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1. �¢¥¤¥­¨¥. � à ¡®â¥ ¨áá«¥¤ã¥âáï ãáâ®©ç¨¢®áâì à §­®áâ­ëå áå¥¬ á ¢¥á ¬¨,  ¯¯à®ªá¨¬¨àã-
îé¨å ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«®ª «ì­ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ ¤¢ãå â¨¯®¢. � á«ãç ¥
ªà ¥¢ëå ãá«®¢¨© ¯¥à¢®£® â¨¯  á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© ®á­®¢­®£® à §­®áâ­®£® ®¯¥à â®à 
­¥ ®¡à §ã¥â ¡ §¨á  ¢ ¯à®áâà ­áâ¢¥ á¥â®ç­ëå äã­ªæ¨©. �®ª § ­®, çâ® ¢ íâ®¬ á«ãç ¥ ­¥ áãé¥áâ¢ã-
¥â ­®à¬ë, ¢ ª®â®à®© ï¢­ ï áå¥¬  ¡ë«  ¡ë ãáâ®©ç¨¢®© ¯à¨ ®¡ëç­®¬ ãá«®¢¨¨ � 6 0;5h2. � ©¤¥­®
¡«¨§ª®¥ ª ãª § ­­®¬ã ãá«®¢¨¥, ­¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç­®¥ ¤«ï ãáâ®©ç¨¢®áâ¨ ¢ á¯¥æ¨ «ì­® ¯®-
áâà®¥­­®© ­®à¬¥. � á«ãç ¥ ªà ¥¢ëå ãá«®¢¨© ¢â®à®£® â¨¯  á¨áâ¥¬  á®¡áâ¢¥­­ëå äã­ªæ¨© ï¢«ï-
¥âáï ¡ §¨á­®© ¨ áãé¥áâ¢ã¥â ­®à¬ , ¢ ª®â®à®© áå¥¬  ãáâ®©ç¨¢  ¯à¨ ®¡ëç­®¬ ãá«®¢¨¨ ­  è £¨
á¥âª¨.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨

@u

@t
=
@2u

@x2
; 0 < x < 1; t > 0; u(x; 0) = u0(x) (1)

á ¤®¯®«­¨â¥«ì­ë¬¨ ãá«®¢¨ï¬¨

u(0; t) = 0;
@u

@x
(0; t) =

@u

@x
(1; t); t > 0: (2)

�§¢¥áâ­®, çâ® ®¯à¥¤¥«ïîé¨© ãª § ­­ãî § ¤ çã ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à

Lu(x) = �u00(x); 0 < x < 1; u(0) = 0; u0(0) = u0(1) (3)

­¥ ï¢«ï¥âáï á ¬®á®¯àï¦¥­­ë¬ ¨ ­¥ ®¡« ¤ ¥â ¡ §¨á­®© á¨áâ¥¬®© á®¡áâ¢¥­­ëå äã­ªæ¨©.
�¡é ï ¯®áâ ­®¢ª  ­¥ª« áá¨ç¥áª®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå áä®à¬ã«¨-

à®¢ ­  ¢ [1]. � ¤ ç¨ (1), (2) ¨ ¡®«¥¥ á«®¦­ë¥ ¨§ãç «¨áì ¢ [2]{[5]. �ë«® ¯®ª § ­®, çâ® ¤«ï ®¯¥à -
â®à®¢ ¢¨¤  (3) áãé¥áâ¢ã¥â ¡ §¨á �¨áá , á®áâ®ïé¨© ¨§ á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå äã­ªæ¨©.
� ¯®¬®éìî à §«®¦¥­¨ï ¯® ¡ §¨áã �¨áá  ¢ ã¯®¬ï­ãâëå à ¡®â å ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­-
áâ¢¥­­®áâì ¬­®£¨å § ¤ ç á ­¥«®ª «ì­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨. � §«¨ç­ë¥  á¯¥ªâë â¥®à¨¨
à §­®áâ­ëå áå¥¬ ¤«ï § ¤ ç á ­¥«®ª «ì­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ à áá¬ âà¨¢ «¨áì ¢ [6]{[9].
�¯¥à¢ë¥ à §­®áâ­ë¥ áå¥¬ë ¤«ï § ¤ ç¨ (1), (2) à áá¬®âà¥­ë ¢ [10]. �¤¥áì ¢ ï¢­®¬ ¢¨¤¥ ¯®áâà®-
¥­ ¡ §¨á ¨§ á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå äã­ªæ¨© à §­®áâ­®£® ®¯¥à â®à , ¨ ­  íâ®© ®á­®¢¥
¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ à §­®áâ­ëå áå¥¬ á ¢¥á ¬¨. � [11] ¯à¥¤¯à¨­ïâ 
¯®¯ëâª  ¢«®¦¨âì ¨áá«¥¤®¢ ­¨¥ à §­®áâ­ëå áå¥¬ á ­¥«®ª «ì­ë¬¨ £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨ ¢ ®¡-
éãî â¥®à¨î ãáâ®©ç¨¢®áâ¨ à §­®áâ­ëå áå¥¬, ¯à¥¤«®¦¥­­ãî ¢ à ¡®â å [12], [13] (á¬. â ª¦¥ [14]).
� ª®¥ ¢«®¦¥­¨¥ ¯®§¢®«¨«® ¡ë ¯®«ãç¨âì ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ ¢
à §«¨ç­ëå ­®à¬ å.

� ¯®¬­¨¬ ® ­¥ª®â®àëå ¯®«®¦¥­¨ïå ®¡é¥© â¥®à¨¨ ãáâ®©ç¨¢®áâ¨. �î¡ ï «¨­¥©­ ï ¤¢ãá«®©-
­ ï à §­®áâ­ ï áå¥¬  § ¯¨áë¢ ¥âáï ¢ ª ­®­¨ç¥áª®© ä®à¬¥

B
yn+1 � yn

�
+Ayn = 0; n = 0; 1; : : : ; (4)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(¯à®¥ªâ ò02-01-00555) ¨ ¯à®£à ¬¬ë \�­¨¢¥àá¨â¥âë �®áá¨¨".
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£¤¥ yn = y(tn) 2 H | äã­ªæ¨ï ¤¨áªà¥â­®£®  à£ã¬¥­â  tn = n� á® §­ ç¥­¨ï¬¨ ¢ ª®­¥ç­®¬¥à­®¬
«¨­¥©­®¬ ¯à®áâà ­áâ¢¥ H, A ¨ B | «¨­¥©­ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¢ H.

�å¥¬  (4) ­ §ë¢ ¥âáï ãáâ®©ç¨¢®© ¢ ¯à®áâà ­áâ¢¥ HD, ¥á«¨ áãé¥áâ¢ã¥â á ¬®á®¯àï¦¥­­ë© ¯®-
«®¦¨â¥«ì­ë© ®¯¥à â®à D â ª®©, çâ® ¤«ï à¥è¥­¨ï ãà ¢­¥­¨ï (4) ¯à¨ «î¡ëå ­ ç «ì­ëå ¤ ­­ëå
¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

(Dyn+1; yn+1) 6 (Dyn; yn); n = 0; 1; : : : (5)

� ª¨¬ ®¡à §®¬, ¢ à ¬ª å ®¡é¥© â¥®à¨¨ âà¥¡ã¥âáï ¯®áâà®¨âì ¯®«®¦¨â¥«ì­® ®¯à¥¤¥«¥­­ãî äã­ª-
æ¨î (Dy; y) ¨ ¢ëïá­¨âì, ¯à¨ ª ª¨å ®£à ­¨ç¥­¨ïå ­  è £ � ª¢ ¤à â¨ç­ ï ä®à¬  (Dy; y) ï¢«ï¥âáï
­¥¢®§à áâ îé¥© äã­ªæ¨¥© ¢à¥¬¥­¨ ­  à¥è¥­¨¨ § ¤ ç¨ (4). � ª ¨§¢¥áâ­®, ¢ â¥®à¨¨ ¤¨ää¥à¥­-
æ¨ «ì­ëå ãà ¢­¥­¨© â ª¨¥ äã­ªæ¨¨ ­ §ë¢ îâáï äã­ªæ¨ï¬¨ �ï¯ã­®¢ .

