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�¥â®¤ �®âí [1] ¤«ï ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨© ¢ æ¨«¨¤à¨ç¥áª¨å ®¡« áâïå ¤®áâ â®ç® å®à®-
è® ¨§ãç¥ ¨ ¨¬¥¥âáï ®¡è¨à ï ¡¨¡«¨®£à ä¨ï. � ¤ ®© à ¡®â¥ ¯à¥¤« £ ¥âáï áå¥¬  �®âí à¥è¥-
¨ï  ç «ì®-ªà ¥¢®© § ¤ ç¨ ¤«ï á¨áâ¥¬ë ª¢ §¨«¨¥©ëå ãà ¢¥¨© �îà£¥àá  ¢ ¥æ¨«¨¤à¨-
ç¥áª®© ®¡« áâ¨. � [2] ¨áá«¥¤®¢ «áï ¬¥â®¤ ï¢ëå  á¨¬¬¥âà¨ç¥áª¨å à §®áâëå  ¯¯à®ªá¨¬ æ¨©
à¥è¥¨ï  ç «ì®-ªà ¥¢®© § ¤ ç¨ ¤«ï á¨áâ¥¬ë �îà£¥àá  ¢ æ¨«¨¤à¥. � §à¥è¨¬®áâì  ç «ì®-
ªà ¥¢®© § ¤ ç¨ ¢ ¯à®áâà áâ¢ å ��¥«ì¤¥à  ¢ ¥æ¨«¨¤à¨ç¥áª®© ®¡« áâ¨ ¨§ãç « áì ¢ [3]. � ¤ ®©
áâ âì¥ ¯®«ãç¥ë ®æ¥ª¨ áª®à®áâ¨ áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥ëå à¥è¥¨©, ¯®áâà®¥ëå ¯® ¬¥â®¤ã
�®âí, ª â®ç®¬ã à¥è¥¨î.

1. �®áâ ®¢ª  § ¤ ç¨

� R3 à áá¬®âà¨¬ ®¡« áâì, ®£à ¨ç¥ãî ¯®¢¥àå®áâìî x2 + y2 = �2(t) ¨ ¯«®áª®áâï¬¨ t = 0,
t = T , £¤¥ �(t) | ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ ï äãªæ¨ï â ª ï, çâ® �(t) � r > 0 ¤«ï
¢á¥å 0 � t � T , T <1. � ãî ®¡« áâì ¨ ¥¥ § ¬ëª ¨¥ ®¡®§ ç¨¬ ç¥à¥§ D ¨ D.

� ®¡« áâ¨ D ¨áá«¥¤ã¥¬  ç «ì®-ªà ¥¢ãî § ¤ çã ¤«ï á¨áâ¥¬ë ãà ¢¥¨© �îà£¥àá  [2]

@u

@t
�R4u+ u

@u

@x
+ v

@u

@y
= f1(x; y; t); (1)

@v

@t
�R4v + u

@v

@x
+ v

@v

@y
= f2(x; y; t); (2)

u(x; y; t) = 0; v(x; y; t) = 0 ¯à¨ x2 + y2 = �2(t); 0 � t � T; (3)

u(x; y; 0) = 0; v(x; y; 0) = 0 ¯à¨ x2 + y2 � �2(0); (4)

£¤¥ R | ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï.
�«ï § ¤ ç¨ (1){(4) à áá¬®âà¨¬ ¬¥â®¤ �®âí.
�  ®âà¥§ª¥ 0 � t � T ¢¢¥¤¥¬ à ¢®¬¥àãî á¥âªã ! = fts = sh, s = 0; 1; : : : ; N , hN = Tg á è -

£®¬ h. �¡®§ ç¨¬ �s = �(ts)=�(ts+1),   ç¥à¥§ D
s
| ¬®¦¥áâ¢® â®ç¥ª (x; y; ts), ã¤®¢«¥â¢®àïîé¨å

¥à ¢¥áâ¢ã x2 + y2 � �2(ts).
�¥ªâ®àë !(!0(x; y); !1(x; y); : : : ; !N(x; y)), �(�0(x; y); �1(x; y); : : : ; �N(x; y))  §®¢¥¬ ¯à¨¡«¨¦¥-

ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(4), ¯®áâà®¥ë¬ ¯® ¬¥â®¤ã �®âí, ¥á«¨ ª®¬¯®¥âë !s(x; y), �s(x; y)
(s = 0; 1; : : : ; N) ï¢«ïîâáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨

h�1
�
!s+1(x; y)� !s(x�s; y�s)�

�
x
@!s+1(x; y)

@x
+ y

@!s+1(x; y)
@y

�
h�0(ts+1)
�(ts+1)

�
�R4!s+1(x; y) +

+!s(x�s; y�s)
@!s+1(x; y)

@x
+ �s(x�s; y�s)

@!s+1(x; y)
@y

= f1(x; y; ts+1); (x; y) 2 Ds+1; (5)

h�1
�
�s+1(x; y)� �s(x�s; y�s)�

�
x
@�s+1(x; y)

@x
+ y

@�s+1(x; y)
@y

�
h�0(ts+1)
�(ts+1)

�
�R4�s+1(x; y) +
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+!s(x�s; y�s)
@�s+1(x; y)

@x
+ �s(x�s; y�s)

@�s+1(x; y)
@y

= f2(x; y; ts+1); (x; y) 2 Ds+1; (6)

!s+1(x; y) = 0; �s+1(x; y) = 0 ¯à¨ x2 + y2 = �2(ts+1); s = 0; 1; : : : ; N � 1; (7)

!0(x; y) = 0; �0(x; y) = 0 ¯à¨ (x; y) 2 D
0
:

�¥âàã¤® ¢¨¤¥âì, çâ® ¥á«¨ �(t) = const, â® ¯®«ãç¨¬ ª« áá¨ç¥áª¨© ¬¥â®¤ �®âí à¥è¥¨ï
 ç «ì®-ªà ¥¢®© § ¤ ç¨ ¤«ï á¨áâ¥¬ë ãà ¢¥¨© �îà£¥àá  ¢ æ¨«¨¤à¥.

2. �¯¯à®ªá¨¬ æ¨ï ¨ áå®¤¨¬®áâì

� ¤ ®¬ ¯ à £à ä¥ ¢¢¥¤¥¬ ¯®ïâ¨¥  ¯¯à®ªá¨¬ æ¨¨ ¯® ¬¥â®¤ã �®âí ¨ ¯®«ãç¨¬ ®æ¥ªã ¡ë-
áâà®âë áå®¤¨¬®áâ¨ ¯à¨¡«¨¦¥ëå à¥è¥¨© ¢ ã§« å á¥âª¨.

�ãáâì u(x; y; t), v(x; y; t) | à¥è¥¨ï § ¤ ç¨ (1){(4) ¨§ ¯à®áâà áâ¢  ��¥«ì¤¥à  H2+�;1+�

2 (D)�
H2+�;1+�

2 (D).
�¯¯à®ªá¨¬ æ¨¥© § ¤ ç¨ (1){(4) ¯® ¬¥â®¤ã �®âí   á¥ç¥¨¨ Ds+1  §®¢¥¬ ¢¥«¨ç¨ë

's+1 =
u(x; y; ts+1)� u(x�s; y�s; ts)

h
�
�0(ts+1)
�(ts+1)

�
x
@u(x; y; ts+1)

@x
+ y

@u(x; y; ts+1)
@y

�
�

�R�u(x; y; ts+1) + u(x�s; y�s; ts)
@u(x; y; ts+1)

@x
+ v(x�s; y�s; ts)

@u(x; y; ts+1)
@y

� f1(x; y; ts+1);

 s+1 =
v(x; y; ts+1)� v(x�s; y�s; ts)

h
�
�0(ts+1)
�(ts+1)

�
x
@v(x; y; ts+1)

@x
+ y

@v(x; y; ts+1)
@y

�
�

�R�v(x; y; ts+1) + u(x�s; y�s; ts)
@v(x; y; ts+1)

@x
+

+v(x�s; y�s; ts)
@v(x; y; ts+1)

@y
� f2(x; y; ts+1);

£¤¥ äãªæ¨¨ f1(x; y; t), f2(x; y; t) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã ��¥«ì¤¥à  H�;�=2(D).

