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�¢¥¤¥¨¥

�¤®à®¤ë¥ ¯¥à¨®¤¨ç¥áª¨¥ �-¯à®áâà áâ¢ , ¨«¨ �-¯à®áâà áâ¢  ¯®àï¤ª  n (á¬. ¯. 1), ¢¯¥à-
¢ë¥ ¡ë«¨ ¢¢¥¤¥ë �.�. Câ¥¯ ®¢ë¬ ¨ á â¥å ¯®à ¨â¥á¨¢® ¨§ãç îâáï, ¨¡®, á ®¤®© áâ®à®ë,
íâ¨ ¯à®áâà áâ¢  ï¢«ïîâáï ¥¯®áà¥¤áâ¢¥ë¬ ¨  ¨¡®«¥¥ ¥áâ¥áâ¢¥ë¬ ®¡®¡é¥¨¥¬ á¨¬¬¥âà¨-
ç¥áª¨å ¯à®áâà áâ¢, á ¤àã£®© áâ®à®ë, ¢á¥ ¯¥à¨®¤¨ç¥áª¨¥ ®¤®à®¤ë¥ �-¯à®áâà áâ¢  ï¢«ïîâáï
à¥¤ãªâ¨¢ë¬¨ [1], çâ® ¢ ¦® á £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥¨ï. �®«¥¥ â®£®, ª ª ¢ëïá¨«®áì, ¯¥-
à¨®¤¨ç¥áª¨¥ �-¯à®áâà áâ¢  ®¡« ¤ îâ ¡®«ìè¨¬ § ¯ á®¬ ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà,
ª®â®àë¥ á®£« á®¢ ë á á¨¬¬¥âà¨¥© íâ¨å ¯à®áâà áâ¢,   ®¯¥à â®àë íâ¨å áâàãªâãà   ª á â¥«ì-
®¬ ¯à®áâà áâ¢¥ § ¤ îâáï ¢ ï¢®¬ ¢¨¤¥ [2].

� ¤ ®© áâ âì¥ ¨§ãç îâáï ¨¢ à¨ âë¥  ää¨®àë¥ áâàãªâãàë ª« áá¨ç¥áª®£® â¨¯  (¯®-
çâ¨ ¯à®¨§¢¥¤¥¨ï, ¯®çâ¨ ª®¬¯«¥ªáë¥, f -áâàãªâãàë) ®¤®à®¤ëå �-¯à®áâà áâ¢ ¯®àï¤ª  5.

�¯¥à¢ë¥ â ª¨¥ ¯à®áâà áâ¢  à áá¬ âà¨¢ «¨áì ¢ [3], £¤¥ ¡ë«® ¤®ª § ® áãé¥áâ¢®¢ ¨¥ ¨-
¢ à¨ âëå ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà ¨ ¯à¨¢¥¤¥ ¢¨¤ ®¯¥à â®à®¢ íâ¨å áâàãªâãà   ª á -
â¥«ì®¬ ¯à®áâà áâ¢¥. � ¬®£® ¯®§¦¥ ¢ [4], [5] ¡ë«  à áá¬®âà¥  ®¤  ¨§ ¨¢ à¨ âëå ¯®çâ¨
ª®¬¯«¥ªáëå áâàãªâãà ®¤®à®¤ëå �-¯à®áâà áâ¢ ¯®àï¤ª  5 ¢ á«ãç ¥ ª®¬¯ ªâ®© £àã¯¯ë �¨,
®¤ ª® ¯®áâà®¥¨¥ ®¯¥à â®à  íâ®© áâàãªâãàë ¯à®¢®¤¨«®áì á ¤àã£®© â®çª¨ §à¥¨ï (á¬. â ª¦¥
[6], á. 107). � â¥¬ ¢ [7] ¡ë«  ¯®áâà®¥  ¨ ¨§ãç¥  ¨¢ à¨ â ï áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï
�-¯à®áâà áâ¢  ¯®àï¤ª  5, ª®â®à ï ¯®§¢®«¨«  á ®¢ëå ¯®§¨æ¨© ¯®áâà®¨âì ¨ ¨§ãç¨âì âã ¦¥ ¨-
¢ à¨ âãî ¯®çâ¨ ª®¬¯«¥ªáãî áâàãªâãàã.

� «¥¥ ¢ [2] ¡ë«  ®¯¨á    «£¥¡à  ¢á¥å ¨¢ à¨ âëå ª« áá¨ç¥áª¨å  ää¨®àëå áâàãªâãà
®¤®à®¤ëå à¥£ã«ïàëå �-¯à®áâà áâ¢,   ¢ á«ãç ¥ ¯¥à¨®¤¨ç¥áª®£® ®¤®à®¤®£® �-¯à®áâà áâ¢ 
¯à¨¢¥¤¥ë ¢ëç¨á«¨â¥«ìë¥ ä®à¬ã«ë ®¯¥à â®à®¢ íâ¨å áâàãªâãà, ª®â®àë¥ ¤¥â «¨§¨à®¢ ë ¢
á«ãç ïå n = 3; 4; 5. � ¬ ¦¥ ¯®ª § ®, çâ®   ®¤®à®¤ëå �-¯à®áâà áâ¢ å ¯®àï¤ª  5 áãé¥áâ¢ãîâ
¢ â®ç®áâ¨ ®¤  ¨¢ à¨ â ï áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, ¤¢¥ ¨¢ à¨ âë¥ f -áâàãªâãàë
¨ ¤¢¥ ¨¢ à¨ âë¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë.

�®âï áãé¥áâ¢®¢ ¨¥ ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ ¯®àï¤ª 
5 ¢ëâ¥ª ¥â ¨§ [2], ¢ ¤ ®© áâ âì¥ ¯®áâà®¥¨¥ ¢ ¯. 3 íâ¨å áâàãªâãà ¯à®¢®¤¨âáï â ª, ª ª íâ®
¤¥« «®áì ¯¥à¢® ç «ì® ¢ [7], á ¨á¯®«ì§®¢ ¨¥¬ áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, ª®â®à ï à á-
á¬ âà¨¢ ¥âáï ¢ ¯. 2. �¢ à¨ âë¥ f -áâàãªâãàë ¤«ï ã¤®¡áâ¢  ¨§ãç¥¨ï ®¯à¥¤¥«ïîâáï ¢ ¯. 4 á
¯®¬®éìî ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà ¨ áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, ¯à¨ç¥¬, ¥áâ¥áâ¢¥®,
¢á¥ íâ¨ ¯®áâà®¥¨ï á®®â¢¥âáâ¢ãîâ à¥§ã«ìâ â ¬ à ¡®âë [2].

