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� ¯®¬®éìî ¯à¥¤«®¦¥®£® �.�.� £ ®¬ [4]  ¯¯ à â  ¯®«ëå «¨äâ®¢ â¥§®à®¢ ¯à®¨§¢®«ì-
ëå ¢ «¥â®áâ¥© ¨§ ¬®£®®¡à §¨ïM ¢ ¥£® ª á â¥«ì®¥ à áá«®¥¨¥ T (M) ¨áá«¥¤ã¥âáï áâàãªâãà 
¨ä¨¨â¥§¨¬ «ìëå ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨©   ª á â¥«ì®¬ à áá«®¥¨¨ T (M),  ¤¥«¥-
®¬  ää¨®© á¢ï§®áâìî �, ¯®«ãç¥®© á ¯®¬®éìî «¨äâ  �®-�ªã¡® � £   [3]{[5] ¨§ á¢ï§-
®áâ¨ G ®¡é¥£® ¯à®áâà áâ¢  ¯ãâ¥© M(G). � ©¤¥ë ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¤«ï
â®£®, çâ®¡ë ¢¥ªâ®à®¥ ¯®«¥   T (M(G)) ¡ë«® ¨ä¨¨â¥§¨¬ «ìë¬ ¯à®¥ªâ¨¢ë¬ (¢ ç áâ®áâ¨,
 ää¨ë¬) ¯à¥®¡à §®¢ ¨¥¬ ®â®á¨â¥«ì® á¢ï§®áâ¨ � (â¥®à¥¬  1). � ç áâ®¬ á«ãç ¥, ª®£¤ 
G ¥áâì  ää¨ ï á¢ï§®áâì   M , ¯®«ãç¥ë¥ ¢ë¢®¤ë á®¢¯ ¤ îâ á à¥§ã«ìâ â ¬¨ �.�.� £  
[6], ¥¯®áà¥¤áâ¢¥ë¬ ®¡®¡é¥¨¥¬ ª®â®àëå ®¨ ï¢«ïîâáï.

1. �¯à¥¤¥«¥¨ï, ®¡®§ ç¥¨ï, ¯®áâ ®¢ª  § ¤ ç¨

�ãâï¬¨   ¬®£®®¡à §¨¨ M ï¢«ïîâáï ªà¨¢ë¥ xi = xi(t), i = 1; : : : ; n, n = dimM , ã¤®¢«¥â¢®-
àïîé¨¥ ãà ¢¥¨ï¬

d2xi

dt2
+ 2Gi(x; _x) = 0; (1)

£¤¥ _xi = dxi=dti, Gi(x; _x) | § ¤ ë¥ äãªæ¨¨ «¨¥©ëå í«¥¬¥â®¢ (xi; _xk) ¯®«®¦¨â¥«ì® ®¤®-
à®¤ë¥ ¢â®à®© áâ¥¯¥¨ ¯® _x. �®£®®¡à §¨¥ M ,   ª®â®à®¬ § ¤ ë ¯ãâ¨ (1),  §ë¢ ¥âáï ®¡é¨¬
¯à®áâà áâ¢®¬ ¯ãâ¥© (���) [1] ¨ ®¡®§ ç ¥âáï ¨¦¥ ç¥à¥§ M(G). �¢ï§®áâì G ¢ ®¡é¥¬ ¯à®-
áâà áâ¢¥ ¯ãâ¥© § ¤ ¥âáï ª®íää¨æ¨¥â ¬¨

Gi
km � Gi

�k�m �
@2Gi

@ _xk@ _xm
; (2)

ã¤®¢«¥â¢®àïîé¨¬¨ ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© �©«¥à  á®®â®è¥¨î

2Gi = Gi
km _xk _xm:

� ¯®¬¨¬ á«¥¤ãîé¥¥ ®¯à¥¤¥«¥¨¥, ¢ ¦®¥ ¤«ï  è¥£® ¨§«®¦¥¨ï: ¢¥ªâ®à®¥ ¯®«¥ v  

���  §ë¢ ¥âáï ¨ä¨¨â¥§¨¬ «ìë¬ ¯à®¥ªâ¨¢ë¬ ¯à¥®¡à §®¢ ¨¥¬ ¢ ���, ¥á«¨ ¯®à®¦¤ ¥-

¬ ï íâ¨¬ ¯®«¥¬ ¢ ®ªà¥áâ®áâ¨ ª ¦¤®© â®çª¨ x 2M «®ª «ì ï ®¤®¯ à ¬¥âà¨ç¥áª ï £àã¯¯ 

¯à¥®¡à §®¢ ¨© á®åà ï¥â ¯ãâ¨. �¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ íâ®£® á®áâ®¨â ¢ á«¥¤ãî-
é¥¬ [1]:

LvG
i = _xiP; (3)

£¤¥ P = P (x; _x) | â ª  §ë¢ ¥¬ë© ¯à®¥ªâ¨¢ë©ä ªâ®à, Lv |¯à®¨§¢®¤ ï �¨ ¢¤®«ì ¢¥ªâ®à®£®
¯®«ï v. �à ¢¥¨¥ (3) à ¢®á¨«ì® á«¥¤ãîé¥¬ã:

LuG
i
km = �ikPm + �imPk + _xiPkm;

£¤¥ pk � P
�k, Pkm � P

�k�m.
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� ª ¨§¢¥áâ® [2], á¢ï§®áâì ¢ T (M) ¥áâì n-¬¥à®¥ à á¯à¥¤¥«¥¨¥, § ¤ ¢ ¥¬®¥ á«¥¤ãîé¨¬
 ¡®à®¬ ä®à¬:

�i = d _xi +H i
k(x; _x)dx

k:

� ª ª ª ª®íää¨æ¨¥âë Gi
k = Gi

km _xm ®¡« ¤ îâ â ª¨¬¨ ¦¥ âà áä®à¬ æ¨®ë¬¨ á¢®©áâ¢ -
¬¨, çâ® ¨ äãªæ¨¨ H i

k, á¢ï§®áâì ¢ ��� ¥áâ¥áâ¢¥ë¬ ®¡à §®¬ ¯®à®¦¤ ¥â á¢ï§®áâì ¢ T (M):
H i

k = Gi
k. �¯¨à ïáì   íâ®â ¯à®áâ®© ä ªâ, ¬®¦® áâà®¨âì ¯®«ë¥ «¨äâë â¥§®àëå ¯®«¥© ®â-

®á¨â¥«ì® á¢ï§®áâ¨ G ¨, ª ª å®à®è® ¨§¢¥áâ®, «î¡®© â¥§®à T ¢ «¥â®áâ¨ (a; b)   T (M)
¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥ ¯®«®£® «¨äâ   ¡®à  N = 2a+b «®ª «ìëå â¥§®àëå ¯®«¥©
t
�
(x; _x) (� = 0; : : : ; N � 1) [4]:

T = G[t
0
; t
1
; : : : ; t

N�1
]:

� áâ âì¥ ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï, ¯à¨ïâë¥ ¢ [4].
�â¬¥â¨¬ ¥áª®«ìª® â¨¯®¢ «¨äâ®¢, ¨á¯®«ì§ã¥¬ëå ¢ ¤ «ì¥©è¥¬

1) ¢¥àâ¨ª «ìë© «¨äâ ¢¥ªâ®à®£® ¯®«ï v

V v = G[0; v];

2) £®à¨§®â «ìë© «¨äâ ¢¥ªâ®à®£® ¯®«ï v

Hv = G[v; 0];

3) ¥áâ¥áâ¢¥ë© «¨äâ ¢¥ªâ®à®£® ¯®«ï v

Nv = G[v;
0

rv];

£¤¥
0

r = _xkrk, rk | ª®¢ à¨ â ï ¯à®¨§¢®¤ ï ®â®á¨â¥«ì® á¢ï§®áâ¨ G;
4) £®à¨§®â «ì®-¢¥ªâ®àë© «¨äâ â¥§®à®£® ¯®«ï A â¨¯  (1,1)

