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�ãáâì ¢ «¨­¥©­®© á¨áâ¥¬¥

_x(t) = A(t)x(t) + u(t); (1)

£¤¥ A(t) ¥áâì !-¯¥à¨®¤¨ç¥áª ï n� n-¬ âà¨æ  á ª®¬¯«¥ªá­®§­ ç­ë¬¨ «®ª «ì­® áã¬¬¨àã¥¬ë¬¨
í«¥¬¥­â ¬¨, ã¯à ¢«¥­¨¥ u(t) ä®à¬¨àã¥âáï ¯® ¬¥â®¤ã ®¡à â­®© á¢ï§¨

u(t) = �B(t)F (t)�1x(t); (2)

£¤¥ F (t) = X(t)e�tK , K = 1
!
lnX(!) (§¤¥áì ¡¥à¥âáï £« ¢­®¥ §­ ç¥­¨¥ «®£ à¨ä¬ ), X(t) | ¬ âà¨-

æ ­â ­¥¢®§¬ãé¥­­®© á¨áâ¥¬ë

_x(t) = A(t)x(t); (3)

  B(t) ¥áâì !-¯¥à¨®¤¨ç¥áª ï n � n-¬ âà¨æ  á ª®¬¯«¥ªá­®§­ ç­ë¬¨ «®ª «ì­® áã¬¬¨àã¥¬ë¬¨
í«¥¬¥­â ¬¨.

�à¨ ¯®¤áâ ­®¢ª¥ (2) ¢ (1) ¯®«ãç¨¬ ®¤­®à®¤­ãî á¨áâ¥¬ã

_x(t) = [A(t) �B(t)F (t)�1]x(t) (4)

á !-¯¥à¨®¤¨ç¥áª®© ¬ âà¨æ¥©. �¢®©áâ¢  à¥è¥­¨© á¨áâ¥¬ë (4) ¡ã¤ãâ ®¯à¥¤¥«ïâì á¢®©áâ¢  á¨áâ¥¬ë
(1) á ®¡à â­®© á¢ï§ìî.

�ãáâì E | ¥¤¨­¨ç­ ï ¬ âà¨æ  ¯®àï¤ª  n, C n | ¯à®áâà ­áâ¢® n-¬¥à­ëå ¢¥ªâ®à®¢ á ª®¬-
¯«¥ªá­ë¬¨ ª®¬¯®­¥­â ¬¨. � ­£ äã­ªæ¨®­ «ì­®© ¬ âà¨æë B(t) rangB ®¯à¥¤¥«¨¬ ª ª à §¬¥à-
­®áâì ®¡à §  ®â®¡à ¦¥­¨ï (�z)(t) = B(t)z, z 2 C n , t 2 [0; !]. �¡®§­ ç¨¬ ker(X(!) � �E) =
fz 2 C n : X(!)z = �zg. �® ®¯à¥¤¥«¥­¨î (­ ¯à., [1], c. 28) ¬ âà¨æ  X(!) ­ §ë¢ ¥âáï ¬ âà¨-
æ¥© ¬®­®¤à®¬¨¨,   ¥¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï | ¬ã«ìâ¨¯«¨ª â®à ¬¨ á¨áâ¥¬ë (3). �®¢®ªã¯­®áâì
¬ã«ìâ¨¯«¨ª â®à®¢ ­ §ë¢ ¥âáï á¯¥ªâà®¬ ãà ¢­¥­¨ï (3).

�¥¬¬  1. �á«¨ ¢®§¬ãé¥­­ ï á¨áâ¥¬  (4) ­¥ ¨¬¥¥â ¬ã«ìâ¨¯«¨ª â®à®¢ ¢ § ¤ ­­®© ®¡« -

áâ¨ 
 ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ C , â®

rangB � max
�2


dimker(X(!) � �E): (5)