�§ãç¥¨¥ ¨â¥£à¨àã¥¬®áâ¨ ¨¢ à¨ âëå ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà (¯. 3) ¯®§¢®«ï¥â á¤¥-
« âì ¢ë¢®¤, çâ® ª« áá ®¤®à®¤ëå �-¯à®áâà áâ¢ G=H ¯®àï¤ª  5, ã ª®â®àëå å®âï ¡ë ®¤ 
¨§ ª ®¨ç¥áª¨å ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà ¨â¥£à¨àã¥¬ , ¢å®¤¨â ¢ ª« áá «®ª «ìëå �-
¯à®áâà áâ¢ ¯®àï¤ª  3 [8],   ¨â¥£à¨àã¥¬®áâì ®¡¥¨å ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà à ¢®á¨«ì 
«®ª «ì®© á¨¬¬¥âà¨ç®áâ¨ G=H. � «®£¨ç  á¨âã æ¨ï ¨ á ª ®¨ç¥áª¨¬¨ f -áâàãªâãà ¬¨ ®¤-
®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  5.
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�¢ï§ì ¨¢ à¨ âëå  ää¨ëå á¢ï§®áâ¥© ¨ ª ®¨ç¥áª¨å  ää¨®àëå áâàãªâãà ®¤®-
à®¤ëå �-¯à®áâà áâ¢ ¯®àï¤ª  5 ¢ëïáï¥âáï ¢ ¯. 5. Eáâ¥áâ¢¥® à¥¤ãªâ¨¢ë¥ ®¤®à®¤ë¥ �-
¯à®áâà áâ¢  ¯®àï¤ª  5 ¨§ãç îâáï ¢ ¯. 7. �« áá â ª¨å ¯à®áâà áâ¢ ¤®¢®«ì® ¡®«ìè®©. � á«ãç ¥
¯®«ã¯à®áâ®© £àã¯¯ë �¨ G ®¤®à®¤ë¥ ¯¥à¨®¤¨ç¥áª¨¥ �-¯à®áâà áâ¢  ï¢«ïîâáï ¥áâ¥áâ¢¥® à¥-
¤ãªâ¨¢ë¬¨ ®â®á¨â¥«ì® (¯á¥¢¤®)à¨¬ ®¢®© ¬¥âà¨ª¨, ¨¤ãæ¨à®¢ ®©   G=H ä®à¬®© �¨«-
«¨£  £àã¯¯ë G, ¨ íâ  ¬¥âà¨ª  å®à®è® á®£« á®¢   á ¨¢ à¨ âë¬¨  ää¨®àë¬¨ áâàãªâãà -
¬¨ íâ®£® ¯à®áâà áâ¢  (á¬. â ª¦¥ [9]). �ª § «®áì, çâ® ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¥ �-¯à®áâà áâ¢ 
¯®àï¤ª  5, ª®â®àë¥ ï¢«ïîâáï ªí«¥à®¢ë¬¨, ¢å®¤ïâ ¢ ª« áá «®ª «ì® á¨¬¬¥âà¨ç¥áª¨å,   ¯à¨¡«¨-
¦¥® ªí«¥à®¢ë ®â®á¨â¥«ì® ®¤®© ¨§ ¨¢ à¨ âëå ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà | ¢ ª« áá
«®ª «ìëå �-¯à®áâà áâ¢ ¯®àï¤ª  3.

�â¬¥â¨¬ â ª¦¥, çâ® ¥ª®â®àë¥ ¨§ à¥§ã«ìâ â®¢ ¤ ®© áâ âì¨ ¡ë«¨ à ¥¥  ®á¨à®¢ ë ¢
[7], [10], [11].

1. �¤®à®¤ë¥ �-¯à®áâà áâ¢  ¯®àï¤ª  5

�ãáâì � |   «¨â¨ç¥áª¨©  ¢â®¬®àä¨§¬ ¯®àï¤ª  n á¢ï§®© £àã¯¯ë �¨ G ¨ H | § ¬ªãâ ï
¯®¤£àã¯¯  �¨ ¢ G â ª ï, çâ® G�

o � H � G�, £¤¥ G�
o | á¢ï§ ï ª®¬¯®¥â  ¥¤¨¨æë £àã¯¯ë

G� = fg 2 G j �(g) = gg.
�¯à¥¤¥«¥¨¥ 1 ([1]). �¤®à®¤®¥ ¯à®áâà áâ¢® G=H  §ë¢ ¥âáï ®¤®à®¤ë¬ �-¯à®áâà -

áâ¢®¬ ¯®àï¤ª  n.

� ¯®à®¦¤ ¥â ¤¨ää¥®¬®àä¨§¬ D : G=H ! G=H ¯® ¯à ¢¨«ã D(gH) = �(g)H [1]. �ãáâì
g ¨ h |  «£¥¡àë �¨ £àã¯¯ �¨ G ¨ H á®®â¢¥âáâ¢¥®, ' = (d�)e |  ¢â®¬®àä¨§¬  «£¥¡àë
�¨ g, A = ' � id, m = Ag. �®£¤  m ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ®â®¦¤¥áâ¢«ï¥âáï á ª á â¥«ìë¬
¯à®áâà áâ¢®¬ ª G=H ¢ â®çª¥ o = H [1] ¨, ¥á«¨ ¯®«®¦¨âì 'jm = �, â® (dD)o = � ¨ ¤«ï �-
¯à®áâà áâ¢  ¯®àï¤ª  5 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®

�4 + �3 + �2 + � + id = 0: (1)

�à®¬¥ â®£®, ¤«ï G=H á¯à ¢¥¤«¨¢® à¥¤ãªâ¨¢®¥ à §«®¦¥¨¥

g = m� h: (2)

�®«®¦¨¬ â ª¦¥ a = cos 2�

5
, b = sin 2�

5
, c = cos 4�

5
, d = sin 4�

5
.

�ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¥¥ ¯à¥¤«®¦¥¨¥, ¤®ª § â¥«ìáâ¢® ª®â®à®£® ¤«ï ¯®çâ¨ ª®¬¯«¥ªá-
®© áâàãªâãàë ¯à¨¢¥¤¥® ¢ ([12], á. 201),   ¢ ®áâ «ìëå á«ãç ïå   «®£¨ç®.

�¥¬¬  1. �¢ à¨ âë¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë (áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥-

¨ï, f -áâàãªâãàë)   G=H  å®¤ïâáï ¢ ¥áâ¥áâ¢¥®¬ ¢§ ¨¬® ®¤®§ ç®¬ á®®â¢¥âáâ¢¨¨ á

¬®¦¥áâ¢®¬ «¨¥©ëå í¤®¬®àä¨§¬®¢ I ¤«ï m â ª¨å, çâ®

I2(X) = �X; (I2(X) = X; I3(X) + I(X) = 0) 8X 2 m; (3)

I(Ad(a)X) = Ad(a)I(X) 8a 2 H; X 2 m: (4)

2. � ®¨ç¥áª ï áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï

�¥®à¥¬  1. �  ª ¦¤®¬ ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ ¯®àï¤ª  5 áãé¥áâ¢ã¥â ¨¢ à¨ â ï

áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï.

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬, çâ® ®¯¥à â®à

Po(X) =
1p
5
(�4(X) � �3(X)� �2(X) + �(X)) (5)

71



ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (3) ¨ (4) «¥¬¬ë 1. �¬¥¥¬

P 2

o (X) =
1p
5

�
(�4(PoX)) � �4(Po(X))� �2(Po(X)) + �(Po(X))

�
=

=
1
5
(��4(X) � �3(X)� �2(X)� �(X) + 4X) = X;

£¤¥ ¡ë«® ¨á¯®«ì§®¢ ® â®¦¤¥áâ¢® (1). �âáî¤  á«¥¤ã¥â ¢ë¯®«¥¨¥ ãá«®¢¨ï (3). � «¥¥, â. ª. [13]
�(Ad(a)X) = Ad(a)(�(X)) 8a 2 H, X 2 m, â® Ad(a)(Po(X)) = Po(Ad(a)X), çâ® ¤ ¥â (4).

�¯à¥¤¥«¥¨¥ 2. �âàãªâãàã ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï P , ¯®à®¦¤ ¥¬ãî ®¯¥à â®à®¬ (5), ¡ã¤¥¬
 §ë¢ âì ª ®¨ç¥áª®© áâàãªâãà®© ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï ®¤®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  5.

� ¬¥â¨¬, çâ® ®  ¬®¦¥â ¡ëâì ¨ âà¨¢¨ «ì®© (Po = � id), ¨ ¢ ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¨áª«îç âì
íâ®â á«ãç ©.