HXA = G[A � _x; 0];

£¤¥ (A � _x)i = Ai
k _x

k;
5) ¢¥àâ¨ª «ì®-¢¥ªâ®àë© â¨¯ â¥§®à®£® ¯®«ï A â¨¯  (1,1)

V XA = G[0; A � _x]:

�®¬¯®¥âë ¢á¥å à áá¬ âà¨¢ ¥¬ëå â¥§®à®¢ ¨ á¢ï§®áâ¥©   T (M) ¡ã¤ãâ § ¯¨áë¢ âìáï ¢
á¯¥æ¨ «ì®© á¨áâ¥¬¥ ª®®à¤¨ â x� = (xk; _xm), �; �;  : : : = 1; : : : ; 2n.

�«¥¤ãï �.�®, �.�ªã¡® ¨ �.�.� £ ã [5], ¢¢¥¤¥¬ ¢ ª á â¥«ì®¬ à áá«®¥¨¨ T (M(G)) á¨¬¬¥-
âà¨çãî  ää¨ãî á¢ï§®áâì �,  §ë¢ ¥¬ãî ¥áâ¥áâ¢¥ë¬ «¨äâ®¬ á¢ï§®áâ¨ G. �¥ ¥ã«¥¢ë¥
ª®íää¨æ¨¥âë ���(Z) ¨¬¥îâ ¢¨¤

�i+nk+nm = �i+nmk+n = �ikm = Gi
km;

�i+mkm = _xt@tGi
km � 2GtGi

kmt;

£¤¥ @k = @=@xk, Gi
kmt � Gi

km�t.
�ãáâì ¢¥ªâ®à®¥ ¯®«¥ ~v   T (M) ï¢«ï¥âáï ¨ä¨¨â¥§¨¬ «ìë¬ ¯à®¥ªâ¨¢ë¬ ¯à¥®¡à §®¢ -

¨¥¬ á¢ï§®áâ¨ �. �®£¤  ®® ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

L~v
~��� = ���' + ��'�: (4)

�¥«ìî  è¥£® ¨áá«¥¤®¢ ¨ï ï¢«ï¥âáï ¢ëïá¥¨¥ áâàãªâãàë ¢¥ªâ®à®£® ¯®«ï ~v.
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2. �¥®à¥¬  ® à §«®¦¥¨¨ ¢¥ªâ®à®£® ¯®«ï
¨ä¨¨â¥§¨¬ «ìëå ¯à®¥ªâ¨¢ëå ¯à¥®¡à §®¢ ¨© ¢ T (M(G))

�¥è¥¨¥ ¯®áâ ¢«¥®© § ¤ ç¨ ï¢«ï¥âáï

�¥®à¥¬ . �ãáâì M(G) | ®¡é¥¥ ¯à®áâà áâ¢® ¯ãâ¥© (n > 2). �«ï â®£® çâ®¡ë ¢¥ªâ®à-

®¥ ¯®«¥ ~v   ª á â¥«ì®¬ à áá«®¥¨¨ T (M(G)) ®¯à¥¤¥«ï«® ¨ä¨¨â¥§¨¬ «ìë¥ ¯à®¥ªâ¨¢ë¥

¯à¥®¡à §®¢ ¨ï á¢ï§®áâ¨ �, ï¢«ïîé¥©áï ¥áâ¥áâ¢¥ë¬ «¨äâ®¬ á¢ï§®áâ¨ G, ¥®¡å®¤¨¬® ¨

¤®áâ â®ç®, çâ®¡ë ®® ¨¬¥«® ¢¨¤

~v = Nu+ V v + HXA+ V XB + p( _x)V Xid;

