2
�
=
� 1X

k=1

kykk kxkk
�2
:

� â® ¦¥ ¢à¥¬ï kuk = inf
1P
k=1

kykk kxkk, £¤¥ ¨¦ïï £à ì ¢§ïâ  ¯® ¢á¥¬ ¯à¥¤áâ ¢«¥¨ï¬ u =
1P
k=1

yk b
xk.
�«¥¤ãîé ï «¥¬¬  á«¥¤ã¥â ¨§ â¥®à¥¬ë �¨áá  ® ¥¯à¥àë¢ëå äãªæ¨® « å   £¨«ì¡¥àâ®¢®¬

¯à®áâà áâ¢¥.

�¥¬¬  3. �«ï ¥¯à¥àë¢®£® äãªæ¨® «  f , ª®â®àë© ¤¥©áâ¢ã¥â   £¨«ì¡¥àâ®¢®¬ ¯à®-

áâà áâ¢¥ H á ¡ §¨á®¬ ei, i 2 I, ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢®
P
i2I

jf(ei)j2 � kfk2.
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� áá¬®âà¨¬ â¥¯¥àì ¬®àä¨§¬ «¥¢ëå A-¬®¤ã«¥© � : H 0 ! Ab
H 0, ¯à ¢ë© ®¡à âë© ª ª ®¨-
ç¥áª®© ¯à®¥ªæ¨¨ � : Ab
H 0 ! H 0 ( ¯®¬¨¬, çâ® á¨¬¢®«®¬ H 0 ®¡®§ ç ¥âáï ¬®¤ã«ì Hp

_
Kp).
�¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â e0 2 Bp. �®£¤  ¤«ï «î¡®£® ¨¤¥ªá  t 2 I í«¥¬¥â e0t �e0 «¥¦¨â
¢ A ¢ á¨«ã ®¯à¥¤¥«¥¨ï ¯à®áâà áâ¢  Bp. � «®£¨ç®, e0 � e0 2 A.

�à¨¬¥ïï ª ®¡à §ã �(e0 _
e00j ) «¥¬¬ã 1, ¬®¦® § ¯¨á âì ä®à¬ã«ã

�(e0 _
e00j ) =
X

i2I;k2J

bji;k b
ei;k; bji;k 2 A:

�à¨¬¥ïï ª ¥© ®¯¥à â®à e0 � e0 2 A, ¯®«ãç ¥¬ à ¢¥áâ¢®

�(e0 _
e00j ) =
X

i2I; k2J

(e0 � yji;k)b
ei;k;
£¤¥ yji;k := (bji;k)

�(e0) 2 Hp. � «¥¥, ¯à¨¬¥ïï ª ¯®«ãç¥®© ä®à¬ã«¥ ®¯¥à â®à e0t �e0, ®ª®ç â¥«ì®
¨¬¥¥¬

�(et;j) =
X

i2I; k2J

(e0t � yji;k)b
ei;k: (2)

�¤®¡® ¢ë¯¨á âì ¥é¥ ®¤® ¯à®áâ®¥ à ¢¥áâ¢®. � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¥®¤®ªà â® ¨á¯®«ì§®-
¢ âì äãªæ¨® «ë, ª®àà¥ªâ® § ¤ ë¥ ä®à¬ã«®©

f : Ab
H 0 ! C : ab
z 7! ha � e0m0
; e0t0ihz; ei0;k0i: (3)

�®£¤  ¢ á¨«ã à ¢¥áâ¢  (2) ¯®«ãç ¥¬ ä®à¬ã«ë

f(�(et;j)) = he0m0
; yji0;k0i ¯à¨ t = t0;

f(�(et;j)) = 0 ¯à¨ t 6= t0:
(4)

�¥¯¥àì ¯à¨áâã¯¨¬ ª ¨§ãç¥¨î á¨áâ¥¬ë í«¥¬¥â®¢ yji;k, i 2 I, j; k 2 J , ®¤®§ ç® § ¤ îé¥©
¬®àä¨§¬ �. � ¯®¬¨¬, çâ® ®¡®§ ç¥¨¥ lim

k
�k = 0 ¤«ï ¯à®¨§¢®«ì®£® ç¨á«®¢®£® á¥¬¥©áâ¢  f�k 2

C ; k 2 Kg ®§ ç ¥â, çâ® ¤«ï «î¡®£® " > 0 ¬®¦¥áâ¢® í«¥¬¥â®¢ fk 2 K : j�kj � "g ª®¥ç®.
�«¥¤ãîé¨¥ âà¨ «¥¬¬ë ®¯¨áë¢ îâ \¯à¥¤¥«ìë¥ á¢®©áâ¢ " á¨áâ¥¬ë yji;k ¯à¨ ¤®áâ â®ç® ¡®«ì-

è¨å § ç¥¨ïå ¯ à ¬¥âà®¢ j, i, k.