�¥®à¥¬  2.1. �ãáâì äãªæ¨¨ f1(x; y; t), f2(x; y; t) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã ��¥«ì¤¥à 

H2+�;1+�=2(D); f1(x; y; 0) = 0, f2(x; y; 0) = 0, @f1
@t

��
t=0

= 0, @f2
@t

��
t=0

= 0 ¯à¨ x2 + y2 = �2(0). �®-
£¤  ¤«ï ¢¥«¨ç¨ 's+1,  s+1 á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

j's+1j+ j s+1j � Kh; s = 0; 1; : : : ; N � 1;

£¤¥ K | ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï, ¥ § ¢¨áïé ï ®â h ¨ s.

�®ª § â¥«ìáâ¢®. � à ¡®â¥ [3] ¯à¨ ¯à¥¤¯®«®¦¥¨ïå, çâ® äãªæ¨¨ fi(x; y; t) (i = 1; 2) ¯à¨-
 ¤«¥¦ â ¯à®áâà áâ¢ã H�;�=2(D) ¨ fi(x; y; 0) = 0 ¯à¨ x2 + y2 = �2(0), ãáâ ®¢«¥ë â¥-
®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (1){(4) ¨§ ¯à®áâà áâ¢  ��¥«ì¤¥à 
H2+�;1+�=2(D) � H2+�;1+�=2(D). �®   «®£¨¨ á [3] á ¨á¯®«ì§®¢ ¨¥¬ ãá«®¢¨© ¤ ®© â¥®à¥¬ë
¨ â¥®à¥¬ë ® ¯®¢ëè¥¨¨ £« ¤ª®áâ¨ ([4], á. 364) ¬®¦® ¯®ª § âì, çâ® à¥è¥¨¥ § ¤ ç¨ (1){(4) ¯à¨-
 ¤«¥¦¨â ¯à®áâà áâ¢ã ��¥«ì¤¥à  H4+�;2+�=2(D)�H4+�;2+�=2(D).

� áá¬®âà¨¬ äãªæ¨î u(�; �; t), £¤¥ (�; �; t) 2 D. �ãáâì (a; b; �) | â®çª , ¯à¨ ¤«¥¦ é ï
®¡« áâ¨ D. � ¯¨è¥¬ ä®à¬ã«ã �¥©«®à  ¤«ï äãªæ¨¨ u(�; �; t) ¢ â®çª¥ (a; b; �), ®£à ¨ç¨¢ ïáì
¢â®àë¬ ¤¨ää¥à¥æ¨ «®¬ d2u ¯à¨ d� = � � a, d� = � � b, dt = t� � (u | § ç¥¨¥ äãªæ¨¨ u ¢
¯à®¬¥¦ãâ®ç®© â®çª¥). �®«ãç¨¬

u(�; �; t) = u(a; b; �) +
@u(a; b; �)

@�
(� � a) +

@u(a; b; �)
@�

(� � b) +
@u(a; b; �)

@t
(t� �) +

1
2
d2u:

�®«®¦¨¬ ¢ íâ®© ä®à¬ã«¥

a = x; b = y; � = ts+1; � = �sx; � = �sy; t = ts:
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�®£¤ 

u(�sx;�sy; ts)� u(x; y; ts+1)� (�s � 1)x
@u(x; y; ts+1)

@�
�

�
�(ts)
�(ts+1)

� 1
�
y
@u(x; y; ts+1)

@�
=

=
@u(x; y; ts+1)

@t
(ts � ts+1) +

1
2
d2u:

� ª ª ª
@u

@�
=
@u

@x

@x

@�
;

@u

@�
=
@u

@y

@y

@�
;

â®

u(�sx;�sy; ts)� u(x; y; ts+1)� (1� �s)x
@u(x; y; ts+1)

@x
� (1� �s)y

@u(x; y; ts+1)
@y

=

= �
@u(x; y; ts+1)

@t
h+

1
2
d2u:

�ãªæ¨ï �(t) ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ , ¯®íâ®¬ã á®£« á® ä®à¬ã«¥ �¥©«®à 
¯®á«¥¤¥¥ á®®â®è¥¨¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

u(�sx;�sy; ts)� u(x; y; ts+1) + h
�0(ts+1)
�(ts+1)

�
@u(x; y; ts+1)

@x
x+

@u(x; y; ts+1)
@y

y

�
�

�
1

2�(ts)

�
@u(x; y; ts+1)

@x
x+

@u(x; y; ts+1)
@y

y

�
@2�(�s)
@t2

h2 = �
@u(x; y; ts+1)