�®ª § â¥«ìáâ¢®. �ãáâì � 2 
 ¨ z1; : : : ; zm | ¡ §¨á ¯®¤¯à®áâà ­áâ¢  ker(X(!) � �E). �®-
¯ãáâ¨¬, çâ® ¤«ï ­¥ª®â®àëå áª «ïà®¢ c1; : : : ; cm ¯à¨ ¯®çâ¨ ¢á¥å t 2 [0; !] «¨­¥©­ ï ª®¬¡¨­ æ¨ï
mP

k=1
ckB(t)zk = B(t)z = 0, £¤¥ z =

mP

k=1
ckzk. �âáî¤  ¤«ï x(t) = X(t)z = F (t)etKz = �

t
!F (t)z ¨¬¥-

¥¬ B(t)F (t)�1x(t) = 0 ¨, §­ ç¨â, _x(t) = [A(t) � B(t)F (t)�1]x(t). �à®¬¥ â®£®, x(!) = X(!)z =
�z = �x(0). �® ãá«®¢¨î «¥¬¬ë 1 ¢ ®¡« áâ¨ 
 ­¥â ¬ã«ìâ¨¯«¨ª â®à®¢ á¨áâ¥¬ë (4). �«¥¤®-
¢ â¥«ì­®, x(0) = z = 0 ¨ ¢ á¨«ã «¨­¥©­®© ­¥§ ¢¨á¨¬®áâ¨ z1; : : : ; zm ¢á¥ ck = 0; k = 1;m.
�â® ®§­ ç ¥â, çâ® ¬ âà¨ç­ë© ®¯¥à â®à B(t) ¯¥à¥¢®¤¨â «¨­¥©­® ­¥§ ¢¨á¨¬ãî á¨áâ¥¬ã ¢¥ªâ®à®¢
z1; : : : ; zm, m = dimker(X(!) � �E), ¢ «¨­¥©­® ­¥§ ¢¨á¨¬ãî ­  [0; !] á¨áâ¥¬ã ¢¥ªâ®à-äã­ªæ¨©
B(t)z1; : : : ; B(t)zm. �âáî¤  á«¥¤ã¥â (5).
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�«¥¤ãîé ï «¥¬¬   ­ «®£¨ç­  «¥¬¬¥ ­  á. 302 ¬®­®£à ä¨¨ [1].

�¥¬¬  2. �«ï «î¡®£® ª®¬¯«¥ªá­®£® �

ker(K � �E) = ker(X(!) � e�!E): (6)

�®ª § â¥«ìáâ¢®. �ãáâì f(�) = e!�. � ª ª ª ¯à®¨§¢®¤­ ï _f(�) ­¥ à ¢­  ­ã«î ­  á¯¥ª-
âà¥ ¬ âà¨æë K, â® ¢ á¨«ã â¥®à¥¬ë 9 ([2], á. 158) ¯à¨ ¯¥à¥å®¤¥ ®â ¬ âà¨æë K ª ¬ âà¨æ¥
f(K) = e!K = X(!) í«¥¬¥­â à­ë¥ ¤¥«¨â¥«¨ ­¥ \à áé¥¯«ïîâáï", â. ¥. ¥á«¨ ¬ âà¨æ  K ¨¬¥¥â
í«¥¬¥­â à­ë© ¤¥«¨â¥«ì (� � �j)mj , â® ¬ âà¨æ  ¬®­®¤à®¬¨¨ X(!) ¨¬¥¥â í«¥¬¥­â à­ë© ¤¥«¨-
â¥«ì (� � e�j!)mj ¨ ¢á¥ í«¥¬¥­â à­ë¥ ¤¥«¨â¥«¨ íâ®© ¬ âà¨æë ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¯®¤®¡­ë¬
®¡à §®¬. �âáî¤  ¢¨¤­®, çâ® ç¨á«® � ¦®à¤ ­®¢ëå ª«¥â®ª ¢ ª ­®­¨ç¥áª®¬ ¯à¥¤áâ ¢«¥­¨¨ ¬ -
âà¨æë K, ®â¢¥ç îé¨å �j , à ¢­® ç¨á«ã � ¦®à¤ ­®¢ëå ª«¥â®ª ¢ ª ­®­¨ç¥áª®¬ ¯à¥¤áâ ¢«¥­¨¨
¬ âà¨æë X(!), ®â¢¥ç îé¨å e�j! (­ ¯®¬­¨¬, çâ® ¯à¨ ®¯à¥¤¥«¥­¨¨ ¬ âà¨æë K = 1

!
lnX(!) ¬ë

¡¥à¥¬ £« ¢­®¥ §­ ç¥­¨¥ «®£ à¨ä¬  ¨, §­ ç¨â, �k � �j 6= 2�i
!
l ¯à¨ �k 6= �j , £¤¥ l æ¥«®¥). � ª ª ª

� = dimker(K � �jE) ¨ � = dimker(X(!) � e�!E), â® ¯®¤¯à®áâà ­áâ¢  ¢ (6) ¨¬¥îâ ®¤¨­ ª®¢ãî
à §¬¥à­®áâì.