�®«®¦¨¬ mi = fX 2 m j Po(X) = (�1)i+1Xg. �®£¤ 
m = m1 �m2: (6)

�§ãç¨¬ á¢®©áâ¢  ®¯¥à â®à  Po. �ã¤¥¬ ®¡®§ ç âì ç¥à¥§ Xm ¨ Xh á®®â¢¥âáâ¢¥® m- ¨ h-
ª®¬¯®¥âë í«¥¬¥â  X 2 g ®â®á¨â¥«ì® à §«®¦¥¨ï (2),   ç¥à¥§ X1, X2 | ª®¬¯®¥âë
í«¥¬¥â  X 2 m ®â®á¨â¥«ì® à §«®¦¥¨ï (6).

�¥¬¬  2. �«ï «î¡ëå X;Y 2 m ¯®«®¦¨¬ Vi = [�4X; �5�iY ]m+[�3X; �4�iY ]m+[�2X; �3�iY ]m+
[�X; �2�iY ]m + [X; �1�iY ]m, £¤¥ i = 1; 5. �®£¤  Vi = 0.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤®, çâ® �Vi = Vi. �® Vi 2 m, § ç¨â, Vi = 0.

�¥¬¬  3. �«ï «î¡ëå X;Y 2 m ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

Po[X;Y ]m = �Po[PoX;PoY ]m � [X;PoY ]m � [PoX;Y ]m; (7)

[PoX;PoY ]h = [X;Y ]h: (8)

�®ª § â¥«ìáâ¢®. �ëç¨á«¨¬ [PoX;PoY ]m, Po[X;PoY ]m, Po[PoX;Y ]m, ¨á¯®«ì§ãï (5), (1), «¥¬-
¬ã 2. �¬¥¥¬

[PoX;PoY ]m =
1
5
(�3[X;Y ]m + 2([�4X; �Y ]m + [�3X; �2Y ]m +

+ [�2X; �3Y ]m + [�X; �4Y ]m));

Po[X;PoY ]m =
1
5
(�3[X;Y ]m + 2([�4X; �3Y ]m + [�3X; �Y ]m +

+ [�2X; �4Y ]m + [�X; �2Y ]m));

Po[PoX;Y ]m =
1
5
(�3[X;Y ]m + 2([�4X; �2Y ]m + [�3X; �4Y ]m +

+ [�2X; �Y ]m + [�X; �3Y ]m)):

�ª« ¤ë¢ ï íâ¨ à ¢¥áâ¢  ¨ ¯à¨¬¥ïï «¥¬¬ã 2, ¯®«ãç ¥¬

[PoX;PoY ]m + Po[X;PoY ]m + Po[X;PoY ]m =
1
5
(�9[X;Y ]m + 4[X;Y ]m) = �[X;Y ]m:

�âáî¤  á«¥¤ã¥â (7). �«ï ¤®ª § â¥«ìáâ¢  (8) ¢ëç¨á«¨¬ [PoX;PoY ]h = 1

5
(4[X;Y ]h � [�X; Y ]h �

2[�2X;Y ]h + [�3X;Y ]h � [X; �Y ]h � 2[X; �2Y ]h + [X; �3Y ]h) = [X;Y ]h, £¤¥ ¨á¯®«ì§ãîâáï ®ç¥¢¨¤ë¥
à ¢¥áâ¢  [�X; �Y ]h = [X;Y ]h ¨ [�iX;Y ]h = [X; �5�iY ]h, i = 1; 4, ¨ (1).

�«¥¤áâ¢¨¥ 1. �«ï «î¡ëå X 2 m1, Y 2 m2 [X;Y ]h = 0.

�®ª § â¥«ìáâ¢®. �§ (8) ¨¬¥¥¬ [X;Y ]h = [PoX;PoY ]h = �[X;Y ]h. �

�«¥¤áâ¢¨¥ 2. �¬¥îâ ¬¥áâ® ¢ª«îç¥¨ï [mi;mi] � m3�i, i = 1; 2.
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�®ª § â¥«ìáâ¢®. �ãáâì X;Y 2 m1. �®£¤  ¨§ (7) Po[X;Y ]m = �[X;Y ]m. � «®£¨ç® ¤«ï
m2.

�¡®§ ç¨¬ ç¥à¥§ S â¥§®à®¥ ¯®«¥ ªàãç¥¨ï áâàãªâãàë P . �®£¤  ®® ¨¬¥¥â ¢¨¤ ([14], á. 44)

S( eX; eY ) = [ eX; eY ] + [P eX;P eY ]� P [P eX; eY ]� P [ eX;P eY ];
£¤¥ eX, eY | £« ¤ª¨¥ ¢¥ªâ®àë¥ ¯®«ï   G=H. �á«¨ S = 0, â® P  §ë¢ ¥âáï ¨â¥£à¨àã¥¬®©
([14], á. 44). �ç¥¢¨¤® â ª¦¥, çâ® S ¨¢ à¨ â® ®â®á¨â¥«ì® G,   ¯®â®¬ã ¯®«®áâìî ®¯à¥-
¤¥«ï¥âáï á¢®¨¬ § ç¥¨¥¬ So ¢ â®çª¥ o = H. �£à ¨ç¨¢ ïáì á¯¥æ¨ «ìë¬¨ ¢¥ªâ®àë¬¨ ¯®-
«ï¬¨ ¢ ®ªà¥áâ®áâ¨ â®çª¨ o, ¬®¦®   «®£¨ç® [8] ¯®ª § âì, çâ® So ¨¬¥¥â ¢¨¤ So(X;Y ) =
[X;Y ]m + [PoX;PoY ]m � Po[X;PoY ]m � Po[PoX;Y ]m, £¤¥ X;Y 2 m.

�§ (7) ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â

�¥¬¬  4. � â®çª¥ o â¥§®à ªàãç¥¨ï S ª ®¨ç¥áª®© áâàãªâãàë ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï ¯®¤-

áç¨âë¢ ¥âáï ¯® ä®à¬ã«¥

So(X;Y ) = 2[X;Y ]m + 2[PoX;PoY ]m: (9)

�¥®à¥¬  2. � ®¨ç¥áª ï áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª®

â®£¤ , ª®£¤ 

[m1;m1]m = [m2;m2]m = 0: (10)

�®ª § â¥«ìáâ¢®. �ãáâì So(X;Y )=0. �®£¤  ¨§ (9) á«¥¤ã¥â, çâ® 4[X1; Y1]m=0 ¨ 4[X2; Y2]m=0.
� á¨«ã ¯à®¨§¢®«ì®áâ¨ X ¨ Y ¨¬¥¥¬ (10). �¡à â®¥ ®ç¥¢¨¤®.

