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C.�. ���������

���������������� P-����� ��������
� ���������������� P-����� �����������
��� �������, ������������ �� �������

�¢¥¤¥¨¥

�ãáâì P = fpjgjjj2N, £¤¥ ¤«ï ¢á¥å jjj ¨§ N pj 2 N, 2 � pj � N , p�j = pj . �®«®¦¨¬
mj = p1 � : : : � pj ¯à¨ j 2 N, m0 = 1 ¨ m�l = 1=ml ¯à¨ l 2 N. � ¦¤®¬ã x 2 [0;1) ¬®¦®
á®¯®áâ ¢¨âì à §«®¦¥¨¥

x =
k(x)X
j=1

x�jmj�1 +
1X
j=1

xj=mj ; (1)

£¤¥ 0 � xj < pj ¯à¨ j 2 Z. �® ®¯à¥¤¥«ï¥âáï ®¤®§ ç®, ¥á«¨ ¯à¨ x = k=mn ¡à âì à §«®¦¥¨ï á

ª®¥çë¬ ç¨á«®¬ ¥ã«¥¢ëå xi. �á«¨ n 2N § ¯¨á ® ¢ ¢¨¤¥ n =
k(n)P
j=1

njmj�1, â® ¯® ®¯à¥¤¥«¥¨î

�n(x) =
k(n)Q
j=1

exp(2�injxj=pj). �à¨ n = 0 ¯®« £ ¥¬ �0(x) � 1. �á«¨ y 2 [0;1) ¨¬¥¥â ¢¨¤

y =
k(y)X
j=1

y�jmj�1 +
1X
j=1

yj=mj ; (10)

£¤¥ 0 � yj < pj ¯à¨ j 2 Z, â® ¯® ®¯à¥¤¥«¥¨î

x� y = z =
max(k(x);k(y))X

j=1

z�jmj�1 +
1X
j=1

zj=mj ;

£¤¥ zj = xj + yj (mod pj), 0 � zj < pj . � «®£¨ç® ®¯à¥¤¥«ï¥âáï ®¯¥à æ¨ï x	 y.
� á¨«ã (1) ¨ (10) ®¯à¥¤¥«¨¬ ï¤à®

�(x; y) = exp
�
2�i
� k(y)X

j=1

xjy�j +
k(x)X
j=1

x�jyj

��
;

¤«ï ª®â®à®£® ¯à¨ x; y; z 2 R+ ¢ëâ¥ª îâ á«¥¤ãîé¨¥ á¢®©áâ¢ :

1) �(x; y) = �(y; x); j�(x; y)j = 1; (2)

2) �(x; y) = �([x]; fyg)�([y]; fxg); (3)

£¤¥ [x] | æ¥« ï ç áâì ç¨á«  x,   fxg | ¤à®¡ ï ç áâì x (¯à¨ íâ®¬ �(n; y), n 2 Z+, á®¢¯ ¤ ¥â  
[0; 1) á �n(y));

3) �(x� z; y) = �(x; y)�(z; y); �(x	 z; y) = �(x; y)�(z; y) (4)

¤«ï ¯®çâ¨ ¢á¥å ¯ à (x; z) ¯à¨ ä¨ªá¨à®¢ ®¬ y.
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�«ï f 2 L(R+) ¬ã«ìâ¨¯«¨ª â¨¢®¥ P-¯à¥®¡à §®¢ ¨¥ �ãàì¥ ®¯à¥¤¥«¨¬ ä®à¬ã«®© bf(x) =
F [f ](x) =

1R
0

f(y)�(x; y)dy. �§ â¥®à¥¬ë �ã¡¨¨ «¥£ª® ¢ëâ¥ª ¥â, çâ® ¤«ï f; g 2 L[0;1)

Z 1

0
f(x)bg(x)dx = Z 1

0

bf(x)g(x)dx:
� ª¦¥ ¯® â¥®à¥¬¥ �ã¡¨¨ ¤«ï f; g 2 L[0;1) á«¥¤ã¥â áãé¥áâ¢®¢ ¨¥ á¢¥àâª¨

f � g(x) =
Z 1

0
f(x	 v)g(v)dv:

� ª ¨ ¤«ï ®¡ëç®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥, ¨§ áå®¤¨¬®áâ¨ fn ª f ¢ L[0;1) á«¥¤ã¥â à ¢®¬¥à ï
áå®¤¨¬®áâì bfn ª bf   [0;1).

�«ï f 2 L2[0;1) ¬ã«ìâ¨¯«¨ª â¨¢®¥ ¯à¥®¡à §®¢ ¨¥ F [f ] ®¯à¥¤¥«ï¥âáï ª ª ¯à¥¤¥« ¯®á«¥-

¤®¢ â¥«ì®áâ¨
mnR
0

f(y)�(x; y)dy ¢ L2[0;1). � íâ®¬ á«ãç ¥ ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® �« è¥à¥«ï

kF [f ]kL2[0;1) = kfkL2[0;1) ([1], á. 131{133; â ¬ ¦¥ ¬®¦®  ©â¨ ¤®ª § â¥«ìáâ¢  ®áâ «ìëå ãª -
§ ëå ¢ëè¥ á¢®©áâ¢). �§ à ¢¥áâ¢  �« è¥à¥«ï á«¥¤ã¥â â¥®à¥¬  ¥¤¨áâ¢¥®áâ¨: ¥á«¨ bf = bg
¯®çâ¨ ¢áî¤ã   [0;1) ¨ f; g 2 L[0;1), â® f = g ¯®çâ¨ ¢áî¤ã.

� «¥¥ ç¥à¥§ XE ¡ã¤¥¬ ®¡®§ ç âì å à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î ¬®¦¥áâ¢  E,   ç¥à¥§ Ink |
¯®«ã¨â¥à¢ « [k=mn; (k + 1)=mn). �ã¤¥¬  §ë¢ âì äãªæ¨î P-¥¯à¥àë¢®© ¢ â®çª¥ x 2 [0;1),
¥á«¨ lim

n!1
sup

0<h<1=mn

jf(x� h)� f(x)j = 0.

� ¤ ®© à ¡®â¥ ®¡®¡é îâáï ¯®ïâ¨ï ¬®¤¨ä¨æ¨à®¢ ®£® á¨«ì®£® ¤¢®¨ç®£® ¨â¥£à «  ¨
¬®¤¨ä¨æ¨à®¢ ®© á¨«ì®© ¤¢®¨ç®© ¯à®¨§¢®¤®©, ¢¢¥¤¥ë¥ ¢ [2],   á«ãç © ¯à®¨§¢®«ì®©
®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ P. �â¨ ¯®ïâ¨ï ï¢«ïîâáï ª®â¨ã «ìë¬   «®£®¬ ¬®¤¨ä¨-
æ¨à®¢ ëå ¨â¥£à «  ¨ ¯à®¨§¢®¤®© �¥¢¨à  [3] ¤«ï á¨áâ¥¬ f�ng ¯à¨ ãá«®¢¨¨ pj = p. �®«¥¥
¯®¤à®¡® á ¨áâ®à¨¥© ¢®¯à®á  ¬®¦® ¯®§ ª®¬¨âìáï ¢ [2]. � â¥¬ á ¯®¬®éìî ¥à ¢¥áâ¢  â¨¯ 
� à¤¨ (â¥®à¥¬  3.1), ®¡®¡é îé¥£® á®®â¢¥âáâ¢ãîé¨© ¤¢®¨çë© à¥§ã«ìâ â ¨§ [4], ¢¢®¤¨¬ ¬®¤¨ä¨-
æ¨à®¢ ë¥ ¨â¥£à « ¨ ¯à®¨§¢®¤ãî ¤«ï äãªæ¨© ¨§ P-¨ç®£® ¯à®áâà áâ¢  � à¤¨ H(P;R+)
¨ ¨§ãç ¥¬ ¨å á¢®©áâ¢ . � ¤¨¬ ¥®¡å®¤¨¬ë¥ ®¯à¥¤¥«¥¨ï, á¢ï§ ë¥ á H(P;R+).

