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�à¨ ¨áá«¥¤®¢ ¨¨ ¯à®æ¥áá®¢ â¥¯«®¯¥à¥®á  ¢® ¬®£¨å á«ãç ïå ¯«®â®áâì ¯®â®ª  â¥¯«  ¯à¥¤-
áâ ¢«ï¥âáï ¯à®¯®àæ¨® «ì®© £à ¤¨¥âã â¥¬¯¥à âãàë (§ ª® �ãàì¥). �¤ ª® ã § ª®  �ãàì¥
¥áâì á¢®¨ à ¬ª¨ ¯à¨¬¥¨¬®áâ¨: ¤«¨  ¨ ¢à¥¬ï á¢®¡®¤®£® ¯à®¡¥£  ç áâ¨æ ¤®«¦ë ¡ëâì ¬ -
«ë ¯® áà ¢¥¨î á å à ªâ¥àë¬¨ ¯à®áâà áâ¢¥ë¬¨ ¨ ¢à¥¬¥ë¬¨ ¬ áèâ ¡ ¬¨ ¨§¬¥¥¨ï
â¥¬¯¥à âãàë. � «¥ª® ¥ ¢® ¢á¥å ¨â¥à¥áãîé¨å  á § ¤ ç å íâ® ãá«®¢¨¥ ¢ë¯®«¨¬®, ¯®íâ®¬ã ¢
¤ ®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¨§ãç âì ãà ¢¥¨¥ â¥¯«®¯¥à¥®á  ¤àã£®£® ¢¨¤ . � ¥¬ ãç¨âë¢ ¥âáï
¨¥àæ¨®ë© ç«¥, § ¢¨áïé¨© ®â ¯à®¨§¢®¤®© ¯®â®ª  ¯® ¢à¥¬¥¨. �â® ¢ á¢®î ®ç¥à¥¤ì ¯à¨¢®¤¨â
ª ¨§¬¥¥¨î â¨¯  ãà ¢¥¨ï | ®® áâ ¥â £¨¯¥à¡®«¨ç¥áª¨¬, çâ® ¬®¦¥â áãé¥áâ¢¥® ¨§¬¥¨âì
å à ªâ¥à ¤¢¨¦¥¨ï ¨ ¯¥à¥®á  â¥¯«  (á¬.,  ¯à., [1]{[5] ¨ ¡¨¡«¨®£à ä¨î ¢ íâ¨å à ¡®â å).

1. � «¨§ § ª®®¢ á®åà ¥¨ï   äà®â¥ á¨«ì®£® à §àë¢ 

�ãáâì � | ¯«®â®áâì áà¥¤ë, T | â¥¬¯¥à âãà , p | ¤ ¢«¥¨¥, " | ã¤¥«ì ï ¢ãâà¥ïï
í¥à£¨ï, v | áª®à®áâì £ § , r | ¯¥à¥¬¥ ï �©«¥à , W | ¯®â®ª â¥¯« , Q { ¬®é®áâì ¥«¨¥©-
ëå ®¡ê¥¬ëå ¨áâ®ç¨ª®¢ (Q > 0) ¨«¨ áâ®ª®¢ (Q < 0) í¥à£¨¨. �à ¢¥¨ï £ §®¢®© ¤¨ ¬¨ª¨
§ ¯¨è¥¬ ¢ ¬ áá®¢ëå « £à ¦¥¢ëå ¯¥à¥¬¥ëåm ¨ t ¤«ï á«ãç ¥¢ ¯«®áª®© (� = 0), ®á¥¢®© (� = 1)
¨ áä¥à¨ç¥áª®© (� = 2) á¨¬¬¥âà¨© á®®â¢¥âáâ¢¥®:
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W = �Kr�
@T

@m
� �
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: (5)

� ãà ¢¥¨¨ (5) K | ª®íää¨æ¨¥â â¥¯«®¯à®¢®¤®áâ¨, � | ¢à¥¬ï à¥« ªá æ¨¨ â¥¯«®¢®£®
¯®â®ª . �ã¤¥¬ áç¨â âì á¯à ¢¥¤«¨¢ë¬¨ ãà ¢¥¨ï á®áâ®ï¨ï ¨¤¥ «ì®£® £ § 

p = R�T; " =
RT

 � 1
; (6)

£¤¥ R | ã¨¢¥àá «ì ï £ §®¢ ï ¯®áâ®ï ï,  > 1 | ¯®áâ®ï®¥ ®â®è¥¨¥ ã¤¥«ìëå â¥¯«®-
¥¬ª®áâ¥©. �¥è¥¨¥ ãà ¢¥¨© (1){(5) ¤®¯ãáª ¥â á¨«ìë¥ à §àë¢ë. �oíâ®¬ã ¢ ®¡é¥¬ á«ãç ¥

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à âë òò02-01-00185, 02-01-00700).
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®¨ ¤®«¦ë ¡ëâì § ¯¨á ë ¢ ¨â¥£à «ì®© ä®à¬¥. �®®â¢¥âáâ¢ãîé¨¥ ¨â¥£à «ìë¥ ãà ¢¥-
¨ï ¯®«ãç¨¬   «®£¨ç® ([6], á. 165{167) ¯ãâ¥¬ ä®à¬ «ì®£® ¨â¥£à¨à®¢ ¨ï á¨áâ¥¬ë (1){(5) ¢
®ªà¥áâ®áâ¨ à §àë¢ .

