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1. �¢¥¤¥¨¥. � à §«¨çëå ¢®¯à®á å   «¨§  ¨ ¬ â¥¬ â¨ç¥áª®© ä¨§¨ª¨ ¢ ¦ãî à®«ì ¨£à îâ
®¯¥à â®àë �. �âà¨å àæ 

M�f =
�(n=2 + �)
�n=2�(�)

Z
jyj<1

(1� jyj2)��1f(x� y)dy (1)

á á¨¬¢®« ¬¨

m�(j�j) = �
�
n

2
+ �

�
j�j1�n=2��Jn=2+��1(j�j);

£¤¥ J�(z) | äãªæ¨ï �¥áá¥«ï ¯®àï¤ª  �,   â ª¦¥ ¨å ¬®¤¨ä¨ª æ¨¨ ( ¯à., [1]{[6]). �¤  ¨§
 ¨¡®«¥¥ ¨â¥à¥áëå ¨ âàã¤ëå § ¤ ç ¢ â¥®à¨¨ ãª § ëå ®¯¥à â®à®¢ ®â®á¨âáï ª ¯®áâà®¥¨î
¨å L-å à ªâ¥à¨áâ¨ª (á¬. ¯. 2 ¯® ¯®¢®¤ã L-å à ªâ¥à¨áâ¨ª¨ ®¯¥à â®à  (1)).

�áâ¥áâ¢¥®¥ ®¡®¡é¥¨¥ ãª § ëå à¥§ã«ìâ â®¢ á¢ï§ ® á ®¯¥à â®à®¬

M�
� f =

1
�(�)

Z
jyj<1

�(y0)(1� jyj2)��1f(x� y)dy; (2)

y0 = y=jyj. �¤¥áì à áá¬ âà¨¢ ¥âáï á«ãç ©, ¢ ª®â®à®¬ �(y0) = Ym(y0) (¡ã¤¥¬ ¯¨á âì M�
� = M�

m),
£¤¥ Ym(y0) | áä¥à¨ç¥áª ï £ à¬®¨ª  ¯®àï¤ª  m. �âà®¨âáï L-å à ªâ¥à¨áâ¨ª  ®¯¥à â®à  M�

m,
â. ¥. ¤ ® ®¯¨á ¨¥ ¢á¥å ¯ à (1=p; 1=q), ¤«ï ª®â®àëå ãª § ë© ®¯¥à â®à ®£à ¨ç¥ ¨§ Lp ¢ Lq.
�¬¥®, ¯®ª § ®, çâ®

L(M�
m) = L(M�); � > (1� n)=2 (3)

(¢ á«ãç ¥ � < 0 ¨â¥£à «ë (1) ¨ (2) ¯®¨¬ îâáï ¢ á¬ëá«¥ à¥£ã«ïà¨§ æ¨¨). � «®£¨çë© à¥-
§ã«ìâ â ¯®«ãç¥ ¤«ï ®¯¥à â®à 

(K�
m')(x) =

Z
Rn

Ym(t
0)(1� jtj2 + i0)��1'(x� t) dt: (4)

�®ª § ®, çâ®

L(K�
m) = L(K�); (5)

£¤¥ K� | ®¯¥à â®à (4), ¢ ª®â®à®¬ Ym(t0) � 1 (m = 0).
� ¬¥â¨¬, çâ® ¯à¨ ¯®áâà®¥¨¨ L-å à ªâ¥à¨áâ¨ª ®¯¥à â®à®¢ M�

m ¨ K�
m ¬ë áãé¥áâ¢¥® ®á®-

¢ë¢ ¥¬áï   ¨â¥£à «ìëå ¯à¥¤áâ ¢«¥¨ïå ¤«ï ¨å á¨¬¢®«®¢ ¢ ¢¨¤¥ ¥ª®â®àëå ®áæ¨««¨àãîé¨å
¨â¥£à «®¢, ¯®¨¬ ¥¬ëå ¯à¨ � < 0 ¢ á¬ëá«¥ à¥£ã«ïà¨§ æ¨¨. � ç áâ®áâ¨, ¯à¨ ¡®«ìè¨å j�j
á¨¬¢®« b�;m(�) ®¯¥à â®à  M�

m ¯à¥¤áâ ¢�̈¬ ¢ ¢¨¤¥

b�;m(�) =
Cn;m

j�j(n�2)=2�(�)
Ym(�

0)
Z 1

0
�n=2(1� �2)��1J(n�2)=2+m(�j�j) d� (6)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 00-01-00046a.