@t
h+

1
2
d2u: (8)

� á¨«ã (8)  ¯¯à®ªá¨¬ æ¨ï 's+1 ¯à¨¬¥â ¢¨¤

's+1 =
@u(x; y; ts+1)

@t
�

1
2h
d2u�

1
2�(ts)

�
@u(x; y; ts+1)

@x
x+

@u(x; y; ts+1)
@y

y

�
@2�(�s)
@t2

h�

�R�u(x; y; ts+1) + u(x�s; y�s; ts)
@u(x; y; ts+1)

@x
+ v(x�s; y�s; ts)

@u(x; y; ts+1)
@y

� f1(x; y; ts+1):

� ª ª ª u(x; y; t) | à¥è¥¨¥ § ¤ ç¨ (1){(4), â® ¢ ªàã£¥ x2 + y2 < �2(ts+1) ¯®«ãç ¥¬

's+1 = �
1
2h
d2u+

�
u(x�s; y�s; ts)� u(x; y; ts+1)

�@u(x; y; ts+1)
@x

+

+
�
v(x�s; y�s; ts)�v(x; y; ts+1)

�@u(x; y; ts+1)
@y

�
1

2�(ts)

�
@u(x; y; ts+1)

@x
x+

@u(x; y; ts+1)
@y

y

�
@2�(�s)
@t2

h:

�ãªæ¨¨ u(x; y; t), v(x; y; t) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã H4+�;2+�=2(D),   äãªæ¨ï �(t) |
¯à®áâà áâ¢ã C2[0; T ], ¯®íâ®¬ã ¨§ ¯®á«¥¤¥£® à ¢¥áâ¢  ¢ëâ¥ª ¥â ®æ¥ª 

j's+1j �M1h:

� «®£¨ç® ¬®¦® ¯®«ãç¨âì ®æ¥ªã

j s+1j �M2h: �

�¥¬¬  2.1. �ãáâì äãªæ¨¨ f1(x; y; t), f2(x; y; t) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã ��¥«ì¤¥à 

H�;�=2(D), â®£¤  § ¤ ç  (5){(7) ¨¬¥¥â à¥è¥¨¥ !s+1(x; y), �s+1(x; y) ¨§ ¯à®áâà áâ¢  H2+�(D
s+1

),
¨ ®® ¥¤¨áâ¢¥®. �¥à  ®æ¥ª 

max
D
s+1
j!s+1(x; y)j +max

D
s+1
j�s+1(x; y)j � T (kf1(x; y; t)kC(D) + kf2(x; y; t)kC(D)): (9)
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�®ª § â¥«ìáâ¢®. � ª ª ª äãªæ¨¨ fi(x; y; t) (i = 1; 2) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ãH�;�=2(D),
â® ¤«ï !1(x; y), �1(x; y), (x; y) 2 D

1
¨¬¥¥¬ «¨¥©ãî ªà ¥¢ãî § ¤ çã ¤«ï í««¨¯â¨ç¥áª¨å ãà ¢-

¥¨©. �§¢¥áâ® ([5], á. 133), çâ® à¥è¥¨ï íâ¨å § ¤ ç áãé¥áâ¢ãîâ ¨ ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã
H2+�(D

1
), ¯à¨ç¥¬ íâ¨ à¥è¥¨ï ¥¤¨áâ¢¥ë. � ááã¦¤ ï   «®£¨çë¬ ®¡à §®¬, ãáâ  ¢«¨¢ ¥¬

à §à¥è¨¬®áâì § ¤ ç¨ (5){(7) ¢ ¯à®áâà áâ¢¥ ��¥«ì¤¥à  H2+�(D
s+1

) (s = 0; 1; : : : ; N�1). �§ ¨§¢¥áâ-
ëå ®æ¥®ª   ¬®¤ã«ì à¥è¥¨ï ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ ¤«ï «¨¥©ëå í««¨¯â¨ç¥áª¨å ãà ¢¥¨©
( ¯à., [5]) á«¥¤ã¥â ®æ¥ª 

max
D
s+1
j!s+1(x; y)j � hmax

D
s+1
jf1(x; y; ts+1)j+max

D
s+1
j!s(x�s; y�s)j: (10)