�ãáâì mj = mj(t) | á«¥¤ ¯®¢¥àå®áâ¨ à §àë¢  ¨áª®¬ëå ¢¥«¨ç¨ ¢ ¯«®áª®áâ¨ (m; t), ¯à®å®-
¤ïé¨© ç¥à¥§ â®çª¨ á ª®®à¤¨ â ¬¨ A (m = m1, t = t1) ¨ C (m = m2, t = t2), £¤¥ m2 = m1 +�m,
t2 = t1 + �t,   �m, �t | ¬ «ë¥ ¢¥«¨ç¨ë. �®áâà®¨¬ ¯àï¬®ã£®«ì¨ª ABCD á® áâ®à® ¬¨,
¯ à ««¥«ìë¬¨ ®áï¬ ª®®à¤¨ â. �â¥£à¨àãï ¢ ¯à¥¤¥« å ®â m1 ¤® m2 ¨ ®â t1 ¤® t2 ãà ¢¥¨ï
(1){(4), á ãç¥â®¬ (6) ¯®«ãç¨¬Z m2
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dmdt: (10)

�â¥£à «ì®¥ ãà ¢¥¨¥, á®®â¢¥âáâ¢ãîé¥¥ (5) ¯à¨ � = 0 (§ ª® �ãàì¥), ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥Z t2
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� (T )m1

]dt = �
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dmdt: (11)

�à¨ ãç¥â¥ à¥« ªá æ¨¨ â¥¯«®¢®£® ¯®â®ª  (� 6= 0), ¨â¥£à¨àãï (5), ¬®¦® § ¯¨á âìZ m2
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� áá¬®âà¨¬ á ç «  ãà ¢¥¨ï (7){(10). �«¥¤ãï [6], ¢®á¯®«ì§ã¥¬áï â¥®à¥¬®© ® áà¥¤¥¬ ¤«ï
ª ¦¤®£® á« £ ¥¬®£® à áá¬ âà¨¢ ¥¬ëå ãà ¢¥¨©. �ãáâì t�, t��, et, m�, m��, em | áà¥¤¨¥ § ç¥-
¨ï  à£ã¬¥â®¢ m, t,  å®¤ïé¨¥áï ¬¥¦¤ã § ç¥¨ï¬¨ m1 ¨ m2, t1 ¨ t2 á®®â¢¥âáâ¢¥®. �®£¤ ,
 ¯à¨¬¥à, ãà ¢¥¨¥ í¥à£¨¨ (10) ¯à¨¬¥â ¢¨¤��
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]�t+
�
Q

�

�
~t ~m

�m�t:

� «®£¨ç® ¯®«ãç¨¬ á®®â®è¥¨ï, á®®â¢¥âáâ¢ãîé¨¥ (7){(9). �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯à¨
�m! 0 ¨ �t! 0 ¨ ®¡®§ ç ï ¨¤¥ªá®¬ 1 § ç¥¨ï äãªæ¨¨ ¯¥à¥¤ äà®â®¬ à §àë¢ ,   ¨¤¥ª-
á®¬ 2 | §  äà®â®¬ à §àë¢ , ¯®«ãç¨¬

r2 = r1; (13.1)�
1
�2
� 1
�1

�
Dm

r�1
= v1 � v2; (13.2)

(v2 � v1)
Dm

r�1
= p2 � p1; (13.3)�

RT2
 � 1

+
v22
2
� RT1
 � 1

� v21
2

�
Dm

r�1
= p2v2 � p1v1 +W2 �W1; (13.4)

32



£¤¥ Dm | ¬ áá®¢ ï « £à ¦¥¢  áª®à®áâì à á¯à®áâà ¥¨ï äà®â  à §àë¢ 

Dm = lim
�t!0

�m
�t

=
dmj

dt
: (14)

�ãáâì � = �1
�2
. �§ (6) ¢ëà §¨¬ â¥¬¯¥à âãàã T = p

R�
¨, ¨á¯®«ì§ãï ¢¢¥¤¥ë¥ ®¡®§ ç¥¨ï,

¯à®¢¥¤¥¬ àï¤ ¯à¥®¡à §®¢ ¨©, ¢ à¥§ã«ìâ â¥ ª®â®àëå á®®â®è¥¨ï (13) ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

v2 = v1 + (1� �)
Dm

r�1�1
; (15.1)

p2 = p1 + (1� �)
D2
m

r2�1 �1
; (15.2)

T2 = T1� + �(1� �)
D2
m

r2�1 R�21
; (15.3)

W2 =W1 +
D3
m

2r3�1 �21
(1� �)

�
 + 1
 � 1

� �
�
1 +

2�1p1r2�1
( � 1)D2

m

��
: (15.4)

�à¨ W = 0 ¨§ (15.4) ¯®«ãç¨¬ ¨§¢¥áâ®¥ ¢ £ §®¢®© ¤¨ ¬¨ª¥ ¢ëà ¦¥¨¥ ¤«ï ®â®è¥¨ï
¯«®â®áâ¥© ¯à¨ ¯¥à¥å®¤¥ ç¥à¥§ á¨«ìë© à §àë¢

�2
�1

=
1
�
=

 + 1

 � 1 +
2C2

1
r2�
1

D2
m

; (16)