�¥¬¬  5. �ãáâì X 2 m1, Y 2 m2. �®£¤ 

�4X + �X = 2aX; �3X + �2X = 2cX; (11)

�4Y + �Y = 2cY; �3Y + �2Y = 2aY: (12)

�®ª § â¥«ìáâ¢® «¥¬¬ë ®ç¥¢¨¤®, ¥á«¨ ãç¥áâì (1), ®¯à¥¤¥«¥¨¥ Po ¨ ¯®¤¯à®áâà áâ¢ m1 ¨
m2. �

3. � ®¨ç¥áª¨¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë

� ª ª ª ¤«ï «î¡®£® Xi 2 mi �(Xi) 2 mi, i = 1; 2, â® ®¯à¥¤¥«¨¬ ®¯¥à â®àë J1 ¨ J2 á®®â¢¥â-
áâ¢¥®   m1 ¨ m2, ¯®«®¦¨¢

J1(X1) =
1
b
(�X1 � aX1); J2(X2) =

1
d
(�X2 � cX2): (13)

�¥¬¬  6. J2i (Xi) = �Xi, i = 1; 2.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ J1 ¨ X 2 m1. �§ (11) ¨¬¥¥¬ X + �2X = 2a�X. � ãç¥â®¬ íâ®£®
¨ (13) ¯®«ãç ¥¬

J21 (X) =
1
b
(�(J1(X)� aJ1(X))) =

1
b2
(�2(X)� 2a�(X) + a2X) =

=
1
b2
(�2(X)� (X + �2(X)) + a2X) =

1
b2
(�X + a2X) = �X:

� «®£¨ç® ¯à®¢®¤¨âáï ¤®ª § â¥«ìáâ¢® ¤«ï J2.
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� ª¨¬ ®¡à §®¬, Ji ®¯à¥¤¥«ïîâ á®®â¢¥âáâ¢¥®   mi ª®¬¯«¥ªáë¥ áâàãªâãàë. � ¤ ¤¨¬ â¥-
¯¥àì   m ¤¢  ®¯¥à â®à  Jo ¨ fJo à ¢¥áâ¢ ¬¨

Jo(X) = J1(X1) + J2(X2); fJo(X) = J1(X1)� J2(X2): (14)

� ª ª ª ®ç¥¢¨¤ë¬ ®¡à §®¬ ¤«ï ¢á¥å a 2 H Ad(a) � Jo = Jo �Ad(a) ¨ Ad(a) �fJo = fJo �Ad(a), â®
íâ¨ ®¯¥à â®àë ®¯à¥¤¥«ïîâ   G=H ¤¢¥ ¨¢ à¨ âë¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë.

�¯à¥¤¥«¥¨¥ 3. �¢ à¨ âë¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë J ¨ eJ , ®¯¥à â®àë ª®â®àëå
  m ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨ (14), ¡ã¤¥¬  §ë¢ âì ª ®¨ç¥áª¨¬¨ ¯®çâ¨ ª®¬¯«¥ªáë¬¨
áâàãªâãà ¬¨ ®¤®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  5.

�§ãç¨¬ á¢®©áâ¢  ®¯¥à â®à®¢ Jo, fJo, J1, J2.
�¥®à¥¬  3. �«ï ¢á¥å X;Y 2 m ¨ Xi; Yi 2 mi, i = 1; 2, ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

[JoX;JoY ]h = [fJoX;fJoY ]h = [X;Y ]h; (15)

J3�i[Xi; Yi]3�i = (�1)3�i[Xi; JiYi]3�i; (16)

Ji[X1; Y2]i = �[J1X1; Y2]i = (�1)i+1[X1; J2Y2]i: (17)

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® ¢ á¨«ã á«¥¤áâ¢¨ï 1 «¥¬¬ë 3 ¨¬¥¥¬

[JoX;JoY ]h = [fJoX;fJoY ]h = [J1X1; J1Y1]h + [J2X2; J2Y2]h:

� «¥¥, ¨á¯®«ì§ãï (13) ¨ «¥¬¬ã 5, ¯®«ãç ¥¬

[J1X1; J1Y1]h =
�
1
b
(�X1 � aX1);

1
b
(�Y1 � aY1)

�
h

=

=
1
b2
((1 + a2)[X1; Y1]h � a([�X1; Y1]h + [X1; �Y1]h)) =

=
1
b2
((1 + a2)[X1; Y1]h � a([�X1; Y1]h + [�4X1; Y1]h)) =

=
1
b2
((1 + a2)[X1; Y1]h � 2a2[X1; Y1]h) = [X1; Y1]h:

� «®£¨ç® ¯®«ãç ¥¬ ¢â®à®¥ á« £ ¥¬®¥. �âáî¤  á«¥¤ã¥â (15). � ¢¥áâ¢  (16) ¨ (17) ¤®ª § ë ¢
[5] ¢ á«ãç ¥, ª®£¤  G | ª®¬¯ ªâ ï £àã¯¯  �¨, ® ¤®ª § â¥«ìáâ¢® ®áâ ¥âáï ¢¥àë¬ ¨ ¢ ¯à®¨§-
¢®«ì®¬ á«ãç ¥.

� áá¬®âà¨¬ â¥¯¥àì ¢®¯à®á ®¡ ¨â¥£à¨àã¥¬®áâ¨ ª ®¨ç¥áª¨å ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà
J ¨ eJ . � ª ¨ ¢ [8], ¬®¦® ¯®ª § âì, çâ® â¥§®àë ªàãç¥¨ï N ¨ eN á®®â¢¥âáâ¢ãîé¨å ¯®çâ¨
ª®¬¯«¥ªáëå áâàãªâãà ¨¢ à¨ âë ®â®á¨â¥«ì® G,   ¯®â®¬ã ¯®«®áâìî ®¯à¥¤¥«ïîâáï á¢®¨¬¨
§ ç¥¨ï¬¨ No ¨ eNo ¢ â®çª¥ o = H, ¯à¨ç¥¬ ¤«ï X;Y 2 m

No(X;Y ) = [X;Y ]m + Jo[X;JoY ]m + Jo[JoX;Y ]m � [JoX; JoY ]m;fNo(X;Y ) = [X;Y ]m +fJo[X;fJoY ]m +fJo[fJoX;Y ]m � [fJoX;fJoY ]m:
�¥®à¥¬  4. � ®¨ç¥áª ï ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà  J ®¤®à®¤®£® �-¯à®áâà áâ¢ 

¯®àï¤ª  5 ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  [m2;m2]1 = [m1;m2]2 = 0.

�®ª § â¥«ìáâ¢®. �§ á«¥¤áâ¢¨ï 2 «¥¬¬ë 3 (No(Xi; Yi))i = 0. �ëç¨á«ïï ®áâ «ìë¥ á« £ ¥-
¬ë¥ á ¯®¬®éìî (16) ¨ (17), ¨¬¥¥¬

No(X;Y ) = 4([X2; Y2]1 + [X1; Y2]2 + [X2; Y1]2):

�¥¯¥àì, ¥á«¨ No(X;Y ) = 0, â® ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ X;Y 2 m ¯®«ãç ¥¬ âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥-
¨¥. �¡à â®¥ ®ç¥¢¨¤®.
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�®ç® â ª ¦¥ ¤®ª §ë¢ ¥âáï

�¥®à¥¬  5. � ®¨ç¥áª ï ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà  eJ ®¤®à®¤®£® �-¯à®áâà áâ¢ 
¯®àï¤ª  5 ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  [m1;m1]2 = [m1;m2]1 = 0.

�«¥¤áâ¢¨¥. �¡¥ ª ®¨ç¥áª¨¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë ®¤®à®¤®£® �-¯à®áâà áâ¢ 
¯®àï¤ª  5 ¨â¥£à¨àã¥¬ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H «®ª «ì® á¨¬¬¥âà¨ç®, â. ¥. [m;m] � h.

�¥®à¥¬  6. �á«¨ ®¤  ¨§ ª ®¨ç¥áª¨å ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà ®¤®à®¤®£® �-¯à®áâ-
à áâ¢  ¯®àï¤ª  5 ¨â¥£à¨àã¥¬ , â® G=H ï¢«ï¥âáï «®ª «ìë¬ �-¯à®áâà áâ¢®¬ ¯®àï¤ª  3
[8].