�ãáâì D| ¬®¦¥áâ¢® ¢á¥å Ink , £¤¥ n 2 Z, k 2 Z+. �«ï f 2 Lloc[0;1) ¢¢¥¤¥¬ P-¬ ªá¨¬ «ìãî
äãªæ¨î

M(f)(x) = sup
x2I;I2D

���� 1jIj
Z
I

f(t)dt
����;

£¤¥ x 2 [0;1), jIj | ¤«¨  I. �®«®¦¨¬ ¯® ®¯à¥¤¥«¥¨î H(P;R+) = ff 2 Lloc(R+) : M(f) 2
L(R+)g. � ª ¨ ¢ á«ãç ¥ ®¡ëçëå ¯à®áâà áâ¢ � à¤¨, «¥£ª® ¯®ª § âì, çâ® H(P;R+) � L(R+).
�®   «®£¨¨ á íâ¨¬ ®¯à¥¤¥«¥¨¥¬ ¤«ï An = [0;mn), n 2 Z+, ¨ f 2 L(An) ¬®¦® à áá¬®âà¥âì

Mn(f; x) = sup
��� 1
jIj

R
I

f(t)dt
���, £¤¥ sup ¡¥à¥âáï ¯® â ª¨¬ I, çâ® x 2 I, I 2 D, I � An. �® ®¯à¥¤¥«¥¨î

H(P; An) = ff 2 L(An) :Mn(f) 2 L(An)g. �®à¬ ¬¨ ¢ H(P;R+) ¨ H(P; An) ï¢«ïîâáï kfkH(R+) =
kM(f)kL(R+) ¨ kfkH(An) = kMn(f)kL(An) á®®â¢¥âáâ¢¥®.

1. �á¯®¬®£ â¥«ìë¥ à¥§ã«ìâ âë

�¥¬¬  1.1 ([1], á. 134). �ãáâì f 2 L(R+), bf 2 L(R+). �®£¤  ¢ ª ¦¤®© â®çª¥ P-¥¯à¥àë¢®áâ¨

äãªæ¨¨ f ¢ë¯®«ï¥âáï à ¢¥áâ¢®

f(x) =
Z 1

0

bf(y)�(x; y)dy:
�«¥¤ãîé ï «¥¬¬  ï¢«ï¥âáï   «®£®¬ â¥®à¥¬ë 10 ¨§ ([5], á. 429).
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�¥¬¬  1.2. �ãáâì f 2 L(R+) ¨ Sy(f)(x) =
yR
0

bf(t)�(x; t)dt. �®£¤  lim
n!1

kSmn
(f)� fkL(R+) = 0

¨ lim
n!1

kS1=mn
(f)kL(R+) = bf(0).

�®ª § â¥«ìáâ¢®. �ãáâì n > 0. �®á¯®«ì§ã¥¬áï à ¢¥áâ¢®¬ ([1], á. 134)
mnR
0

bf(y)�(x; y)dy =

mn

1=mnR
0

f(x�u)du. �§ ¥£® ¯®«ãç¨¬ kSmn
(f)� fkL(R+) � mn

1=mnR
0

kf(x� u)� f(x)kL(R+). � ª ª ª

f 2 L(R+), ®¡ëçë¬ ®¡à §®¬ ¯®ª §ë¢ ¥âáï, çâ® kf(x � u) � f(x)kL(R+) ! 0 ¯à¨ u ! 0, ®âªã¤ 
¨ á«¥¤ã¥â ¯¥à¢®¥ à ¢¥áâ¢® «¥¬¬ë. �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®£® à ¢¥áâ¢  ®â¬¥â¨¬, çâ®

Sy = f �Dy =
Z 1

0

f(t)Dy(t	 x)dt;

£¤¥ Dy(x) =
yR
0

�(x; t)dt. �®£« á® ä®à¬ã«¥ (1.5.21) ¨ ãâ¢¥à¦¤¥¨î 11.1.3 ¨§ [1] ¨¬¥¥â ¬¥áâ®

â®¦¤¥áâ¢®

D1=mn
(x) = m�1

n X[0;mn)(x); n 2 Z: (5)

� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ à ¢¥áâ¢® Tnf := S1=mn
(f)�m�1

n X[0;mn)

mnR
0

f(x)dx = m�1
n (f �X[0;mn) �

X[0;mn)

mnR
0

f(x)dx) ¨ ¢ á¨«ã ¨§¢¥áâëå á¢®©áâ¢ á¢¥àâª¨ ([1], á. 128) kTnfkL(R+) � kfkL(R+) +��� mnR
0

f(x)dx
��� � 2kfkL(R+).

�ãáâì â¥¯¥àì g | áâã¯¥ç â ï, ¯®áâ®ï ï   ¢á¥å Imk ¯à¨ ä¨ªá¨à®¢ ®¬ m äãªæ¨ï á
ª®¬¯ ªâë¬ ®á¨â¥«¥¬ ¢ á¬ëá«¥ â®¯®«®£¨¨, á¢ï§ ®© á �. �ë¡¥à¥¬ r 2 N â ª®¥, çâ® ®á¨â¥«ì
g á®¤¥à¦¨âáï ¢ [0;mr). � á¨«ã à ¢¥áâ¢  (5) äãªæ¨ï S1=mn

(g)(x) à ¢  ã«î ¯à¨ x � mn ¨

à ¢  m�1
n

mnR
0

g(t)dt   [0;mn). � ¨â®£¥ Tng = 0 ¯à¨ n � r. � ª ª ª äãªæ¨¨ â ª®£® ¢¨¤  ¯«®âë

¢ L(R+), â® lim
n!1

kTnfkL(R+) = 0 ¤«ï ¢á¥å f 2 L(R+). �® â®£¤ 

lim
n!+1

kS1=mn
(f)kL(R+) = lim

n!+1

m�1
n X[0;mn)

Z mn

0
f(x)dx


L(R+)

= lim
n!+1

����
Z mn

0
f(x)dx

���� = bf(0): �

�¥¬¬ë 1.3 ¨ 1.4 ¢ á«ãç ¥ pk = 2 ¤®ª § ë ¢ [4].

�¥¬¬  1.3. �ãáâì

ak;n = m�1
n �(k=mn; x)X[0;mn); (6)

£¤¥ k 2 N, n 2 Z+. �®£¤  bak;n = X[k=mn;(k+1)=mn) = XIn
k
.

�®ª § â¥«ìáâ¢®. � á¨«ã (4) mnbak;n =
mnR
0

�(y; x)�(y; k=mn)dy =
mnR
0

�(x	 k=mn; y)dy. �á-

¯®«ì§ãï (5), ¯®«ãç ¥¬mnbak;n =mnX[0;1=mn)(x	k=mn). �§¢¥áâ®, çâ® ¥à ¢¥áâ¢® 0 � x	k=mn <
1=mn à ¢®á¨«ì® ¢ª«îç¥¨î x 2 Ink ([1], x 1.5), ¯®íâ®¬ã mnbak;n = mnXIn

k
.