£¤¥ C1 = �1
q

p1
�1

| ¬ áá®¢ ï £ §®¤¨ ¬¨ç¥áª ï áª®à®áâì §¢ãª  ¯¥à¥¤ äà®â®¬ ã¤ à®© ¢®«-

ë, § ¯¨á  ï ¤«ï ãà ¢¥¨ï á®áâ®ï¨ï ¨¤¥ «ì®£® £ §  (6). � á«ãç ¥, ª®£¤  ã¤ à ï ¢®« 
à á¯à®áâà ï¥âáï ¯® \ã«¥¢®¬ã  ç «ì®¬ã ä®ã"

v = v1 = 0; p = p1 = 0; T = T1 = 0; W =W1 = 0; � = �1 = const; (17)

¨§ (15), (16) ¯®«ãç¨¬ ç áâ® ¨á¯®«ì§ã¥¬ë¥ ¢ëà ¦¥¨ï ãá«®¢¨© �î£®¨®   äà®â¥ £ §®¤¨ ¬¨-
ç¥áª®© ã¤ à®© ¢®«ë

�2
�1

=
1
�
=

 + 1
 � 1

; v2 =
2

 + 1
Dm

r�1�1
; p2 =

2
 + 1

D2
m

r2�1 �1
; T2 =

2( � 1)
( + 1)2

D2
m

r2�1 �21R
; W2 = 0: (18)

�à¨ W 6= 0, ® � = 0, ¨á¯®«ì§ãï (11), â¥®à¥¬ã ® áà¥¤¥¬ ¨ ¯¥à¥å®¤ ª ¯à¥¤¥« ¬ �m ! 0,
�t! 0, ¯®«ãç¨¬ à ¢¥áâ¢® â¥¬¯¥à âãà á¯à ¢  ¨ á«¥¢  ®â à §àë¢ 

T1 = T2: (19)

� íâ®¬ á«ãç ¥ á¨«ìë© à §àë¢ ï¢«ï¥âáï ¨§®â¥à¬¨ç¥áª¨¬ [7]{[9]. �§ (15) ¯®«ãç¨¬ á®®â®è¥¨ï

�2
�1

=
1
�
=

D2
m

r2�1 C2
i1

; (20.1)

v2 = v1 + (1� �)
Dm

r�1�1
; (20.2)

p2 =
p1
�
; (20.3)

W2 =W1 � D3
m

2r3�1 �21
(1� �2): (20.4)

�¤¥áì Ci1 = �1
p
RT1 | ¬ áá®¢ ï ¨§®â¥à¬¨ç¥áª ï áª®à®áâì §¢ãª  ¢¯¥à¥¤¨ äà®â  à §àë¢ .

�ãáâì â¥¯¥àì W 6= 0, � 6= 0. �à¨ ¯à®¨§¢®«ìëå § ç¥¨ïå äãªæ¨© K ¨ � ãà ¢¥¨e (5)
§ ¯¨á o ¢ ¥¤¨¢¥à£¥â®¬ ¢¨¤¥. �à¥¤¯®«®¦¨¬, çâ® â¥¯«®ä¨§¨ç¥áª¨¥ ¢¥«¨ç¨ë K ¨ � «¨¡®
¯®áâ®ïë ¯à¨ � = 0, «¨¡® § ¢¨áïâ ®â â¥¬¯¥à âãàë K = K(T ), � = �(T ). � «®£¨ç® [10]
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à áá¬®âà¨¬ äãªæ¨î V = V (T )=V (T (m; t)) = eV (m; t). �ç¥¢¨¤®, ¬®¦® § ¯¨á âì @

@m
eV = dV

dT

@T

@m
.

�®«®¦¨¬

dV

dT
=

K(T )
�(T )

r� : (21)

�®à¬ã«  (21) ®¯à¥¤¥«ï¥â äãªæ¨î V (T ) = eV (m; t) ç¥à¥§ § ¤ ë¥ § ç¥¨ï â¥¯«®ä¨§¨ç¥áª¨å
¢¥«¨ç¨ K(T ) ¨ �(T ). �á¯®«ì§ãï ãà ¢¥¨¥ (12) á ãç¥â®¬ (21), ¯®á«¥ àï¤  ¯à¥®¡à §®¢ ¨©,
  «®£¨çëå ¨§«®¦¥ë¬ ¢ëè¥, ¯®«ãç¨¬ á®®â®è¥¨¥

(W2 �W1)Dm = fV2 �fV1: (22)

�®à¬ã«ë (15), (22) ¢ëà ¦ îâ § ª®ë á®åà ¥¨ï ¯à¨ ãç¥â¥ à¥« ªá æ¨¨ ¯«®â®áâ¨ ¯®â®ª 
â¥¯«    äà®â¥ â¥¬¯¥à âãà®© ã¤ à®© ¢®«ë ¢ á«ãç ¥ ¯®áâ®ïëå ¨«¨ § ¢¨áïé¨å ®â â¥¬¯¥-
à âãàë äãªæ¨© K ¨ � . �ãáâì

K = K0T
a0 ; � = �0T

a1 : (23)

�§ (21), (23) ¯à¨ a0 � a1 + 1 6= 0 ¡ã¤¥¬ ¨¬¥âì

fVj = K0

�0

T a0�a1+1
j

a0 � a1 + 1
r�1 ; j = 1; 2: (24)