�¥¬¬  4. �«ï «î¡ëå ä¨ªá¨à®¢ ëå ¨¤¥ªá®¢ i0;m0 2 I á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®P
j2J

jhe0m0
; yji0;jij2 � k�k2, ®âªã¤  lim

j
he0m0

; yji0;ji = 0.

�®ª § â¥«ìáâ¢®. �®áâ â®ç® ¤®ª § âì, çâ® ¤«ï «î¡®© ¯®á«¥¤®¢ â¥«ì®áâ¨ à §«¨çëå ¨-
¤¥ªá®¢ jn 2 J , n = 1; 2 : : : , ¢ë¯®«ï¥âáï ãá«®¢¨¥

1X
n=1

jhe0m0
; yjni0;jnij2 � k�k2:

�ë¡¥à¥¬ ¯à®¨§¢®«ìãî ¯®á«¥¤®¢ â¥«ì®áâì à §«¨çëå ¨¤¥ªá®¢ in 2 I, n = 1; 2 : : : , ¨ ¢¢¥¤¥¬
¤«ï ¥¥ äãªæ¨® «

F : Ab
H 0 ! C : ab
z 7! 1X
n=1

ha � e0m0
; e0inihz; ei0 ;jni:

�æ¥¨¬ á¢¥àåã ®à¬ã íâ®£® äãªæ¨® « . � á¨«ã ¥à ¢¥áâ¢  �®è¨{�ãïª®¢áª®£® ¢¥à  ®æ¥ª 

jF (ab
z)j2 � 1X
n=1

jha � e0m0
; e0inij2

1X
n=1

jhz; ei0;jnij2: (5)
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� â. ª. á¨áâ¥¬ë e0in 2 Hp ¨ ei0;jn 2 H 0 = Hp
_
Kp ®àâ®®à¬¨à®¢ ë, â® ¯¥à¢ë© á®¬®¦¨â¥«ì

ä®à¬ã«ë (5) ¥ ¯à¥¢®áå®¤¨â kak2,   ¢â®à®© ¥ ¯à¥¢®áå®¤¨â kzk2. �®íâ®¬ã kFk � 1. �® F ¥áâì
áã¬¬  äãªæ¨® «®¢ ¢¨¤  (3) ¯à¨ t0 = in, k0 = jn, n = 1; 2 : : : �® ä®à¬ã«¥ (4) ¯®«ãç ¥¬

F (�(ein;jn)) = he0m0
; yjni0;jni:

�¤ ª® ®à¬  äãªæ¨® «  F � � : H 0 ! C ¥ ¡®«ìè¥ k�k. �® «¥¬¬¥ 3 á¯à ¢¥¤«¨¢  ®æ¥ª 
1X
n=1

j(F � �)(ein;jn)j2 � k�k2;

®âªã¤  ¨ ¢ëâ¥ª ¥â ¨áª®¬®¥.

�¥¬¬  5. �«ï «î¡ëå ä¨ªá¨à®¢ ëå ¨¤¥ªá®¢ i0;m0 2 I, k0 2 J á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®P
j2J

jhe0m0
; yji0;k0ij2 � k�k2, ®âªã¤  lim

j
he0m0

; yji0;k0i = 0:

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â t0 2 I. � áá¬®âà¨¬ äãªæ¨® «

F : Ab
H 0 ! C : ab
z 7! ha � e0m0
; e0t0ihz; ei0 ;k0i:

�ç¥¢¨¤®, çâ® ¥£® ®à¬  ¥ ¯à¥¢®áå®¤¨â 1. � ç¥¨¥ ¤ ®£® äãªæ¨® «    í«¥¬¥â¥ �(et0;j)
¯® ä®à¬ã«¥ (4) à ¢® he0m0

; yji0;k0i. T ª ª ª á¨áâ¥¬  ¢¥ªâ®à®¢ et0;j, j 2 J , ®àâ®®à¬¨à®¢  , â®,
¯à¨¬¥ïï ª äãªæ¨® «ã F � � : H 0 ! C «¥¬¬ã 3, ¯®«ãç ¥¬ ¥à ¢¥áâ¢®X

j2J

j(F � �)(et0;j)j2 � kF � �k2 � k�k2: �

�¥¬¬  6. �«ï «î¡ëå ä¨ªá¨à®¢ ëå ¨¤¥ªá®¢ i0;m0 2 I, j0 2 J á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®P
k2J

jhe0m0
; yj0i0;kij2 � k�k2, ®âªã¤  lim

k
he0m0

; yj0i0;ki = 0:

�®ª § â¥«ìáâ¢®. �¨ªá¨àã¥¬ ¯à®¨§¢®«ìë© í«¥¬¥â t 2 I. �®á¯®«ì§®¢ ¢è¨áì «¥¬¬®© 1 ¨
ä®à¬ã«®© (2), ¯®«ãç ¥¬ à ¢¥áâ¢®X

i2I;k2J

�i;k(�(et;j0))b
ei;k = �(et;j0) =
X

i2I;k2J

(e0t � yj0i;k)b
ei;k:
�âáî¤  �i;k(�(et;j0)) = e0t � yj0i;k. �® «¥¬¬¥ 2 ¢¥à  ®æ¥ª X

i2I;k2J

ke0t � yj0i;kk2 =
X

i2I;k2J

k�i;k(�(et;j0))k2 � k�(et;j0)k2 � k�k2:

�áâ «®áì § ¬¥â¨âì, çâ® ¤«ï «î¡®£® k 2 J á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢® jhe0m0
; yj0i0;kij � kyj0i0;kk =

ke0t � yj0i0;kk:

�¥¯¥àì § ¯¨è¥¬ ä®à¬ã«ë, ®âà ¦ îé¨¥ â®â ä ªâ, çâ® ¬®àä¨§¬ � : H 0 ! Ab
H 0 ï¢«ï¥âáï
¯à ¢ë¬ ®¡à âë¬ ª ª ®¨ç¥áª®© ¯à®¥ªæ¨¨.

�¥¬¬  7. �«ï «î¡ëå à §«¨çëå ¨¤¥ªá®¢ j; k 2 J á¯à ¢¥¤«¨¢ë ä®à¬ã«ëX
i2I

he0i; yji;ki = 0

¨ X
i2I

he0i; yji;ji = 1:
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�®ª § â¥«ìáâ¢®. �¨ªá¨àãï ¯à®¨§¢®«ìë© ¨¤¥ªá t 2 I, á ãç¥â®¬ (2) ¯®«ãç ¥¬

et;j = �(�(et;j)) =
X

i2I;k2J

�[(e0t � yji;k)b
ei;k] = X
i2I;k2J

(e0t � yji;k) � ei;k =
X

i2I;k2J

he0i; yji;kiet;k:

�áâ «®áì ¢®á¯®«ì§®¢ âìáï ®àâ®£® «ì®áâìî á¨áâ¥¬ë í«¥¬¥â®¢ et;k; k 2 J , ¨ áà ¢¨âì ª®íä-
ä¨æ¨¥âë ¢ ¯à ¢®© ¨ «¥¢®© ç áâïå ¯®«ãç¥®£® à ¢¥áâ¢ .

3. �¥à¢®¥ ãá«®¢¨¥ ¯à®¥ªâ¨¢®áâ¨

�á®¢ë¬ â¥å¨ç¥áª¨¬ áà¥¤áâ¢®¬ ¤«ï ¤®ª § â¥«ìáâ¢  ¯¥à¢®£® ªà¨â¥à¨ï ¯à®¥ªâ¨¢®áâ¨ ¡ã-
¤¥â ä®à¬ã«¨àã¥¬ ï ¨¦¥ â¥®à¥¬  ® \« ªã¨§ æ¨¨". �«ï ¥¥ ä®à¬ã«¨à®¢ª¨ ¨ ¤®ª § â¥«ìáâ¢ 
¢¢¥¤¥¬ á¨áâ¥¬ã ç¨á¥« cji;k := he0i; yij;ki. �§ «¥¬¬ 4{7 § ª«îç ¥¬, çâ® ¢¢¥¤¥ ï á¨áâ¥¬  ®¡« ¤ ¥â
á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) ¤«ï «î¡ëå ¨¤¥ªá®¢ i0 2 I, j0; k0 2 J á¯à ¢¥¤«¨¢ë ¯à¥¤¥«ìë¥ à ¢¥áâ¢ 

a) lim
j2J

c ji0;j = 0; b) lim
j2J

c ji0;k0 = 0; c) lim
k2J

c j0i0;k = 0; (6)

2) ¤«ï «î¡ëå à §«¨çëå ¨¤¥ªá®¢ j; k 2 J á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

a)
X
i2I

c ji;k = 0; b)
X
i2I

c ji;j = 1: (7)

�¥®à¥¬  1 (« ªã¨§ æ¨ï). �ãáâì ç¨á«®¢ ï á¨áâ¥¬  c ji;k 2 C , j; k 2 J , i 2 I, ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨ï¬ (6), (7). �®£¤  ¤«ï «î¡®£®  âãà «ì®£® ç¨á«  l ¨ «î¡®£® " > 0 áãé¥áâ¢ãîâ