�¥¬¬  1.4. �á«¨ k 2 N, n 2 Z+, â® áãé¥áâ¢ã¥â ¥¤¨áâ¢¥®¥ r 2 Z â ª®¥, çâ®

Ink � Br := [mr;mr+1):

�®ª § â¥«ìáâ¢®. �ãáâì Ink ¨¬¥¥â ¥¯ãáâ®¥ ¯¥à¥á¥ç¥¨¥ ¨ á Br�1 ¨ á Br. �á«¨ 1=mn > mr,
â® 1=mn � mr+1. �®£¤  Ink � [0;mr+1). �à®â¨¢®à¥ç¨¥ á â¥¬, çâ® k 2 N. �ãáâì 1=mn � mr, â®£¤ 
mr = l=mn, £¤¥ l 2 N. � à¥§ã«ìâ â¥ l=mn 2 Ink , £¤¥ l 6= k (mr ¯® ãá«®¢¨î «¥¦¨â ¢ Ink ¨ ¥ ï¢«ï¥âáï
¥£® «¥¢ë¬ ª®æ®¬). � ª¨¬ ®¡à §®¬, á®¢  ¯®«ãç ¥¬ ¯à®â¨¢®à¥ç¨¥ ¨ Ink ¬®¦¥â ¯¥à¥á¥ª âìáï
«¨èì á ®¤¨¬ ¬®¦¥áâ¢®¬ â¨¯  Br. � ª ª ª ¬®¦¥áâ¢  Br ¯à¨ à §ëå r ¥ ¯¥à¥á¥ª îâáï ¨
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¨å ®¡ê¥¤¨¥¨¥ ¥áâì (0;1), â® Ink ¤®«¦¥ á®¤¥à¦ âìáï ¢ â®¬ ¥¤¨áâ¢¥®¬ Br, á ª®â®àë¬ ®
¯¥à¥á¥ª ¥âáï.

� §®¢¥¬ äãªæ¨î a(x)  â®¬®¬   [0; 1), ¥á«¨ «¨¡® a � 1, «¨¡®
1R
0

a(x)dx = 0, supp(a) � Ink ¤«ï

¥ª®â®àëå n 2 N, k 2 Z+ ¨ ja(x)j � jInk j
�1   [0; 1). �¤¥áì ¨ ¤ «¥¥ supp(a) = fx : a(x) 6= 0g.

�¥¬¬  1.5 ([6]). �ãªæ¨ï f(x) ¯à¨ ¤«¥¦¨â H(P; A0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f =
1P
i=0

�iai ¢ L[0; 1), £¤¥
1P
i=0

j�ij <1, ai |  â®¬ë   [0; 1). �à¨ íâ®¬ C1

1P
i=0

j�ij � kfkH(A0) � C2

1P
i=0

j�ij

¤«ï «î¡®£® â ª®£®  â®¬ à®£® à §«®¦¥¨ï f , £¤¥ C1; C2 > 0 ¨ § ¢¨áïâ «¨èì ®â ª®áâ âë N
¢ ®¯à¥¤¥«¥¨¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ P.

2. �®¤¨ä¨æ¨à®¢ ë¥ P-¨çë© ¨â¥£à « ¨ P-¨ç ï ¯à®¨§¢®¤ ï

� áá¬®âà¨¬ áâã¯¥ç âãî ä¨¨âãî äãªæ¨îWn(x), n 2 N, à ¢ãî p1+� � �+pn+p1+� � �+pk�
(n+k+1)   [1=mk+1; 1=mk) ¯à¨ k 2 N, ¨ pjkj+1+� � �+pn�(n�jkj+1)   [mjkj�1;mjkj) ¯à¨�n � k � 0
(¯à¨ k = �n Wn(x) = �1   [mn�1;mn)). �ãáâì Wn(x) = 0   [mn;1). � á¨«ã ãá«®¢¨ï pk � N
«¥£ª® ¢¨¤¥âì, çâ® Wn 2 L[0;1). �á«¨ ¤«ï ¥ª®â®à®© äãªæ¨¨ f 2 L(R+)  ©¤¥âáï äãªæ¨ï
g 2 L(R+) â ª ï, çâ® lim

n!1
kf �Wn � gkL(R+) = 0, â® g  §®¢¥¬ ¬®¤¨ä¨æ¨à®¢ ë¬ á¨«ìë¬

¬ã«ìâ¨¯«¨ª â¨¢ë¬ ¨â¥£à «®¬ (����) ¤«ï f (®¡®§ ç¥¨¥ g = J(f)).

�¥®à¥¬  2.1. �á«¨ f; g 2 L(R+), â® g = J(f) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  bg(0) = 0 ¨

bg(x) = bf(x)h(x) (7)

¯à¨ x > 0, £¤¥ h(x) = 1=mn ¯à¨ x 2 Bn, n 2 Z.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ãáâì f; g 2 L(R+) ¨ g = J(f). � á¨«ã á¢®©áâ¢ á¢¥àâª¨
([1], á. 129) ¯®«ãç ¥¬, çâ® bg(x) = lim

n!1

bf(x)cWn(x) à ¢®¬¥à®   R+. �à¨¬¥ïï ®¯à¥¤¥«¥¨¥ Dy

¨ ¯à¥®¡à §®¢ ¨¥ �¡¥«ï, ¯®«ãç ¥¬

cWn(x) =
1X
k=1

(p1 + � � �+ pn + p1 + � � � + pk � (n+ k + 1))(D1=mk
(x)�D1=mk+1

(x)) +

+
0X

k=�n

(pjkj+1 + � � � + pn � (n� jkj+ 1))(Dmjkj
(x)�Dmjkj�1

(x)) =

=
1X
k=1

(pk � 1)D1=mk
(x) +

n�1X
k=0

Dmk
(x)(pk+1 � 1)�Dmn

:

� á¨«ã (5) ¯à¨ x 2 Bl, l � 0,

cWn(x) =
1X

k=l+1

(pk � 1)m�1
k =

1X
k=l+1

(1=mk�1 � 1=mk) = 1=ml: (8)

� «®£¨ç®¥ à ¢¥áâ¢® ¯®«ãç ¥âáï ¯à¨ l = �1; : : : ;�n,   ¯à¨ l < �n cWn(x) = 0. � ç áâ®áâ¨,
¤«ï ¢á¥å n 2 N cWn(0) = 0, ®âáî¤  bg(0) = 0. �á®, çâ® ¤«ï «î¡®© â®çª¨ x > 0 ¢¥à® à ¢¥áâ¢®
lim
n!1

cWn(x) = h(x). �®íâ®¬ã bg(x) = bf(x)h(x) ¯à¨ x > 0.

�®áâ â®ç®áâì.�ãáâì f; g 2 L(R+) â ª®¢ë, çâ® bg(0) = 0 ¨ ¢ë¯®«¥® ãá«®¢¨¥ (7). �®ª ¦¥¬,
çâ® g ï¢«ï¥âáï ���� ¤«ï f . � á¨«ã ä®à¬ã«ë (8) ¯à¨ n; k 2 N ¨¬¥¥¬

(f �Wn � f �Wk)b= bf(dWn �dWk) = bfh(X[0;1=mn) �X[0;1=mk)): (9)
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�®áª®«ìªã bX[0;mn)(x) =
mnR
0

�(x; y)dy = Dmn
(x), Dmn

¨ XAn
¤¥©áâ¢¨â¥«ìë, â® á®£« á® «¥¬¬¥ 1.1

bDmn
= XAn

¯à¨ n 2 Z+. � «¥¥

(S1=mn
(g)� S1=mk

(g))b= bg( bD1=mn
� bD1=mk

) = bfh(X[0;1=mn) �X[0;1=mk)): (10)

�à ¢¨¢ ï (10) á (9), ¯®«ãç ¥¬ ¯® â¥®à¥¬¥ ¥¤¨áâ¢¥®áâ¨ (¯à ¢ ï ç áâì (10) ä¨¨â  ¨ ®£à -
¨ç¥ , ¯®íâ®¬ã ¯à¨ ¤«¥¦¨â L2(R+))

kf �Wn � f �WkkL(R+) = kS1=mn
(g) � S1=mk

(g)kL(R+) � kS1=mn
(g)kL(R+) + kS1=mk

(g)kL(R+):

� ª ª ª bg(0) = 0, â® ¢ á¨«ã «¥¬¬ë 1.2 ¯à ¢ ï ç áâì ¯®á«¥¤¥£® ¥à ¢¥áâ¢  áâà¥¬¨âáï ª ã«î
¯à¨ n; k ! 1. �â ª, ff � Wng

1
n=1 äã¤ ¬¥â «ì  ¢ L(R+) ¨ áå®¤¨âáï ª ¥ª®â®à®© äãªæ¨¨

G 2 L(R+). �®£¤  G = J(f) ¨ ¯® ¯¥à¢®© ç áâ¨ â¥®à¥¬ë bG = bfh, ®âªã¤  bG = bg ¨ ¯® â¥®à¥¬¥
¥¤¨áâ¢¥®áâ¨ G = g ¢ L(R+).