£¤¥ u = u(x) | ¢¥ªâ®à®¥ ¯®«¥   M , ®¯à¥¤¥«ïîé¥¥ ¨ä¨¨â¥§¨¬ «ìë¥ ¯à®¥ªâ¨¢ë¥ ¯à¥-

®¡à §®¢ ¨ï   M(G)
LuG

i = _xiqk _xk

á ¯à®¥ªâ¨¢ë¬ ä ªâ®à®¬ P = qk(x) _xk;
v = v(x)| ¢¥ªâ®à®¥ ¯®«¥  M , ®¯à¥¤¥«ïîé¥¥ ¨ä¨¨â¥§¨¬ «ìë¥  ää¨ë¥ ¯à¥®¡à §®¢ ¨ï

  M(G)
LvG

i = 0;

¨, ªà®¬¥ â®£®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬

vtGi
kmt = 0; vt _xsrsG

i
kmt = 0;

p = p(x), q = q(x) | ¯ à ««¥«ìë¥ 1-ä®à¬ë   M , â. ¥.

rkpm = rkqm = 0;

A = A(x), B = B(x) | â¥§®àë¥ ¯®«ï â¨¯  (1; 1)   M , ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨ï¬

rkA
i
m = �ikpm; As

tH
i
mks = 0;

rkB
i
m = ��ikqm; Bs

tH
i
mks �Bi

sH
s
mkt = 0;

£¤¥ H i
klm | â¥§®à ªà¨¢¨§ë á¢ï§®áâ¨ G [1]

H i
klm = @mG

i
kl � @lG

i
km +Gs

klG
i
sm �Gs

kmG
i
sl +Gs

lG
i
kms �Gs

mG
i
kls:

�à¨ íâ®¬ 1-ä®à¬  ' ¢ ãà ¢¥¨¨ (4) ¤«ï ~v ¨¬¥¥â ¢¨¤ ' = G[p; q].

3. �®ª § â¥«ìáâ¢® â¥®à¥¬ë

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®á®¢ ®   ¯à¥¤áâ ¢«¥¨¨ ¯à®¨§¢®¤®© �¨ á¢ï§®áâ¨ � ¢ ¢¨¤¥
¯®«®£® «¨äâ . � ãà ¢¥¨¨ (4) ¢ ¢¨¤¥ ¯®«®£® «¨äâ  ¯à¥¤áâ ¢«ïîâáï â ª¦¥ ¥£® ¯à ¢ ï ç áâì
¨ ¯®«ï ~v ¨ ', â. ¥.

~v = G[v
0
; v
1
]; ' = G[p

0

; p
1

]:

�â® ¯à®¢¥àï¥âáï ¢ëç¨á«¥¨ï¬¨, ®á®¢ ë¬¨   â¥®à¨¨ «¨äâ®¢, à §¢¨â®© ¢ à ¡®â¥ [4]. �¥-
¯®áà¥¤áâ¢¥ë¥ ¢ëç¨á«¥¨ï ¯®ª §ë¢ îâ â ª¦¥, çâ® ãà ¢¥¨¥ (4) íª¢¨¢ «¥â® á«¥¤ãîé¥©
á¨áâ¥¬¥ ãà ¢¥¨©:

v
0

i
�k�m = 0;

v
1

i
�k�m � v

0

tGi
kmt = �ikp

0
m + �imp

0
k;

rk(v
0

i
�m) = �ikp

0
m;

rk(v
1

i
�m) + v

1

tGi
kmt + v

0

t
�mH

i
tks _x

s + v
0

tH i
mkt = �imp

1
k;

v
1

tGi
kmt +rkrmv

0

i
� v

0

i
�tH

t
mks _x

s + v
0

tH i
mkt = �ikp

1
m + �imp

1
k;
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rkrmv
1

i
� v

1

i
�tH

t
mks _x

s + v
1

t(H i
mkt + _xsrsG

i
kmt) +H i

tks _x
s
rmv

0

t +

+H i
tms _x

s
rkv

0

t + v
0

t( _xsrkH
i
tms + _xsrsH

i
mkt +Hs

kG
i
tms �Hs

tG
i
kms) = 0:

�à®  «¨§¨àã¥¬ ¯à¨¢¥¤¥ãî ¢ëè¥ á¨áâ¥¬ã. �§ ¯¥à¢®£® ¨ âà¥âì¥£® ãà ¢¥¨© íâ®© á¨áâ¥¬ë
á«¥¤ã¥â

v
0

i = ui(x) +Ai
k(x) _x

k;

p
0
k = pk(x) = @k(trA);

rkA
i
m = �ikpm;

  ¨§ ¢â®à®£® ¡« £®¤ àï ä ªâã v
0

sGi
kms = @

�krmu
i á«¥¤ã¥â

v
1

i = vi(x) + _xsrsu
i +Bi

k(x) _x
k + _xipk _x

k:

�áâ ¢è¨¥áï âà¨ ãà ¢¥¨ï ¯à¥®¡à §ãîâáï á®®â¢¥âáâ¢¥® ª ¢¨¤ã

LuG
i
km +rkB

i
m + vsGi

kms + _xt(Bs
tG

i
kms + �imrkpt + �itrkpm +As

tH
i
mks +As

mH
i
skt) = �imp

1
k;

LuG
i
km + vsGi

kms + _xt(Bs
tG

i
kms + �imrkpt +As

tH
i
mks �Ai

sH
s
mkt) = �ikp

1
m + �imp

1
k;

LvG
i
km � 2Gi

kmsLuG
s + _xt(rtLuG

i
km +rkrmB

i
t +Bs

tH
i
mks �Bi

sH
s
mkt �As

tH
r
sG

i
kmr) +

+ _xt _xl(Bs
trlG

i
kms + �itrkrmpl � �itpsH

s
mkl + ptH

i
kml + ptH

i
mkl +As

trkH
i
sml +As

trlH
i
mks) = 0:

�®«ì§ãïáì ®¤®à®¤®áâìî ¢å®¤ïé¨å ¢ ãà ¢¥¨ï ¢¥«¨ç¨ ¨ ¯à¥¤ë¤ãé¨¬¨ â®¦¤¥áâ¢ ¬¨, ¯®«ã-
ç ¥¬ ¨§ íâ¨å ãà ¢¥¨© á«¥¤ãîé¨¥ á«¥¤áâ¢¨ï. �§ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© ¨¬¥¥¬

LuG
i = _xiqk _x

k;

vtGi
kmt = 0;

rkB
i
m = ��ikqm;

p
1
k = qk(x) + Ckm(x; _x) _xm;

As
tH

i
mks �Ai

sH
s
mkt = �ikCmt + �imCkt � �imrkpt;

As
tH

i
mks +As

mH
i
skt = �imCkt � �imrkpt � �itrkpm;

£¤¥ Ckm | ®¤®à®¤ë¥ äãªæ¨¨ áâ¥¯¥¨ 0 ¯® _x. �§ ¤¢ãå ¯®á«¥¤¨å á®®â®è¥¨© á«¥¤ã¥â

Ckm = 0; rkpm = 0; As
tH

i
mks = 0:

�,  ª®¥æ, ¨§ ¯®á«¥¤¥£® ãà ¢¥¨ï á¨áâ¥¬ë, ãç¨âë¢ ï â®¦¤¥áâ¢  ¨ ¤¨ää¥à¥æ¨ «ìë¥ á«¥¤-
áâ¢¨ï ¯à¥¤ë¤ãé¨å á®®â®è¥¨©, ¯®«ãç¨¬

LvG
1 = 0; rkqm = 0; Bs

tH
i
mks �Bi

sH
i
mkt = 0; vt _xsrsG

i
kmt = 0:

�¥®à¥¬  ¤®ª §  .
� § ª«îç¥¨¥  ¢â®à ¡« £®¤ à¨â ¯à®ä. �.�. �¬¨®¢ã §  ¯®áâ ®¢ªã § ¤ ç¨ ¨ ¯®«¥§ë¥ á®¢¥-

âë.
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