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1. �¢¥¤¥­¨¥

�­®£¨¥ à¥ «ì­ë¥ ¯à®¡«¥¬ë, ¢®§­¨ª îé¨¥ ¢ ¯à¨«®¦¥­¨ïå, ¯à¨¢®¤ïâ ª á«®¦­ë¬ á¨áâ¥¬ ¬,
ª®â®àë¥ ¬®£ãâ ¢ª«îç âì ¤¨ää¥à¥­æ¨ «ì­ë¥, ¨­â¥£à «ì­ë¥ ¨  «£¥¡à ¨ç¥áª¨¥ ãà ¢­¥­¨ï. �à®-
¡«¥¬  ª®­âà®«ï â®ç­®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© â ª¨å á¨áâ¥¬ ¢¥áì¬  á«®¦­ , ¯®áª®«ìªã ª -
¦¤ ï ¨§ ¢å®¤ïé¨å ¢ á¨áâ¥¬ã ¯¥à¥¬¥­­ëå § ª«îç ¥â ¢ á¥¡¥ ­¥ª®â®àãî ¯®£à¥è­®áâì ¨ â¥¬ á ¬ë¬
¨­¤ãæ¨àã¥â ¤®¯®«­¨â¥«ì­ë¥ ®è¨¡ª¨ ¢ ®¯à¥¤¥«¥­¨¨ ¢á¥å ®áâ «ì­ëå ¯¥à¥¬¥­­ëå § ¤ ç¨. � ¤ ­-
­®© áâ âì¥ à áá¬®âà¥­  ®¤­  ¨§ â¨¯¨ç­ëå § ¤ ç â ª®£® ª« áá , ª®â®à ï ¢®§­¨ª ¥â ¯à¨ á®¢¬¥áâ-
­®¬  ­ «¨§¥ â¥à¬¨ç¥áª¨å ¨ á¨«®¢ëå ¯®«¥©, ®¡à §ãîé¨åáï ¢ ã¯àã£¨å â¥« å ¯à¨ ­ £à¥¢ ­¨¨.
�¤¥áì â¥¬¯¥à âãà­ë¥ ­ ¯àï¦¥­¨ï, ®¯à¥¤¥«ïîé¨¥ ¤®¯®«­¨â¥«ì­ë¥ ¤¥ä®à¬ æ¨¨ ¨ ­ ¯àï¦¥­¨ï
®¯à¥¤¥«ïîâáï ¨§ à¥è¥­¨ï § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨, ¯à¨á®¥¤¨­¥­­®© ª ãà ¢­¥­¨ï¬ â¥®à¨¨ ã¯àã-
£®áâ¨.

�®­âà®«ì â®ç­®áâ¨ ¯à¨¡«¨¦¥­­ëå à¥è¥­¨© ï¢«ï¥âáï ®¤­®© ¨§ ¢ ¦­¥©è¨å § ¤ ç ¢ëç¨á«¨-
â¥«ì­®© ¬ â¥¬ â¨ª¨. �âã § ¤ çã ¬®¦­® à¥è âì ª ª á ¯®¬®éìî  ¯à¨®à­®£®, â ª ¨  ¯®áâ¥à¨®à-
­®£® ¯®¤å®¤ . �¯à¨®à­ë¥ ®æ¥­ª¨, ª ª ¯à ¢¨«®, âà¥¡ãîâ ¤®¯®«­¨â¥«ì­®© à¥£ã«ïà­®áâ¨ â®ç­®£®
à¥è¥­¨ï ¨ ¨¬¥îâ  á¨¬¯â®â¨ç¥áª¨© å à ªâ¥à, â. ¥. ¯®ª §ë¢ îâ áª®à®áâì ã¡ë¢ ­¨ï ¯®£à¥è­®áâ¨
¯à¨ ã¬¥­ìè¥­¨¨ å à ªâ¥à­®£® ¯ à ¬¥âà  á¥âª¨. �¯®áâ¥à¨®à­ë¥ ®æ¥­ª¨ ¢®§­¨ª«¨ ­¥áª®«ìª®
¯®§¤­¥¥  ¯à¨®à­ëå ¢ á¢ï§¨ á ­¥®¡å®¤¨¬®áâìî ¨­¤¨ª æ¨¨ à á¯à¥¤¥«¥­¨ï ¯®£à¥è­®áâ¨ ¯à¨¡«¨-
¦¥­­®£® à¥è¥­¨ï, ¯®áâà®¥­­®£® ­  ª®­ªà¥â­®© á¥âª¥. �¯®áâ¥à¨®à­ë¥ ¨­¤¨ª â®àë ¯®£à¥è­®áâ¨
è¨à®ª® ¨á¯®«ì§ãîâáï ¢ á®¢à¥¬¥­­ëå ¢ëç¨á«¨â¥«ì­ëå ¯à®£à ¬¬ å ®á­®¢ ­­ëå ­  ¯à¨­æ¨¯¥ ¯®-
á«¥¤®¢ â¥«ì­®©  ¤ ¯â æ¨¨ á¥â®ª. �®«­®¥ à¥è¥­¨¥ § ¤ ç¨  ¯®áâ¥à¨®à­®£® ª®­âà®«ï âà¥¡ã¥â ­¥
â®«ìª® ¯®«ãç¥­¨ï ¨­¤¨ª â®à  à á¯à¥¤¥«¥­¨ï ¯®£à¥è­®áâ¨, ­® ¨ ¯®áâà®¥­¨ï £ à ­â¨à®¢ ­­®©
¢¥àå­¥© £à ­¨æë ®è¨¡ª¨  ¯¯à®ªá¨¬ æ¨¨ ¢ ¥áâ¥áâ¢¥­­®© (í­¥à£¥â¨ç¥áª®©) ­®à¬¥.