�¥®à¥¬  2.2. � ¦¤ ï ¨§ äãªæ¨© ak;n, ®¯à¥¤¥«ï¥¬ëå à ¢¥áâ¢®¬ (6), ¨¬¥¥â ���� ¨

ï¢«ï¥âáï á®¡áâ¢¥®© äãªæ¨¥© ®¯¥à â®à  J á á®¡áâ¢¥ë¬ § ç¥¨¥¬ 1=mr, £¤¥ r ®¤®§ ç®
®¯à¥¤¥«ï¥âáï ¯® «¥¬¬¥ 1:4 ¢«®¦¥¨¥¬ Ink � Br.

�®ª § â¥«ìáâ¢®. �® «¥¬¬¥ 1.3 ¨¬¥¥¬ (ak;n � Wl)b = XIn
k

cWl. �®á«¥¤ïï äãªæ¨ï ®£à ¨-
ç¥ , ä¨¨â  ¨ ¨§¬¥à¨¬ , á«¥¤®¢ â¥«ì®, ¯à¨ ¤«¥¦¨â L(R+). � ª ª ª ak;n à ¢®¬¥à® P-
¥¯à¥àë¢ë, Wl 2 L(R+), â® ¨å á¢¥àâª  P-¥¯à¥àë¢ . �®íâ®¬ã á®£« á® «¥¬¬¥ 1.1 ak;n �Wl =
1R
0

XIn
k
(y)cWl(y)�(x; y)dy. �® «¥¬¬¥ 1.4  ©¤¥¬ r 2 Z â ª®¥, çâ® Ink � Br. �®£¤  ¯à¨ l � �r ¢ á¨«ã

(8) ¨  ¡§ æ  ¯®á«¥ (8) cWl(y) = 1=mr ¤«ï y 2 Br, ®âªã¤  (ak;n �Wl)(x) = m�1
r

1R
0

XIn
k
�(x; y)dy. �®

¯® «¥¬¬ ¬ 1.1 ¨ 1.3 ¯à ¢ ï ç áâì à ¢¥áâ¢  à ¢  m�1
r ak;n. � ¯à¥¤¥«¥ ¯à¨ l ! 1 ¯®«ãç ¥âáï

ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�«¥¤áâ¢¨¥ 2.1. J(a1;n) = mna1;n.

�¥©áâ¢¨â¥«ì®, [1=mn; 2=mn) � [1=mn; 1=mn�1), â. ¥. r = �n.

�«¥¤áâ¢¨¥ 2.2. �¨¥©ë© ®¯¥à â®à J ¥ ®£à ¨ç¥   á¢®¥© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï.

�«¥¤áâ¢¨¥ 2.3. J(ak;0) = m�1
r ak;0, £¤¥ mr � k < mr+1.

�®£« á® § ¬¥ç ¨î ª (3) ak;0 ¬®¦® ®â®¦¤¥áâ¢¨âì á �k ¨ ¯®«ãç¨âì ä®à¬ã«ë ¤¥©áâ¢¨ï
®¯¥à â®à  J   íâ¨ äãªæ¨¨.

� áá¬®âà¨¬ â¥¯¥àì ¯®á«¥¤®¢ â¥«ì®áâì ï¤¥à

�n(x) =
nX

k=�n

pk�1X
j=1

�(j=mk; x)X[0;mk)(x)m
�2
k :

�á«¨ ¤«ï f 2 L(R+) áãé¥áâ¢ã¥â � 2 L(R+) â ª ï, çâ® limkf � �n � �kL(R+) = 0, â® � = D(f)
 §®¢¥¬ ¬®¤¨ä¨æ¨à®¢ ®© á¨«ì®© ¬ã«ìâ¨¯«¨ª â¨¢®© ¯à®¨§¢®¤®© (����) ¤«ï f .

�¥®à¥¬  2.3. �á«¨ ¤«ï f 2 L(R+) áãé¥áâ¢ã¥â ���� � 2 L(R+), â® b�(0) = 0 ¨ b�(x) =bf(x)=h(x) ¯à¨ x > 0, £¤¥ h(x) ®¯à¥¤¥«¥  ¢ ãá«®¢¨¨ â¥®à¥¬ë 2:1.

�®ª § â¥«ìáâ¢®. �á«¨ � = D(f) áãé¥áâ¢ã¥â, â® ®âáî¤  á«¥¤ã¥â, çâ®

b�(x) = lim
n!1

bf(x)b�n(x) (11)
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à ¢®¬¥à®   [0;1). �®

b�(x) = Z 1

0

nX
k=�n

pk�1X
j=1

�(j=mk; t)m
�2
k X[0;mk)(t)�(x; t)dt =

=
nX

k=�n

Z mk

0

pk�1X
j=1

�(x	 j=mk; t)m
�2
k dt =

nX
k=�n

m�2
k

pk�1X
j=1

Dmk
(x	 j=mk):

�® ä®à¬ã«¥ (5) b�n(x) =
nP

k=�n
m�1

k

pk�1P
j=1

X[0;1=mk)(x	j=mk) =
nP

k=�n
m�1

k XB�k
(x). �®íâ®¬ã lim

n!1

b�n(x) =

+1P
k=�1

mkXBk
(x) ¯à¨ x � 0. �á®, çâ® ¯à¨ x > 0 áã¬¬  àï¤  ¢ ¯à ¢®© ç áâ¨ à ¢  h(x),   ¯à¨

x = 0 ®  à ¢  ã«î. �®¤áâ ¢«ïï íâ¨ à ¢¥áâ¢  ¢ (11), ¤®ª §ë¢ ¥¬ â¥®à¥¬ã.

�«¥¤áâ¢¨¥ 2.4. �á«¨ ¤«ï f 2 L(R+) áãé¥áâ¢ã¥â ���� D(f) ¨ ¯à¨ íâ®¬ bf(0) = 0, â® ¤«ï
D(f) áãé¥áâ¢ã¥â ����, ¯à¨ç¥¬ J(D(f)) = f .

�¥®à¥¬  2.4. �á«¨ ¤«ï f 2 L(R+) áãé¥áâ¢ã¥â ���� J(f) ¨ bf(0) = 0, â® ¤«ï J(f) áãé¥-
áâ¢ã¥â ���� D(J(f)) = f .

�®ª § â¥«ìáâ¢®. �ã¦® ¤®ª § âì, çâ® lim
n!1

kJ(f) � �n � fkL(R+) = 0. � ¬¥â¨¬, çâ® (J(f) �

�n)b = bJ(f)b�n, ¯à¨ç¥¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 2.3 ¡ë«® ãáâ ®¢«¥®, çâ® b�n(x) =
nP

k=�n
m�1

k XB�k
(x) | ®£à ¨ç¥ ï äãªæ¨ï. �§ ®¯à¥¤¥«¥¨ï �n ¨ á¢®©áâ¢  1.5.4 ¢ [1] á«¥¤ã-

¥â, çâ® �n ¯®áâ®ïë   Ink , â. ¥. à ¢®¬¥à® P-¥¯à¥àë¢ë   R+. �®íâ®¬ã á¢¥àâª  J(f) � �n

ï¢«ï¥âáï P-¥¯à¥àë¢®©   R+ ¨ ¯® «¥¬¬¥ 1.1

(J(f) � �n)(x) =
Z 1

0

bf(t)h(t) nX
k=�n

mkXBk
(t)�(x; t)dt:

�® h(t)
nP

k=�n
mkXBk

(t) = X[1=mn;mn+1)(t). � ¨â®£¥ ¯®«ãç ¥¬, çâ® (J(f)��n)(x) =
mn+1R
1=mn

bf(t)�(x; t)dt =
Smn+1

(f)(x) � S1=mn
(f)(x). � ª ª ª bf(0) = 0, â® ¯® «¥¬¬¥ 1.2 ¯¥à¢®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨

áâà¥¬¨âáï ª f(x),   ¢â®à®¥ | ª ã«î ¯® ®à¬¥ L(R+).