�á¯®«ì§ãï (15.4) ¨ (22), á ãç¥â®¬ (24) ¯®«ãç¨¬ ãà ¢¥¨¥, ®¯à¥¤¥«ïîé¥¥ ®â®è¥¨¥ ¯«®â®áâ¥©
� = �1

�2
,

(1� �)
�
� �  � 1

 + 1

�
1 +

2RT1�21r
2�
1

( � 1)D2
m

��
=

=
2K0( � 1)�21r

4�
1

�0( + 1)(a0 � a1 + 1)D4
m

��
T1� + �(1� �)

D2
m

R�21r
2�
1

�a0�a1+1
� T a0�a1+1

1

�
: (25)

�ë¯¨è¥¬ ãà ¢¥¨¥ (25) ¤«ï á«ãç ï £ §®¤¨ ¬¨ç¥áª®© â¥¯«®¢®© ã¤ à®© ¢®«ë, à á¯à®-
áâà ïîé¥©áï ¯® ã«¥¢®¬ã  ç «ì®¬ã ä®ã (17):

� �  � 1
 + 1

= A0�
a0�a1+1(1� �)a0�a1 ; (26)

£¤¥ A0 =
2(�1)K0

(+1)(a0�a1+1)�0
D2(a0�a1�1)
m r

�2�(a0�a1�1)
1 R�a0+a1�1�

�2(a0�a1)
1 > 0.

�®ª ¦¥¬, çâ® ¯à¨ a0�a1+1 > 0 ãà ¢¥¨¥ (26) ¨¬¥¥â å®âï ¡ë ®¤¨ ¤¥©áâ¢¨â¥«ìë© ª®à¥ì.
�«ï íâ®£® áà ¢¨¬ «¥¢ãî (y1 = �� �1

+1
) ¨ ¯à ¢ãî (y2 = A0�

a0�a1+1(1��)a0�a1) ç áâ¨ á®®â®è¥¨ï
(26). � ª ª ª 0 � � � 1, â® ¯à¨ a0 � a1 + 1 > 0 äãªæ¨ï y2 = y2(�) æ¥«¨ª®¬  å®¤¨âáï ¢
®¡« áâ¨ y � 0, � � 0. �¥ ¯à®¨§¢®¤ ï dy2

d�
= �a0�a1(1 � �)a0�a1+1[a0 � a1 + 1 � (2(a0 � a1) + 1)�]

®¡à é ¥âáï ¢ ã«ì ¯à¨ � = 0, � = a0�a1+1
2(a0�a1)+1

, � = 1. �ãªæ¨ï y = y2(�) ¯à¨ � ! 0 áâà¥¬¨âáï ª
ã«î ¯à®¯®àæ¨® «ì® �a0�a1+1 ¨ «¨¥©  ¢ ®ªà¥áâ®áâ¨ � = 1. �à ¢¥¨¥ ¥¥ á ¯®«®¦¨â¥«ì®©
ç áâìî ¯àï¬®© y = y1, à á¯®«®¦¥®© ¢ ®¡« áâ¨ � > �1

+1
, ¯®ª §ë¢ ¥â, çâ® äãªæ¨¨ y = y1(�) ¨

y = y2(�) ¯¥à¥á¥ª îâáï ¯à¨ ¥ª®â®à®¬ ¤¥©áâ¢¨â¥«ì®¬ § ç¥¨¨ � = �k,
�1
+1

< �k < 1.
� áá¬®âà¨¬ â¥¯¥àì àï¤ å à ªâ¥àëå á¢®©áâ¢ â¥¯«®¯¥à¥®á  ¢ à¥« ªá æ¨®ëå áà¥¤ å ¯à¨

¥ª®â®àëå ª®ªà¥âëå § ç¥¨ïå ¯ à ¬¥âà®¢ a0 ¨ a1, ®£à ¨ç¨¢ ïáì á«ãç ¥¬ � = 0 (¯«®áª ï
á¨¬¬¥âà¨ï).

1. �ãáâì a0 = a1. � íâ®¬ á«ãç ¥ ¨§ (26) á«¥¤ã¥â, çâ® áª ç®ª ¯«®â®áâ¥©   äà®â¥ â¥¯«®¢®©
ã¤ à®© ¢®«ë ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

1
�
=

�2
�1

=
 + 1
 � 1

�
1� 2( � 1)K0

( + 1)�0RD2
m

�
: (27)
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�®¤áâ ¢«ïï ¢ (27) ¨§¢¥áâ®¥ ¢ëà ¦¥¨¥ ¬ áá®¢®© « £à ¦¥¢®© áª®à®áâ¨ à á¯à®áâà ¥¨ï â¥¯« 
¯à¨ � 6= 0 ( ¯à., [1], [2], [5])

CT =

s
( � 1)K

R�
; (28)

¯®«ãç¨¬

�2
�1

=
 + 1
 � 1

�
1� 2C2

T

( + 1)D2
m

�
: (29)

� ª ª ª �2 > �1, â® ¨§ (29) ¯®«ãç¨¬

Dm > CT : (30)

�¥à ¢¥áâ¢® (30) ®§ ç ¥â, çâ® ¬ áá®¢ ï áª®à®áâì ¤¢¨¦¥¨ï äà®â  £ §®¤¨ ¬¨ç¥áª®© ã¤ à®©
¢®«ë ¡®«ìè¥ å à ªâ¥à®© áª®à®áâ¨ à á¯à®áâà ¥¨ï à¥« ªá æ¨®ëå â¥¯«®¢ëå ¢®§¬ãé¥¨©.