�ãáâì Kz = �z. �®£¤  X(!)z = e!Kz = e�!z. �«¥¤®¢ â¥«ì­®, ker(K��E) � ker(X(!)�e�!E).
� ª ª ª à §¬¥à­®áâ¨ ãª § ­­ëå ¯®¤¯à®áâà ­áâ¢ á®¢¯ ¤ îâ, â® ¨¬¥¥â ¬¥áâ® (6).

�¥¬¬  3. �ãáâì

B(t) = F (t)S; (7)

£¤¥ S | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï n�n-¬ âà¨æ . �®£¤  Y (t) = F (t)et(K�S) ¡ã¤¥â ¬ âà¨æ ­â®¬

¢®§¬ãé¥­­®© á¨áâ¥¬ë (4) ¨ Y (!) = e!(K�S) | ¬ âà¨æ¥© ¬®­®¤à®¬¨¨ íâ®© á¨áâ¥¬ë.

�®ª § â¥«ìáâ¢®. �«ï F (t) = X(t)e�tK ¨¬¥¥¬

_F (t) = _X(t)e�tK �X(t)Ke�tK = A(t)X(t)e�tK �X(t)e�tKK =

A(t)F (t) � F (t)K = [A(t) �B(t)F (t)�1]F (t)� F (t)(K � S):

� ª ª ª Y (t) = F (t)et(K�S), â® á ãç¥â®¬ ­ ©¤¥­­®£® ¯à¥¤áâ ¢«¥­¨ï ¤«ï ¯à®¨§¢®¤­®© _F (t) ¯®«ã-
ç¨¬

_Y (t) = _F (t)et(K�S) + F (t)(K � S)et(K�S) =

= f[A(t)�B(t)F (t)�1]F (t)� F (t)(K � S)get(K�S) + F (t)(K � S)et(K�S) =

= [A(t)�B(t)F (t)�1]F (t)et(K�S) = [A(t)�B(t)F (t)�1]Y (t): �

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ á®áâ ¢«ï¥â á®¤¥à¦ ­¨¥ â¥®à¥¬ë ¤¢®©áâ¢¥­­®áâ¨ § ¬¥âª¨ [3] ¢ ª®¬-
¯«¥ªá­®¬ á«ãç ¥.

�¥¬¬  4. �ãáâì � | ¯à®¨§¢®«ì­®¥ á®¡áâ¢¥­­®¥ ¯®¤¬­®¦¥áâ¢® ª®¬¯«¥ªá­®© ¯«®áª®áâ¨

C . �®£¤ 

max
�2�

dimker(K � �E) = min rang S; (8)

£¤¥ ¬¨­¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ¬ âà¨æ ¬ S ¯®àï¤ª  n, ¤«ï ª®â®àëå ¢ ®¡« áâ¨ � ­¥â á®¡áâ¢¥­-

­ëå §­ ç¥­¨© ¬ âà¨æë K � S.

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬ . �ãáâì 
 | ¯à®¨§¢®«ì­ ï ®¡« áâì C , á®¤¥à¦ é ï ­¥ ¢á¥ ­¥­ã«¥¢ë¥ ª®¬¯«¥ªá­ë¥

ç¨á« . �®£¤ 

max
�2


dimker(X(!) � �E) = min rangB;
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£¤¥ ¬¨­¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ !-¯¥à¨®¤¨ç¥áª¨¬ n � n-¬ âà¨æ ¬ B(t) á ª®¬¯«¥ªá­®§­ ç­ë-

¬¨ «®ª «ì­® áã¬¬¨àã¥¬ë¬¨ ª®¬¯®­¥­â ¬¨, ¤«ï ª®â®àëå ¢®§¬ãé¥­­ ï á¨áâ¥¬  (4) ­¥ ¨¬¥¥â
¬ã«ìâ¨¯«¨ª â®à®¢ ¢ § ¤ ­­®© ®¡« áâ¨ 
.