�®ª § â¥«ìáâ¢®. �ãáâì J ¨â¥£à¨àã¥¬ . �®£¤ , ¨á¯®«ì§ãï â¥®à¥¬ë 3 ¨ 4, «¥£ª® ¯®«ãç ¥¬
à ¢¥áâ¢® fJo[X;Y ]m = �[X;fJoY ]m. �ç¨âë¢ ï ®¯ïâì â¥®à¥¬ã 3, ¢¨¤¨¬, çâ® eJ ã¤®¢«¥â¢®àï¥â ¢á¥¬
âà¥¡®¢ ¨ï¬ â¥®à¥¬ë 10 ¨§ [8],   ¯®â®¬ã G=H ï¢«ï¥âáï «®ª «ìë¬ �-¯à®áâà áâ¢®¬ ¯®àï¤ª  3.
� «®£¨ç® ¯à®¢®¤¨âáï ¤®ª § â¥«ìáâ¢® ¤«ï ¤àã£®© áâàãªâãàë.

4. � ®¨ç¥áª¨¥ f-áâàãªâãàë

�ç¨âë¢ ï à §«®¦¥¨¥ (6) ¨ â®, çâ®   ª ¦¤®¬ ¨§ mi ¥áâì ª®¬¯«¥ªá ï áâàãªâãà  Ji, ®¯à¥-
¤¥«¨¬   m ¤¢  ®¯¥à â®à  (f1)o ¨ (f2)o, ¯®«®¦¨¢

(f1)oX = J1X1; (f2)oX = J2X2 8X 2 m: (18)

�ç¥¢¨¤®, íâ¨ ®¯¥à â®àë ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ «¥¬¬ë 1,   ¯®â®¬ã ®¯à¥¤¥«ïîâ   G=H ¤¢¥
¨¢ à¨ âë¥ f -áâàãªâãàë.

�¯à¥¤¥«¥¨¥ 4. �ã¤¥¬  §ë¢ âì ¨¢ à¨ âë¥ f -áâàãªâãàë ®¤®à®¤®£® �-¯à®áâà áâ¢ 
¯®àï¤ª  5, ®¯¥à â®àë ª®â®àëå   m ¨¬¥îâ ¢¨¤ (18), ª ®¨ç¥áª¨¬¨ f -áâàãªâãà ¬¨ íâ®£® ¯à®-
áâà áâ¢ .

� á¨«ã ¨¢ à¨ â®áâ¨ ª ®¨ç¥áª¨å f -áâàãªâãà ¨å â¥§®àë �¥©¥å¥©á  N1 ¨ N2 â ª¦¥
¡ã¤ãâ ¨¢ à¨ âë¬¨,   ¯®â®¬ã ¡ã¤ãâ ¯®«®áâìî ®¯à¥¤¥«ïâìáï á¢®¨¬¨ § ç¥¨ï¬¨ (Ni)o ¢ â®çª¥
o = H, ¯à¨ç¥¬ ¤«ï ¢á¥å X;Y 2 m

(Ni)o(X;Y ) = [(fi)oX; (fi)oY ]m � (fi)o([X; (fi)oY ]m � [(fi)oX;Y ]m) + (fi)
2

o[X;Y ]m:

�¥®à¥¬  7. � ®¨ç¥áª ï f -áâàãªâãà  fi ¨â¥£à¨àã¥¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

[m;m]i = [mi;mi]3�i = 0: (19)

�®ª § â¥«ìáâ¢®. �à®¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® «¨èì ¤«ï f1, â. ª. ¤«ï f2 ®®   «®£¨ç®. �àï-
¬ë¬ ¢ëç¨á«¥¨¥¬  å®¤¨¬

(N1)o(X;Y ) = [J1X1; J1Y1]m � J1[X;J1Y1]1 � J1[J1X1; Y ]1 � [X;Y ]1 =

= �[X1; Y1]2 � 2[X2; Y1]1 � 2[X1; Y2]1 � [X2; Y2]1:

�âáî¤ , ¥á«¨ (N1)o(X;Y ) = 0 ¤«ï ¢á¥å X;Y 2 m, â® ¨¬¥¥¬ (19). �¡à â®¥ ®ç¥¢¨¤®.

�à¨¬¥ïï â¥®à¥¬ë 2, 4 ¨ 7, ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 1. �«ï â®£® çâ®¡ë f1 (f2) ¡ë«  ¨â¥£à¨àã¥¬®©, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë
¡ë«¨ ¨â¥£à¨àã¥¬ë¬¨ P ¨ J (P ¨ eJ).

�«¥¤áâ¢¨¥ 2. �¡¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë ®¤®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  5 ¨â¥-
£à¨àã¥¬ë ®¤®¢à¥¬¥® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H ï¢«ï¥âáï «®ª «ì® á¨¬¬¥âà¨ç¥áª¨¬
¯à®áâà áâ¢®¬.

�§ â¥®à¥¬ë 3 ®ç¥¢¨¤ë¬ ®¡à §®¬ á«¥¤ã¥â

�¥¬¬  7. [(fi)oX; (fi)oY ]h = [Xi; Yi]h 8X;Y 2 m.
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�à®¬¥ â®£®, ¥¯®áà¥¤áâ¢¥ë¬ ¢ëç¨á«¥¨¥¬ ¤®ª §ë¢ ¥âáï

�¥¬¬  8. (f1)oX = 1

2
Jo(X + Po(X)); (f2)oX = 1

2
fJo(X + Po(X)) 8X 2 m.

5. �¢ à¨ âë¥  ää¨ë¥ á¢ï§®áâ¨

�ãáâì r| ¨¢ à¨ â ï  ää¨ ï á¢ï§®áâì   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ G=H ¯®àï¤ª 
5 ¨ � | ¥¥ äãªæ¨ï �®¬¨¤§ã ([12], á. 178), A | ª ®¨ç¥áª ï  ää¨®à ï áâàãªâãà    G=H
ª« áá¨ç¥áª®£® â¨¯ .

�¯à¥¤¥«¥¨¥ 5. �¢ï§®áâì r  §®¢¥¬ A-á¢ï§®áâìî, ¥á«¨ rA = 0.

� ª ¨ ¢ [8], ¬®¦® ¯®ª § âì, çâ® ãá«®¢¨¥

Ao�(X;Y ) = �(X;AoY );

£¤¥ Ao | ®¯¥à â®à  ää¨®à®© áâàãªâãàë A ¢ â®çª¥ o = H, ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ -
â®çë¬ ¤«ï â®£®, çâ®¡ë r ¡ë«  A-á¢ï§®áâìî.

�¥®à¥¬  8. �  «î¡®¬ ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ G=H ¯®àï¤ª  5 â®«ìª® ª ®¨ç¥áª ï

á¢ï§®áâì ([12], á. 179) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:
1) r ¨¢ à¨ â  ®â®á¨â¥«ì® G,
2) r ¨¢ à¨ â  ®â®á¨â¥«ì® D,

3) r ï¢«ï¥âáï P{á¢ï§®áâìî,

4) r ï¢«ï¥âáï «¨¡® J-, «¨¡® eJ -á¢ï§®áâìî.
�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¥á«¨ r ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ 1){4), â® ¥¥ äãªæ¨ï �®-

¬¨¤§ã âà¨¢¨ «ì . �ãáâì r | â ª ï á¢ï§®áâì ¨ � | ¥¥ äãªæ¨ï �®¬¨¤§ã. �®£¤  ¨§ 3) á«¥-
¤ã¥â, çâ® Po�(X;Y ) = �(X;PoY ), çâ® ¤ ¥â �(X;Y )i = �(X;Yi), i = 1; 2. �® â®£¤  ¢ á¨«ã 4)
Ji�(X;Y )i = �(X;JiYi), i = 1; 2. �á¯®«ì§ãï (13), ¯®«ãç ¥¬ ��(X;Y )i = �(X; �Yi), i = 1; 2, çâ®
¤ ¥â ��(X;Y ) = �(X; �Y ). �âáî¤  �(X; �Y ) = �(�X; �Y ). �®£¤  �(X; �kY ) = �(�kX; �kY ), £¤¥
k = 1; 5. � ç¨â,