� ¬¥â¨¬, çâ® ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë § ¢¨á¨â ®â ¢ë¡®à  äã­ªæ¨¨ (Dy; y).
�®íâ®¬ã ¢®§­¨ª ¥â ¯à®¡«¥¬  ¯®áâà®¥­¨ï â ª®© äã­ªæ¨¨ �ï¯ã­®¢ , ¤«ï ª®â®à®© ãá«®¢¨¥ ãáâ®©-
ç¨¢®áâ¨ ­ « £ ¥â ¬¨­¨¬ «ì­ë¥ ®£à ­¨ç¥­¨ï ­  è £¨ á¥âª¨. �«ï á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à 
A íâ¨ § ¤ ç¨ ¡ë«¨ à¥è¥­ë ¢ æ¨â¨à®¢ ­­ëå ¢ëè¥ à ¡®â å �.�. � ¬ àáª®£®. �«ï ­¥á ¬®á®¯àï-
¦¥­­®£® ®¯¥à â®à  A â ª¨¥ § ¤ ç¨ ¢ ®¡é¥¬ á«ãç ¥ ­¥ à¥è¥­ë ¤® á¨å ¯®à, ¨áá«¥¤®¢ ­ë «¨èì
®â¤¥«ì­ë¥ ç áâ­ë¥ á«ãç ¨. �¤¨­ ¨§ â ª¨å á«ãç ¥¢, ª®£¤  ­¥á ¬®á®¯àï¦¥­­®áâì à §­®áâ­ëå
§ ¤ ç ¢®§­¨ª ¥â ¢ á¢ï§¨ á ­¥«®ª «ì­ë¬¨ ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨, ¯à¥¤áâ ¢«¥­ ¢ ¤ ­­®© à ¡®â¥.

2. � §­®áâ­ë¥ áå¥¬ë ¤«ï ãà ¢­¥­¨ï â¥¯«®¯à®¢®¤­®áâ¨ á ­¥«®ª «ì­ë¬¨ £à ­¨ç-

­ë¬¨ ãá«®¢¨ï¬¨. � ®¡« áâ¨ G = (0 < x < 1, 0 < t 6 T ) ¢¢¥¤¥¬ á¥âªã !h;� = !h � !� , £¤¥
!h = fxi = ih, i = 0; 1; : : : ; N , hN = 1g, !� = ftn = n� , n = 0; 1; : : : ;K, �K = Tg ¨ ®¡®§­ ç¨¬

yni = y(xi; tn); ynx;i =
yni � yni�1

h
; ynx;i =

yni+1 � yni
h

; ynxx;i =
yni+1 � 2yni + yni�1

h2
;

ynt;i =
yn+1
i � yni

�
; v(�)i = �vn+1

i + (1� �)vni :

�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (1)  ¯¯à®ªá¨¬¨àã¥¬ à §­®áâ­®© áå¥¬®©

ynt;i = y
(�)
xx;i; y0i = u0(xi); i = 1; 2; : : : ; N � 1; yn+1

0 = 0; n = 0; 1; : : : ; (6)

£¤¥ � | ¯à®¨§¢®«ì­ë© ¯®ª  ¢¥é¥áâ¢¥­­ë© ¯ à ¬¥âà. �®áâà®¨¬ à §­®áâ­ãî  ¯¯à®ªá¨¬ æ¨î
­¥«®ª «ì­ëå £à ­¨ç­ëå ãá«®¢¨©. �ã¤¥¬ ¨áå®¤¨âì ¨§ íª¢¨¢ «¥­â­®áâ¨ ãá«®¢¨© (2) ­¥«®ª «ì­®-

¬ã ãá«®¢¨î ¢ ¨­â¥£à «ì­®© ä®à¬¥
1R
0

u(x; t)dx = 0. � ¬¥­ïï ¨­â¥£à « ª¢ ¤à âãà­®© ä®à¬ã«®©

âà ¯¥æ¨©, ¯®âà¥¡ã¥¬, çâ®¡ë à¥è¥­¨¥ à §­®áâ­®© § ¤ ç¨ (6) ã¤®¢«¥â¢®àï«® ãá«®¢¨î

In =
N�1X
i=1

hyni + 0;5h(yn0 + ynN) = 0; n = 0; 1; : : : (7)

�à®áã¬¬¨àã¥¬ ãà ¢­¥­¨¥ (6) ¯® i ®â 1 ¤® N � 1. �®£¤  ¯®«ãç¨¬�N�1X
i=1

hyni

�
t

=
�N�1X
i=1

hyxx;i

�(�)

= (yx;N � yx;0)
(�):

�®á«¥ ®ç¥¢¨¤­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨å®¤¨¬ ª â®¦¤¥áâ¢ã�N�1X
i=1

hyni + 0;5h(yn0 + ynN)
�
t

� (0;5h(yn0 + ynN))t = (yx;N � yx;0)(�)

¨«¨ (In+1 � In)=� = (0;5h(yn0 + ynN))t + (yx;N � yx;0)(�). �âáî¤  ¨ ¨§ (7), ãç¨âë¢ ï ãá«®¢¨¥ yn0 = 0,
¯®«ãç ¥¬ ­¥«®ª «ì­®¥ à §­®áâ­®¥ £à ­¨ç­®¥ ãá«®¢¨¥ ¢ ¯®â®ª®¢®© ä®à¬¥

0;5hynt;N + (yx;N � yx;0)
(�) = 0: (8)
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� ¬¥â¨¬, çâ® ¯à¨ � 6= 0;5 ãá«®¢¨¥ (8) ¨¬¥¥â ¯®£à¥è­®áâì  ¯¯à®ªá¨¬ æ¨¨ � = O(h2 + �) ­ 
à¥è¥­¨¨ ãà ¢­¥­¨ï (1). �á«¨ ¦¥ � = 0;5, â® � = O(h2+ � 2). �â ª, ¯à¨å®¤¨¬ ª à §­®áâ­®© áå¥¬¥

ynt;i � y
(�)
xx;i = 0; i = 1; 2; : : : ; N � 1; yn+1

0 = 0;

ynt;N +
2
h
(yx;N � yx;0)(�) = 0; n = 0; 1; : : : ; y0i = u0(xi):

(9)

�à¨¢¥¤¥¬ à §­®áâ­ãî áå¥¬ã (9) ª ª ­®­¨ç¥áª®¬ã ¢¨¤ã (4). �«ï íâ®£® ¢¢¥¤¥¬ «¨­¥©­®¥ ¯à®-
áâà ­áâ¢® H, á®áâ®ïé¥¥ ¨§ ¢¥é¥áâ¢¥­­ëå ¢¥ªâ®à®¢ v = (v1 v2 � � � vN)T , vi = v(xi), xi = ih, á®
áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(y; v) =
N�1X
i=1

hyivi + 0;5hyNvN (10)

¨ ­®à¬®© kyk = p(y; y). �¯à¥¤¥«¨¬ ®¯¥à â®à A : H ! H ¯à ¢¨«®¬

(Ay)i = �yxx;i; i = 1; 2; : : : ; N � 1; (Ay)N =
2
h
(yx;N � yx;0); y0 = 0: (11)

�®£¤  à §­®áâ­ ï áå¥¬  (9) § ¯¨è¥âáï ¢ ª ­®­¨ç¥áª®¬ ¢¨¤¥ (4), £¤¥B = E+��A,E| ¥¤¨­¨ç­ë©
®¯¥à â®à.

�¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ áå¥¬ë (9) ¢ëâ¥ª ¥â ¨§ âà¥¡®¢ ­¨ï ¯à¨­ ¤«¥¦­®áâ¨ á¯¥ª-
âà  ®¯¥à â®à  ¯¥à¥å®¤  ¥¤¨­¨ç­®¬ã ªàã£ã ¨ ä®à¬ã«¨àã¥âáï ¢ ¢¨¤¥ ®£à ­¨ç¥­¨ï

� >
1
2
� h2

4�
: (12)

� «¥¥ ¯à¨¢¥¤¥­ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® ¯à¨ «î¡®¬ ¢ë¡®à¥ ®¯¥à â®à  ­®à¬ë D ¤®áâ -
â®ç­®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ­¥ ¬®¦¥â á®¢¯ áâì á ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ (12).

3. �¢­ ï à §­®áâ­ ï áå¥¬  á ¦®à¤ ­®¢®© ª«¥âª®© ¢â®à®£® ¯®àï¤ª . �ãáâì «¨­¥©­®¥
¯à®áâà ­áâ¢® H á®áâ®¨â ¨§ ¢¥é¥áâ¢¥­­ëå ¢¥ªâ®à®¢ v = (v1 v2)T . �ª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à-
¬  ¢ H ®¯à¥¤¥«¥­ë ª ª (y; v) = y1v1+ ry2v2, kyk =

p
(y; y), r > 0. � áá¬®âà¨¬ ï¢­ãî à §­®áâ­ãî

áå¥¬ã

yn+1 � yn
�

+Ayn = 0; n = 0; 1; : : : ; (13)

£¤¥ yn = (y(n)1 y(n)2 )T ¨ ®¯¥à â®à A § ¤ ­ ¬ âà¨æ¥©

A =
�
� p
0 �

�
; p 6= 0: (14)

�î¡®© á ¬®á®¯àï¦¥­­ë© ¢ H ®¯¥à â®à ¯à¥¤áâ ¢«ï¥âáï ¬ âà¨æ¥©

D =
�
d11 d12

r�1d12 d22

�
:

�âáî¤  á«¥¤ã¥â ªà¨â¥à¨© ¯®«®¦¨â¥«ì­®áâ¨

d11 > 0; rd11d22 � d212 > 0 (15)

¨ ªà¨â¥à¨© ­¥®âà¨æ â¥«ì­®áâ¨

d11 > 0; rd11d22 � d212 > 0 (16)

á ¬®á®¯àï¦¥­­®£® ®¯¥à â®à  D. � ¬¥â¨¬, çâ® ¢ ­¥à ¢¥­áâ¢ å (15) ¨ (16) ãá«®¢¨ï d11 > 0 ¨
d11 > 0 ¬®¦­® § ¬¥­¨âì á®®â¢¥âáâ¢¥­­® ãá«®¢¨ï¬¨ d22 > 0 ¨ d22 > 0.
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� ¤ «ì­¥©è¥¬, ­¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, áç¨â ¥¬, çâ® d11 = 1 ¨ ¢ë¡¨à ¥¬ ®¯¥à â®à ­®à¬ë
¢ ¢¨¤¥

D =
�

1 �
r�1� �

�
; (17)

£¤¥ �, � > 0 | ¯®ª  ¯à®¨§¢®«ì­ë¥ ¯ à ¬¥âàë ¨ r� � �2 = � > 0.
�§ ®¯à¥¤¥«¥­¨ï ãáâ®©ç¨¢®áâ¨ (5) á«¥¤ã¥â, çâ® ï¢­ ï áå¥¬  (13), (14) á � > 0 ãáâ®©ç¨¢  ¢ ¯à®-

áâà ­áâ¢¥ HD, ®¯à¥¤¥«ï¥¬®¬ ®¯¥à â®à®¬ (17), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  è £ � ã¤®¢«¥â¢®àï¥â
­¥à ¢¥­áâ¢ ¬

0 < � 6
1
�

�
2� jpj

�
p
�

�
; £¤¥ � = r� � �2 > 0: (18)

�à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (18) ï¢«ï¥âáï ¢®§à áâ îé¥© äã­ªæ¨¥© �, ¯®íâ®¬ã ãá«®¢¨¥ ãáâ®©-
ç¨¢®áâ¨ ­ « £ ¥â ¬¨­¨¬ «ì­®¥ ®£à ­¨ç¥­¨¥ ­  è £ � ¯à¨ ¢ë¡®à¥ � = 0. �â ª, ®¯â¨¬ «ì­ë¬
ï¢«ï¥âáï ¤¨ £®­ «ì­ë© ®¯¥à â®à ­®à¬ë

D =
�
1 0
0 �

�
: (19)

�à¨ íâ®¬ ­¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®ç­ë¬ ãá«®¢¨¥¬ ãáâ®©ç¨¢®áâ¨ ¢ HD ï¢«ï¥âáï ¢ë¯®«­¥­¨¥ ­¥-
à ¢¥­áâ¢ 

0 < � 6
1
�

�
2� jpj

�
p
r�

�
; (20)

£¤¥ r > 0 | ª®­áâ ­â , ¢å®¤ïé ï ¢ ®¯à¥¤¥«¥­¨¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï.
� ¦­® ®â¬¥â¨âì, çâ® ¯à¨ «î¡®¬ ¢ë¡®à¥ ­®à¬ë ãá«®¢¨¥ (20) ­ ª« ¤ë¢ ¥â ¡®«¥¥ á¨«ì­®¥

®£à ­¨ç¥­¨¥ ­  è £ � , ç¥¬ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ 0 < �� 6 2. �á«®¢¨¥ (20) ¯¥à¥å®¤¨â
¢ ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ ¢ ¯à¥¤¥«¥ ¯à¨ � !1.

�¥à ¢¥­áâ¢® � > p2=(4�2r), ¢ëâ¥ª îé¥¥ ¨§ (20), á«¥¤ã¥â à áá¬ âà¨¢ âì ª ª ®£à ­¨ç¥­¨¥ ­ 
¯ à ¬¥âà �, ¢å®¤ïé¨© ¢ ¬ âà¨æã (19).

4. �à¨â¥à¨© ãáâ®©ç¨¢®áâ¨. �®§¢à é ïáì ª à §­®áâ­®© áå¥¬¥ (9), ¢¢¥¤¥¬ á¥â®ç­®¥ ¯à®-
áâà ­áâ¢® H ¨ áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ ­¥¬ â ª ¦¥, ª ª ¨ ¢ à §¤¥«¥ 2, ¨ ®¯à¥¤¥«¨¬ ®¯¥à â®à
A á®£« á­® (11).

�¢®©áâ¢  ®¯¥à â®à  A å®à®è® ¨§¢¥áâ­ë [10]. �ä®à¬ã«¨àã¥¬ ¨å ¢ ã¤®¡­®¬ ¤«ï ¤ «ì­¥©è¥£®
¢¨¤¥. �à¥¤¯®«®¦¨¬ á­ ç « , çâ® N ­¥ç¥â­®, ¨ ®¡®§­ ç¨¬ m = (N � 1)=2. �¢¥¤¥¬ ¬ âà¨æã

X = [X(0)X1X2 : : : Xm]; (21)

áâ®«¡æ ¬¨ ª®â®à®© ï¢«ïîâáï ®¯à¥¤¥«¥­­ë¬ ®¡à §®¬ ã¯®àï¤®ç¥­­ë¥ ¨ ­®à¬¨à®¢ ­­ë¥ á®¡áâ¢¥­-
­ë¥ ¨ ¯à¨á®¥¤¨­¥­­ë¥ ¢¥ªâ®àë ¬ âà¨æë A. �¤¥áì Xk | ¬ âà¨æ , ¨¬¥îé ï ¤¢  áâ®«¡æ ,

Xk = [X(2k�1) X(2k)]; k = 1; 2; : : : ;m;