�®ª § â¥«ìáâ¢®. � á¨«ã «¥¬¬ë 1 ¤®áâ â®ç­® ¯®ª § âì, çâ® ¢ (5) ®æ¥­ª  á­¨§ã ¤®áâ¨£ ¥âáï.
�ë¡¥à¥¬ ¬ ªá¨¬ «ì­® è¨à®ª®¥ ¬­®¦¥áâ¢® � â ª, çâ® 
 = f� : � = e!�; � 2 �g. � á¨«ã (6) ¨ (8)

max
�2


dimker(X(!) � �E) = max
�2�

dimker(K � �E) = min rang S; (9)

£¤¥ ¬¨­¨¬ã¬ ¡¥à¥âáï ¯® ¢á¥¬ ¬ âà¨æ ¬ S ¯®àï¤ª  n, ¤«ï ª®â®àëå ¢ ®¡« áâ¨ � ­¥â á®¡áâ¢¥­­ëå
§­ ç¥­¨© ¬ âà¨æëK�S. �«ï ¬ âà¨æë ¬¨­¨¬ «ì­®£® à ­£  S = S0 ¢ (9) ¯® ä®à¬ã«¥ (7) ¯®áâà®-
¨¬ !-¯¥à¨®¤¨ç¥áªãî ¬ âà¨æã B(t) â ªãî, çâ® ¤«ï ¬ âà¨æë ¬®­®¤à®¬¨¨ ¢®§¬ãé¥­­®© á¨áâ¥¬ë
(4) ¡ã¤¥¬ ¨¬¥âì Y (!) = e!(K�S0). � ª ª ª ¢ ®¡« áâ¨ � ­¥â á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æëK�S0,
â® ¢ ®¡« áâ¨ 
 ­¥ ¬®¦¥â ¡ëâì á®¡áâ¢¥­­ëå §­ ç¥­¨© ¬ âà¨æë Y (!). � á¨«ã (7) B(t) = F (t)S0.
�âáî¤  ¢¨¤¨¬, çâ® à ­£ äã­ªæ¨®­ «ì­®© ¬ âà¨æë B(t) à ¢¥­ ¢¥«¨ç¨­¥

rangS0 = max
�2


dimker(X(!) � �E):

�â® ¤®ª §ë¢ ¥â, çâ® à ¢¥­áâ¢® ¢ (5) ¤®áâ¨£ ¥âáï.

� ¬¥ç ­¨¥. �ãáâì Q(t) | !-¯¥à¨®¤¨ç¥áª ï n�n-¬ âà¨æ  á ª®¬¯«¥ªá­®§­ ç­ë¬¨ «®ª «ì­®
áã¬¬¨àã¥¬ë¬¨ í«¥¬¥­â ¬¨. �âáãâáâ¢¨¥ ã ¢®§¬ãé¥­­®© á¨áâ¥¬ë _x(t) = [A(t)�Q(t)]x(t) ¬ã«ìâ¨-
¯«¨ª â®à®¢ ¢ § ¤ ­­®© ®¡« áâ¨ 
 íª¢¨¢ «¥­â­® ®âáãâáâ¢¨î ¯à¨ «î¡®¬ � 2 
 ¥¥ ­¥âà¨¢¨ «ì­ëå
à¥è¥­¨©, ®¡« ¤ îé¨å á¢®©áâ¢®¬ x(t+ !) = �x(t). �à¨ ¢ë¯®«­¥­¨¨ ®¤­®£® ¨§ íâ¨å íª¢¨¢ «¥­â-
­ëå ãá«®¢¨© äã­ªæ¨®­ «ì­ ï ¬ âà¨æ  Q(t)F (t) ¢ á¨«ã «¥¬¬ë 1 ¤®«¦­  ¨¬¥âì à ­£, ­¥ ¬¥­ìè¨©
¬ ªá¨¬ «ì­®© £¥®¬¥âà¨ç¥áª®© ªà â­®áâ¨ ¬ã«ìâ¨¯«¨ª â®à®¢ ¨§ ®¡« áâ¨ 
 ­¥¢®§¬ãé¥­­®© á¨áâ¥-
¬ë _x(t) = A(t)x(t). �¥®à¥¬  ¯®ª §ë¢ ¥â, çâ® ¬¨­¨¬ «ì­® ¢®§¬®¦­®¥ §­ ç¥­¨¥ à ­£  á®¢¯ ¤ ¥â
á ¬ ªá¨¬ «ì­®© £¥®¬¥âà¨ç¥áª®© ªà â­®áâìî.
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