�¯®áâ¥à¨®à­ë¥ ®æ¥­ª¨ ®è¨¡ª¨ ¤«ï ¯à¨¡«¨¦¥­­ëå à¥è¥­¨©, ¯®«ãç¥­­ëå ¬¥â®¤®¬ ª®­¥ç­ëå
í«¥¬¥­â®¢, à áá¬ âà¨¢ «¨áì ¬­®£¨¬¨  ¢â®à ¬¨. �¥à¢ë¬ ¡ë« ¯à¥¤«®¦¥­ â ª ­ §ë¢ ¥¬ë© ¬¥-
â®¤ \­¥¢ï§®ª" (á¬., ­ ¯à., [1]{[3]), ª®â®àë© ¢ ¤ «ì­¥©è¥¬ ¯®«ãç¨« è¨à®ª®¥ à á¯à®áâà ­¥­¨¥. �
¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï íâ®â ¬¥â®¤ á¢®¤¨âáï ª ¢ëç¨á«¥­¨î ­®à¬ë ­¥¢ï§ª¨ á®®â¢¥âáâ¢ãî-
é¥£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢ ¯à®áâà ­áâ¢¥ à á¯à¥¤¥«¥­¨©. �â®â ¬¥â®¤ ¯à¨£®¤¥­ â®«ìª®
¤«ï £ «�¥àª¨­áª¨å  ¯¯à®ªá¨¬ æ¨©. �®§¤­¥¥ ¤«ï ¨­¤¨ª æ¨¨ à á¯à¥¤¥«¥­¨ï ®è¨¡®ª ª®­¥ç­®í«¥-
¬¥­â­ëå à¥è¥­¨© ¡ë« ¯à¥¤«®¦¥­ ¬¥â®¤ ®áà¥¤­¥­¨ï £à ¤¨¥­â  (á¬., ­ ¯à., [4], [5]). �â®â ¬¥â®¤
â ª¦¥ ¯à¨¬¥­¨¬ â®«ìª® ¤«ï £ «�¥àª¨­áª¨å  ¯¯à®ªá¨¬ æ¨© ¨ âà¥¡ã¥â ¯®¢ëè¥­­®© à¥£ã«ïà­®áâ¨
â®ç­®£® à¥è¥­¨ï § ¤ ç¨.

� ¦®à ­âë í­¥à£¥â¨ç¥áª®© ­®à¬ë ®âª«®­¥­¨ï ®â â®ç­®£® à¥è¥­¨ï, ª®â®àë¥ ¯à¨£®¤­ë ¤«ï
«î¡ëå äã­ªæ¨© ¨§ í­¥à£¥â¨ç¥áª®£® ª« áá , ¡ë«¨ ¯®«ãç¥­ë ¢ [6]{[8]. �â¨ ¬ ¦®à ­âë ¯®«ãç¥­ë
¨§ ®¡é¨å ¬¥â®¤®¢ äã­ªæ¨®­ «ì­®£®  ­ «¨§  ¨ â¥®à¨¨ ¤¢®©áâ¢¥­­®áâ¨ ¤«ï ¢ à¨ æ¨®­­®£® ¨á-
ç¨á«¥­¨ï, ¯®íâ®¬ã ¨å ¬®¦­® ­ §ë¢ âì  ¯®áâ¥à¨®à­ë¬¨ ®æ¥­ª ¬¨ äã­ªæ¨®­ «ì­®£® â¨¯ . �«ï
§ ¤ ç «¨­¥©­®© â¥®à¨¨ ã¯àã£®áâ¨ ®­¨ à ­¥¥ ¨§ãç «¨áì ¢ à ¡®â å [9], [8].

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ £à ­â  �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï ¨ ­ ãª¨ �®áá¨©áª®©
�¥¤¥à æ¨¨ (ª®¤ ¯à®¥ªâ  ò�02-1.0-55).
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� ¤ ­­®© à ¡®â¥ íâ®â ¯®¤å®¤ ¨á¯®«ì§ã¥âáï ¤«ï ¯®«ãç¥­¨ï ¬ ¦®à ­âë äã­ªæ¨®­ «ì­®£®
â¨¯  ¤«ï § ¤ ç «¨­¥©­®© â¥®à¨¨ â¥à¬®ã¯àã£®áâ¨ ¨ ¯à®¢¥àï¥âáï ¥£® íää¥ªâ¨¢­®áâì ­  á¥à¨¨
â¥áâ®¢ëå ¯à¨¬¥à®¢.