79



(à¥£ã«ïà¨§ æ¨ï á¨¬¢®«  b�;m(�) ¯à¨ � < 0 ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî   «¨â¨ç¥áª®£® ¯à®¤®«-
¦¥¨ï ¨â¥£à «  (6) ¢ ¯®«ã¯«®áª®áâì Re� > (1 � n)=2). � íâ®¬ ¯à¨æ¨¯¨ «ì®¥ ®â«¨ç¨¥ ®â
à ¡®â [1]{[5], ¢ ª®â®àëå  ¢â®àë ¨¬¥«¨ ¤¥«® á £®à §¤® ¡®«¥¥ ¯à®áâ®© á¨âã æ¨¥©, ª®£¤  á¨¬¢®«ë
á®®â¢¥âáâ¢ãîé¨å ¯®â¥æ¨ «®¢ ¢ë¯¨áë¢ «¨áì ï¢® ç¥à¥§ ¡¥áá¥«¥¢ë äãªæ¨¨.

� ® â ª¦¥ ¯à¨«®¦¥¨¥ ¯®«ãç¥ëå Lp ! Lq-®æ¥®ª ¤«ï ¯®â¥æ¨ «  (4) ª ®¡à é¥¨î ¨
®¯¨á ¨î ®¡à §  ãª § ®£® ¯®â¥æ¨ «  á Lp-¯«®â®áâï¬¨.

2. �¡ L-å à ªâ¥à¨áâ¨ª¥ ®¯¥à â®à®¢ M� ¨ K�. �ãáâìM q
p | ª« áá ¬ã«ìâ¨¯«¨ª â®à®¢ �ãàì¥,

¯®à®¦¤ îé¨å «¨¥©ë¥ ®£à ¨ç¥ë¥ ®¯¥à â®àë ¨§ Lp ¢ Lq. �«¥¤ãîé ï â¥®à¥¬  ®¯¨áë¢ ¥â
L-å à ªâ¥à¨áâ¨ªã ®¯¥à â®à  M�.

�¥®à¥¬  1 ([1], [6]). �ãáâì � > (1� n)=2. �®£¤ 

1) m� 2 M q
p , 1 < p 6 q <1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  1=p + 1=q 6 1, 1=p � n=q 6 � ¨«¨

1=p+ 1=q > 1, n=p� 1=q 6 �+ n� 1;
2) m� 2 M q

1 , 1 6 q < 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  0 < � < 1 ¨ 1=q > 1 � � ¨«¨ � = 0 ¨

q = 1;
3) m� 2 M1

p , 1 < p 6 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  0 < � < 1 ¨«¨ 1=p < �, ¨«¨ � = 0,
¨«¨ p =1;

4) m� 2M1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  � > 1.

L-å à ªâ¥à¨áâ¨ª  ®¯¥à â®à  K� ¬®¦¥â ¡ëâì ®¯¨á   á«¥¤ãîé¨¬ ®¡à §®¬.

�¥®à¥¬  2 ([6], [7]). �ãáâì (2� n)=2 < � < 1, � 6= 0;�1; : : : ; [(2� n)=2] + 1. T®£¤ 

L(K�) = L(M�) \
��

1
p
;
1
q

�
;
n� 2 + 2�

n
6
1
p
6 1; 0 6

1
q
6
1
p
�
n� 2 + 2�

n

�
:

3. �á®¢ë¥ à¥§ã«ìâ âë. �¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  3. �ãáâì � > (1� n)=2. T®£¤  á¯à ¢¥¤«¨¢® à ¢¥áâ¢® (3).

�®ª § â¥«ìáâ¢® ¢«®¦¥¨ï

L(M�) � L(M�
m) (7)

®á®¢ ®   à ¢®¬¥à®¬  á¨¬¯â®â¨ç¥áª®¬ à §«®¦¥¨¨ äãªæ¨¨ �¥áá¥«ï J�(z),  á¨¬¯â®â¨ç¥-
áª¨å á¢®©áâ¢ å ¥ª®â®àëå ¨â¥£à «®¢ ¯® ®âà¥§ªã ®â ®áæ¨««¨àãîé¨å äãªæ¨©,   â ª¦¥ à¥§ã«ì-
â â å ¨§ [4] ¤«ï ¬ã«ìâ¨¯«¨ª â®à®¢ ¢¨¤ 

��� (�) = u(j�j2)j�j�be�ij�j; b > 0;

£¤¥ u(r) 2 C1(R1
+), 0 6 u(r) 6 1; u(r) = 0 ¯à¨ r 6 1; u(r) = 1 ¯à¨ r > 2.