�«¥¤áâ¢¨¥ 2.5. � ¦¤ ï ¨§ äãªæ¨© ak;n, £¤¥ k 2 N, n 2 Z+, ï¢«ï¥âáï á®¡áâ¢¥®© äãª-
æ¨¥© ®¯¥à â®à  D, ¯à¨ç¥¬ D(ak;n) = mrak;n, £¤¥ r ®¯à¥¤¥«ï¥âáï ¢«®¦¥¨¥¬ Ink � Br.

�«¥¤áâ¢¨¥ 2.6. �¯¥à â®à D ¥ ®£à ¨ç¥   á¢®¥© ®¡« áâ¨ ®¯à¥¤¥«¥¨ï.

3. � «®£ ¥à ¢¥áâ¢  � à¤¨ ¤«ï ¬ã«ìâ¨¯«¨ª â¨¢®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥

� ª ¨§¢¥áâ® ([1], á. 38), á¨áâ¥¬  fbk;ng1k=0, £¤¥ bk;n(x) = m1=2
n ak;n(x), ï¢«ï¥âáï ®àâ®®à¬¨à®-

¢ ®©   An = [0;mn) ¤«ï ¢á¥å n 2 Z+. �«ï f 2 L(An) ¯ãáâì bf(k; n) := 1R
0

f(t)bk;n(t)dt.

�¥¬¬  3.1. �ãáâì f 2 L(An) ¨ Sm(f)| ç áâ¨ç ï áã¬¬  àï¤  �ãàì¥ ¯® á¨áâ¥¬¥ fbk;ng
1
k=0.

�®£¤  ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢® kSmnmr
(f)� fkL(An) � 2!(f ; 1=mr)L(An), £¤¥

!(f ; �)L(An) = sup
0�h��

Z mn�h

0

jf(x+ h)� f(x)jdx; r 2 N:
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�®ª § â¥«ìáâ¢®. �á®, çâ® ¯à¨ i 2 Z+, k 2 [0;mn) ¢¥à® i+ k=mn = i� k=mn. �®íâ®¬ã ¤«ï

  «®£  ï¤à  �¨à¨å«¥ Ls =
s�1P
k=0

bk;n ¯® á¨áâ¥¬¥ fbk;ng ¨¬¥¥¬ ¢ á¨«ã (3) ¨ (4)

Lmnmr
(y) = m�1=2

n

mr�1X
i=0

(i+1)mn�1X
k=imn

�(k=mn; y) =

= m�1=2
n

mr�1X
i=0

mn�1X
k=0

�(i; y)�(k=mn; y) = m�1=2
n

mr�1X
i=0

�i(y)
mn�1X
k=0

�(k=mn; y):

� á¨«ã ä®à¬ã«ë (1.5.21) ¨ 11.1.1 ¨§ [1] (á¬. â ª¦¥ (5)) ¨¬¥¥¬
mr�1P
i=0

�i(y) = mrX[0;1=mr)(y),  

mn�1P
k=0

�(k=mn; y) = mnX[0;1). � ª¨¬ ®¡à §®¬, ¯à¨ x 2 Irl

Smnmr
(f)(x) = m�1

n

mnmr�1X
k=0

Z
An

f(t)�(k=mn; t)�(k=mn; x)dt =

= m�1
n

Z
An

f(t)mrmnX[0;1=mr)(x	 t)X[0;1)(x	 t)dt =

= mr

Z
An

f(t)X[0;1=mr)(x	 t)dt = mr

Z
Ir
l

f(t)dt: (12)

� «¥¥ ¯®áâã¯ ¥¬   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 4 ¢ [4]. �à¨ x 2 [i; i + 1) ¢¢®¤¨¬ Iri;l :=
[i+ l=mr; i+ (l + 1)=mr) ¨ ¢ á¨«ã (12)

Z i+1

i

jSmnmr
(f)(x)� f(x)jdx �

mr�1X
l=0

Z
Ir
i;l

jIri;lj
�1

Z
Ir
i;l

jf(t)� f(x)jdt dx:

� â¥¬, ¯à¨¬¥ïï â®¦¤¥áâ¢® �.�.�«ìï®¢  ([1], á. 223), ¯®«ãç ¥¬

Z i+1

i
jSmnmr

(f)(x)� f(x)jdx � 2mr

Z 1=mr

0

�Z i+1�u

i
jf(y + u)� f(y)jdy

�
du:

�ã¬¬¨àãï íâ¨ ¥à ¢¥áâ¢  ¯® i = 0; 1; : : : ;mn � 1,  å®¤¨¬

kSmnmr
(f)� fkL(An) � 2mr

Z 1=mr

0

�Z mn�u

0

jf(y + u)� f(y)jdy
�
du � 2!(f ;m�1

r )L(An): �

�¥¬¬  3.2. �ãáâì f 2 H(P; An), n 2 Z+ ¨ bf(0; n) = 0. �®£¤  á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

1X
k=1

j bf(k; n)j=k � C3kfkH(An)m
�1=2
n :

�®ª § â¥«ìáâ¢®. �ãáâì P0 = fpn; pn�1; : : : ; p1; p1; p2; : : : g. � áá¬®âà¨¬ H(P0; A0). �§ ®¯à¥-
¤¥«¥¨ï «¥£ª® á«¥¤ã¥â, çâ® f(x) 2 H(P; An) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f(mnx) 2 H(P0; A0).

�ãáâì f(mnx) =
1P
i=0

�iai(x) |  â®¬ à®¥ à §«®¦¥¨¥ ¨§ «¥¬¬ë 1.5. �®£¤  f(x) =
1P
i=0

�iai(x=mn)

¯à¨ x 2 An. �à¨ íâ®¬ supp(ai(x)) � I 0, £¤¥ I 0 ¨¬¥¥â ¢¨¤ [k=m0
j ; (k + 1)=m0

j),   m0
j | ¯à®¨§¢¥-

¤¥¨¥ ¯¥à¢ëå j í«¥¬¥â®¢ ¨§ P0. �®á«¥ ã¬®¦¥¨ï   mn I 0 ¯à¥¢à â¨âáï ¢ ¨â¥à¢ « I ¢¨¤ 
[k=mj�n; (k + 1)=mj�n) 2 D. �®á¨â¥«ì ai(x=mn) ¡ã¤¥â á®¤¥à¦ âìáï ¢ I, ¯à¨ íâ®¬ ai(x=mn) � m0

j

¤«ï ¢á¥å x 2 I.
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�ãáâì bi(x) = ai(x=mn). �® ¥à ¢¥áâ¢ã �¥áá¥«ï

� 1X
k=1

jbbi(k; n)j2
�1=2

�

�Z
An

jbi(x)j
2dx

�1=2

=
�Z

An

mnjai(x=mn)j
2dx=mn

�1=2

=

�Z
A0

mnjai(t)j2dt
�1=2

=
�Z

I0
mnjai(t)j2dt

�1=2

� (mnm
0
j)

1=2;