�ëè¥ à¥çì è«  ® ¯¥à¥®á¥ â¥¯«  ¢ ¤¢¨¦ãé¥©áï áà¥¤¥. �à¨ v2 = v1 = 0, � = �1 = �2 = const,
® T1 6= 0, W1 6= 0 § ª® á®åà ¥¨ï í¥à£¨¨ ¨¬¥¥â ¢¨¤ (13.4)

W2 �W1 =
R

 � 1
(T2 � T1)Dm: (31)

�«ï á«ãç ï ¥¯®¤¢¨¦®© áà¥¤ë ¨§ ä®à¬ã« (22), (24) ¯à¨ a0 = a1 ¯®«ãç¨¬

Dm(W2 �W1) = fV2 �fV1 = K0

�0
(T2 � T1): (32)

�¬®¦ ï ¤ «¥¥ «¥¢ãî ç áâì (31)   Dm ¨ áà ¢¨¢ ï ¯®«ãç¥ãî ¯à¨ íâ®¬ ä®à¬ã«ã á (32), ¯à¨
T1 6= T2 ¡ã¤¥¬ ¨¬¥âì à ¢¥áâ¢® Dm = CT . � ª¨¬ ®¡à §®¬, ¢ ®â«¨ç¨¥ ®â ¯à¥¤ë¤ãé¥£® á«ãç ï,
¢ ¥¯®¤¢¨¦®© áà¥¤¥ áª®à®áâ¨ à á¯à®áâà ¥¨ï äà®â  à §àë¢  ¨ áª®à®áâ¨ â¥¯«®¯¥à¥®á  ¯à¨
ãç¥â¥ à¥« ªá æ¨¨ â¥¯«®¢®£® ¯®â®ª  á®¢¯ ¤ îâ.

2. �ãáâì â¥¯¥àì a0 � a1 = 1, çâ® á¯à ¢¥¤«¨¢®,  ¯à¨¬¥à, ¤«ï á«ãç ï ¯®«®áâìî ¨®¨§¨à®¢ -
®£® £ § : a0 = 5

2
, a1 = 3

2
(á¬. [11]). �à¨ a0 � a1 = 1 ãà ¢¥¨¥ (26) ¯à¨¨¬ ¥â ¢¨¤

� �  � 1
 + 1

= A0�
2(1� �); (33)

£¤¥ A0 =
(�1)K0

(+1)�0R2�2
1

. �à ¢¥¨¥ (33) ï¢«ï¥âáï ªã¡¨ç¥áª¨¬, ¨¬¥¥â ¥¤¨áâ¢¥ë© ¤¥©áâ¢¨â¥«ìë©
ª®à¥ì. �®à¬ã«ã (33)   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ ®â®è¥¨ï ¯«®â®áâ¥©
�2
�1
= 1

�
, ¢ëà ¦¥®£® ç¥à¥§ ¯ à ¬¥âàë CT ¨ Dm:

�2
�1
= 1

�
= +1

�1

�
1� C2

T

(+1)D2
m

�
. �§ ãá«®¢¨ï �2 > �1

á«¥¤ã¥â D2
m > 1

2
C2
T .

3. �ç¥¢¨¤®, çâ® ¢ ®¡é¥¬ á«ãç ¥ a0 � a1 + 1 > 0; ¨á¯®«ì§ãï ¢ëà ¦¥¨ï T2 = �(1 � �)D
2

m

R�2
1

,

C2
T = (�1)K0

R�0
T a0�a1
2 , á®®â®è¥¨¥ (26) ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ®â®è¥¨ï ¯«®â®áâ¥© �2

�1
=

1
�
= +1

�1
(1 � 2C2

T

(+1)(a0�a1+1)D2
m

). �§ ãá«®¢¨ï �2 > �1 ¯®«ãç¨¬ ¤«ï ¤¢¨¦ãé¥©áï áà¥¤ë ¥à ¢¥áâ¢®

D2
m > 1

a0�a1+1
C2
T .
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2. �¢  á¨«ìëå à §àë¢  ¢ á«ãç ¥ � 6= 0

�¤¨¬ ¨§ § ¬¥ç â¥«ìëå á¢®©áâ¢ â¥¯«®¯¥à¥®á  ¢ ¤¢¨¦ãé¥©áï áà¥¤¥ á ãç¥â®¬ à¥« ªá æ¨¨
¯®â®ª  ï¢«ï¥âáï áãé¥áâ¢®¢ ¨¥ ¯à¨ § ¤ ëå ªà ¥¢ëå ãá«®¢¨ïå ¤¢ãå á¨«ìëå à §àë¢®¢ ( ¯à.,
[1], [2], [4], [12]). �ª § ë© ä ªâ á¢ï§  á  «¨ç¨¥¬ ¯à¨ � 6= 0 ¤¢ãå à §«¨çëå áª®à®áâ¥© §¢ãª .