2. � à¨ æ¨®­­ë¥ ¯®áâ ­®¢ª¨

�ãáâì 
 | ®£à ­¨ç¥­­ ï á¢ï§­ ï ®¡« áâì ¢ Rn c «¨¯è¨æ¥¢®© £à ­¨æ¥© @
, ¯à¨ç¥¬ @
 á®-
áâ®¨â ¨§ ¤¢ãå ­¥¯¥à¥á¥ª îé¨åáï ç áâ¥© @1
 ¨ @2
. �« áá¨ç¥áª ï ¯®áâ ­®¢ª  ªà ¥¢®© § ¤ ç¨
â¥®à¨¨ â¥à¬®ã¯àã£®áâ¨ á®áâ®¨â ¢ ®¯à¥¤¥«¥­¨¨ â¥­§®à-äã­ªæ¨¨ � ¨ ¢¥ªâ®à-äã­ªæ¨¨ u, ã¤®¢«¥-
â¢®àïîé¨å á«¥¤ãîé¥© á¨áâ¥¬¥ ãà ¢­¥­¨©:

div � + f + fT = 0 ¢ 
; (1)

� = L"(u) ¢ 
; (2)

"(u) =
1
2
(ru+ (ru)T ); (3)

u = u0 ­  @1
; (4)

�� = F + FT ­  @2
; (5)

£¤¥ F , u0 | § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«ïîé¨¥ ªà ¥¢ë¥ ãá«®¢¨ï § ¤ ç¨ ã¯àã£®áâ¨, "(u) ®¡®§­ -
ç ¥â â¥­§®à ¬ «ëå ¤¥ä®à¬ æ¨©, f | § ¤ ­­ ï äã­ªæ¨ï, ®¯à¥¤¥«ïîé ï ®¡ê¥¬­ë¥ á¨«ë, � |
¢­¥è­ïï ­®à¬ «ì ª £à ­¨æ¥ ®¡« áâ¨, L = fLijklg | â¥­§®à ã¯àã£¨å ¬®¤ã«¥©, ª®â®àë© ¤®«¦¥­
ã¤®¢«¥â¢®àïâì ãá«®¢¨î

c1j{j2 � L{ : { � c2j{j2 8{ 2 M
n�n
s

¨ ãá«®¢¨ï¬ á¨¬¬¥âà¨ç­®áâ¨

Lijkl = Ljikl = Lklij 8i; j; k; l = 1; : : : ; n;

  fT , FT | äã­ªæ¨¨, á¢ï§ ­­ë¥ á â¥­§®à®¬ â¥¬¯¥à âãà­ëå ¤¥ä®à¬ æ¨©

"T =

0@�11 0 0
0 �22 0
0 0 �33

1A (T � T0)

á®®â­®è¥­¨ï¬¨ (á¬., ­ ¯à., [10], á. 458) fT = �div(L"T ), FT = L"T . �¤¥áì �11, �22, �33 | ª®íää¨-
æ¨¥­âë â¥¬¯¥à âãà­®£® à áè¨à¥­¨ï ¯® á®®â¢¥âáâ¢ãîé¨¬ ª®®à¤¨­ â­ë¬ ®áï¬, T0 | ®âáç¥â­ ï
â¥¬¯¥à âãà  (â. ¥. â¥¬¯¥à âãà , ¯à¨ ª®â®à®© ®âáãâáâ¢ãîâ â¥¬¯¥à âãà­ë¥ ­ ¯àï¦¥­¨ï),   áª -
«ïà­ ï äã­ªæ¨ï T ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨

��T = q (6)

á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

T = �0 ­  @3
;
@T

@�
= Q ­  @4
: (7)

�¤¥áì q | äã­ªæ¨ï, ®¯à¥¤¥«ïîé ï â¥¯«®¢ë¥ ¨áâ®ç­¨ª¨ ¢ ®¡« áâ¨ 
, @3
 ¨ @4
 | ¤¢¥ ­¥¯¥à¥-
á¥ª îé¨¥áï ç áâ¨ £à ­¨æë @
, ª®â®àë¥, ¢®®¡é¥ £®¢®àï, ¬®£ãâ ­¥ á®¢¯ ¤ âì á @1
 ¨ @2
, �0, Q
| § ¤ ­­ë¥ äã­ªæ¨¨, ®¯à¥¤¥«ïîé¨¥ á®®â¢¥âáâ¢¥­­® § ¤ ­­ãî â¥¬¯¥à âãàã ­  £à ­¨æ¥ @3
 ¨
â¥¯«®¢®© ¯®â®ª ç¥à¥§ @4
.

�¥âàã¤­® ¢¨¤¥âì, çâ® ¯®£à¥è­®áâ¨  ¯¯à®ªá¨¬ æ¨¨, ¢®§­¨ª îé¨¥ ¢ § ¤ ç¥ (6), (7) ¢­®áïâ
¤®¯®«­¨â¥«ì­ë¥ ¯®£à¥è­®áâ¨ ¢ ç¨á«¥­­®¥ à¥è¥­¨¥ ®á­®¢­®© § ¤ ç¨ (1){(5). �«ï â®£® çâ®¡ë
ãç¥áâì áã¬¬ à­ë© íää¥ªâ â ª®£® ­ «®¦¥­¨ï ®è¨¡®ª, ¬ë ¨á¯®«ì§ã¥¬ ¯®¤å®¤, ®â«¨ç­ë© ®â â®£®,
çâ® ®¡ëç­® ¨á¯®«ì§ã¥âáï ¤«ï £ «�¥àª¨­áª¨å  ¯¯à®ªá¨¬ æ¨© (á¬., ­ ¯à., [1]{[3]). � è ¯®¤å®¤
®á­®¢ ­ ­  ¨á¯®«ì§®¢ ­¨¨  ¯®áâ¥à¨®à­ëå ®æ¥­®ª äã­ªæ¨®­ «ì­®£® â¨¯  (á¬. [8], [11]).
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�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§­ ç¥­¨ï:

V0 = fu 2W 1
2 (
;R

n ) j u = 0 ­  @1
g;
U0 = fu 2W 1

2 (
) j u = 0 ­  @3
g;
jjj"(u)jjj2 =

Z



L"(u) : "(u)dx; ("; �) =
Z



" : � dx;

V0 + u0 = fu 2W 1
2 (
;R

n) j u = u0 ­  @1
g;
Y � = L2(
;M

n�n
s ):

� ­­ ï § ¤ ç  ¬®¦¥â ¡ëâì áä®à¬ã«¨à®¢ ­  ¢ ¢¨¤¥ ¤¢ãå ¢ à¨ æ¨®­­ëå ¯à®¡«¥¬, ª®â®àë¥ ¡ã¤¥¬
­ §ë¢ âì § ¤ ç ¬¨ P ¨ Q.

� ¤ ç  P. � ©â¨ í«¥¬¥­â u 2 V0 + u0 â ª®©, çâ®

J(u) = inf
v2V0+u0

J(v);

£¤¥

J(v) =
1
2
jjj"(v)jjj2 �

Z


(f + fT ) � v dx�

Z
@2


(F + FT ) � v d�:
� ¤ ç  Q. � ©â¨ í«¥¬¥­â T 2 U0 + �0 â ª®©, çâ®

I(T ) = inf
�2U0+�0

I(�);

£¤¥

I(�) =
1
2
kr�k2 �

Z



q� dx�
Z
@4


Q� d�:

�ãáâì v 2 V0 + u0 ¨ � 2 U0 + �0 ï¢«ïîâáï ¯à¨¡«¨¦¥­­ë¬¨ à¥è¥­¨ï¬¨ § ¤ ç¨ â¥à¬®ã¯àã£®áâ¨.
� è¥© § ¤ ç¥© ï¢«ï¥âáï ¯®«ãç¥­¨¥  ¯®áâ¥à¨®à­®© ®æ¥­ª¨ ¤«ï u� v.

�¥â®¤¨ª  ¯®«ãç¥­¨ï  ¯®áâ¥à¨®à­ëå ®æ¥­®ª ¢ í­¥à£¥â¨ç¥áª¨å ­®à¬ å ¤«ï è¨à®ª®£® ª« áá 
í««¨¯â¨ç¥áª¨å ªà ¥¢ëå § ¤ ç ¯à¥¤«®¦¥­  ¢ [8], [11]. �«ï § ¤ ç «¨­¥©­®© ã¯àã£®áâ¨ íâ¨ ®æ¥­ª¨
¨§ãç «¨áì ¢ [9], £¤¥ ¡ë«® ¯à®¤¥¬®­áâà¨à®¢ ­® ¨å íää¥ªâ¨¢­®¥ ¨á¯®«ì§®¢ ­¨¥ ¢ ¯à ªâ¨ç¥áª¨å
¢ëç¨á«¥­¨ïå.

�á«¨ ¯®«®¦¨âì FT � 0 ¨ fT � 0, â® ®æ¥­ª  ¤«ï ¯®«ãç¨¢è¥©áï § ¤ ç¨ â¥®à¨¨ ã¯àã£®áâ¨
¬®¦¥â ¡ëâì § ¯¨á ­  ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

1
2
jjj"(v � u)jjj2 �M(1)

� (v; �; �) =
1 + �

2

�
"(v) � L

�1�;L"(v) � �
�
+

+
1
2

�
1 +

1
�

�
C2
1
(kdiv � + fk2
 + kF � ��k2@2
): (8)

�¤¥áì � 2 Y � ¨ � > 0 | ¯à®¨§¢®«ì­ë¥ ¯ à ¬¥âàë,   C1
 | ª®­áâ ­â , ®¯à¥¤¥«ï¥¬ ï ­¥à ¢¥­-
áâ¢®¬

kwk2
 + kwk2@2
 � C2
1
jjj"(w)jjj2 8w 2 V0: (9)

� á¢®î ®ç¥à¥¤ì ®æ¥­ª  ¤«ï § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨ ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

1
2
kr(� � T )k2
 �M(2)

� (�; �; y) =
1 + �

2
(r� � y;r� � y) +

+
1
2

�
1 +

1
�

�
C2
2


�
kdiv y + qk2
 + k@y

@�
�Qk2@4


�
; (10)

£¤¥ y 2 L2(
;Rn ) ¨ � > 0 | ¯à®¨§¢®«ì­ë¥ ¯ à ¬¥âàë,   C2
 | ª®­áâ ­â , ®¯à¥¤¥«ï¥¬ ï
 ­ «®£¨ç­ë¬ (9) ­¥à ¢¥­áâ¢®¬

kwk2
 + kwk2@4
 � C2
2
krwk2
 8w 2 U0:

66



� ¬¥â¨¬, çâ® ¥á«¨ @4
 = ;, â® ª®­áâ ­â  C2
 ï¢«ï¥âáï ª®­áâ ­â®© ¢ ­¥à ¢¥­áâ¢¥ �à¨¤à¨åá .
� íâ®¬ á«ãç ¥ ¥¥ ¬®¦­® ®æ¥­¨âì  ­ «¨â¨ç¥áª¨ ª ª