�(�4X;Y ) = �4�(X; �Y ) = �4�(�X; �Y ) = �(X;Y );

�(�3X;Y ) = �4�(�4X; �Y ) = �4�(X; �Y ) = �(X;Y );

�(�2X;Y ) = �3�(�4X; �2Y ) = �3�(�X; �2Y ) = �(�4X;Y ) = �(X;Y );

�(�X; Y ) = �4�(�2X; �Y ) = �4�(�3X; �Y ) = �4�(�4X; �Y ) = �(X;Y );

�(X;Y ) = �(X;Y ):

�ª« ¤ë¢ ï íâ¨ à ¢¥áâ¢  ¨ ãç¨âë¢ ï (1), ¯®«ãç ¥¬ 5�(X;Y ) = 0.

�«¥¤áâ¢¨¥. �  «î¡®¬ ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ G=H ¯®àï¤ª  5 â®«ìª® ª ®¨ç¥áª ï
á¢ï§®áâì ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) r ¨¢ à¨ â  ®â®á¨â¥«ì® G,
2) r ¨¢ à¨ â  ®â®á¨â¥«ì® D,
3) r ï¢«ï¥âáï f1- ¨ f2-á¢ï§®áâìî.

�®ª § â¥«ìáâ¢®. �ãáâì � | äãªæ¨ï �®¬¨¤§ã á¢ï§®áâ¨ r, ã¤®¢«¥â¢®àïîé¥© 1){3). �®-
£¤  ¨§ 3) á«¥¤ã¥â (fi)o�(X;Y ) = �(X; (fi)oY ) ¤«ï ¢á¥å X;Y 2 m, i = 1; 2. �â® ¤ ¥â �(X;Y )i =
�(X;Yi). � ç¨â, Po�(X;Y ) = �(X;PoY ) ¨ Jo�(X;Y ) = �(X; JoY ). �áâ «®áì ¢®á¯®«ì§®¢ âìáï
â¥®à¥¬®©.

�¥¬¬  9. �ãáâì r | ¨¢ à¨ â ï ®â®á¨â¥«ì® G ¨ D  ää¨ ï á¢ï§®áâì ®¤®à®¤-

®£® �-¯à®áâà áâ¢  ¯®àï¤ª  5. �®£¤  ¤«ï ¥¥ äãªæ¨¨ �®¬¨¤§ã � ¨ ¢á¥å X;Y 2 m ¨¬¥¥â ¬¥áâ®

à ¢¥áâ¢®

Po�(X;Y ) = �Po�(PoX;PoY )� �(X;PoY )� �(PoX;Y ):
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�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë   «®£¨ç® ¤®ª § â¥«ìáâ¢ã ¯¥à¢®£® à ¢¥áâ¢  «¥¬¬ë 3. �

�«¥¤áâ¢¨¥. �ãáâì r| ¨¢ à¨ â ï ®â®á¨â¥«ì® G ¨D  ää¨ ï á¢ï§®áâì ®¤®à®¤®£®
�-¯à®áâà áâ¢  ¯®àï¤ª  5. �ãáâì â ª¦¥ r ï¢«ï¥âáï P -á¢ï§®áâìî. �®£¤  �(X;Y ) = 0 8X;Y 2
mi.

�®ª § â¥«ìáâ¢®. �§ «¥¬¬ë 9 ¨¬¥¥¬ Po�(Xi; Yi) = �(1)i�(Xi; Yi). � â ª ª ª r ï¢«ï¥âáï
P -á¢ï§®áâìî, â® Po�(Xi; Yi) = (�1)i+1�(Xi; Yi).

6. �®¤¯à®áâà áâ¢® m'

� áá¬®âà¨¬ ¯®¤¯à®áâà áâ¢® m' 2 g, ¯®à®¦¤¥®¥ ¢¥ªâ®à ¬¨ ¢¨¤  [X; �X], X 2 m ¢ á«ã-
ç ¥ ®¤®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  5. �¯¥à¢ë¥ íâ® ¯®¤¯à®áâà áâ¢® ¤«ï ¯à®¨§¢®«ì®£®
à¥£ã«ïà®£® �-¯à®áâà áâ¢  ¡ë«® ¢¢¥¤¥® �.�. � « é¥ª® [15]. �â¬¥â¨¬ â ª¦¥, çâ® ¢ á«ãç ¥
á¨¬¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  (�2 = id) m' = 0,   ¢ á«ãç ¥ �-¯à®áâà áâ¢  ¯®àï¤ª  3 m' 2 h

[16].

�¥®à¥¬  9. �ãáâì G=H | ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5. �®£¤  á«¥¤ãîé¨¥ ãá«®-

¢¨ï íª¢¨¢ «¥âë:
1) m' � h,

2) [m1;m2] = 0,
3) Po[X;Y ]m = �[X;PoY ]m.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ íª¢¨¢ «¥â®áâì 1) ¨ 2). �ãáâì m' � h. �®£¤  A[X; �X] = 0
8X 2 m. �ç¨âë¢ ï (1),  å®¤¨¬ A[X; �X] = �'[X; �3X + �2X] = 0. � ª ª ª ' |  ¢â®¬®àä¨§¬,
â® [X; �3X + �2X] = 0. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ à ¢¥áâ¢  (11) ¨ (12), ¯®«ãç ¥¬ [X; �3X + �2X] =
(2a� 2c)[X1;X2] = 0. � á¨«ã ¯à®¨§¢®«ì®áâ¨ X ¯®«ãç ¥¬ 2).

�¡à â®, ¥á«¨ á¯à ¢¥¤«¨¢® 2), â® ¤«ï ª ¦¤®£® X 2 m [X; �X] = [X1; �X1] + [X2; �X2]. �ç¨-
âë¢ ï (11) ¨ (12), ¨¬¥¥¬

[X; �X] = �[X1; �
4X1]� [X2; �

4X2] = �'4([�X1;X1] + [�X2;X2]) = '4[X; �X]:

�âáî¤  ¯®«ãç ¥¬ 1).
�®ª ¦¥¬ íª¢¨¢ «¥â®áâì 2) ¨ 3). �ãáâì [m1;m2] = 0. �®£¤  á®£« á® (7) Po[Xi;Xi]m =

�[Xi; PoXi]m, çâ® ¤ ¥â 3). �¡à â®, ¯ãáâì ¢ë¯®«ï¥âáï 3). �®£¤  [X;Y ]m = [PoX;PoY ]m, çâ® á
ãç¥â®¬ (8) ¤ ¥â [X;Y ] = [PoX;PoY ], ®âªã¤  á«¥¤ã¥â 2).

�«¥¤áâ¢¨¥ 1. �«ï â®£® çâ®¡ë ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ¯®àï¤ª  5 ¡ë«® «®ª «ì®
á¨¬¬¥âà¨ç¥áª¨¬, ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë m' � h ¨ ª ®¨ç¥áª ï áâàãªâãà  ¯®çâ¨
¯à®¨§¢¥¤¥¨ï ¡ë«  ¨â¥£à¨àã¥¬®©.