â ª¨¥ á¨áâ¥¬  à §«¨çëå ¨¤¥ªá®¢ j1; : : : ; jl 2 J ¨ á¨áâ¥¬  ¥¯¥à¥á¥ª îé¨åáï ª®¥çëå ¯®¤-

¬®¦¥áâ¢ A1; : : : ; Al � I, çâ® ¤«ï «î¡ëå à §«¨çëå  âãà «ìëå ç¨á¥« m;n � l á¯à ¢¥¤«¨¢ë
¥à ¢¥áâ¢ 

a)
���� X
i2Am

c jni;jm

���� � "; b)
���� X
i2Am

c jmi;jm � 1
���� � ": (8)

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¨¤ãªæ¨¥© ¯® l.
�à¨ l = 1 ¥®¡å®¤¨¬® ¯®ª § âì, çâ® ¤«ï ¥ª®â®àëå ¨¤¥ªá  j1 2 J ¨ ª®¥ç®£® ¯®¤¬®¦¥áâ¢ 

A1 � I ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® ���� X
i2A1

c j1i;j1 � 1
���� � ":

�® ¢ á¨«ã (7, b)) ¤«ï «î¡®£® ¨¤¥ªá  j1 2 J á¯à ¢¥¤«¨¢® à ¢¥áâ¢®X
i2I

c j1i;j1 = 1;

®âªã¤  ¨ á«¥¤ã¥â ¨áª®¬®¥.
�ãáâì â¥®à¥¬  ¤®ª §   ¤«ï l � 1. �®ª ¦¥¬ ¥¥ ¤«ï l. � ¬ ¥®¡å®¤¨¬®  ©â¨ ¨¤¥ªá il 2 I

(®â«¨çë© ®â ã¦¥ ¯®áâà®¥ëå i1; : : : ; il�1) ¨ ª®¥ç®¥ ¬®¦¥áâ¢® Al � J (¥ ¯¥à¥á¥ª îé¥¥áï
á ã¦¥ ¯®áâà®¥ë¬¨ A1; : : : ; Al�1) â ª, çâ®¡ë ãá«®¢¨¥ (8, a)) ¢ë¯®«ï«®áì ¯à¨ 1) n = l, m < l,
2) n < l, m = l,   ãá«®¢¨¥ (8, b)) ¢ë¯®«ï«®áì ¯à¨ m = l. �¡®§ ç¨¬ X = A1 [ � � � [Al�1.

�à¥¤¥«ìë¥ ®â®è¥¨ï â¨¯  (6) á¯à ¢¥¤«¨¢ë ¨ ¤«ï ª®¥çëå áã¬¬ ¢ á«ãç ¥, ª®£¤  ¨¤¥ªá
i0 ¯à®¡¥£ ¥â ¥ª®â®à®¥ ª®¥ç®¥ ¬®¦¥áâ¢®. �®íâ®¬ã ¬®¦® ¢ë¡à âì ¨¤¥ªá jl â ª, çâ®¡ë ¤«ï
«î¡ëå  âãà «ìëå ç¨á¥« m;n � l ®¤®¢à¥¬¥® ¢ë¯®«ï«¨áì á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

a)
���� X
i2Am

c jli;jm

���� � "; b)
����X
i2X

c jni;jl

���� � "; c)
����X
i2X

c jli;jl

���� � ": (9)
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�¥à¢®¥ ¨§ íâ¨å ¥à ¢¥áâ¢ | íâ® ¢ â®ç®áâ¨ ¥à ¢¥áâ¢® (8, a)) ¤«ï á«ãç ï n = l, m < l. � «¥¥,
¢ á¨«ã (7) ¯à¨ n < l á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ 

a)
X
i2I

c jni;jl = 0; b)
X
i2I

c jli;jl = 1;

®âªã¤  á ãç¥â®¬ (9, b), c)) ¯®«ãç ¥¬ ¥à ¢¥áâ¢ 

a)
���� X
i2InX

c jni;jl

���� � "; b)
���� X
i2InX

c jli;jl � 1
���� � ":

�«¥¤®¢ â¥«ì®, áãé¥áâ¢ã¥â ª®¥ç®¥ ¬®¦¥áâ¢® Al � I nX, ¤«ï ª®â®à®£® ¢ë¯®«ïîâáï á«¥¤ã-
îé¨¥ ¥à ¢¥áâ¢ :

a)
���� X
i2Al

c jni;jl

���� � "; b)
���� X
i2Al

c jli;jl � 1
���� � ":