�à¨ ¤®ª § â¥«ìáâ¢¥ â®ç®áâ¨ ¢«®¦¥¨ï (7) (â. ¥. ¯à¨ ¤®ª § â¥«ìáâ¢¥ à ¢¥áâ¢  (3)) ¬ë áãé¥-
áâ¢¥® ¨á¯®«ì§ã¥¬  á¨¬¯â®â¨ç¥áªãî ä®à¬ã«ã ¤«ï ®¡à â®£® ¯à¥®¡à §®¢ ¨ï �ãàì¥
F�1(Ym(�0)�

�
� (�))(x) (¯®¨¬ ¥¬®£® ¢ á¬ëá«¥ S

0-à á¯à¥¤¥«¥¨©) ¯à¨ jxj ! 1.
�«ï ®¯¥à â®à  K�

m (4) ¨¬¥¥â ¬¥áâ® á«¥¤ãîé ï

�¥®à¥¬  4. �ãáâì (2 � n)=2 < � < 1, � 6= 0;�1; : : : ; [(2 � n)=2] + 1. T®£¤  á¯à ¢¥¤«¨¢®

à ¢¥áâ¢® (5).

� ¬¥ç ¨¥. �à¨æ¨¯¨ «ì®¥ ®â«¨ç¨¥ ¬¥¦¤ã ¬®¦¥áâ¢ ¬¨ L(M�
m) ¨ L(K

�
m) á®áâ®¨â ¢ â®¬,

çâ® L(K�
m) ¥ á®¤¥à¦¨â â®ç¥ª, «¥¦ é¨å ¢ëè¥ \á®¡®«¥¢áª®©" ¯àï¬®© 1=q = 1=p� (n+2�� 2)=n,

á®®â¢¥âáâ¢ãîé¥© ¯®àï¤ªã n+ 2� � 2 ¯®â¥æ¨ «  K�
m   ¡¥áª®¥ç®áâ¨.

4. �à¨«®¦¥¨¥. � [8]   ®á®¢¥ ¢«®¦¥¨ï (7) ¡ë«® ¯®áâà®¥® ®¡à é¥¨¥ ¯®â¥æ¨ «®¢
f = M�

m' á ¯«®â®áâï¬¨ '(x) 2 Lp ¬¥â®¤®¬  ¯¯à®ªá¨¬ â¨¢ëå ®¡à âëå ®¯¥à â®à®¢ (���)
¢ á«ãç ¥ ¥í«¨¯â¨ç¥áª®© £ à¬®¨ª¨ Ym(t0) ¨ ¡ë« ®¯¨á  ®¡à §M�

m(Lp) ¢ â¥à¬¨ å ®¡à é îé¨å
ª®áâàãªæ¨©. �¤¥áì ¬ë ¯®«ãç¨«¨   «®£¨çë¥ à¥§ã«ìâ âë ¤«ï ¯®â¥æ¨ «®¢ (4).
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� à ¬ª å ¬¥â®¤  ��� ®¡à é¥¨¥ ¯®â¥æ¨ «®¢ f = K�
m', ' 2 Lp, ¡ã¤¥¬ áâà®¨âì ¢ ¢¨¤¥

(B�
mf)(x) =

(Lp)

lim
"!0

(L2)

lim
�!0

B�
m;";�f; (8)

£¤¥

B�
m;";�f = F�1

"
a�;m(�)e�"j�j

2

ja�;m(�)j2 + i�

#
� f;

a�;m(�) | á¨¬¢®« ®¯¥à â®à  (4), ¯à¥¤áâ ¢¨¬ë© ¢ ¢¨¤¥

a�;m(�) =
cn;m

j�j(n�2)=2
Ym(�0)

Z 1

0

�n=2(1� �2 + i0)��1J(n�2)=2+m(�j�j) d�;

£¤¥ £ à¬®¨ª  Ym(�0) ¥í««¨¯â¨ç¥áª ï, ª®áâ â  cn;m § ¢¨á¨â â®«ìª® ®â n ¨ m. �à¨ � < 0 íâ®â
¨â¥£à « ¯®¨¬ ¥âáï ¢ á¬ëá«¥ à¥£ã«ïà¨§ æ¨¨.

�¥®à¥¬  5. �ãáâì (2 � n)=2 < � < 1, � 6= 0;�1; : : : ; [(2� n)=2] + 1, 1 6 p 6 2 â ª®¢ë, çâ®

(1=p; 1=q) 2 L(K�
m) ¯à¨ ¥ª®â®à®¬ q. �®£¤  B�

mK
�
m' = ', ' 2 Lp, £¤¥ B

�
m | ®¯¥à â®à (8), ¯à¥¤¥«

¯® Lp-®à¬¥ ¢ (8) ¬®¦® § ¬¥¨âì ¯à¥¤¥«®¬ ¯®çâ¨ ¢áî¤ã.