�®«®¦¨¢ ¢ (10) s = 0, ¯®«ãç¨¬

max
D
1
j!1(x; y)j � hmax

D
1
jf1(x; y; t1)j � hkf1(x; y; t)kC(D) � Nhkf1(x; y; t)kC(D) = Tkf1(x; y; t)kC(D):

�á«¨ s = 1, â®

max
D
2
j!2(x; y)j � hmax

D
2
jf1(x; y; t2)j+max

D
2
j!1(x�1; y�1)j �

� 2hkf1(x; y; t)kC(D) � Tkf1(x; y; t)kC(D):

�à®¤®«¦ ï ¤ ë© ¯à®æ¥áá, ¤«ï «î¡®£® s = 0; 1; : : : ; N � 1 ¯®«ãç¨¬ ®æ¥ªã

max
D
s+1
j!s+1(x; y)j � Tkf1(x; y; t)kC(D):

� «®£¨ç® ¢ë¢®¤¨âáï ®æ¥ª 

max
D
s+1
j�s+1(x; y)j � Tkf2(x; y; t)kC(D): �

�¥®à¥¬  2.2. �ãáâì äãªæ¨¨ f1(x; y; t), f2(x; y; t) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã ��¥«ì¤¥à 

H2+�;1+�=2(D); f1(x; y; 0) = 0, f2(x; y; 0) = 0, @f1
@t
jt=0 = 0, @f2

@t
jt=0 = 0 ¯à¨ x2 + y2 = �2(0). �®-

£¤  áãé¥áâ¢ã¥â â ª®¥ ¯®«®¦¨â¥«ì®¥ ç¨á«® h0, çâ® ¤«ï ¢á¥å 0 < h < h0 ¢¥à  ®æ¥ª 

kr(!s+1(x; y)� u(x; y; ts+1))k2L2(Ds+1) + kr(�
s+1(x; y)� v(x; y; ts+1))k2L2(Ds+1) �M3h

2; (11)

£¤¥ ¯®áâ®ï ï M3 ¥ § ¢¨á¨â ®â h ¨ s.

�®ª § â¥«ìáâ¢®. �ãáâì u(x; y; t), v(x; y; t) | à¥è¥¨¥ § ¤ ç¨ (1){(4). �¢¥¤¥¬ ®¡®§ ç¥¨ï

�s+1(x; y) = !s+1(x; y)� u(x; y; ts+1);

�s+1(x; y) = �s+1(x; y)� v(x; y; ts+1)

¤«ï ¢á¥å â®ç¥ª (x; y) 2 D
s+1

, s = 0; 1; : : : ; N � 1. �®£¤  ¢¥àë â®¦¤¥áâ¢ 

h�1
�
�s+1(x; y) � �s(�sx;�sy)�

�0(ts+1)
�(ts+1)

h

�
x
@�s+1(x; y)

@x
+ y

@�s+1(x; y)
@y

��
�

�R��s+1(x; y) + !s(x�s; y�s)
@!s+1(x; y)

@x
� u(x; y; ts+1)

@u(x; y; ts+1)
@x

+

+ �s(x�s; y�s)
@!s+1(x; y)

@y
� v(x; y; ts+1)

@u(x; y; ts+1)
@y

= F s+1(x; y); (12)
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£¤¥ (x; y) 2 Ds+1,

F s+1(x; y) =
@u(x; y; ts+1)

@t
� h�1fu(x; y; ts+1)� u(x�s; y�s; ts)g �

�
�0(ts+1)
�(ts+1)

�
x
@u(x; y; ts+1)

@x
+ y

@u(x; y; ts+1)
@y

�
;

�s+1(x; y) = 0 ¯à¨ x2 + y2 = �2(ts+1): (13)

�¬®¦¨¬ â®¦¤¥áâ¢® (12)   (�2h��s+1(x; y)) ¨ ¯à®¨â¥£à¨àã¥¬ ¯® ®¡« áâ¨ Ds+1, â®£¤ 

kr�s+1(x; y)k2L2(Ds+1) � kr�
s(x�s; y�s)k2L2(Ds+1) + h2

r(�
s+1(x; y) � �s(x�s; y�s))

h


2

L2(Ds+1)

+

+ 2hRk��s+1(x; y)k2L2(Ds+1) = 2h
Z
Ds+1

��
!s(x�s; y�s)�

�0(ts+1)
�(ts+1)

x

�
@�s+1(x; y)