�® íâ® ¨ ¥áâì ¥à ¢¥áâ¢® (8, a)) ¤«ï á«ãç ï n < l;m = l ¨ ¥à ¢¥áâ¢® (8, b)) ¤«ï á«ãç ï
m = l. �

� «¥¥ á«¥¤ã¥â ®á®¢ ï

�¥®à¥¬  2. �á«¨ à §¬¥à®áâ¨ ¯à®áâà áâ¢ Hp ¨ Kp à ¢ë ¡¥áª®¥ç®áâ¨, â® ¬®¤ã«ì

H 0 = Hp
_
Kp ¥ ï¢«ï¥âáï ¯à®¥ªâ¨¢ë¬.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¬®àä¨§¬ � : H 0 ! Ab
H 0, ¯à ¢ë© ®¡à â-
ë© ª ª ®¨ç¥áª®© ¯à®¥ªæ¨¨ � : Ab
H 0 ! H 0. �®£¤  á¯à ¢¥¤«¨¢  ä®à¬ã«  (2). �¨ªá¨àã¥¬
¯à®¨§¢®«ìë© í«¥¬¥â t 2 I. �«ï «î¡®£®  âãà «ì®£® ç¨á«  l ®¯à¥¤¥«¨¬ " = 1=(2l) ¨ ¯®áâà®-
¨¬ á®£« á® â¥®à¥¬¥ 1 ¯®á«¥¤®¢ â¥«ì®áâì ¨¤¥ªá®¢ j1; : : : ; jl 2 J ¨ á¨áâ¥¬ã ¥¯¥à¥á¥ª îé¨åáï
ª®¥çëå ¯®¤¬®¦¥áâ¢ A1; : : : ; Al � I. � áá¬®âà¨¬ äãªæ¨® «

F : Ab
H 0 ! C : ab
z 7! lX
n=1

X
i2An

ha � e0i; e0tihz; ei;jni:

�®ª ¦¥¬, çâ® ¥£® ®à¬  ¥ ¯à¥¢®áå®¤¨â 1. � ª ª ª á¨áâ¥¬ë ¢¥ªâ®à®¢ e0i, i 2 [l
n=1An ¨ ei;jn ,

i 2 An, n = 1; : : : ; l ®àâ®®à¬¨à®¢ ë, â® ¢ á¨«ã ¥à ¢¥áâ¢  �®è¨{�ãïª®¢áª®£® á¯à ¢¥¤«¨¢ 
®æ¥ª 

jF (ab
z)j2 � lX
n=1

X
i2An

jhe0i; a� � e0tij2 �
lX

n=1

X
i2An

jhz; ei;jnij2 � kak2kzk2:

�ëç¨á«¨¬ § ç¥¨¥ íâ®£® äãªæ¨® «    í«¥¬¥â¥ �(et;jn0 ), n0 � l. �ãªæ¨® « F ¥áâì áã¬¬ 
äãªæ¨® «®¢ ¢¨¤  (3) ¯à¨ i0 = m0 = i, k0 = jn, t = t0, n = 1; 2; : : : �«ï «î¡®£®  âãà «ì®£®
ç¨á«  s � l á®£« á® ä®à¬ã«¥ (4) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

(F � �)(et;js) =
lX

n=1

X
i2An

he0i; yjsi;jni =
lX

n=1

X
i2An

c jsi;jn :

�® â¥®à¥¬¥ 1 ¢¥à  ®æ¥ª 

j(F � �)(et;js)� 1j �
���� X
i2As

c jsi;js � 1
����+ X

n=1;:::;l; n6=s

���� X
i2An

c jsi;in

���� � (1=2l) � l = 1=2: (10)

�¡®§ ç¨¬ zl :=
lP

s=1

et;js . �ç¥¢¨¤®, kzlk =
p
l. � â® ¦¥ ¢à¥¬ï, á®£« á® (10) á¯à ¢¥¤«¨¢® ¥à -

¢¥áâ¢® j(F � �)(zl) � lj � l=2, ®âªã¤  j(F � �)(zl)j � l=2 ¨
p
l=2 � kF � �k � k�k. �áâà¥¬«ïï l ª

¡¥áª®¥ç®áâ¨, ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥, ª®â®à®¥ ¤®ª §ë¢ ¥â â¥®à¥¬ã.
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4. �â®à®¥ ãá«®¢¨¥ ¯à®¥ªâ¨¢®áâ¨