C2
 � lp
2�

;

£¤¥ l | áâ®à®­  ª¢ ¤à â , ®å¢ âë¢ îé¥£® ®¡« áâì 
.
� [8] ¡ë«® ¯®ª § ­®, çâ®, ¢®-¯¥à¢ëå, ¯®á«¥¤®¢ â¥«ì­®áâì íâ¨å ®æ¥­®ª, ¯®«ãç¥­­ ï ¯ãâ¥¬

à¥è¥­¨ï â®«ìª® ª®­¥ç­®¬¥à­ëå § ¤ ç, ¡ã¤¥â áå®¤¨âìáï ª â®ç­®© ®æ¥­ª¥ á ã¢¥«¨ç¥­¨¥¬ à §-
¬¥à­®áâ¨ á®®â¢¥âáâ¢ãîé¨å ª®­¥ç­®¬¥à­ëå ¯à®áâà ­áâ¢, ¨, ¢®-¢â®àëå, ¢ë¡®à®¬ á¢®¡®¤­ëå ¯¥-
à¥¬¥­­ëå � ¨ � (¨«¨ á®®â¢¥âáâ¢¥­­® � ¨ y) ¬®¦­® ¯®«ãç¨âì à ¢¥­áâ¢® ®æ¥­ª¨ â®ç­®© ¢¥«¨ç¨­¥
®âª«®­¥­¨ï.

� á«¥¤ãîé¥¬ ¯ à £à ä¥ ¤ ­­ë¥ ®æ¥­ª¨ ¨á¯®«ì§ãîâáï ¤«ï ¯®áâà®¥­¨ï  ¯®áâ¥à¨®à­®© ®æ¥­ª¨
¢ â¥à¬®ã¯àã£®© § ¤ ç¥.

3. �æ¥­ª¨ ®âª«®­¥­¨ï ®â â®ç­®£® à¥è¥­¨ï ¢ í­¥à£¥â¨ç¥áª®© ­®à¬¥

�à¨¬¥­¨¢ ®æ¥­ªã (8), ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

1
2
jjj"(v � u)jjj2 � 1 + �1

2

�
"(v)� L

�1�;L"(v) � �
�
+

+
1
2

�
1 +

1
�1

�
C2
1
(kdiv � + f + fTk2
 + kF + FT � ��k2@2
); (11)

ª®â®à®¥ á¯à ¢¥¤«¨¢® ¤«ï «î¡ëå � 2 Y � ¨ �1 > 0. � ¬¥â¨¬, çâ® ¢ ¯à ¢ãî ç áâì (11) ¢å®¤ïâ
­¥¨§¢¥áâ­ë¥ ¢¥«¨ç¨­ë fT , FT , ª®â®àë¥ § ¢¨áïâ ®â â®ç­®£® à¥è¥­¨ï § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨.
�« £ ¥¬ë¥, ¢ª«îç îé¨¥ ¢ á¥¡ï ­¥¨§¢¥áâ­ë¥ ¢¥«¨ç¨­ë, ¬®¦­® ®æ¥­¨âì ç¥à¥§ ­¥à ¢¥­áâ¢ 

kdiv � + f + fTk2
 � (1 + �2)kdiv � + f + f�k2
 +
�
1 +

1
�2

�
kfT � f�k2
;

kF + FT � ��k2@2
 � (1 + �3)kF + F� � ��k2@2
 +
�
1 +

1
�3

�
kFT � F�k2@2
;

¢¥à­ë¥ ¤«ï «î¡ëå ¯®«®¦¨â¥«ì­ëå �2 ¨ �3.
�¥¯¥àì ­¥®¡å®¤¨¬® ®æ¥­¨âì ¢¥«¨ç¨­ë kfT � f�k2
 ¨ kFT � F�k2@2
, £¤¥

f� = �div

0@L
0@�11 0 0

0 �22 0
0 0 �33

1A (� � T0)

1A ; F� = L

0@�11 0 0
0 �22 0
0 0 �33

1A (� � T0):

� ¬¥â¨¬, çâ® ®è¨¡ª¨ ¢ á¨«®¢ëå ¤®¡ ¢ª å ã¤®¡­® ¡ã¤¥â ®æ¥­¨âì ç¥à¥§ kr(� � T )k
, ¯®áª®«ì-
ªã ®æ¥­ª  íâ®© ®è¨¡ª¨ ã¦¥ ¨§¢¥áâ­  ª ª ®è¨¡ª  § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨ (10). � áá¬®âà¨¬
­¥à ¢¥­áâ¢ 

kfT � f�k
 � C3
kr(� � T )k
; kFT � F�k@2
 � C4
kr(� � T )k
:
�¤¥áì C3
 | ª®­áâ ­â , § ¢¨áïé ï ®â â¥à¬®ã¯àã£¨å á¢®©áâ¢ áà¥¤ë, ª®â®à ï ¬®¦¥â ¡ëâì ¯®«ã-
ç¥­  ¯à®áâ® ¨§ ¢ëà ¦¥­¨ï ¤«ï f�. �¥©áâ¢¨â¥«ì­®, ®¡®§­ ç¨¢

� =

0@�11 0 0
0 �22 0
0 0 �33

1A ;