X(2k) | á®¡áâ¢¥­­ ï ¨ X(2k�1) | ¯à¨á®¥¤¨­¥­­ ï äã­ªæ¨¨ ®¯¥à â®à  A, ®â¢¥ç îé¨¥ á®¡áâ¢¥­-
­®¬ã §­ ç¥­¨î �k. �§¢¥áâ¥­ ï¢­ë© ¢¨¤ á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå äã­ªæ¨©

�0 = 0; X(0)(xi) = xi; i = 1; 2; : : : ; N;

�k =
4
h2

sin2 �kh; X(2k)(xi) = sin 2�kxi; (22)

X(2k�1)(xi) = xi cos 2�kxi; k = 1; 2; : : : ;m:

� à ¡®â¥ [10] ¯®ª § ­®, çâ® á¨áâ¥¬  á®¡áâ¢¥­­ëå ¨ ¯à¨á®¥¤¨­¥­­ëå äã­ªæ¨© ®¡à §ã¥â ¡ §¨á ¢
á¥â®ç­®¬ ¯à®áâà ­áâ¢¥ H. �«¥¤®¢ â¥«ì­®, ¬ âà¨æ  (21) ¨¬¥¥â ®¡à â­ãî.
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� «¥¥, ¢¢¥¤¥¬ ¡«®ç­® ¤¨ £®­ «ì­ãî ¬ âà¨æã

J = diag[J0; J1; � � � ; Jm]; (23)

£¤¥

J0 = 0; Jk =
�
�k 0
pk �k

�
; k = 1; 2; : : : ;m;

ç¨á«  �k ®¯à¥¤¥«¥­ë á®£« á­® (22) ¨

pk = �2
p
�k cos �kh = �2

h
sin 2�kh; k = 1; 2; : : : ;m: (24)

�¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

AX = XJ; (25)

®§­ ç îé¥¥ ¯®¤®¡¨¥ ¬ âà¨æë A ¡«®ç­® ¤¨ £®­ «ì­®© ¬ âà¨æ¥ J .
� á«ãç ¥ ç¥â­®£® N ¢ë¯®«­¥­ë à ¢¥­áâ¢  (22) ¨ (24) á m = N=2�1, ªà®¬¥ â®£®, ¤®¡ ¢«ï¥âáï

á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �N=2 = 4=h2 ªà â­®áâ¨ 1, ª®â®à®¥ ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬. �®®â¢¥âáâ¢¥­­®
¬ âà¨æë (21) ¨ (23) ¯à¨­¨¬ îâ ¢¨¤

X = [X(0)X1 : : : XmX
(N=2)]; J = diag[J0; J1; : : : ; Jm; JN=2]; (26)

£¤¥ JN=2 = �N=2 ¨ X(N=2) | á®¡áâ¢¥­­ ï äã­ªæ¨ï ®¯¥à â®à  A, ®â¢¥ç îé ï á®¡áâ¢¥­­®¬ã §­ -
ç¥­¨î �N=2,   ¨¬¥­­® X(N=2)(xi) = (�1)ixi, i = 1; 2; : : : ; N . �áâ ¥âáï ¢ á¨«¥ ¬ âà¨ç­®¥ à ¢¥­áâ¢®
(25). � ¤ «ì­¥©è¥¬ ¯®¤ X ¯®­¨¬ ¥âáï ¬ âà¨æ  (21), ¥á«¨ N ­¥ç¥â­®¥, ¨ ¬ âà¨æ  (26), ¥á«¨ N
ç¥â­®¥. �®ç­® â ª ¦¥ ¬ âà¨æ  J ®¯à¥¤¥«ï¥âáï á®£« á­® (23) ¨«¨ (26).

�ãáâì § ¤ ­ ª ª®©-«¨¡® á ¬®á®¯àï¦¥­­ë© ¯®«®¦¨â¥«ì­ë© ¢ H ®¯¥à â®à D, ®¯à¥¤¥«ïîé¨©
í­¥à£¥â¨ç¥áªãî ­®à¬ã kykD =

p
(Dy; y). �¡®§­ ç¨¬ ç¥à¥§ X ®¯¥à â®à, ¯à¥¤áâ ¢«¥­­ë© ¬ âà¨-

æ¥© X, ¨ ç¥à¥§ X� | ®¯¥à â®à, á®¯àï¦¥­­ë© ®¯¥à â®àã X ¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï
(10).

�¥®à¥¬  1. �«ï ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë (9) ¢ ¯à®áâà ­áâ¢¥ HD ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢®eDJ + J� eD + (2� � 1)�J� eDJ > 0; (27)

£¤¥ eD = X�DX.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï (5) ãáâ®©ç¨¢®áâ¨ ¢ HD á«¥¤ã¥â ªà¨â¥à¨© ãáâ®©ç¨¢®áâ¨
¢ ¢¨¤¥ ®¯¥à â®à­®£® ­¥à ¢¥­áâ¢  D > S�DS, £¤¥ S = E � �B�1A | ®¯¥à â®à ¯¥à¥å®¤  ¨ B =
E + ��A. �âáî¤  ¯®á«¥ í«¥¬¥­â à­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®

DB�1A+A�B�1�D > �A�B�1�DB�1A:

� «¥¥, ãç¨âë¢ ï ¯¥à¥áâ ­®¢®ç­®áâì A ¨ B, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

DAB�1 +B�1�A�D > �B�1�A�DAB�1:

�¬­®¦ ï ¯®«ãç¥­­®¥ ­¥à ¢¥­áâ¢® á«¥¢  ­  B� ¨ á¯à ¢  ­  B, ¯®«ãç ¥¬ íª¢¨¢ «¥­â­®¥ ­¥à -
¢¥­áâ¢®

B�DA+A�DB > �A�DA:

�®¤áâ ¢«ïï B = E + ��A ¢ ¯®á«¥¤­¥¥ ­¥à ¢¥­áâ¢®, ¯®á«¥ ®ç¥¢¨¤­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç¨¬

DA+A�D + (2� � 1)�A�DA > 0:

�®á¯®«ì§ã¥¬áï â®¦¤¥áâ¢®¬ A = XJX�1, á«¥¤ãîé¨¬ ¨§ (25). �®£¤  ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

DXJX�1 +X�1�J�X�D + (2� � 1)�X�1�J�X�DXJX�1
> 0;
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íª¢¨¢ «¥­â­®¥ ­¥à ¢¥­áâ¢ã (X�DX)J + J�(X�DX)+ (2�� 1)�J�(X�DX)J > 0, á®¢¯ ¤ îé¥¬ã á
(27).

� ¤ «ì­¥©è¥¬, ¢ á®®â¢¥âáâ¢¨¨ á ¦®à¤ ­®¢®© áâàãªâãà®© ¬ âà¨æë A, ¯à¨ ä®à¬ã«¨à®¢ª¥
â¥®à¥¬ ®¡ ãáâ®©ç¨¢®áâ¨ à §«¨ç îâáï á«ãç ¨ ç¥â­®£® ¨ ­¥ç¥â­®£® ç¨á«  â®ç¥ª N . �«ï ­¥ç¥â­®£®
N ¯®« £ ¥¬ m = (N � 1)=2, ¢¢®¤¨¬ äã­ªæ¨î rk = 1 ¤«ï k = 1; 2; : : : ;m � 1, rm = 0;5 ¨ § ¤ ¥¬
¯®«®¦¨â¥«ì­ë¥ ¯ à ¬¥âàë �k, k = 1; 2; : : : ;m. �á¯®¬®£ â¥«ì­ë© ®¯¥à â®à ­®à¬ë ®¯à¥¤¥«ï¥âáï
ª ª ¡«®ç­®-¤¨ £®­ «ì­ ï ¬ âà¨æ 

eD = diag[ eD0; eD1; : : : ; eDm]; (28)

£¤¥ eD0 = 1, eDk = diag[1; �k], k = 1; 2; : : : ;m.