� íâ®¬ ¯ à £à ä¥ ¡ã¤¥â ¤®ª §   ¥®¡å®¤¨¬®áâì ¢â®à®£® ãá«®¢¨ï ¯à®¥ªâ¨¢®áâ¨, ª®â®à®¥
¢ëà ¦ ¥âáï á®®â®è¥¨¥¬ min(dim(Hp);dim(Kp)) � N � dim(Bp). �®«¥¥ â®ç®, ¯®ª ¦¥¬, çâ®
¯ à ¬¥âà N ¢ íâ®¬ á®®â®è¥¨¨ ¬®¦¥â ¡ëâì ¢§ïâ à ¢ë¬ k�k2, £¤¥ � : H ! Ab
H | ¯à -
¢ë© ®¡à âë© ¬®àä¨§¬ ª ª ®¨ç¥áª®© ¯à®¥ªæ¨¨ � : Ab
H ! H (áà. â ª¦¥ ¤®ª § â¥«ìáâ¢®
¤®áâ â®ç®áâ¨ ¢ [6]). �ª § ë¥ à ááã¦¤¥¨ï ï¢«ïîâáï ®¡®¡é¥¨¥¬ ª®âà¯à¨¬¥à  áâ âì¨ ([8],
á. 22{24).

�â ª, ä¨ªá¨àã¥¬ ¨¤¥ªá p 2 � ¨ à áá¬®âà¨¬ ¯à®áâà áâ¢  Hp, Kp ¨ á®®â¢¥âáâ¢ãîé¥¥ ¨¬
¯à®áâà áâ¢® Bp � Hp. � ¯®¬¨¬, çâ® Bp ®¯à¥¤¥«ï¥âáï ª ª ¬®¦¥áâ¢® ¢á¥å ¢¥ªâ®à®¢ h2 2 Hp

â ª¨å, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  h1 2 Hp  «£¥¡à  A á®¤¥à¦¨â ®¯¥à â®à h1 �h2. �á«¨ ¯à®áâà áâ¢®
Bp ¡¥áª®¥ç®¬¥à®, â® ¢â®à®¥ ãá«®¢¨¥ ¯à®¥ªâ¨¢®áâ¨ ¢ë¯®«ï¥âáï ¢á¥£¤ . �ãáâì íâ® ¯à®áâà -
áâ¢® ª®¥ç®¬¥à®. �®¯®«¨¬ ¥£® ®àâ®®à¬¨à®¢ ë© ¡ §¨á ¤® ¡ §¨á  e0i, i 2 I ¢ ¯à®áâà áâ¢¥
Hp. � íâ¨å ®¡®§ ç¥¨ïå ¯ãáâì ¡ §¨á ¯à®áâà áâ¢  Bp ¥áâì e0i, i = 1; : : : ; k. � áá¬®âà¨¬ â ª¦¥
®àâ®®à¬¨à®¢ ë© ¡ §¨á e00j , j 2 J , ¢ ¯à®áâà áâ¢¥ Kp. �®£¤  á¨áâ¥¬  í«¥¬¥â®¢ ei;j := e0i _
e00j ,
i 2 I, j 2 J , ¡ã¤¥â ®àâ®®à¬¨à®¢ ë¬ ¡ §¨á®¬ ¢ ¯à®áâà áâ¢¥ Hp

_
Kp.
� ¯®¬¨¬, çâ® ¢ á¨«ã ®¯à¥¤¥«¥¨ï ª ®¨ç¥áª®£® ¯à¥¤áâ ¢«¥¨ï ª ¦¤ë© í«¥¬¥â  «£¥¡àë

A ¤¥©áâ¢ã¥â   ¬®¤ã«¥ Hp
_
Kp ª ª ®¯¥à â®à ¢¨¤  a
 1, £¤¥ a 2 B(Hp).

�¤¥« ¥¬ á ç «  á«¥¤ãîé¥¥ § ¬¥ç ¨¥. �ãáâì x 2 Bp, â®£¤  ¤«ï «î¡®£® ¢¥ªâ®à  y 2 H
®¯¥à â®à y � x ¯à¨ ¤«¥¦¨â A. �ãáâì a 2 A, â®£¤  (y � x) � (a 
 1) = y � a�(x) 2 A. �®íâ®¬ã
a�(x) 2 Bp. � ¯®¬¨¬, çâ® ¢ á¨«ã ¯à®¥ªâ¨¢®áâ¨ H áãé¥áâ¢ã¥â ¬®àä¨§¬ � : H ! Ab
H, ¯à ¢ë©
®¡à âë© ª ª ®¨ç¥áª®© ¯à®¥ªæ¨¨ � : Ab
H ! H.

�¥¬¬  8. �«ï «î¡ëå ¨¤¥ªá®¢ t 2 I, j 2 J á¯à ¢¥¤«¨¢  ä®à¬ã« 

�(et;j) =
kX

i=1

(e0t � e0i)b
xji (11)

¯à¨ ¥ª®â®àëå xji 2 H.