â. ª. jaij � m0
j   I

0. �® á¢®©áâ¢ã 1.5.4 ¨§ [1] �(k=mn; t) ¯®áâ®ï    I ¯à¨ k=mn < 1=jIj = mj�n,
â. ¥. ¯à¨ k < m0

j . �à¨ â ª¨å k ¯®«ãç ¥¬

jbbi(k; n)j = mn

����
Z
I0
ai(t)dt

���� = mn

����
Z
A0

ai(t)dt
���� = 0

¨ ¯® ¥à ¢¥áâ¢ã �®è¨{�ãïª®¢áª®£®

1X
k=1

jbbi(k; n)j=k �
� X
k�m0

j

jbbi(k; n)j2
�1=2� X

k�m0
j

k�2
�1=2

� (m0
jmn)

1=2(m0
j)
�1=2;

®âªã¤  á«¥¤ã¥â

1X
k=1

j bf(k; n)j=k � 1X
i=0

j�ij
1X
k=1

jbbi(k; n)j=k � C�1
1 m1=2

n kf(mnx)kH(A0):

� ª ª ª ¤«ï «î¡®© äãªæ¨¨ f 2 L(An) ¢¥à® kf(mnx)kL(A0) = m�1
n kf(x)kL(An), â® kf(mnx)kH(A0) =

m�1
n kf(x)kH(An) ¨ ®ª®ç â¥«ì®

1X
k=1

j bf(k; n)j=k � C�1
1 m�1=2

n kf(x)kH(An);

£¤¥ C1 | ª®áâ â  ¨§ «¥¬¬ë 1.5, á®®â¢¥âáâ¢ãîé ï ¨ P, ¨ P0.

�¥®à¥¬  3.1. �ãáâì f 2 H(P;R+) ¨ bf(0) = 0. �®£¤  ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®Z
R+

j bf(x)j=x dx � C3kfkH(R+):

�®ª § â¥«ìáâ¢®. �ãáâì fn(x) = (f(x)�m�1
n

R
An

f(t)dt)XAn
(x). �®£¤  bfn(0) = R

An

fn(x)dx = 0.

�® «¥¬¬¥ 3.1 ¨¬¥¥¬ ¢ L(R+)

fn(x) =
1X
i=0

�mi+1�1X
k=mi

bfn(k; n)m�1=2
n �(k=mn; x)

�
XAn

(x):

�® «¥¬¬ ¬ 1.1 ¨ 1.3 ¯®«ãç ¥¬

bfn(x) = m1=2
n

1X
i=0

�mi+1�1X
k=mi

bfn(k; n)XIn
k
(x)
�
; (13)

£¤¥ àï¤ á¯à ¢  áå®¤¨âáï à ¢®¬¥à® ª bfn(x). � ª ª ª Ink ¯à¨ à §ëå k ¥ ¯¥à¥á¥ª îâáï, â®,
¢®-¯¥à¢ëå, ä¨£ãàë¥ áª®¡ª¨ ¢ (13) ¬®¦® ®¯ãáâ¨âì, ¨, ¢® ¢â®àëå, ¬®¦® ¯®áâ ¢¨âì ¬®¤ã«¨ â ª:

j bfn(x)j = m1=2
n

1X
k=1

j bfn(k; n)jXIn
k
:
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�®íâ®¬ãZ
R+

j bfn(x)jx�1dx = 1X
k=1

j bfn(k; n)jm1=2
n

Z (k+1)=mn

k=mn

x�1dx =

= m1=2
n

1X
k=1

j bfn(k; n)j ln(1 + 1=k) � m1=2
n

1X
k=1

j bfn(k; n)jk�1:
� ª ª ª fn(x)   An ®â«¨ç ¥âáï ®â f(x)   ª®áâ âã, â® ¯à¨ k 2 N ¢¥à® bfn(k; n) = bf(k; n).
�®íâ®¬ã ¯® «¥¬¬¥ 3.2 Z

R+

j bfn(x)jx�1dx � C3kfkH(An) � C3kfkH(R+):

� ª ª ª f(x) � fn(x) = S1=mn
(f)(x)   An (á¬. ¤®ª § â¥«ìáâ¢® «¥¬¬ë 1.2), â® ¯® «¥¬¬¥ 1.2

lim
n!1

kf � fnkL(R+) = 0, ®âªã¤  bfn(x) áå®¤¨âáï ª bf(x)   R+ ¨ ¯® â¥®à¥¬¥ � âã, ¢¥à®© ¨ ¤«ï

¥®£à ¨ç¥ëå ¬®¦¥áâ¢ ([7], á. 428),
R
R+

j bf(x)jx�1dx � C3kfkH(R+).

� ¬¥ç ¨¥. �®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.1, ¤ ®¥ ¢ [4] ¤«ï pk = 2, ®á®¢ ®   á¢®©áâ¢¥
�(k=mn; x) = �k(x=mn), ª®â®à®¥ ¢¥à®, ª®£¤  ¢á¥ pk à ¢ë. � ®¡é¥¬ á«ãç ¥ íâ® ¥ â ª. �ãáâì
pi = 2, ª®£¤  i ¥ç¥â®, pi = 3, ª®£¤  i ç¥â®, k = 21, x = 4=3, n = 4. �®£¤  í«¥¬¥â àë© ¯®¤áç¥â
¯®ª §ë¢ ¥â, çâ® �(k; x=mn) = exp(2�i=3) 6= exp(�i) = �(k=mn; x).

4. �¢®©áâ¢  ¬®¤¨ä¨æ¨à®¢ ®£® P-¨ç®£® ¨â¥£à «  ¢ H(P; R+)

�¥§ã«ìâ âë íâ®£® à §¤¥«  ï¢«ïîâáï ®¡®¡é¥¨¥¬ á®®â¢¥âáâ¢ãîé¨å ¤¢®¨çëå à¥§ã«ìâ â®¢ ¨§
[2].

�¥®à¥¬  4.1. �ãáâì f 2 H(P;R+), â®£¤   R+ áãé¥áâ¢ã¥â à ¢®¬¥àë© ¯à¥¤¥« J(f)(x) =
lim
n!1

(f �Wn)(x). �à¨ íâ®¬

kJ(f)kL1(R+) � NC3kfkH(R+):

�®ª § â¥«ìáâ¢®. � á¨«ã (8) ¨ á«¥¤ãîé¥£® §  ¨¬  ¡§ æ  «¥£ª® ¢¨¤¥âì, çâ® cWn(x) � pk+1=x

¯à¨ x 2 Bk, k � �n,     ®áâ «ìëå Bk
cWn = 0. �®íâ®¬ã j \(f �Wn)(x)j � N j bf(x)jx�1X[1=mn;1).

�§ íâ®£® ¥à ¢¥áâ¢  ¯® â¥®à¥¬¥ 3.1 á«¥¤ã¥â, çâ® \(f �Wn) 2 L(R+) ¨, â. ª. Wn à ¢®¬¥à®
P-¥¯à¥àë¢    R+, â® f �Wn P-¥¯à¥àë¢    R+. �® «¥¬¬¥ 1.1 ¯®«ãç ¥¬

f �Wn(x) =
Z 1

0

bf(t)cWn(t)�(x; t)dt =
Z 1

1=mn

bf(t)h(t)�(x; t)dt:
� ¤àã£®© áâ®à®ë, ¨¬¥¥¬ ¯à¨ n > l

j(f �Wn)(x)� (f �Wl)(x)j �
Z 1=ml

1=mn

j bf(t)h(t)jdt � N

Z 1=ml

1=mn

j bf(t)j=t dt:
�® â¥®à¥¬¥ 3.1 ¯à ¢ ï ç áâì ¯®á«¥¤¥£® ¥à ¢¥áâ¢  ¯à¨ l!1 áâà¥¬¨âáï ª ã«î, ®âªã¤  á«¥-
¤ã¥â à ¢®¬¥à ï äã¤ ¬¥â «ì®áâì f �Wn(x) ¨, ª ª á«¥¤áâ¢¨¥, áãé¥áâ¢®¢ ¨¥ à ¢®¬¥à®£®
¯à¥¤¥«  lim

n!1
(f �Wn)(x). � «¥¥

kf �WnkL1(R+) �

Z 1

1=mn

j bf(t)h(t)jdt � NC3kfkH(R+):

�áâà¥¬«ïï n ª ¡¥áª®¥ç®áâ¨, ¯®«ãç ¥¬ ã¦®¥ ¥à ¢¥áâ¢®.