�®ª § â¥«ìáâ¢®. �á«¨ m' � h, â® á ãç¥â®¬ «¥¬¬ë 4 ¨ â¥®à¥¬ë 9 ¯®«ãç ¥¬ So(X;Y ) =
4[X;Y ]m. �¥¯¥àì ¢ á¨«ã ¨â¥£à¨àã¥¬®áâ¨ P ¯®«ãç ¥¬ «®ª «ìãî á¨¬¬¥âà¨ç®áâì G=H. �¡à â-
®¥ ®ç¥¢¨¤®.

� áá¬®âà¨¬ ¯®¤¯à®áâà áâ¢  m'
i , ¯®à®¦¤¥ë¥ í«¥¬¥â ¬¨ ¢¨¤  [X; �X], £¤¥ X 2 mi, i = 1; 2.

�®£¤  ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 9 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. m
'
i � h, i = 1; 2.
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7. �áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¥ �-¯à®áâà áâ¢  ¯®àï¤ª  5

�ãáâì ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5 ï¢«ï¥âáï à¨¬ ®¢ë¬ ¨ ®â®á¨â¥«ì® ¥£® à¨¬ -
®¢®© ¬¥âà¨ª¨ D ï¢«ï¥âáï ¨§®¬¥âà¨¥©. �®£¤  ¤«ï ¢á¥å X;Y 2 m

(�X; �Y ) = (X;Y ); (20)

£¤¥ (�; �) | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥   m, ¯®à®¦¤¥®¥ à¨¬ ®¢®© ¬¥âà¨ª®©.

�¥®à¥¬  10. �ãáâì G=H | ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5, ª®â®à®¥ ï¢«ï¥âáï à¨-

¬ ®¢ë¬, ¨ ¢ë¯®«ï¥âáï (20). �®£¤  ¤«ï ¢á¥å X;Y 2 m

1) (PoX;PoY ) = (X;Y ),
2) (JoX; JoY ) = (X;Y ),
3) (fJoX;fJoY ) = (X;Y ),
4) ((fi)oX;Y ) + (X; (fi)oY ) = 0.

�®ª § â¥«ìáâ¢®. �§ (20) á«¥¤ã¥â (�kX; �kY ) = (X;Y ), £¤¥ k = 1; 4. �® â®£¤ , ª ª ¨ ¯à¨
¤®ª § â¥«ìáâ¢¥ à ¢¥áâ¢  (8), ¯àï¬ë¬ ¯®¤áç¥â®¬ ¯®«ãç ¥¬

(PoX;PoY ) =
1
5
(4(X;Y )� (�X; Y )� 2(�2X;Y ) + (�3X;Y )� (X; �Y )�

� 2(X; �2Y ) + (X; �3Y )) =
1
5
(4(X;Y )� (�X; Y )� (�2X;Y )�

� (�3X;Y )� (�4X;Y )) = (X;Y ):

�âáî¤  áà §ã á«¥¤ã¥â, çâ® ¯®¤¯à®áâà áâ¢  m1 ¨ m2 ®àâ®£® «ìë ®â®á¨â¥«ì® áª «ïà®£®
¯à®¨§¢¥¤¥¨ï. � ç¨â,

(JoX;JoY ) = ( eJoX; eJoY ) = (J1X1; J1Y1) + (J2X2; J2Y2):

� «¥¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ à ¢¥áâ¢ (15), ¨¬¥¥¬

(J1X1; J1Y1) =
�
1
b
(�X1 � aX1);

1
b
(�Y1 � aY1)

�
=

1
b2
((1 + a2)(X1; Y1)�

� a((�X1; Y1) + (X1; �Y1))) =
1
b2
((1 + a2)(X1; Y1)� a((�X1; Y1) + (�4X1; Y1))) =

=
1
b2
((1 + a2)(X1; Y1)� 2a2(X1; Y1)) = (X1; Y1):

� «®£¨ç® ¯®«ãç ¥¬ ¢â®à®¥ á« £ ¥¬®¥. � ª®¥æ,

((f1)oX;Y ) + (X; (f1)oY ) =
�
1
2
Jo(X + Po(X)); Y

�
+
�
X;

1
2
Jo(Y + Po(Y ))

�
=

=
�
1
2
Jo(X + Po(X)); Y

�
�
�
1
2
Jo(X + Po(X)); Y

�
= 0:

�® ¦¥ ¨¬¥¥â ¬¥áâ® ¨ ¤«ï (f2)o.

�ãáâì â¥¯¥àì ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5 ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬ ®¤-
®à®¤ë¬ ¯à®áâà áâ¢®¬. �®£¤  ([12], á. 188) ¤«ï ¢á¥å X;Y;Z 2 m

([X;Y ]m; Z) = (X; [Y;Z]m); (21)

¨ à¨¬ ®¢  á¢ï§®áâì ¨¬¥¥â äãªæ¨î �®¬¨¤§ã ¢¨¤  �(X;Y ) = 1

2
[X;Y ]m.

�¥¬¬  10. �á«¨ ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬,

â® m' � h à ¢®á¨«ì® «®ª «ì®© á¨¬¬¥âà¨ç®áâ¨ G=H.
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�®ª § â¥«ìáâ¢®. �ãáâì m' � h. �®« £ ï ¢ (21) X = X1 2 m1, Y = Y1 2 m1, Z = Z2 2
m2, ¨¬¥¥¬ ([X1; Y1]m; Z2) = 0 ¢ á¨«ã ãá«®¢¨ï 2) â¥®à¥¬ë 9. � ª ª ª [m1;m1]m � m2, â® ¢ á¨«ã
¯à®¨§¢®«ì®áâ¨ X, Y , Z [m1;m1]m = 0. � «®£¨ç® ¯®ª §ë¢ ¥âáï, çâ® [m2;m2]m = 0. �âáî¤ 
¯®«ãç ¥¬ «®ª «ìãî á¨¬¬¥âà¨ç®áâì G=H. �¡à â®¥ ®ç¥¢¨¤®.

�¥®à¥¬  11. �ãáâì ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ¯®àï¤ª  5 ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥-
¤ãªâ¨¢ë¬, r | ¥¥ à¨¬ ®¢  á¢ï§®áâì. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï à ¢®á¨«ìë:

 ) rP = 0,
¡) (rXP )X = 0,
¢) P ¨â¥£à¨àã¥¬ ,

£) G=H «®ª «ì® á¨¬¬¥âà¨ç®.

�®ª § â¥«ìáâ¢®.  ) =) ¡) ®ç¥¢¨¤®.
¡) =) £). �ç¨âë¢ ï ¢¨¤ �, ¯®«ãç ¥¬ [X;PoX]m = 0 8X 2 m. �âáî¤ , ¯®« £ ï X = Y + Z,

¨¬¥¥¬ [Y; PoZ]m = [PoY;Z]m ¨ [PoY; PoZ]m = [Y;Z]m. �â® á ãç¥â®¬ (7) ¤ ¥â Po[Y;Z]m = �[Y; PoZ]m
¤«ï ¢á¥å Y;Z 2 m. �® â®£¤  ¨§ â¥®à¥¬ë 9 ¨ «¥¬¬ë 10 ¢ëâ¥ª ¥â £).

£) =)  ) ®ç¥¢¨¤®. £) =) ¢) ®ç¥¢¨¤®.
¢) =) £). � ª ¦¥, ª ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 10, ¯®«ãç ¥¬ [m1;m2]m = 0. � ãç¥â®¬

á«¥¤áâ¢¨ï 1 «¥¬¬ë 3 íâ® ¤ ¥â [m1;m2] = 0, çâ® ¢ á¨«ã â¥®à¥¬ë 9 ¨ «¥¬¬ë 10 ¢«¥ç¥â âà¥¡ã¥¬®¥.