@x
+

+ �s(x�s; y�s)
@u(x; y; ts+1)

@x
+
�
u(x�s; y�s; ts)� u(x; y; ts+1)

�@u(x; y; ts+1)
@x

+

+
�
�s(x�s; y�s)�

�0(ts+1)
�(ts+1)

y

�
@�s+1(x; y)

@y
+ �s(x�s; y�s)

@u(x; y; ts+1)
@y

+

+
�
v(x�s; y�s; ts)� v(x; y; ts+1)

�@u(x; y; ts+1)
@y

�
��s+1(x; y)dx dy �

� 2h
Z
Ds+1

F s+1(x; y)��s+1(x; y)dx dy: (14)

�æ¥¨¬ ª ¦¤®¥ á« £ ¥¬®¥ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (14).
�®£« á® ¥à ¢¥áâ¢ã (9) ¨ ãá«®¢¨ï¬,  « £ ¥¬ë¬   äãªæ¨î �(t), ¨¬¥¥¬

jJ1j = 2h
Z
Ds+1

����!s(x�s; y�s)�
�0(ts+1)
�(ts+1)

x

����
����@�

s+1(x; y)
@x

����j��s+1(x; y)jdx dy �

� 2M4h

Z
Ds+1

����@�
s+1(x; y)
@x

����j��s+1(x; y)jdx dy �

�M4h

�
1
"

Z
Ds+1

jr�s+1(x; y)j2dx dy + "

Z
Ds+1

j��s+1(x; y)j2dx dy
�
:

� ª ª ª äãªæ¨ï u(x; y; t) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã H2+�;1+�=2(D), â®

jJ2j = 2h
Z
Ds+1

j�s(x�s; y�s)j
����@u(x; y; ts+1)@x

����j��s+1(x; y)jdx dy �
� 2M5h

Z
Ds+1

j�s(x�s; y�s)j j��
s+1(x; y)jdx dy �

�M5h

�
1
"

Z
Ds+1

j�s(x�s; y�s)j
2dx dy + "

Z
Ds+1

j��s+1(x; y)j2dx dy
�
:

�æ¥¨¢ ï ¯¥à¢®¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ¯® ¥à ¢¥áâ¢ã �à¨¤à¨åá , ¯®«ãç¨¬

jJ2j �M6h

�
1
"

Z
Ds+1

jr�s(x�s; y�s)j
2dx dy + "

Z
Ds+1

j��s+1(x; y)j2dx dy
�
;

jJ3j = 2h
Z
Ds+1

ju(x�s;�y; ts)� u(x; y; ts+1)j
����@u(x; y; ts+1)@x

����j��s+1(x; y)jdx dy �
�M7h

Z
Ds+1

ju(x�s; y�s; ts)� u(x; y; ts+1)j j��
s+1(x; y)jdx dy:
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�§ ä®à¬ã«ë �¥©«®à  ¤«ï à §®áâ¨ u(x�s; y�s; ts)� u(x; y; ts+1) á«¥¤ã¥â ®æ¥ª 

ju(x�s; y�s; ts)� u(x; y; ts+1)j �M8h;

£¤¥ ¯®«®¦¨â¥«ì ï ¯®áâ®ï ï M8 ¥ § ¢¨á¨â ®â h ¨ s. �®£¤ 

jJ3j �M9h
2

Z
Ds+1

j��s+1(x; y)jdx dy �M10

�
h3

"
+ "h

Z
Ds+1

j4�s+1(x; y)j2dx dy
�
:

� «®£¨ç® ®æ¥¨¢ îâáï á«¥¤ãîé¨¥ âà¨ á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ ãà ¢¥¨ï (14)

jJ4j = 2h
Z
Ds+1

�����s(x�s; y�s)�
�0(ts+1)
�(ts+1)

y

����
����@�

s+1(x; y)
@y

����j��s+1(x; y)jdx dy �

�M11h

�
1
"

Z
Ds+1

jr�s+1(x; y)j2dxdy + "

Z
Ds+1

j��s+1(x; y)j2dx dy
�
;

jJ5j = 2h
Z
Ds+1

j�s(x�s; y�s)j
����@u(x; y; ts+1)@y

����j��s+1(x; y)jdx dy �

�M12h

�
M13

"