�¥¬¬  4.1. �ãáâì f 2 H(An), n 2 Z+, ¨
R
An

f(t)dt = 0. �à®¤®«¦¨¬ äãªæ¨î f ã«¥¬  

[mn;1). �®£¤  ¯à®¤®«¦¥ ï äãªæ¨ï g ¯à¨ ¤«¥¦¨â H(P;R+) ¨ kgkH(R+) = kfkH(An).
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�®ª § â¥«ìáâ¢®. � §¡¥à¥¬ ç¥âëà¥ á«ãç ï.
1) �ãáâì x 2 I � An, â®£¤  f(t) = g(t)   I ¨

jIj�1
����
Z
I

g(t)dt
���� �Mn(f)(x): (14)

2) �ãáâì x 2 I\An, ® ¥¢¥à®, çâ® I � An. �¢  í«¥¬¥â  D «¨¡® ¥ ¯¥à¥á¥ª îâáï, «¨¡® ®¤¨
¨§ ¨å á®¤¥à¦¨âáï ¢ ¤àã£®¬. � ¤ ®¬ á«ãç ¥ ¥¤¨áâ¢¥®© ¢®§¬®¦®áâìî ï¢«ï¥âáï An � I,

®âªã¤  I = [0;mr), £¤¥ r > n. � íâ®¬ á«ãç ¥ jIj�1
��� R
I

g(t)dt
��� = m�1

r

��� R
An

f(t)dt
��� = 0 ¨ ¥à ¢¥áâ¢®

(14) ¢¥à®.
3) �ãáâì x 2 I � [mn;1). � íâ®¬ á«ãç ¥ ®¡¥ ç áâ¨ (14) à ¢ë ã«î.
4) �ãáâì x 2 I, x � mn, ® I ¥ á®¤¥à¦¨âáï ¢ [mn;1). �á«¨ I = I lk, k 2 N, â®  ©¤¥¬ ¯®

«¥¬¬¥ 1.4 j 2 Z â ª®¥, çâ® I lk � Bj = [mj ;mj+1). � ª ª ª I ¥ á®¤¥à¦¨âáï ¢ [mn;1), â® mj < mn,
®âªã¤  j < n. �® â®£¤  j+1 � n ¨ [mj ;mj+1) � [0;mn), çâ® ¢«¥ç¥â I � An. �à®â¨¢®à¥ç¨¥. � ª¨¬
®¡à §®¬, k = 0 ¨ I = [0;ml), £¤¥ l > n ¨, ª ª ¢ 2), «¥¢ ï ç áâì (14) à ¢  ã«î.

� ¨â®£¥ ¢® ¢á¥å á«ãç ïå ¢ë¯®«¥® (14), ®âªã¤  kgkH(R+) � kfkH(An). � ª ª ª ®¡à â®¥
¥à ¢¥áâ¢® ®ç¥¢¨¤®, «¥¬¬  ¤®ª §  .

�«¥¤áâ¢¨¥ 4.1. � ¦¤ ï ¨§ äãªæ¨© ak;n, § ¤ ëå à ¢¥áâ¢®¬ (6), ¯à¨ ¤«¥¦¨âH(P;R+)
¨ ¯à¨ íâ®¬ kak;nkH(R+) = 1.

�®ª § â¥«ìáâ¢®. � ª ª ª jak;n(x)j � 1=mn, â®Mn(ak;n)(x) � 1=mn  An, ®âªã¤  kak;nkH(An) =
kMn(ak;n)kL(An) � 1. � ¤àã£®© áâ®à®ë, kak;nkH(An) � kak;nkL(An) = 1 ¢ á¨«ã (2). �á¯®«ì§ãï «¥¬¬ã
4.1, ¤®ª §ë¢ ¥¬ á«¥¤áâ¢¨¥.

� áá¬®âà¨¬ äãªæ¨¨ fn, ¢¢¥¤¥ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3.1. �¬¥¥â ¬¥áâ®

�¥¬¬  4.2. �á«¨ f 2 H(P;R+), â® fn 2 H(P;R+), ¨ ¯à¨ íâ®¬

a) kfnkH(R+) � 2kfkH(R+);

b) kf � fnkH(R+) � mn sup
i�n

j"ij+
Z 1

mn

M(f)(x)dx;

£¤¥ "n = m�1
n

R
An

f(t)dt.

�®ª § â¥«ìáâ¢®. a) � ª ª ª H(P; An) ¥áâì «¨¥©®¥ ¯à®áâà áâ¢®, á®¤¥à¦ é¥¥ ª®áâ âë,
â® fn = f � "n 2 H(P; An) ¨ ¯® «¥¬¬¥ 4.1 fn 2 H(P;R+), ¯à¨ç¥¬

kfnkH(R+) = kfnkH(An) � kfkH(An) + k"nXAn
kH(An) � 2kfkH(R+)

(¢ ¯¥à¢®¬ à ¢¥áâ¢¥ ãçâ¥®, çâ®
R
An

fn(x)dx = 0).

b) �á«¨ x 2 R+, â® �n(x) = f(x)� fn(x) = "nXAn
+ f(x)X[mn;1). � áá¬®âà¨¬ ç¥âëà¥ á«ãç ï

¨§ ¤®ª § â¥«ìáâ¢  «¥¬¬ë 4.1. � á«ãç ¥ 1) ¨¬¥¥¬ à ¢¥áâ¢® jIj�1
��� R
I

�n(t)dt
��� = j"nj. � á«ãç ¥ 2)

á®£« á® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 4.1 I = Ai, i > n, ¨ ¯®íâ®¬ã

jIj�1
����
Z
I

�n(t)dt
���� = m�1

i

����
Z
An

"ndt+
Z mi

mn

f(t)dt
���� = j"ij:

� á«ãç ¥ 3)

jIj�1
����
Z
I

�n(t)dt
���� = jIj�1

����
Z
I

f(t)dt
���� �M(f)(x):
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� ª®¥æ, ¢ á«ãç ¥ 4) á®¢  ¨¬¥¥¬ I = Ai, i > n, ¨   «®£¨ç® 2) jIj�1
��� R
I

�n(t)dt
��� = j"ij �M(f)(x).

� ª¨¬ ®¡à §®¬, ¯à¨ x 2 An (á«ãç ¨ 1) ¨ 2)) M(�n)(x) � sup
i�n

j"ij,   ¯à¨ x =2 An (á«ãç ¨ 3) ¨ 4))

M(�n)(x) �M(f)(x). � ¨â®£¥

kf � fnkH(R+) =
Z
An

M(�n)(x)dx +
Z 1

mn

M(�n)(x)dx � mn sup
i�n

j"ij+
Z 1

mn

M(f)(x)dx: �

�«¥¤áâ¢¨¥ 4.2. �á«¨ f 2 H(P;R+), â® kf � fnkH(R+) ! 0 ¯à¨ n!1.

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥¨î ¤«ï ¢á¥å x 2 An ¨¬¥¥¬ M(f)(x) � j"nj, ®âªã¤ Z mi

mi�1

M(f)(x)dx � mi(1� 1=pi)j"ij � mij"ij=2:

� ª ª ª f 2 H(P;R+), â® «¥¢ ï ç áâì íâ®£® ¥à ¢¥áâ¢  áâà¥¬¨âáï ª ã«î ¨ ¯®íâ®¬ã
lim
i!1

mij"ij = 0. �®áª®«ìªã 0 � mn sup
i�n

j"ij � sup
i�n

mij"ij, â® lim
n!1

mn sup
i�n

j"ij = 0. �§ f 2 H(P;R+)

â ª¦¥ ¢ëâ¥ª ¥â à ¢¥áâ¢® lim
n!1

1R
mn

M(f)(x)dx = 0.