� á«ãç ¥ W = 0 å à ªâ¥à®© áª®à®áâìî ¤¢¨¦¥¨ï ¥«¨¥©®© áà¥¤ë ï¢«ï¥âáï £ §®¤¨ ¬¨-
ç¥áª ï áª®à®áâì §¢ãª . �®®â¢¥âáâ¢ãîé ï ¬ áá®¢ ï áª®à®áâì ¯à¥¤áâ ¢«¥  ¢ëè¥ ¢ ¢¨¤¥ ä®¬ã«ë
C = �

p
RT , á¯à ¢¥¤«¨¢®© ¤«ï á«ãç ï ¨¤¥ «ì®£® £ § . �® áª®à®áâìî C á¢ï§   ª« áá¨ç¥áª ï

ã¤ à ï ¢®«  (á¬. ä®à¬ã«ë (15), (16), (18)).
�à¨ W 6= 0, ® � = 0, ®¯à¥¤¥«ïîé¥© ï¢«ï¥âáï ¨§®â¥à¬¨ç¥áª ï áª®à®áâì §¢ãª . � á«ãç ¥

¨¤¥ «ì®£® £ §  (6) ¬ áá®¢ ï áª®à®áâì ¢ëà ¦ ¥âáï ä®à¬ã«®© Ci = �
p
RT = �

q
p

�
. �¯®¬ïãâ ï

¢ëè¥ áª®à®áâì à á¯à®áâà ¥¨ï â¥¯«  ¢¨¤  (28) ¯à¨ � = 0 à ¢  ¡¥áª®¥ç®áâ¨. �à¨ � = 0,
ã«¥¢®¬  ç «ì®¬ ä®¥ (T (m; 0) = v(m; 0) = W (m; 0) = 0) ¨ @K

@T
> 0 áãé¥áâ¢ãîâ â¥¬¯¥à -

âãàë¥ ¢®«ë, à á¯à®áâà ïîé¨¥áï á ª®¥ç®© áª®à®áâìî. �â® á¢ï§ ® á â¥¬, çâ® ¯à¨ K = 0,
® ¡¥áª®¥ç®¬ ¨«¨ ª®¥ç®¬ ¨ ®â«¨ç®¬ ®â ã«ï £à ¤¨¥â¥ â¥¬¯¥à âãàë, â¥¯«®¢®© ¯®â®ª  
äà®â¥ ¢®«ë ®¡à é ¥âáï ¢ ã«ì. �à¨ íâ®¬ ¢ ®ªà¥áâ®áâ¨ äà®â  â¥¬¯¥à âãà®© ¢®«ë £ §®-
¤¨ ¬¨ç¥áª¨¥ ¨ â¥¯«®¢ë¥ ¢¥«¨ç¨ë ¥¯à¥àë¢ë [7]{[9]. � £«ã¡¨¥ äà®â  ¢®«ë áãé¥áâ¢ã¥â
¨§®â¥à¬¨ç¥áª¨© à §àë¢ (á¬. ä®à¬ã«ë (19), (20)).

�á«¨ W 6= 0 ¨ � 6= 0, â® ®â«¨çë ®â ã«ï ¨ ¡¥áª®¥ç®áâ¨ ®¡¥ áª®à®áâ¨ §¢ãª , ª ª Ci, â ª
¨ CT . � [12] ®â¬¥ç¥®, çâ® ¯à¨ W 6= 0 ¨ � 6= 0 ãà ¢¥¨ï ¤«ï å à ªâ¥à¨áâ¨ª á¨áâ¥¬ë (1){(5)
®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

dm

dt
= �n; n = 1; 2:

� à ¬¥âàë �1 ¨ �2 ¨¬¥îâ á¬ëá« áª®à®áâ¥© à á¯à®áâà ¥¨ï ¬ «ëå ¢®§¬ãé¥¨© ¨ á« ¡ëå à §-
àë¢®¢, ®¨ ¢ëà ¦ îâáï ç¥à¥§ áª®à®áâ¨ §¢ãª  Ci ¨ CT :

�21 =
C2
T + C2

i +
p
(C2

T � C2
i )2 + 4( � 1)C2

TC
2
i

2
;

�22 =
C2
T + C2

i �
p
(C2

T � C2
i )2 + 4( � 1)C2

TC
2
i

2
:

�à¨ W 6= 0 ¨ � 6= 0 áãé¥áâ¢ã¥â â¥¬¯¥à âãà ï ã¤ à ï ¢®« , ¯à¨ç¥¬ ¨å ¬®¦¥â ¡ëâì ¤¢¥.
�  à¨á. 1 ¤«ï á«ãç ï � 6= 0 ¯à¨¢¥¤¥ë ¥ª®â®àë¥ à¥§ã«ìâ âë  ¢â®¬®¤¥«ì®£® à¥è¥¨ï á¨áâ¥¬ë
ãà ¢¥¨© (1){(5) ¯à¨ ¥áâ æ¨® à®¬ £à ¨ç®¬ ãá«®¢¨¨ ¤«ï § ¤ ç¨ ® ¯®àè¥ á § ¤ ë¬  
¥¬ â¥¬¯¥à âãàë¬ à¥¦¨¬®¬ ¨ áâ¥¯¥ë¬¨ § ª® ¬¨K = K(T; �), � = �(T; �). �à¥¤¯®« £ «®áì,
çâ®  ç «ì ï ¯«®â®áâì áà¥¤ë ¯®áâ®ï  ¨ ¨¬¥îâ ¬¥áâ® ã«¥¢ë¥ § ç¥¨ï ®áâ «ìëå ¢¥«¨ç¨.
�®®â¢eâáâ¢ãîé¨¥ ãá«®¢¨ï  ¢â®¬®¤¥«ì®áâ¨ ¯à¨¢¥¤¥ë ¢ [4]. � ¤ ®© à ¡®â¥ â¥¯«®ä¨§¨ç¥áª¨¥
¯ à ¬¥âàë ¡ë«¨ § ¤ ë áâ¥¯¥ë¬¨ äãªæ¨ï¬¨ ¢¨¤  K = K0T