�¥®à¥¬  2. �ãáâì N | ­¥ç¥â­®¥ ç¨á«®, m = (N�1)=2, ç¨á«  �k, pk ¨ ¬ âà¨æë X, eD ®¯à¥-

¤¥«¥­ë ä®à¬ã« ¬¨ (22), (24) ¨ (21), (28) á®®â¢¥âáâ¢¥­­®. � ¤ ¤¨¬ ®¯¥à â®à D = X��1 eDX�1.

�á«¨ ¯ à ¬¥âàë �k ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

p
rk�k >

jpkj
2�k

; k = 1; 2; : : : ;m; (29)

â® ¤«ï ãáâ®©ç¨¢®áâ¨ áå¥¬ë (9) ¢ ¯à®áâà ­áâ¢¥ HD ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«-

­ï«¨áì ­¥à ¢¥­áâ¢ 

� >
1
2
� 1
��k

�
1� jpkj

2�k
p
rk�k

�
; k = 1; 2; : : : ;m: (30)

�®ª § â¥«ìáâ¢®. � á«ãç ¥ ¤¨ £®­ «ì­®© ¬ âà¨æë eD ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢® (27) à á¯ -
¤ ¥âáï ­  ­¥à ¢¥­áâ¢  P0 = 2�0 + (2� � 1)��20 > 0 ¨

Pk = eDkJk + J�
k
eDk + (2� � 1)�J�

k
eDkJk > 0; k = 1; 2; : : : ;m; (31)

£¤¥

eDk =
�
1 0
0 �k

�
; Jk =

�
�k 0
pk �k

�
| ¬ âà¨æë ¢â®à®£® ¯®àï¤ª . �¥à ¢¥­áâ¢® P0 > 0 ¢á¥£¤  ¢ë¯®«­¥­®, â. ª. �0 = 0. �à¨¬¥­¥­¨¥
ªà¨â¥à¨ï ­¥®âà¨æ â¥«ì­®áâ¨ (16) ª ¬ âà¨æ ¬ Pk ¯à¨¢®¤¨â ª ãá«®¢¨ï¬ (30).

� ¬¥ç ­¨¥. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (29). �®£¤  ¨§ (30) á«¥¤ã¥â, çâ® áå¥¬  (9) á � > 0;5
ãáâ®©ç¨¢  ¯à¨ «î¡ëå è £ å � ¨ h. �á«¨ ¦¥ � < 0;5, â® ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ (30) ¬®¦­®
¯¥à¥¯¨á âì ¢ ¢¨¤¥ ®£à ­¨ç¥­¨©

� 6 �0(k) =
1

(0;5� �)�k

�
1� jpkj

2�k
p
rk�k

�
; k = 1; 2; : : : ; m:

�âáî¤  ¢¨¤­®, çâ® âà¥¡®¢ ­¨¥ (29) ®¡¥á¯¥ç¨¢ ¥â ¯®«®¦¨â¥«ì­®áâì è £  � .

� á«ãç ¥ ç¥â­®£® N ¯®« £ ¥¬ m = N=2� 1 ¨ ®¯¥à â®à eD ®¯à¥¤¥«ï¥¬ ª ª

eD = diag[ eD0; eD1; : : : ; eDm; eDN=2]; eD0 = eDN=2 = 1: (32)

�®áª®«ìªã ¯®á«¥¤­ïï ¦®à¤ ­®¢  ª«¥âª  ®¯¥à â®à  A ¨¬¥¥â ¯®àï¤®ª 1, ­¥â ­¥®¡å®¤¨¬®áâ¨ ¢¢®-
¤¨âì äã­ªæ¨î rk.
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�¥®à¥¬  3. �ãáâì N | ç¥â­®¥ ç¨á«®, m = N=2 � 1, ç¨á«  �k, pk ¨ ¬ âà¨æë X, eD ®¯à¥-

¤¥«¥­ë ä®à¬ã« ¬¨ (22), (24) ¨ (26), (32) á®®â¢¥âáâ¢¥­­®. � ¤ ¤¨¬ ®¯¥à â®à D = X��1 eDX�1.

�á«¨ ¯ à ¬¥âàë �k ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

p
�k >

jpkj
2�k

; k = 1; 2; : : : ;m;

â® ¤«ï ãáâ®©ç¨¢®áâ¨ áå¥¬ë (9) ¢ ¯à®áâà ­áâ¢¥ HD ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«-

­ï«¨áì ­¥à ¢¥­áâ¢ 

� >
1
2
� 1
��k

�
1� jpkj

2�k
p
�k

�
; k = 1; 2; : : : ;m; � >

1
2
� 1
��N=2

: (33)

�®ª § â¥«ìáâ¢®. �â«¨ç¨¥ ®â ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 á®áâ®¨â â®«ìª® ¢ â®¬, çâ® ª ¬ -
âà¨ç­ë¬ ­¥à ¢¥­áâ¢ ¬ (31) ¤®¡ ¢«ï¥âáï ç¨á«®¢®¥ ­¥à ¢¥­áâ¢® Pm = 2�m + (2� � 1)��2m > 0,
ª®â®à®¥ ¯à¨¢®¤¨â ª ¤®¯®«­¨â¥«ì­®¬ã ®£à ­¨ç¥­¨î � > 0;5� 1=(��N=2).

5. �®áâ®ï­­ë¥ ¯ à ¬¥âàë. � áá¬®âà¨¬ ¯®¤à®¡­¥¥ á«ãç © ¯®áâ®ï­­ëå ¯ à ¬¥âà®¢ �k.
�®« £ ¥¬, çâ® ¯à¨ ­¥ç¥â­ëå N ¯ à ¬¥âàë § ¤ îâáï ãá«®¢¨ï¬¨ rk�k = � > 0 ¤«ï k =
1; 2; : : : ;m = (N � 1)=2, â. ¥. �1 = �2 = � � � = �m�1 = �, �m = 2�,   ¯à¨ ç¥â­ëå N | ãá«®-
¢¨ï¬¨ �1 = �2 = � � � = �m = �, m = N=2 � 1. � á«ãç ¥ ¯®áâ®ï­­ëå ¯ à ¬¥âà®¢ �k ãá«®¢¨ï
ãáâ®©ç¨¢®áâ¨ (30) ¨ (33) ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥ ®£à ­¨ç¥­¨©

� >
1
2
� 1
��k

�
1� jpkj

2
p
��k

�
: (34)

�¤¥áì k = 1; 2; : : : ;m = (N � 1)=2 ¤«ï ­¥ç¥â­®£® N ¨ k = 1; 2; : : : ;m = N=2 � 1 ¤«ï ç¥â­®£® N .
�à®¬¥ â®£®, ¯à¨ ç¥â­®¬ N ¤®¡ ¢«ï¥âáï ãá«®¢¨¥, ­¥ § ¢¨áïé¥¥ ®â �:

� >
1
2
� 1
��N=2

: (35)

�®¤áâ ¢«ïï ¢ (34) ¢ëà ¦¥­¨ï ¤«ï �k ¨ pk ¨ ãç¨âë¢ ï, çâ® jpkj
�k

= h ctg �kh, h = 1
N
, § ¯¨è¥¬

ãá«®¢¨ï ãáâ®©ç¨¢®áâ¨ ¯à¨ ­¥ç¥â­®¬ N ¢ ¢¨¤¥

� >
1
2
� h2f(xk)

2�
; (36)

£¤¥ xk = �k=N , k = 1; 2; : : : ;m = (N � 1)=2 ¨

f(x) =
1

2 sin2 x

�
1� h ctg x

2
p
�

�
; 0 < x <

�

2
: (37)

�®ç­® â ª ¦¥ ¨§ (34) ¨ (35) ¯à¨ ç¥â­®¬ N ¯®«ãç ¥¬ ãá«®¢¨ï (36), £¤¥ k = 1; 2; : : : ;m+ 1 = N=2.
� á«¥¤ãîé¨å «¥¬¬ å ¢ëïá­ï¥âáï ¯à¨ ª ª®¬ ãá«®¢¨¨ ­  ¯ à ¬¥âà � äã­ªæ¨ï f(x) ¤®áâ¨£ ¥â

¬¨­¨¬ã¬  ­  ¯à ¢®© £à ­¨æ¥, â. ¥. ¯à¨ x = x(N�1)=2 = 0;5(1 � h)� ¤«ï ­¥ç¥â­®£® N ¨ ¯à¨ x =
xN=2 = 0;5� ¤«ï ç¥â­®£® N .