�®ª § â¥«ìáâ¢®. �ãáâì e01 2 Bp. � ¬¥â¨¬, çâ® e1;j = (e01 � e01)(e1;j). �«¥¬¥â �(e1;j) 2 Ab
H
¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ áã¬¬ë

�(e1;j) =
1X
r=1

ajr b
hjr;
1X
r=1

kajrk � khjrk <1:

�à¨¬¥ïï ª ¤ ®¬ã à ¢¥áâ¢ã ®¯¥à â®à e01 � e01, ¯®«ãç ¥¬ ä®à¬ã«ã

�(e1;j) =
1X
r=1

(e01 � (ajr)�e01)b
hjr: (12)

�® e01 2 Bp. �®íâ®¬ã ¨ (ajr)
�e01 2 Bp. C«¥¤®¢ â¥«ì®, íâ®â ¢¥ªâ®à ¬®¦® à §«®¦¨âì ¯® ¡ §¨áã

e01; : : : ; e
0
k. �ë¯¨á ¢ íâ® à §«®¦¥¨¥ ¤«ï ª ¦¤®£® ¨§ í«¥¬¥â®¢ áã¬¬ë (12) ¨ ¯¥à¥£àã¯¯¨à®¢ ¢

á« £ ¥¬ë¥, ¯®«ãç ¥¬ ä®à¬ã«ã

�(e1;j) =
kX

i=1

(e01 � e0i)b
xji
¤«ï ¥ª®â®àëå xji 2 H. �âáî¤  ¯à¨¬¥¥¨¥¬ ®¯¥à â®à  e0t � e01 ¢ë¢®¤¨¬ ¨áª®¬®¥.

�à¨¬¥ïï ª ä®à¬ã«¥ (11) ¯à¨ t = 1 ®¯¥à â®à ª ®¨ç¥áª®© ¯à®¥ªæ¨¨ �, ¯®«ãç ¥¬

e1;j =
kX

i=1

(e01 � e0i) � xji :
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�®
xji =

X
m2I;l2J

hxji ; em;liem;l + yji ;

£¤¥ ¢¥ªâ®à yji ®àâ®£® «¥ ¯®¤¯à®áâà áâ¢ã Hp
_
Kp. � ¯®áª®«ìªã (e01 � e0i)em;l à ¢ï¥âáï e1;l ¯à¨

i = m ¨ ã«î ¢ ¯à®â¨¢®¬ á«ãç ¥, â®

e1;j =
kX

i=1

(e01 � e0i)xji =
kX

i=1

X
m2I;l2J

(e01 � e0i) � (hxji ; em;liem;l) =
kX

i=1

X
l2J

hxji ; ei;lie1;l:

� ª ª ª á¨áâ¥¬  e1;l; l 2 J , ®àâ®®à¬¨à®¢  , â®

kX
i=1

hxji ; ei;ji = 1: (13)

�¥®à¥¬  3. �á«¨ A-¬®¤ã«ì H = �p2�(Hp
_
Kp) ¯à®¥ªâ¨¢¥, â® ¤«ï «î¡®£® ¨¤¥ªá  p 2 �

¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® min(dim(Hp);dim(Kp)) � k�k2 � dim(Bp).

�®ª § â¥«ìáâ¢®. �ë¡¥à¥¬ ¯à®¨§¢®«ì®¥  âãà «ì®¥ ç¨á«® n, ¥ ¯à¥¢®áå®¤ïé¥¥
min(dim(Hp);dim(Kp)). �§ ¢¢¥¤¥ëå ¢ëè¥ ¡ §¨á®¢ e0i, e

00
j , i 2 I, j 2 J , ¬®¦® ¢ë¡à âì ®àâ®-

®à¬¨à®¢ ë¥ ¯®¤á¨áâ¥¬ë e01; : : : ; e
0
n 2 Hp, e001 ; : : : ; e

00
n 2 Kp â ª, çâ®¡ë ¯à¨ k < n ¯®¤á¨áâ¥¬ 

e01; : : : ; e
0
n á®¤¥à¦ «  ¡ §¨á e

0
1; : : : ; e

0
k ¯à®áâà áâ¢  Bp,   ¯à¨ k � n á®¤¥à¦ « áì ¢ ¥¬. �ç¥¢¨¤®,

®à¬  ¢¥ªâ®à  yn =
nP

j=1

ej;j à ¢ 
p
n. �æ¥¨¬ á¨§ã ®à¬ã ¥£® ®¡à §  �(yn).