Z
Ds+1

jr�s(x�s; y�s)j
2dx dy + "

Z
Ds+1

j��s+1(x; y)j2dx dy
�
;

jJ6j = 2h
Z
Ds+1

jv(x�s; y�s; ts)� v(x; y; ts+1)j
����@u(x; y; ts+1)@y

����j��s+1(x; y)jdx dy �

�M14

�
h3

"
+ "h

Z
Ds+1

j��s+1(x; y)j2dx dy
�
:

�®£« á® (8) ¨¬¥¥¬

jJ7j = 2h
Z
Ds+1

jF s+1(x; y)j j��s+1(x; y)jdxdy �

� 2h2M15

Z
Ds+1

j��s+1(x; y)jdx dy �M16

�
h3

"
+ "h

Z
Ds+1

j��s+1(x; y)j2dx dy
�
:

� ¯®¬®éìî ®æ¥®ª ¤«ï jJ1j; : : : ; jJ7j ¨§ (14) ¯®«ãç¨¬

kr�s+1(x; y)k2L2(Ds+1) � kr�
s(x�s; y�s)k2L2(Ds+1) +

+ h(2R � "(M4 +M5 +M6 +M10 +M11 +M12M13 +M14 +M16))k4�
s+1(x; y)k2L2(Ds+1) �

�
h

"
(M4kr�

s+1(x; y)k2L2(Ds+1) +M6kr�
s(x�s; y�s)k

2
L2(Ds+1) +

+M10h
2 +M11kr�

s+1(x; y)k2L2(Ds+1) +M12M13kr�
s(x�s; y�s)k

2
L2(Ds+1) +M14h

2 +M16h
2):

�ë¡¨à ï " â ª, çâ®¡ë ª®íää¨æ¨¥â ¯à¨ k4�s+1(x; y)k2L2(Ds+1) ¡ë« ¯®«®¦¨â¥«ìë¬, ¨¬¥¥¬

kr�s+1(x; y)k2L2(Ds+1) � kr�
s(x�s; y�s)k

2
L2(Ds+1) �

� hM17(kr�s+1(x; y)k2L2(Ds+1) + kr�
s(x�s; y�s)k2L2(Ds+1) + kr�

s(x�s; y�s)k2L2(Ds+1) + h2):

�âáî¤ 

(1� hM17)(kr�
s+1(x; y)k2L2(Ds+1) � kr�

s(x�s; y�s)k
2
L2(Ds+1)) �

� hM18(kr�s(x�s; y�s)k2L2(Ds+1) + kr�
s(x�s; y�s)k2L2(Ds+1)) +M17h

3:
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�á«¨ ç¨á«® h0 > 0 â ª®¥, çâ® 1�h0M17 > 0, â® ¤«ï ¢á¥å 0 < h < h0 ¨§ ¯à¥¤ë¤ãé¥£® ¥à ¢¥áâ¢ 
á«¥¤ã¥â ®æ¥ª 

kr�s+1(x; y)k2L2(Ds+1) � kr�
s(x�s; y�s)k

2
L2(Ds+1) �

�
hM18

1� h0M17

(kr�s(x�s; y�s)k
2
L2(Ds+1) + kr�

s(x�s; y�s)k
2
L2(Ds+1)) +

M17h
3

1� h0M17

: (15)

� ¨â¥£à «¥ Z
Ds+1

jr�s(x�s; y�s)j2dx dy

¯à®¨§¢¥¤¥¬ § ¬¥ã ¯¥à¥¬¥ëå x = �=�s, y = �=�s. �®«ãç¨¬

Z
Ds+1

jr�s(x�s; y�s)j
2dx dy =

Z
Ds

jr�s(�; �)j2d� d�:

�®£¤ , áã¬¬¨àãï ¥à ¢¥áâ¢® (15) ¯® s ®â 0 ¤® k � N � 1, ¨¬¥¥¬

kr�k+1(x; y)k2L2(Dk+1) �M19h

� kX
s=0

kr�s(x�s; y�s)k
2
L2(Ds+1) +

+
kX

s=0

kr�s(x�s; y�s)k
2
L2(Ds+1)

�
+M20h

2;

£¤¥ ¯®áâ®ïë¥ M19, M20 ¥ § ¢¨áïâ ®â h ¨ s.
� «®£¨ç® ¢ë¢®¤¨âáï ®æ¥ª 

kr�k+1(x; y)k2L2(Dk+1) �M19h

� kX
s=0

kr�s(x�s; y�s)k2L2(Ds+1) +
kX

s=0

kr�s(x�s; y�s)k2L2(Ds+1)

�
+M20h

2:

�§ ¯®á«¥¤¨å ¤¢ãå ¥à ¢¥áâ¢ ¨ ¨§ à §®áâ®£®   «®£  ¥à ¢¥áâ¢  �à®ã®««  ( ¯à., [6],
á. 222) á«¥¤ã¥â ®æ¥ª  (11).