5

2�, � = �0T
3

2��1. �¥è¥¨¥ áâà®-
¨«®áì á ¯®¬®éìî ç¨á«¥ëå ¬¥â®¤®¢. �à¨ íâ®¬ \à §¬ §ë¢ ¨¥" à §àë¢®¢ ®áãé¥áâ¢«ï«®áì á
¯®¬®éìî ®¡ëç®© ª« áá¨ç¥áª®© ¯á¥¢¤®¢ï§ª®áâ¨ [13], ¨á¯®«ì§ã¥¬®© ¢ £ §®¢®© ¤¨ ¬¨ª¥ ¨ ¢ á«ã-
ç ¥ W = 0.

�  à¨á. 1 ¯à¥¤áâ ¢«¥ë ¡¥§à §¬¥àë¥ ¯à®ä¨«¨ â¥¬¯¥à âãàë (f), ã¤¥«ì®£® ®¡ê¥¬  (1=�) ¨
áª®à®áâ¨ (�) ¢ § ¢¨á¨¬®áâ¨ ®â \ ¢â®¬®¤¥«ì®© ¯¥à¥¬¥®© s". �¥âª® ¯à®á¬ âà¨¢ îâáï á«¥¤ãî-
é¨¥ ¤àã£ §  ¤àã£®¬ ¤¢¥ â¥¬¯¥à âãàë¥ ã¤ àë¥ ¢®«ë. � «¨§ ¯®ª §ë¢ ¥â, çâ® á ã¢¥«¨ç¥¨¥¬
¯ à ¬¥âà  �0 (á¬. à¨á. 1 ) ¨ 1b)) ã¬¥ìè ¥âáï à ááâ®ï¨¥ ¬¥¦¤ã £à ¨çë¬ ¨áâ®ç¨ª®¬ (¯®àè-
¥¬) ¨ ®¡®¨¬¨ äà®â ¬¨ ã¤ àëå ¢®«.

� ª ¨§¢¥áâ®, ¯à¨ � = 0 áãé¥áâ¢ãîâ à §«¨çë¥ à¥¦¨¬ë â¥¯«®¯¥à¥®á  ¢ ¤¢¨¦ãé¥©áï áà¥¤¥
| à¥¦¨¬ë â¥¬¯¥à âãà®© ¢®«ë ¯¥à¢®£® à®¤  (��-1) ¨ â¥¬¯¥à âãà®© ¢®«ë ¢â®à®£® à®¤ 
(��-2) (á¬. [8], [9] ¨ ¡¨¡«¨®£à ä¨î ¢ íâ¨å à ¡®â å).
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�¨á. 1

�«ï à¥¦¨¬  ��-1 å à ªâ¥àë¬ ï¢«ï¥âáï ¬®®â®®áâì ¯à®ä¨«ï äãªæ¨¨ â¥¬¯¥à âãàë
f = f(s). � £«ã¡¨¥ äà®â  â¥¯«®¢®© ¢®«ë ¢ ¥ª®â®à®© â®çª¥ ¨¬¥¥â ¬¥áâ® ¨§®â¥à¬¨ç¥áª¨©
à §àë¢. � ááâ®ï¨¥ ¬¥¦¤ã äà®â®¬ â¥¬¯¥à âãà®© ¢®«ë ¢ á«ãç ¥ � = 0 ¨ ¨§®â¥à¬¨ç¥áª¨¬
à §àë¢®¬ ¬®¦¥â ¡ëâì à §«¨çë¬, çâ® ¢ § ¢¨á¨¬®áâ¨ ®â ¯ à ¬¥âà®¢ § ¤ ç¨ å à ªâ¥à¨§ã¥â £«ã-
¡¨ã ¯à®£à¥¢  ¢¥é¥áâ¢  ¢ à¥¦¨¬¥ ��-1. � à¥¦¨¬¥ ��-2 â¥¬¯¥à âãà  ¥¬®®â® . �á®¢ ï
®¡« áâì ¯à®£à¥¢   å®¤¨âáï ¯®§ ¤¨ ¢®«ë á¦ â¨ï ¨ ¨§®â¥à¬¨ç¥áª®£® à §àë¢ .