�¥¬¬  1. �á«¨ ¯ à ¬¥âà � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

p
� >

h(2 � cos �h)
2 sin�h

; (38)

â® äã­ªæ¨ï f(x), ®¯à¥¤¥«¥­­ ï á®£« á­® (37), ¨¬¥¥â â®çªã ¬¨­¨¬ã¬  x(1) 2 [xm; �=2), £¤¥
xm = 0;5�(1� h).
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�®ª § â¥«ìáâ¢®. �â ­¤ àâ­ë©  ­ «¨§ ¯à¨¢®¤¨â ª ãâ¢¥à¦¤¥­¨î ® â®¬, çâ® ­  ¨­â¥à¢ «¥
(0; �=2) äã­ªæ¨ï f(x) ¨¬¥¥â â®«ìª® ¤¢¥ íªáâà¥¬ «ì­ë¥ â®çª¨,   ¨¬¥­­® â®çªã ¬ ªá¨¬ã¬  x(0) =
0;5(arcsin 2� + arcsin �) ¨ â®çªã ¬¨­¨¬ã¬  x(1) = 0;5[� � (arcsin 2� � arcsin �)], £¤¥ � = �=

p
4 + �2,

� = h=
p
�. �¥à ¢¥­áâ¢® x(1) < �=2 ®ç¥¢¨¤­® ¨ ¢ë¯®«­¥­®. �¥à ¢¥­áâ¢® xm < x(1) ¯à¨¢®¤¨â ª

ãá«®¢¨î

g(�) = arcsin 2� � arcsin � < �h: (39)

�ã­ªæ¨ï g(�) ¢®§à áâ ¥â ­  á¥£¬¥­â¥ [0; �=2], ¯®íâ®¬ã ­¥à ¢¥­áâ¢® (39) ¢ë¯®«­¥­® ¤«ï ¢á¥å
� 2 [0; �0), £¤¥ �0 | ª®à¥­ì ãà ¢­¥­¨ï

arcsin 2� � arcsin � = �h: (40)

�¤¨­áâ¢¥­­ë¬ ª®à­¥¬ ãà ¢­¥­¨ï (40) ï¢«ï¥âáï ç¨á«® �0 = (sin�h)=
p
5� 4 cos �h. �«¥¤®¢ â¥«ì-

­®, ¥á«¨ � < �0, â® ¢ë¯®«­¥­® âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® xm < x(1). �®áª®«ìªã � = �(�) = �=
p
4 + �2

| ¢®§à áâ îé ï äã­ªæ¨ï �, ­¥à ¢¥­áâ¢® � 6 �0 íª¢¨¢ «¥­â­® ­¥à ¢¥­áâ¢ã � 6 �0, £¤¥
�0 = 2�0p

1��2
0

= 2 sin�h
2�cos�h

| ª®à¥­ì ãà ¢­¥­¨ï �0=
p
4 + �2

0 = �0. �¥à ¢¥­áâ¢® � 6 �0 á®¢¯ ¤ ¥â

á (38).

� ¬¥ç ­¨¥. �à¨ ¬ «ëå h ¨ ª®­¥ç­ëå � ¨¬¥¥¬

� � h

2
p
�
; x(0) � 3h

4
p
�
; x(1) � �

2
� h

4
p
�
:

�âáî¤  ¢¨¤­®, çâ® â®çª¨ íªáâà¥¬ã¬  äã­ªæ¨¨ f(x) à á¯®«®¦¥­ë ¢¡«¨§¨ £à ­¨æë ®¡« áâ¨ ¥¥
®¯à¥¤¥«¥­¨ï.

�¥¬¬  2. �á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ p
� >

h

sin 2�h
; (41)

â® f(xk) > 0 ¤«ï ¢á¥å k ¨

min
16k6m

f(xk) = f(xm) =
1

2 cos2 �h
2

�
1� h

2
p
�
tg
�h

2

�
¯à¨ ­¥ç¥â­®¬ N ¨ min

16k6m+1
f(xk) = f(xN=2) = 0;5 ¯à¨ ç¥â­®¬ N .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç © ­¥ç¥â­®£® N ¨ m = (N � 1)=2. � ¬¥â¨¬,
çâ® ¨§ ãá«®¢¨ï (41) á«¥¤ã¥â ­¥à ¢¥­áâ¢® (38), ¯®íâ®¬ã á¯à ¢¥¤«¨¢  «¥¬¬  1, á®£« á­® ª®â®à®©
â®çª  ¬¨­¨¬ã¬  x(1) äã­ªæ¨¨ f(x) à á¯®«®¦¥­  ¯à ¢¥¥ â®çª¨ xm = 0;5�(1 � h). �®áª®«ìªã
äã­ªæ¨ï f(x) ­¥ ¨¬¥¥â «®ª «ì­ëå ¬¨­¨¬ã¬®¢ ­  ¨­â¥à¢ «¥ (x1; xm), ¥¥ ¬¨­¨¬ã¬ ¤®áâ¨£ ¥âáï ­ 
®¤­®© ¨§ £à ­¨æ min

16k6m
f(xk) = minff(x1); f(xm)g. �®ª ¦¥¬, çâ® ¯à¨ ãá«®¢¨¨ (41) á¯à ¢¥¤«¨¢®

­¥à ¢¥­áâ¢® f(xm) < f(x1) ¨, á«¥¤®¢ â¥«ì­®, ¬¨­¨¬ã¬ f(xk) ¤®áâ¨£ ¥âáï ­  ¯à ¢®© £à ­¨æ¥.
�ç¨âë¢ ï ¢ëà ¦¥­¨¥ ¤«ï f(x), § ¯¨è¥¬ ãá«®¢¨¥ f(xm) < f(x1) ¢ ¢¨¤¥ sin2 x1(2� � ctg xm) <
sin2 xm(2� � ctg x1), � = h=

p
�, ¨ á£àã¯¯¨àã¥¬ á« £ ¥¬ë¥ ¯à¨ �. �®£¤  ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

�(cos x1 sin
3 xm � cosxm sin3 x1) < 2 sinx1 sinxm(sin

2 xm � sin2 x1): (42)

�à¥®¡à §ã¥¬ á®¬­®¦¨â¥«¨, ¢å®¤ïé¨¥ ¢ (42), á«¥¤ãîé¨¬ ®¡à §®¬:

sin2 xm � sin2 x1 = sin(xm + x1) sin(xm � x1);

cos x1 sin
3 xm � cos xm sin

3 x1 =
sin(xm � x1)

2
[sin2(x1 + xm) + sin2 x1 + sin2 xm]:
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�®¤¥«¨¢ ®¡¥ ç áâ¨ ­¥à ¢¥­áâ¢  (42) ­  ¯®«®¦¨â¥«ì­®¥ ç¨á«® sin(xm� x1), ¯à¨å®¤¨¬ ª ­¥à ¢¥­-
áâ¢ã

�[sin2(x1 + xm) + sin2 x1 + sin2 xm] < 4 sinx1 sinxm sin(x1 + xm); � = h=
p
�:

�«¥¤®¢ â¥«ì­®, äã­ªæ¨ï f(x) ®¡à é ¥âáï ¢ ¬¨­¨¬ã¬ ­  ¯à ¢®© £à ­¨æ¥ x = xm, ¥á«¨ ¯ à ¬¥âà �
ã¤®¢«¥â¢®àï¥â ãá«®¢¨î p

� >
h(sin2(x1 + xm) + sin2 x1 + sin2 xm)

4 sinx1 sinxm sin(x1 + xm)
: (43)

�®¤áâ ¢«ïï ¢ (43) x1 = �h ¨ xm = 0;5�(1� h), ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢®p
� >

h
�
2 cos2 �h

2
+ sin2 �h

�
4 sin�h cos2 �h

2

;

ª®â®à®¥ «¥£ª® ¯à¥®¡à §ã¥âáï ª ¢¨¤ã (38). �â ª, ¥á«¨ ¯ à ¬¥âà � ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (41),
â® ¯à¨ ­¥ç¥â­®¬ N ¨¬¥¥¬ min

x16x6xm
f(x) = f(xm). � ¬¥â¨¬, çâ® ¯à¨ ãá«®¢¨¨ (41) f(xm) > 0.