�¥®à¥¬  2.3. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë 2:2. �®£¤  ¢¥à  ®æ¥ª 

max
D
s+1
j!s+1(x; y)� u(x; y; ts+1)j+max

D
s+1
j�s+1(x; y)� v(x; y; ts+1)j �Mh; (16)

£¤¥ ¯®áâ®ï ï M ¥ § ¢¨á¨â ®â s ¨ h.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ â®¦¤¥áâ¢® (12) ¢ ¢¨¤¥

�s+1(x; y)�Rh4�s+1(x; y)�
�0(ts+1)
�(ts+1)

h

�
x
@�s+1(x; y)

@x
+ y

@�s+1(x; y)
@y

�
+

+ h

�
!s(x�s; y�s)

@�s+1(x; y)
@x

+ �s(x�s; y�s)
@�s+1(x; y)

@y

�
=

= hF s+1 + �s(x�s; y�s) + h[u(x; y; ts+1)� !s(x�s; y�s)]
@u(x; y; ts+1)

@x
+

+ h[v(x; y; ts+1)� �s(x�s; y�s)]
@u(x; y; ts+1)

@y
: (17)

18



�ãªæ¨ï �s+1(x; y) ï¢«ï¥âáï à¥è¥¨¥¬ ªà ¥¢®© § ¤ ç¨ (17), (13) ¨ ¤«ï ¥¥ ¨§¢¥áâ  ®æ¥ª 
( ¯à., [5])

max
D
s+1
j�s+1(x; y)j � hmax

D
s+1
jF s+1j+max

D
s+1
j�s(x�s; y�s)j+

+ hmax
D
s+1
ju(x; y; ts+1)� u(x�s; y�s; ts)jmax

D
s+1

����@u(x; y; ts+1)@x

����+

+ hmax
D
s+1
jv(x; y; ts+1)� v(x�s; y�s; ts)jmax

D
s+1

����@u(x; y; ts+1)@y

����+

+ hmax
D
s+1
j�s(x�s; y�s)jmax

D
s+1

����@u(x; y; ts+1)@x

����+ hmax
D
s+1
j�s(x�s; y�s)jmax

D
s+1

����@u(x; y; ts+1)@y

����:
�á¯®«ì§ãï ¨§¢¥áâãî ®æ¥ªã ¤«ï jF s+1j ¨ ¯à¨ ¤«¥¦®áâì à¥è¥¨ï u(x; y; t), v(x; y; t) ¯à®-

áâà áâ¢ã H4+�;2+�=2(D), ¯®«ãç¨¬

max
D
s+1
j�s+1(x; y)j �M21h

2 +M22hfmax
D
s+1
j�s(x�s; y�s)j+

+max
D
s+1
j�s(x�s; y�s)jg+max

D
s+1
j�s(x�s; y�s)j:

� «®£¨ç® ¢ë¢®¤¨âáï ®æ¥ª 

max
D
s+1
j�s+1(x; y)j �M21h

2 +M22hfmax
D
s+1
j�s(x�s; y�s)j+

+max
D
s+1
j�s(x�s; y�s)jg+max

D
s+1
j�s(x�s; y�s)j:

� ª¨¬ ®¡à §®¬,

max
D
s+1
j�s+1(x; y)j +max

D
s+1
j�s+1(x; y)j �

�M23fh
2 + (1 + h)(max

D
s+1
j�s(x�s; y�s)j+max

D
s+1
j�s(x�s; y�s)j)g:

� ª ª ª �0(x; y) � 0, �0(x; y) � 0, â® ¨§ ¯®á«¥¤¥£® á®®â®è¥¨ï ¢ëâ¥ª ¥â ®æ¥ª  (16).
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