¯®«ãç¨¬ f� = �div(L�)(� � T0)� (L�)r�. �âªã¤ 
kfT � f�k
 � sup



jdiv(L�)j k� � Tk+ sup



jL�j kr(� � T )k ¨ C3
 = C
 sup



jdiv(L�)j + sup



jL�j;
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£¤¥ C
 | ª®­áâ ­â  ¢ ­¥à ¢¥­áâ¢¥ �à¨¤à¨åá . �ç¥¢¨¤­®, ¢ á«ãç ¥ ¨§®âà®¯­®© ¬®¤¥«¨ áà¥¤ë,
ª®­áâ ­â  C3
 ­¥ § ¢¨á¨â ®â 
. � ¤àã£®© áâ®à®­ë,

C4
 = bC4
 sup


jL�j;

£¤¥ bC4
 ï¢«ï¥âáï ­®à¬®© ®¯¥à â®à  á«¥¤  ­  @2
,

k'k@2
 � bC4
kr'k
 8' 2W 2
1 (
):

�®¡¨à ï ¢á¥ ®æ¥­ª¨ ¢¬¥áâ¥, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢®

1
2
jjj"(v � u)jjj2 �M(3)

� (v; �; �; y; �1; �2; �3; �4) =

=
1
2
(1 + �1)

�
"(v) � L

�1�;L"(v) � �
�
+

+
1
2

�
1 +

1
�1

�
C2
1


"
(1 + �2)kdiv � + f + f�k2
 + (1 + �3)kF + F� � ��k2@2
 +

+
�
C2
3


�
1 +

1
�2

�
+C2

4


�
1 +

1
�3

���
(1 + �4)kr� � yk2 +

+
�
1 +

1
�4

�
C2
2


�
kdiv y + qk2
 +





@y@� �Q





2
@4


��#
;

ª®â®à®¥ ¢¥à­® ¤«ï «î¡ëå � 2 Y �, y 2 L2(
;Rn) ¨ «î¡ëå ¯®«®¦¨â¥«ì­ëå �1, �2, �3, �4.
�á«¨ § ¤ ç  â¥à¬®ã¯àã£®áâ¨ áâ ¢¨âáï ¯à¨ @
2 = ;, @
4 = ;, â® ¢ëà ¦¥­¨¥ ¤«ï ¬ ¦®à ­-

âë ã¯à®é ¥âáï, â. ª. ¯à®¯ ¤ îâ á« £ ¥¬ë¥, ®â¢¥ç îé¨¥ §  ®è¨¡ª¨ ­  £à ­¨æ¥. � íâ®¬ á«ãç ¥
á®®â¢¥âáâ¢ãîé ï ®æ¥­ª  ¨¬¥¥â ¢¨¤

1
2
jjj"(v � u)jjj2 �M(4)

� (v; �; �; y; �1; �2; �3) =
1
2
(1 + �1)

�
"(v)� L

�1�;L"(v) � �
�
+

+
1
2

�
1 +

1
�1

�
C2
1


"
(1 + �2)kdiv � + f + f�k2
 +

+C2
3


�
1 +

1
�2

��
(1 + �3)kr� � yk2 +

�
1 +

1
�3

�
C2
2
(kdiv y + qk2
)

�#
:

4. �æ¥­ª¨ ¤«ï ¨§®âà®¯­®© ¬®¤¥«¨

�«ï âà¥å¬¥à­®© ¨§®âà®¯­®© ¬®¤¥«¨ «¨­¥©­®© â¥®à¨¨ ã¯àã£®áâ¨ â¥­§®à ã¯àã£¨å ¯®áâ®ï­­ëå
L ®¯à¥¤¥«ï¥âáï ¤¢ã¬ï ¯®áâ®ï­­ë¬¨ K0 ¨ �, ª®â®àë¥ ­ §ë¢ îâáï á®®â¢¥âáâ¢¥­­® ¬®¤ã«ï¬¨
®¡ê¥¬­®£® á¦ â¨ï ¨ á¤¢¨£ . � íâ®¬ á«ãç ¥ ®¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï (2) ¨¬¥îâ ¢¨¤

"(u) =
1

9K0

Sp�1+
1
2�

�D

¨«¨

"(u) =
1� 2�
3E

Sp�1+
1 + �

E
�D;

£¤¥ 1 | ¥¤¨­¨ç­ë© â¥­§®à, Sp� := 1 : � | á«¥¤ â¥­§®à , �D = � � 1
3
1Sp� | ¤¥¢¨ â®à â¥­§®à 

�,   E, � | ç áâ® ¨á¯®«ì§ã¥¬ë¥ ¢ ¯à¨ª« ¤­ëå § ¤ ç å ¯ à ¬¥âàë, ®¯à¥¤¥«ïîé¨¥ ã¯àã£¨¥
á¢®©áâ¢  áà¥¤ë (¬®¤ã«ì �­£  ¨ ª®íää¨æ¨¥­â �ã áá®­ ). �­¨ á¢ï§ ­ë á K0 ¨ � á®®â­®è¥­¨ï¬¨

K0 =
E

3(1 � 2�)
; � =

E

2(1 + �)
:
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�«ï ¨§®âà®¯­®£® â¥«  �ii = �, i = 1; 2; 3,

fT = � �E

1� 2�
rT; FT =

�E

1� 2�
(T � T0):