�«ï íâ®£® ¢¢¥¤¥¬ äãªæ¨® «

F : Ab
H ! C : ab
z 7! nX
r=1

kX
s=1

ha � e0s; e0rihz; es;ri

( ¯®¬¨¬, çâ® es;r := e0s _
e00r ). �æ¥¨¬ ¥£® ®à¬ã. � á¨«ã ¥à ¢¥áâ¢  �®è¨{�ãïª®¢áª®£® ¯®-
«ãç ¥¬ ä®à¬ã«ã

jF (ab
z)j �
vuut nX

r=1

kX
s=1

jha � e0s; e0rij2
vuut nX

r=1

kX
s=1

jhz; es;rij2:

�® á¨áâ¥¬  ¢¥ªâ®à®¢ e0r 2 Kp ®àâ®®à¬¨à®¢  , ¯®íâ®¬ã

nX
r=1

jha � e0s; e0rij2 � ka � e0sk2 � kak2:

� ª¨¬ ®¡à §®¬, vuut nX
r=1

kX
s=1

jha � e0s; e0rij2 �
p
kkak:

� ª ª ª á¨áâ¥¬  es;r 2 H ®àâ®®à¬¨à®¢  , â®vuut nX
r=1

kX
s=1

jhz; es;rij2 � kzk:

�®íâ®¬ã ®à¬  äãªæ¨® «  F ¥ ¯à¥¢®áå®¤¨â
p
k.

�ëç¨á«¨¬ § ç¥¨¥ F (�(yn)). �® ä®à¬ã«¥ (11) á¯à ¢¥¤«¨¢® à ¢¥áâ¢®

�(yn) =
nX

j=1

kX
i=1

(e0j � e0i)b
xji :
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�á¯®«ì§ãï à ¢¥áâ¢® (13), ¯®«ãç ¥¬ ä®à¬ã«ã

F (�(yn)) =
nX

j=1

kX
i=1

F ((e0j � e0i)b
xji ) =
nX

j=1

kX
i=1

he0j ; (e0j � e0i) � e0iihxji ; ei;ji =
nX

j=1

kX
i=1

hxji ; ei;ji = n:

�® kF � �k � p
kk�k,   kynk =

p
n. �âáî¤  k�k � pn=k ¨ n � k�k2k.

�¢â®à ¯à¨®á¨â ¡« £®¤ à®áâì ¯à®ä¥áá®àã �.�. �¥«¥¬áª®¬ã §  ¯®áâ ®¢ªã § ¤ ç¨ ¨ æ¥ë¥
á®¢¥âë.

�¨â¥à âãà 

1. �¥«¥¬áª¨© �.�. �  å®¢ë ¨ ¯®«¨®à¬¨à®¢ ë¥  «£¥¡àë: ®¡é ï â¥®à¨ï, ¯à¥¤áâ ¢«¥¨ï, £®-
¬®«®£¨¨. { �.: � ãª , 1989. { 464 c.

2. Helemskii A.Ya. A description of spatially projective von Neumann algebras // J. Operator Theory.
{ 1994. { V. 32. { P. 391{398.

3. Helemskii A.Ya. Projective homological classi�cation of C�-algebras // Comm. in Algebra. { 1998.
{ V. 26. { ò3. { P. 977{996.

4. Rickart C.E. General Theory of Banach algebras. { New York: Van Nostrand, 1960. { 394 p.
5. Tabaldyev S.B. The Sobolev algebra and indecomposable spatially projective algebras // Topological

Homology. Helemskii's Moscow Seminar. { Huntington, N. Y.: Nova Science Publishers Inc., 2000.
{ P. 201{210.

6. Helemskii A.Ya. Description of spatially projective operator C�-algebras, and around it // Banach
Algebras 97. Proc. of the 13th International Conference on Banach Algebras. O�print. { Berlin:
Walter de Gruyter, 1998. { P. 261{272.

7. �®«®¢¨ �.�. �¢®©áâ¢® ¯à®áâà áâ¢¥®© ¯à®¥ªâ¨¢®áâ¨ ¢ ª« áá¥ CSL- «£¥¡à á  â®¬ë¬

ª®¬¬ãâ â®¬ // �ã¤ ¬¥â. ¨ ¯à¨ª«. ¬ â¥¬. { 1995. { T. 1. { ò 1. { C. 147{159.
8. Helemskii A.Ya. Wedderburn type theorems for operator algebras and modules: traditional and

\quantized" homological approaches // Topological Homology: Helemskii's Moscow Seminar. {
Huntington, N. Y.: Nova Science Publisher Inc., 2000. { P. 57-92.

�®áª®¢áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 25.05.2000

42