�¥©áâ¢¨â¥«ì­®,

f(xm) >
1

2 cos2 �h
2

 
1� sin 2�h sin �h

2

2 cos �h
2

!
=
1� cos �h+ cos2 �h

2 cos2 �h
2

>
3

8 cos2 �h
2

> 0:

� á«ãç ¥ ç¥â­®£® N ¨ m = N=2 � 1 ¨¬¥¥¬ xm = 0;5� � �h < 0;5�(1 � h), ¯®íâ®¬ã á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢® xm < x(1). �®ª ¦¥¬, çâ® âà¥¡®¢ ­¨¥

f(xm) = f(0;5� � �h) < f(x1) = f(�h)

íª¢¨¢ «¥­â­® ãá«®¢¨î (41). � ª ¨ ¯à¥¦¤¥, ­¥à ¢¥­áâ¢® f(xm) < f(x1) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã
(43). �®¤áâ ¢«ïï ¢ (43) §­ ç¥­¨ï x1 = �h ¨ xm = 0;5� � �h, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã (41). �«ï
§ ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2 ­¥®¡å®¤¨¬® ã¡¥¤¨âìáï ¢ â®¬, çâ® f(xm) > f(xN=2) = 0;5.
�¥©áâ¢¨â¥«ì­®,

f(xm) = f(0;5� � �h) =
1

2 cos2 �h

�
1� h tg �h

2
p
�

�
;

¨, ãç¨âë¢ ï âà¥¡®¢ ­¨¥ (41), ¯®«ãç¨¬

1
cos2 �h

�
1� h tg �h

2
p
�

�
>

1
cos2 �h

�
1� h tg �h sin 2�h

2h

�
= 1:

�®«®¦¨â¥«ì­®áâì äã­ªæ¨¨ f(xk) á«¥¤ã¥â ¨§ ¯®«®¦¨â¥«ì­®áâ¨ ¥¥ ¬¨­¨¬ «ì­®£® §­ ç¥­¨ï.

�à¨â¥à¨© ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë (9) ¢ á«ãç ¥ ¯®áâ®ï­­ëå ¯ à ¬¥âà®¢ �k áä®à-
¬ã«¨à®¢ ­ ¢ â¥®à¥¬¥ 4. � á®®â¢¥âáâ¢¨¨ á (28) ¨ (32), ¢ íâ®© â¥®à¥¬¥ ¢ ª ç¥áâ¢¥ ®¯¥à â®-
à  eD ¡¥à¥âáï ¬ âà¨æ  eD = diag[1; 1; �; 1; �; : : : ; 1; 2�] ¢ á«ãç ¥ ­¥ç¥â­®£® N ¨ ¬ âà¨æ eD = diag[1; 1; �; 1; �; : : : ; 1; �; 1] ¢ á«ãç ¥ ç¥â­®£® N . � âà¨æ  X ®¯à¥¤¥«¥­  á®£« á­® (21)
¤«ï ­¥ç¥â­®£® N ¨ á®£« á­® (26) | ¤«ï ç¥â­®£® N .

�¥®à¥¬  4. �ãáâì ¯ à ¬¥âà � ã¤®¢«¥â¢®àï¥â ®£à ­¨ç¥­¨î (41) ¨ D = X��1 eDX�1. �«ï

ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë (9) ¢ HD ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ­¥à ¢¥­áâ¢ 

� >
1
2
� 1

� e�N ;
£¤¥ e�N = 4=h2, ¥á«¨ N | ç¥â­®¥ ç¨á«®, ¨

e�N =
4
h2

cos2 �h
2

1� hp
�
tg �h

2

;

¥á«¨ N ­¥ç¥â­®¥.
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�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ â¥®à¥¬ 2, 3 ¨ «¥¬¬ë 2.

6. �à ¥¢ë¥ ãá«®¢¨ï ¢â®à®£® â¨¯ . � [15] ¯à¨¢¥¤¥­ ¯à¨¬¥à, ¢ ®¯à¥¤¥«¥­­®¬ á¬ëá«¥ ¨¬¨â¨-
àãîé¨© § ¤ çã á ¯¥à¥¬¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ­® ¤®¯ãáª îé¨© ¯®áâà®¥­¨¥ â®ç­®£® à¥è¥­¨ï
¢  ­ «¨â¨ç¥áª®¬ ¢¨¤¥. �®ª § ­®, çâ® á¯¥ªâà à áá¬ âà¨¢ ¥¬®£® à §­®áâ­®£® ®¯¥à â®à  ï¢«ï-
¥âáï ¯à®áâë¬, ¨ â®«ìª® ¢ á«ãç ¥ ¯®áâ®ï­­ëå ª®íää¨æ¨¥­â®¢ ¢®§­¨ª îâ ªà â­ë¥ á®¡áâ¢¥­­ë¥
§­ ç¥­¨ï. �«¥¤áâ¢¨¥¬ ¯à®áâ®âë á¯¥ªâà  ï¢«ï¥âáï ¡ §¨á­®áâì á¨áâ¥¬ë á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢
à §­®áâ­®© § ¤ ç¨.

�à¨¬¥à á®áâ®¨â ¢ á«¥¤ãîé¥¬. � áá¬®âà¨¬ â® ¦¥ á ¬®¥ ãà ¢­¥­¨¥ â¥¯«®¯à®¢®¤­®áâ¨ (1),  
£à ­¨ç­ë¥ ãá«®¢¨ï (2) § ¬¥­¨¬ ãá«®¢¨ï¬¨

u(0; t) = 0; 

@u

@x
(0; t) =

@u

@x
(1; t); (44)

£¤¥ 
 2 (0; 1) | ç¨á«®¢®© ¯ à ¬¥âà. �­ ç¥­¨¥ 
 = 0 ¯à¨¢®¤¨â ª å®à®è® ¨§¢¥áâ­ë¬ «®ª «ì­ë¬
ãá«®¢¨ï¬ ¨ §¤¥áì ­¥ à áá¬ âà¨¢ ¥âáï. �«ãç © 
 = 1 ï¢«ï¥âáï ®á®¡ë¬ ¨ à áá¬®âà¥­ ¢ëè¥. �à¨
0 < 
 < 1 ¤¨ää¥à¥­æ¨ «ì­ ï § ¤ ç 

u00(x) + �u(x) = 0; 0 < x < 1; u(0) = 0; 
u0(0) = u0(1) (45)

¨¬¥¥â á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï �(1)k = (2�k �  )2, �(2)k = (2�k +  )2, ¨ ®â¢¥ç îé¨¥ ¨¬ á®¡áâ¢¥­­ë¥
äã­ªæ¨¨ u(1)k (x) = sin(2�k� )x, u(2)k (x) = sin(2�k+ )x, £¤¥ k = 0; 1; : : : ¨  = arccos 
. � ¦¤®¬ã
á®¡áâ¢¥­­®¬ã §­ ç¥­¨î ®â¢¥ç ¥â á â®ç­®áâìî ¤® ¬­®¦¨â¥«ï â®«ìª® ®¤­  á®¡áâ¢¥­­ ï äã­ªæ¨ï.
�à¨á®¥¤¨­¥­­ëå äã­ªæ¨© § ¤ ç  (45) á 0 < 
 < 1 ­¥ ¨¬¥¥â.