�¯à¥¤¥«¨¬ H[j; j + 1), j 2 Z+, ª ª ¯à®áâà áâ¢® äãªæ¨© f 2 L[j; j + 1), ¤«ï ª®â®àëå

äãªæ¨ï M(f; [j; j + 1)) = sup
n
jIj�1

��� R
I

f(t)dt
��� : I = j + Ink , k; n 2 Z+

o
¨â¥£à¨àã¥¬    [j; j + 1),

  kfkH[j;j+1) = kM(f; [j; j + 1)kL[j;j+1).

�¥¬¬  4.3. �á«¨ f 2 H(An), n 2 Z+, â® á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kfkH(An) � 2mn max
0�j<mn

kfkH[j;j+1):

�®ª § â¥«ìáâ¢®. � á¨«ã à ¢¥áâ¢  kfkH(An) = kMn(f)kL(An) =
mn�1P
i=0

kMn(f)kL[i;i+1)  ¤®

®æ¥¨âì Mn(f)(x)   ª ¦¤®¬ [i; i + 1) � An. �ãáâì I 2 D, I � An, x 2 I. � ª ®â¬¥ç «®áì à ¥¥,
¤«ï [i; i + 1), á®¤¥à¦ é¥£® x, ¨¬¥¥¬ «¨¡® [i; i + 1) � I, «¨¡® I � [i; i + 1). � ¯¥à¢®¬ á«ãç ¥
I = [kml; (k + 1)ml), l � 0, ¨ á ãç¥â®¬ ¥à ¢¥áâ¢  kfkH[i;i+1) � kfkL[i;i+1) ¯®«ãç ¥¬

jIj�1
����
Z
I
f(t)dt

���� = m�1
l

����
(k+1)ml�1X
j=kml

Z j+1

j
f(t)dt

���� � m�1
l

(k+1)ml�1X
j=kml

kfkH[j;j+1) � max
0�j<mn

kfkH[j;j+1):

� á«ãç ¥, ª®£¤  I � [i; i+1), ¨¬¥¥¬ jIj�1
��� R
I

f(t)dt
��� �M(f; [i; i+1))(x). � ª¨¬ ®¡à §®¬,   [i; i+1)

¢¥à® ¥à ¢¥áâ¢®

Mn(f)(x) � maxf max
0�j<mn

kfkH[j;j+1);M(f; [i; i + 1))(x)g:

�®íâ®¬ã

kfkH(An) = kMN (f)kL(An) � mn max
0�j<mn

kfkH[j;j+1) +
mn�1X
i=0

kfkH[i;i+1) � 2mn max
0�j<mn

kfkH[j;j+1): �

�¥¬¬  4.4. �¨¥© ï ®¡®«®çª  L ¬®¦¥áâ¢  äãªæ¨© fbk;n : k 2 N, n 2 Z+g ¯«®â  ¢

H(P;R+).

�®ª § â¥«ìáâ¢®. �ãáâì f 2 H(P;R+), " > 0. �® á«¥¤áâ¢¨î 4.2  ©¤¥¬ n 2 Z+ â ª®¥, çâ®
kf � fnkH(R+) < "=2. �ã¤¥¬ ¯à¨¡«¨¦ âì fn ç áâ¨çë¬¨ áã¬¬ ¬¨ �ãàì¥ ¯® á¨áâ¥¬¥ fbk;ng. � ª
¯®ª § ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3.1, ¤«ï � 2 L(An) ¨ x 2 Iri;k = [i + k=mr; i + (k + 1)=mr)
¢¥à® à ¢¥áâ¢®

Smnmr
(�)(x) = mr

Z
Ir
i;k

�(t)dt:
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�âáî¤  ¨§ ®¡é¨å â¥®à¥¬ ®¡  ¯¯à®ªá¨¬ â¨¢®© ¥¤¨¨æ¥ ([5], á. 158) ¨¬¥¥¬

lim
r!1

kSmnmr
(�)� �kH[i;i+1) = 0 (15)

¯à¨ i = 0; 1; : : : ;mn � 1 ¨ � 2 H[i; i + 1). �§ (11) á«¥¤ã¥â
R
An

(Smnmr
(f)(x) � f(x))dx = 0, ®âªã¤ 

¯®«ãç ¥¬ à ¢¥áâ¢®

(Smnmr
(f))n(x)� fn(x) = (Smnmr

(f)(x)� f(x))XAn
:

�à¨ íâ®¬ ¯à ¢ ï ç áâì ¨¬¥¥â ¨â¥£à « ¯® R+, à ¢ë© ã«î. �® «¥¬¬¥ 4.1

k(Smnmr
(f))n � fnkH(R+) = kSmnmr

� fkH(An): (16)

�® «¥¬¬¥ 4.3 ¯à ¢ ï ç áâì (16) ¥ ¯à¥¢®áå®¤¨â 2mn max
0�j<mn

kSmnmr
(f) � fkH[j;j+1). � ª ª ª n

ä¨ªá¨à®¢ ®, â® ¯à¨ ¥ª®â®à®¬ r 2 N ¢ á¨«ã (15) ®¡¥ ç áâ¨ (16) ¬¥ìè¥ "=2. �® b0;n ¯®áâ®-
ï , ¯®íâ®¬ã (Smnmr

(f))n ¥ á®¤¥à¦¨â ç«¥  á b0;n. � ª¨¬ ®¡à §®¬, kf � (Smnmr
(f))nk < " ¨

(Smnmr
(f))n | «¨¥© ï ª®¬¡¨ æ¨ï bk;n, £¤¥ 1 � k < mnmr.

�¥®à¥¬  4.2. �ãáâì L ®¯à¥¤¥«¥ , ª ª ¢ «¥¬¬¥ 4:4, ¨ ®¯¥à â®à bJ : L ! L(R+) § ¤ 

ä®à¬ã«®© bJ(f) = \(J(f)). �®£¤  bJ ¤®¯ãáª ¥â ¯à®¤®«¦¥¨¥ ¯® ¥¯à¥àë¢®áâ¨   H(P;R+) ¨
®à¬  ¯à®¤®«¦¥®£® ®¯¥à â®à  ¥ ¯à¥¢®áå®¤¨â NC3, £¤¥ C3 | ª®áâ â  ¨§ â¥®à¥¬ë 3:1.

�®ª § â¥«ìáâ¢®. �® â¥®à¥¬¥ 2.2 ¢á¥ ak;n, k 2 N, n 2 Z+,   áâ «® ¡ëâì, ¨ ¢á¥ f 2 L ¨¬¥îâ
���� J(f), ¯à¨ç¥¬ bJ(f) = bfh, £¤¥ h(t) � N=t ¯à¨ t > 0. �® â¥®à¥¬¥ 3.1 k bJ(f)kL(R+) �

N
1R
0

j bf(t)jt�1dt � NC3kfkH(R+). �®áª®«ìªã L ¯® «¥¬¬¥ 4.4 ¯«®â  ¢ H(P;R+), â® ¯® ¨§¢¥áâ®©

â¥®à¥¬¥ äãªæ¨® «ì®£®   «¨§  ( ¯à., [8], á. 101) bJ ¯à®¤®«¦ ¥âáï   H(P;R+).

�¢â®à ¢ëà ¦ ¥â á¢®î ¯à¨§ â¥«ì®áâì ¯à®ä¥áá®àã �.�. �®«ã¡®¢ã §  ¯®áâ ®¢ªã § ¤ ç¨ ¨
æ¥ë¥ § ¬¥ç ¨ï.
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