�¢¥¤¥¬ ®¡®§­ ç¥­¨¥ � = �E

1�2�
, â®£¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ ®¯à¥¤¥«ïîé¨¥ á®®â­®è¥­¨ï

L" = K0 Sp "1+ 2�"D;

¯®«ãç¨¬ C3
 = sup


jL�j = �, C4
 = bC4
�. Oæ¥­ªã (11) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

1
2
jjj"(v � u)jjj2 �M�(v; �; �; y; �1; �2; �3; �4) =

1
2
(1 + �1)

�
"(v)� L

�1�;L"(v) � �
�
+

+
1
2

�
1 +

1
�1

�
C2
1


"
(1 + �2)kdiv � + f � �r�k2
 + (1 + �3)kF + �(� � T0)� ��k2@2
 +

+�2
��

1+
1
�2

�
+ bC2

4


�
1+

1
�3

���
(1+�4)krt�yk2+

�
1+

1
�4

�
C2
2


�
kdiv y+qk2
+





@y@��Q




2
@4


��#
:

�¤¥áì � 2 Y � | ¯à®¨§¢®«ì­ ï â¥­§®à-äã­ªæ¨ï, y 2 L2(
;Rn) | ¯à®¨§¢®«ì­ ï ¢¥ªâ®à-äã­ªæ¨ï,
�1, �2, �3, �4 | ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë. � ¬¥â¨¬, çâ® íâ  ®æ¥­ª  ®¡à é ¥âáï ¢ ­ã«ì â®«ìª®
â®£¤ , ª®£¤  v = u ¨ � = T , â. ¥. ¤«ï â®ç­®£® à¥è¥­¨ï § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨. � ª¦¥ ®¡à â¨¬
¢­¨¬ ­¨¥, çâ® ®æ¥­ªã «¥£ª® à §¡¨âì ­  á« £ ¥¬ë¥, ª ¦¤®¥ ¨§ ª®â®àëå ®â¢¥ç ¥â §  ®è¨¡ª¨
¢ à §­ëå ãà ¢­¥­¨ïå ª« áá¨ç¥áª®© ¯®áâ ­®¢ª¨, â. ¥. ¯¥à¢®¥ á« £ ¥¬®¥ ®â¢¥ç ¥â §  ®è¨¡ªã ¢
®¯à¥¤¥«ïîé¨å á®®â­®è¥­¨ïå, ¢â®à®¥ ¨ âà¥âì¥ | §  ®è¨¡ª¨ ¢ á¨«®¢ëå ãá«®¢¨ïå, ç¥â¢¥àâ®¥,
¯ïâ®¥ ¨ è¥áâ®¥ | §  ®è¨¡ª¨ ¢ § ¤ ç¥ â¥¯«®¯à®¢®¤­®áâ¨.

�«ï ¯¥à¢®© ªà ¥¢®© § ¤ ç¨ â¥à¬®ã¯àã£®áâ¨, ª®â®à ï ¯®«ãç ¥âáï ¯à¨ @
2 = ; ¨ @
4 = ;,
¢ëà ¦¥­¨¥ ¤«ï ¬ ¦®à ­âë ã¯à®é ¥âáï. � íâ®¬ á«ãç ¥

1
2
jjj"(v � u)jjj2 �M�(v; �; �; y; �1; �2; �3) =

1
2
(1 + �1)

�
"(v) � L

�1�;L"(v) � �
�
+

+
1
2

�
1 +

1
�1

�
C2
1


"
(1 + �2)kdiv � + f � �r�k2
 +

+�2
�
1 +

1
�2

��
(1 + �3)kr� � yk2 +

�
1 +

1
�3

�
C2
2
(kdiv y + qk2
)

�#
:

5. �¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë

�®«ãç¥­­ë¥ ¢ëè¥ ®æ¥­ª¨ ¡ë«¨ ¨á¯®«ì§®¢ ­ë ¤«ï  ­ «¨§  ª ç¥áâ¢  ¯à¨¡«¨¦¥­­ëå à¥è¥-
­¨© àï¤  § ¤ ç â¥à¬®ã¯àã£®áâ¨. �¨¦¥ ¬ë ¯à¨¢®¤¨¬ ­¥ª®â®àë¥ ¨§ ¯®«ãç¥­­ëå à¥§ã«ìâ â®¢, ¢
ª®â®àëå à áç¥âë ¯à®¨§¢®¤¨«¨áì ¤«ï ¬®¤¥«¨ ¯«®áª®£® ­ ¯àï¦¥­­®£® á®áâ®ï­¨ï á ¯®áâ®ï­­ë¬¨
E = 4, � = 0;3 ¨ � = 1.