�­ «®£¨ç­ ï á¨âã æ¨ï ¨¬¥¥â ¬¥áâ® ¨ ¢ à §­®áâ­®¬ á«ãç ¥. �«ï § ¤ ç¨ (1), (44) à áá¬®âà¨¬
áå¥¬ã á ¢¥á ¬¨

ynt;i � y(�)xx;i = 0; i = 1; 2; : : : ; N � 1; yn+1
0 = 0;

ynt;N +
2
h
(yx;N � 
yx;0)(�) = 0; n = 0; 1; : : : ; y0i = u0(xi):

(46)

�å¥¬  (46) ¨¬¥¥â ª ­®­¨ç¥áª¨© ¢¨¤ (4), £¤¥ B = E + ��A ¨ ®¯¥à â®à A ®¯à¥¤¥«ï¥âáï ¯à ¢¨«®¬

(Ay)i = �yxx;i; i = 1; 2; : : : ; N � 1; (Ay)N =
2
h
(yx;N � 
yx;0); y0 = 0: (47)

� áá¬®âà¨¬ § ¤ çã ­  á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤«ï à §­®áâ­®£® ®¯¥à â®à  (47)

yxx;i + �yi = 0; i = 1; 2; : : : ; N � 1; �2
h
(
yx;0 � yx;N) = �yN ; y0 = 0: (48)

�¥âàã¤­® ¯®ª § âì, çâ® § ¤ ç  (48) ¨¬¥¥â á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

� = �
(1;2)
k =

4
h2

sin2
�
�k

N
�  

2N

�
(49)

¨ ®â¢¥ç îé¨¥ ¨¬ á®¡áâ¢¥­­ë¥ äã­ªæ¨¨

�
(1)
k (xj) = sin

�
2�k �  

N
j

�
; �

(2)
k (xj) = sin

�
2�k +  

N
j

�
: (50)

� á«ãç ¥ 0 < 
 < 1 ¨¬¥¥¬ 0 <  < � ¨ ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï (49), ªà®¬¥ á®¡áâ¢¥­-
­ëå §­ ç¥­¨© á ¨­¤¥ªá®¬ k = 0, à §«¨ç­ë. �«¥¤®¢ â¥«ì­®, ¬­®¦¥áâ¢® á®¡áâ¢¥­­ëå äã­ªæ¨©
á®áâ ¢«ï¥â ¡ §¨á ¢ ¯à®áâà ­áâ¢¥ H á¥â®ç­ëå äã­ªæ¨©, ®¯à¥¤¥«¥­­®¬ ¢ ¯. 2. �à¨ ­¥ç¥â­®¬ N
á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (49) ¤«ï k = 0; 1; : : : ; (N � 1)=2, ¨¬ ®â¢¥ç îâ á®¡-
áâ¢¥­­ë¥ äã­ªæ¨¨ (50). �à¨ ç¥â­®¬ N ¨¬¥¥¬ k = 0; 1; : : : ; N=2 � 1, ªà®¬¥ â®£®, ¯à¨ k = N=2
¨¬¥¥âáï á®¡áâ¢¥­­ ï ¯ à  �N=2 = 4

h2
cos2  

2N
, �N=2(xj) = (�1)j sin �  j

2N

�
.

� ¤ «ì­¥©è¥¬ áç¨â ¥¬, çâ® á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï § ¤ ç¨ (48) à á¯®«®¦¥­ë ¢ ¯®àï¤ª¥ ¢®§-
à áâ ­¨ï: 0 < �0 < �1 < � � � < �N�1; ®¡®§­ ç¨¬ ç¥à¥§ �k(x) á®¡áâ¢¥­­ë© ¢¥ªâ®à, ®â¢¥ç îé¨©
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á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �k. �ãáâì � | ¬ âà¨æ  ¯®àï¤ª  N , áâ®«¡æ ¬¨ ª®â®à®© ï¢«ïîâáï ãª -
§ ­­ë¥ á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë. �à¨ 0 < 
 < 1 á¯¥ªâà ®¯¥à â®à  A ï¢«ï¥âáï ¯à®áâë¬, á«¥¤®¢ -
â¥«ì­®, á¨áâ¥¬  ¥£® á®¡áâ¢¥­­ëå ¢¥ªâ®à®¢ ®¡à §ã¥â ¡ §¨á ¨ ¬ âà¨æ  � ­¥¢ëà®¦¤¥­­ ï. �ã¤¥¬
à áá¬ âà¨¢ âì ¬ âà¨æã � ª ª «¨­¥©­ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ H ¢ H. �¡®§­ ç¨¬ ç¥à¥§ ��

®¯¥à â®à, á®¯àï¦¥­­ë© � ¢ á¬ëá«¥ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï (10). �®£« á­® (48) á¯à ¢¥¤«¨¢®
¬ âà¨ç­®¥ à ¢¥­áâ¢® A� = ��, £¤¥ � = diag[�0; �1; : : : ; �N�1].

�¥®à¥¬  5. �«ï ãáâ®©ç¨¢®áâ¨ à §­®áâ­®© áå¥¬ë (46) ¢ ¯à®áâà ­áâ¢¥ HD ­¥®¡å®¤¨¬® ¨

¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢®eD�+ � eD + (2� � 1)�� eD� > 0; (51)

£¤¥ eD = ��D�.

�â  â¥®à¥¬  ¤®ª §ë¢ ¥âáï â ª ¦¥, ª ª ¨ â¥®à¥¬  1, ¥á«¨ § ¬¥­¨âì X ­  � ¨ J ­  �.
� áá¬®âà¨¬ ç áâ­ë© á«ãç © â¥®à¥¬ë 5, ª®£¤  ®¯¥à â®à eD § ¤ ¥âáï ª ª ¤¨ £®­ «ì­ ï ¬ -

âà¨æ  eD = diag[�1; �2; : : : ; �N ]; (52)

£¤¥ �k | ¯®«®¦¨â¥«ì­ë¥ ¯ à ¬¥âàë, k = 1; 2; : : : ; N . �¡®§­ ç¨¬ ç¥à¥§ �N ¬ ªá¨¬ «ì­®¥ á®¡-
áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥à â®à  A:

�N =
4
h2

cos2
�
� �  

2N

�
; ¥á«¨ N ­¥ç¥â­®¥; �N =

4
h2

cos2
�
 

2N

�
; ¥á«¨ N ç¥â­®¥:

�¥®à¥¬  6. �ãáâì ®¯¥à â®à eD ®¯à¥¤¥«¥­ á®£« á­® (52) ¨ D = ���1 eD��1. �«ï ãáâ®©ç¨¢®-

áâ¨ à §­®áâ­®© áå¥¬ë (46) ¢ ¯à®áâà ­áâ¢¥ HD ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® ¢ë¯®«­¥­¨ï ­¥à -

¢¥­áâ¢ 

� >
1
2
� 1
��N

: (53)

�®ª § â¥«ìáâ¢®. � á«ãç ¥ ¤¨ £®­ «ì­ëå ¬ âà¨æ eD ¨ � ®¯¥à â®à­®¥ ­¥à ¢¥­áâ¢® (51) íª¢¨-
¢ «¥­â­® á¨áâ¥¬¥ ç¨á«®¢ëå ­¥à ¢¥­áâ¢ 2�k�k + (2� � 1)��k�2k > 0, k = 1; 2; : : : ; N , ª®â®à ï á¢®-
¤¨âáï ª ®¤­®¬ã ­¥à ¢¥­áâ¢ã (53).
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