�¥¬¬  11. �ãáâì G=H | à¨¬ ®¢® ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5, ¤«ï ª®â®à®£®

m' � h, r | à¨¬ ®¢  á¢ï§®áâì   G=H. (rXP )X = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H
ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬ ¯à®áâà áâ¢®¬.

�®ª § â¥«ìáâ¢®. �â®á¨â¥«ì® áª «ïà®£® ¯à®¨§¢¥¤¥¨ï   m ¨¬¥¥¬ ([12], á. 187)

2(�(X;Y ); Z) = �(X; [Y;Z]m)� (Y; [X;Z]m) + (Z; [X;Y ]m);

£¤¥ X;Y;Z 2 m, � | äãªæ¨ï �®¬¨¤§ã r. �® â®£¤  (Po�(X;X); PoY ) = �(X; [X;Y ]m) ¨
(�(X;PoX); PoY ) = (X; [X;Y ]m). �âáî¤  (�(X;PoX) � Po�(X;X); PoY ) = 2(X; [X;Y ]m). �§ ¯®-
á«¥¤¥£® à ¢¥áâ¢  ®ç¥¢¨¤ë¬ ®¡à §®¬ ¢ëâ¥ª ¥â ¤®ª § â¥«ìáâ¢® ¯à¥¤«®¦¥¨ï.

�¥®à¥¬  12. �ãáâì ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5 G=H ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥-

¤ãªâ¨¢ë¬ ¨ r | ¥£® à¨¬ ®¢  á¢ï§®áâì. �®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:
 ) rfi = 0,
¡) (rXfi)X = 0,
¢) G=H «®ª «ì® á¨¬¬¥âà¨ç®,

£) fi ¨â¥£à¨àã¥¬ .

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ â¥®à¥¬ã «¨èì ¤«ï f1, â. ª. ¤«ï f2 ¤®ª § â¥«ìáâ¢®   «®£¨ç®.
¡) =) ¢). �§ ¢¨¤  à¨¬ ®¢®© á¢ï§®áâ¨ ¢ëâ¥ª ¥â, çâ® ¡) à ¢®á¨«ì® ¢ë¯®«¥¨î ãá«®¢¨ï

[X; (f1)oX]m = 0 8X 2 m. �âáî¤  [X;J1X1]m = 0 ¨«¨ [X1; J1X1]m + [X2; J1X1]m = 0, çâ® ¤ ¥â
[X1; X2]m = 0 ¤«ï ¢á¥å X 2 m. �® â®£¤  [X1; �X2]m = [X1; cX2 + dJ2X2]m = [X1; dJ2X2]m =
dJ1[X1;X2]1 � dJ2[X1;X2]2 = 0. � «®£¨ç® [X2; �X1]m = 0. �®£¤  á ãç¥â®¬ á«¥¤áâ¢¨ï 2 â¥®à¥¬ë
9 ¯®«ãç ¥¬ [X; �X]m = [X1; �X1]m + [X1; �X2]m + [X2; �X1]m + [X2; �X2]m = 0. �âáî¤  m' � h, çâ®
¢«¥ç¥â ¢) ¢ á¨«ã «¥¬¬ë 10.

¢) =)  ) ®ç¥¢¨¤®. ¢) =) £) ®ç¥¢¨¤®.  ) =) ¡) ®ç¥¢¨¤®.
£) =) ¢). � ª ª ª f1 ¨â¥£à¨àã¥¬ , â® ¨§ á«¥¤áâ¢¨ï â¥®à¥¬ë 7 ¯®«ãç ¥¬, çâ® P ¨â¥£à¨àã¥¬ .

�¥¯¥àì ¨§ ¯à¥¤ë¤ãé¥© â¥®à¥¬ë ¯®«ãç ¥¬ âà¥¡ã¥¬®¥.

� ¬¥ç ¨¥. �¥§ã«ìâ âë â¥®à¥¬ë 12 ¥§ ¢¨á¨¬® ¨ ¢ ¡®«¥¥ ®¡é¥¬ á«ãç ¥ ¤®ª § ë â ª¦¥ ¢
[17].

�¥¬¬  12. �ãáâì ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ¯®àï¤ª  5 ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥-

¤ãªâ¨¢ë¬. G=H ï¢«ï¥âáï ªí«¥à®¢ë¬ ®â®á¨â¥«ì® J( eJ) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H
«®ª «ì® á¨¬¬¥âà¨ç®.
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�®ª § â¥«ìáâ¢®. �á«¨ G=H «®ª «ì® á¨¬¬¥âà¨ç®, â® ¢á¥ ®ç¥¢¨¤®. �¡à â®, ¯ãáâì G=H
ï¢«ï¥âáï ªí«¥à®¢ë¬ ®â®á¨â¥«ì® J . �®£¤  8X;Y 2 m Jo[X;Y ]m = [X;JoY ]m. �®¯®áâ ¢«ïï
íâ® à ¢¥áâ¢® á à ¢¥áâ¢ ¬¨ â¥®à¥¬ë 3, ¯®«ãç ¥¬ ¢ á¨«ã ¯à®¨§¢®«ì®áâ¨ X ¨ Y [m1;m2]m = 0.
�âáî¤  [m1;m2] = 0, çâ® ¤ ¥â «®ª «ìãî á¨¬¬¥âà¨ç®áâì G=H ¢ á¨«ã â¥®à¥¬ë 9 ¨ «¥¬¬ë 10.

�¥¬¬  13. �ãáâì ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ¯®àï¤ª  5 ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥-

¤ãªâ¨¢ë¬. �¤  ¨§ ª ®¨ç¥áª¨å ¯®çâ¨ ª®¬¯«¥ªáëå áâàãªâãà íâ®£® ¯à®áâà áâ¢  ï¢«ï-

¥âáï ¯à¨¡«¨¦¥® ªí«¥à®¢®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢â®à ï ª ®¨ç¥áª ï ¯®çâ¨ ª®¬-

¯«¥ªá ï áâàãªâãà  ¨â¥£à¨àã¥¬ .

�®ª § â¥«ìáâ¢®. �ãáâì J ï¢«ï¥âáï ¯à¨¡«¨¦¥® ªí«¥à®¢®©. �®£¤  [X;JoX]m = 0 ¤«ï ¢á¥å
X 2 m. �âáî¤  á ãç¥â®¬ â¥®à¥¬ë 3 ¯®«ãç ¥¬ [X1;X2]1 = 0. � á¨«ã ¯à®¨§¢®«ì®áâ¨ X 2 m

¯®«ãç ¥¬ [m1;m2]1 = 0. �® â ª ª ª G=H ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢®, â®

([X2; Y1]1; Z1) = (X2; [Y1; Z1]2)

¤«ï ¢á¥å X2 2 m2, Y1; Z1 2 m1, çâ® ¤ ¥â [m1;m1]2 = 0. �¥¯¥àì ¨§ â¥®à¥¬ë 5 ¯®«ãç ¥¬ ¨â¥£à¨àã-
¥¬®áâì eJ . �¡à â®¥ ®ç¥¢¨¤®. �â®à ï ç áâì â¥®à¥¬ë ¤®ª §ë¢ ¥âáï   «®£¨ç®.

�«¥¤áâ¢¨¥. �ãáâì ®¤®à®¤®¥ �-¯à®áâà áâ¢® G=H ï¢«ï¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢ë¬. �¡¥
ª ®¨ç¥áª¨¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë íâ®£® ¯à®áâà áâ¢  ï¢«ïîâáï ¯à¨¡«¨¦¥® ªí«¥-
à®¢ë¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  G=H «®ª «ì® á¨¬¬¥âà¨ç®.
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