�¯¨á ¨¥ ®¡à §  K�
m(Lp) áãé¥áâ¢¥® ®á®¢ ®   á«¥¤ãîé¥© «¥¬¬¥.

�¥¬¬ . 1) �á«¨ n > 2,

2� n

2
< � 6

(n� 1)(4 � n)
2(n� 2)

; � 6= �1;�2; : : : ;
�
2� n

2

�
+ 1;

n� 1
�+ n� 1

6 p 6
2n

3n� 4 + 4�
;

¨«¨ n < 4, 0 < � < (4 � n)=n, 1 < p 6 2n=(3n � 4 + 4�), â® ®¯¥à â®à K�
m ®£à ¨ç¥ ¨§ Lp ¢

Lq1 + Lq2 , £¤¥
1
2
6

1
q2
6
1
p
�
n� 2 + 2�

n
;

1
2
6

n

p
� (�+ n� 1) 6

1
q1
6
1
p
:

2) �á«¨ n < 4, 0 < � < (4� n)=4, â® ®¯¥à â®à K�
m ®£à ¨ç¥ ¨§ L1 ¢ Lq1 + Lq2 , £¤¥

1
2
6

1
q2

<
2(1 � �)

n
; 1� � <

1
q1
6 1:

�¥®à¥¬  6. �ãáâì p ¨ � â ª®¢ë, çâ® ®¯¥à â®à K�
m ®£à ¨ç¥ ¨§ Lp ¢ Lq1 + Lq2 ¤«ï ¥ª®-

â®àëå q1; q2 6 2 ¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®©. �®£¤ 

K�
m(Lp) = ff : f 2 Lq1 + Lq2 ; B

�
mf 2 Lpg;

£¤¥ q1, q2 (1 6 q1; q2 6 2) | «î¡ë¥ ç¨á«  â ª¨¥, çâ® ®¯¥à â®à K�
m ®£à ¨ç¥ ¨§ Lp ¢ Lq1 + Lq2

¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®©, B�
m | ®¯¥à â®à (8).

�¢â®àë ¡« £®¤ àë ¯à®ä¥áá®àã �.�. � ¬ª® §  ¯®«¥§®¥ ®¡áã¦¤¥¨¥ à¥§ã«ìâ â®¢ à ¡®âë.

�¨â¥à âãà 

1. Strichartz R.S. Convolutions with kernels having singularities on a sphere // Trans. Amer. Math.
Soc. { 1970. { V. 146. { ò2. { P. 461{471.

2. Peral I.C. Lp-estimates for the wave equation // J. Funct. Anal. { 1980. { V. 36. { P. 114{145.
3. Miyachi A. On some singular Fourier multipiers // J. Fac. Sci. Univ. Tokyo., Sec. IA. { 1981. {

V. 28. { P. 267{315.
4. Miyachi A. On some estimates for the wave equation in Lp and Hp // J. Fac. Sci. Univ. Tokyo.,

Sec. IA. { 1980. { V. 27. { ò 2. { P. 331{354.
5. �ã¡¨ �.�. �ã«ìâ¨¯«¨ª â®àë¥ ®¯¥à â®àë, á¢ï§ ë¥ á § ¤ ç¥© �®è¨ ¤«ï ¢®«®¢®£® ãà ¢-

¥¨ï. � §®áâ ï à¥£ã«ïà¨§ æ¨ï // � â¥¬. á¡. { 1989. { �. 180. { ò11. { �. 1524{1547.

81



6. Nogin V.A., Samko S.G. Some applications of potentials and approximative inverse operators in

multi-dimensional fraction calculus // Fractional Calculus & Appl. Anal. { 1999. { V. 2. { ò 2. {
P. 205{228.

7. �®£¨ �.�., �ã¦¥æª ï �.�. �¡ L-å à ªâ¥à¨áâ¨ª¥ ¥ª®â®àëå ®¯¥à â®à®¢ â¨¯  ¯®â¥æ¨ « 

á ®á®¡¥®áâï¬¨ ï¤¥à   áä¥à¥ // �®áâ. ã-â. { �®áâ®¢- -�®ã, 1999. { 19 á. { �¥¯. ¢ ������,
ò1307-�99.

8. Nogin V.A., Luzhetskaya P.A. Inversion and description of the ranges of multiplier operators of

Strichartz{Peral{Miyachi-type // Fractional Calculus & Appl. Anal. { 2000. { V. 3. { ò1. { P. 87{
96.

�®áâ®¢áª¨© £®áã¤ àáâ¢¥ë© ã¨¢¥àá¨â¥â �®áâã¯¨« 

24.01.2002

82