� ç¥áâ¢® ¯®«ãç ¥¬ëå ®æ¥­®ª ¯à¨­ïâ® ®æ¥­¨¢ âì ¯à¨ ¯®¬®é¨ â ª ­ §ë¢ ¥¬®£® ¨­¤¥ªá  íä-
ä¥ªâ¨¢­®áâ¨ Ie�, ª®â®àë© ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

I2e� =
2M�(v; �; �; y; �1; �2; �3)

jjj"(v � u)jjj2 :

�á­®, çâ® ç¥¬ ¡«¨¦¥ Ie� ª ¥¤¨­¨æ¥, â¥¬ ¢ëè¥ ª ç¥áâ¢® ¯®«ãç¥­­®© ®æ¥­ª¨.
�«ï ¯®á«¥¤ãîé¥©  ¤ ¯â æ¨¨ á¥âª¨ ¢ ¦­® §­ âì ­¥ â®«ìª® ¨­â¥£à «ì­®¥ §­ ç¥­¨¥ ¬ ¦®à ­-

âë, ­® ¨ ¢¥«¨ç¨­ã ¢ª« ¤  ¢ ­¥£® ­  ª ¦¤®¬ í«¥¬¥­â¥ à §¡¨¥­¨ï. � ª ª ª ¬ ¦®à ­â M�(v; �; �)
¯à¥¤áâ ¢«ï¥â á®¡®© ¨­â¥£à «, â® ¢®§­¨ª ¥â ¢®¯à®á ® â®¬, ­ áª®«ìª® å®à®è® á®®â¢¥âáâ¢ãîé¨¥
¯®¤¨­â¥£à «ì­ë¥ ¢ëà ¦¥­¨ï ¢®á¯à®¨§¢®¤ïâ «®ª «ì­®¥ à á¯à¥¤¥«¥­¨¥ ®è¨¡®ª ¯® ®¡« áâ¨ 
.
�â®â ¢®¯à®á â ª¦¥ ¨áá«¥¤®¢ «áï ¢ ¯à¨¢¥¤¥­­ëå ­¨¦¥ íªá¯¥à¨¬¥­â å.
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�à¨¬¥à 1. � áá¬ âà¨¢ ¥âáï § ¤ ç  ¢ ª¢ ¤à â¥ (0; 1) � (0; 1).
� â ¡«. 1 ¯à¨¢¥¤¥­ë á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë. �¤¥áì Nelm ®¡®§­ ç ¥â ç¨á«® í«¥¬¥­â®¢ ¢

âà¨ ­£ã«ïæ¨¨,M� | §­ ç¥­¨¥ ¬ ¦®à ­âë, ¯®«ãç¥­­®© ¢ à¥§ã«ìâ â¥ ç¨á«¥­­®£® íªá¯¥à¨¬¥­â ,
M (1),M (2),M (3) | ¢ª« ¤ë ¢ ¬ ¦®à ­âã ®è¨¡ª¨ ¢ ®¯à¥¤¥«ïîé¨å á®®â­®è¥­¨ïå, ®è¨¡ª¨ ¢ ãà ¢-
­¥­¨ïå à ¢­®¢¥á¨ï ¨ ®è¨¡ª¨ § ¤ ç¨ â¥¯«®¯à®¢®¤­®áâ¨ á®®â¢¥âáâ¢¥­­®, Ie� | ¨­¤¥ªá íää¥ªâ¨¢-
­®áâ¨. �  à¨á. 1 ¯à¨¢¥¤¥­ë âà¥å¬¥à­ë¥ £¨áâ®£à ¬¬ë â®ç­®© ®è¨¡ª¨ ¨ ¬ ¦®à ­âë (Nelm = 312).

� ¡«¨æ  1. �¥§ã«ìâ âë ¤«ï ¯à¨¬¥à  1

Nelm M (1) M (2) M (3) M�
1
2
jjj"(v � u)jjj2 Ie�

84 0,003110 0,001457 0,001447 0,006015 0,001274 2,17
312 0,000911 0,000542 0,000443 0,001896 0,000369 2,26
1372 0,000187 0,000110 0,000087 0,000384 0,000084 2,13
5458 0,000047 0,000029 0,000021 0,000097 0,000021 2,14

�¨á. 1
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�à¨¬¥à 2. �ãáâì 
 ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡« áâì (�1; 1) � (�1; 1), ¢ ª®â®à®© á¤¥« ­ë ¡®ª®-
¢ë¥ âà¥ã£®«ì­ë¥ ¢ëà¥§ë. �¨á«¥­­®¥ ¬®¤¥«¨à®¢ ­¨¥ ¯à®¨§¢®¤¨«®áì ¤«ï ®¤­®© ç¥â¢¥àâ®© íâ®©
®¡« áâ¨.

�®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë ¯à¨¢¥¤¥­ë ¢ â ¡«. 2. �  à¨á. 2 ¯à¨¢¥¤¥­ë âà¥å¬¥à­ë¥ £¨áâ®-
£à ¬¬ë â®ç­®© ®è¨¡ª¨ ¨ ¬ ¦®à ­âë (Nelm = 286) ¤«ï § ¤ ç¨ â¥à¬®ã¯àã£®áâ¨.

� ¡«¨æ  2. �¥§ã«ìâ âë ¤«ï ¯à¨¬¥à  2

Nelm M�
1
2
jjj"(v � u)jjj2 Ie�

82 0,00348 0,00154 1,50
286 0,00130 0,00042 1,76
1131 0,00050 0,00012 2,03

�¨á. 2

�§ íâ¨å à¥§ã«ìâ â®¢ ¢¨¤­®, çâ® äã­ªæ¨®­ « M� ¤ ¥â å®à®è¨¥ ®æ¥­ª¨ ¢¥«¨ç¨­ë ¯®£à¥è­®-
áâ¨,   ¨­â¥£à ­¤ ¬ ¦®à ­âë ¤®áâ â®ç­® â®ç­® ¢®á¯à®¨§¢®¤¨â à á¯à¥¤¥«¥­¨¥ ®è¨¡ª¨ ¯® ®¡« áâ¨.
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