�®   «®£¨¨ á® á«ãç ¥¬ � = 0 ¬®¦® áª § âì, çâ® ¯à¨ � , ®â«¨ç®¬ ®â ã«ï,   à¨á. 1 )
¯à¥¤áâ ¢«¥® à á¯à¥¤¥«¥¨¥ ¨áª®¬ëå ¢¥«¨ç¨, å à ªâ¥à®¥ ¤«ï à¥¦¨¬  ��-1. �â®à®© à §àë¢
¬®¦¥â á«ã¦¨âì   «®£®¬ ¨§®â¥à¬¨ç¥áª®£® à §àë¢  ¢ £«ã¡¨¥ äà®â  â¥¬¯¥à âãà®© ¢®«ë.
� ã¢¥«¨ç¥¨¥¬ ¯ à ¬¥âà  �0,   á«¥¤®¢ â¥«ì®, á ã¬¥ìè¥¨¥¬ íää¥ªâ¨¢®© áª®à®áâ¨ à á¯à®-
áâà ¥¨ï â¥¯« , ãá«®¢® ¬®¦® áª § âì, çâ® ��-1 ¯¥à¥å®¤¨â ¢ à¥¦¨¬ ��-2 (á¬. à¨á. 1b)). �à¨
íâ®¬ äà®â ¢®«ë ¯à®£à¥¢  ¢ à¥¦¨¬¥ ��-2 á®®â¢¥âáâ¢ã¥â ¢ãâà¥¥¬ã à §àë¢ã â¥¯«®¢ëå ¨
£ §®¤¨ ¬¨ç¥áª¨å ¢¥«¨ç¨.

3. �æ¥ª  ¢«¨ï¨ï ®¡ê¥¬ëå ¨áâ®ç¨ª®¢ ¨ áâ®ª®¢ í¥à£¨¨
  ¨áá«¥¤ã¥¬ë¥ ¯à®æ¥ááë

�¯¨á ë¥ ¢ëè¥ à áç¥âë ¡ë«¨ â ª¦¥ ¯à®¢¥¤¥ë á ãç¥â®¬ ®¡ê¥¬®£® ¨áâ®ç¨ª  (áâ®ª )
í¥à£¨¨ áâ¥¯¥®£® ¢¨¤  Q = Q0T

1

2 ��1 ¯à¨ à §«¨çëå § ç¥¨ïå ¯ à ¬¥âà  Q0. � «¨§ ¨ ¢ë-
ç¨á«¨â¥«ìë¥ íªá¯¥à¨¬¥âë ¯®ª § «¨, çâ® á ¨§¬¥¥¨¥¬ Q ¢®§¬®¦¥ ¯¥à¥å®¤ ®â ¬®®â®®£®
à á¯à¥¤¥«¥¨ï â¥¬¯¥à âãàë ¯® ¯à®áâà áâ¢¥®© ª®®à¤¨ â¥m ª ¥¬®®â®®¬ã. � «®£¨çãî
â¥¤¥æ¨î ¬®¦¥â ¨¬¥âì ¨ ¯à®áâà áâ¢¥®¥ à á¯à¥¤¥«¥¨¥ ¯«®â®áâ¨.

� «¨§ ¢«¨ï¨ï ®¡ê¥¬ëå ¨áâ®ç¨ª®¢ ¨ áâ®ª®¢ í¥à£¨¨   ¯à®æ¥áá â¥¯«®¯¥à¥®á  ¯à®¢®¤¨«-
áï ¤«ï á«ãç ï � = 0 ¢ [14] ¨ ¯à¨ � 6= 0 ¢ [4]. � ®¡®¨å á«ãç ïå ¥«¨¥© ï áà¥¤  ¯à¥¤¯®« £ « áì
¥¯®¤¢¨¦®©. � á«ãç ¥ � = 0 à¥è¥¨¥ ï¢«ï¥âáï ¥¯à¥àë¢ë¬,   ¯à¨ � 6= 0 ¨¬¥¥â à §àë¢ â¥¬-
¯¥à âãàë ¨ ¯®â®ª  â¥¯« . � «¨§ ¯à®¢®¤¨«áï á ¯®¬®éìî à¥è¥¨ï § ¤ ç¨ ® ¡¥£ãé¨å ¢®« å,
â. ¥. ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® ¨áª®¬ë¥ äãªæ¨¨ § ¢¨áïâ ®â m ¨ t ¢ ª®¬¡¨ æ¨¨ x = Dt � m,
£¤¥ D = const | áª®à®áâì ¡¥£ãé¥© ¢®«ë. �®íää¨æ¨¥â â¥¯«®¯à®¢®¤®áâ¨, ¢à¥¬ï à¥« ªá æ¨¨
â¥¯«®¢®£® ¯®â®ª  ¨ ¬®é®áâì ¨áâ®ç¨ª®¢ ¨ áâ®ª®¢ í¥à£¨¨ à áá¬ âà¨¢ «¨áì áâ¥¯¥ë¬¨ äãª-
æ¨ï¬¨ â¥¬¯¥à âãàë K = K0T

a0 , � = �0T
a1 , Q = Q0T

a2 . �ç¨â «®áì, çâ® äà®â ¡¥£ãé¥© ¢®«ë
 å®¤¨âáï ¢ â®çª¥ x = 0 (m = Dt). �¥à¥¤ äà®â®¬ (x = 0) § ¤ îâáï ã«¥¢ë¥ ãá«®¢¨ï T = 0,
W = 0. � ¢¨á¨¬®áâì ¯à®æ¥áá  ¯¥à¥®á  â¥¯«  ®â å à ªâ¥à  ¨§¬¥¥¨ï ®¡ê¥¬®£® ¨áâ®ç¨ª 
(áâ®ª ) í¥à£¨¨, ¢ ¯à¨¢¥¤¥ëå ¢ëè¥ ¯à¥¤¯®«®¦¥¨ïå, ¯à¥¤áâ ¢«¥    à¨á. 2.
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�¨á. 2

�  à¨á. 2 ) ¤«ï á«ãç ï Q0 = 0 ¯à¨¢¥¤¥ë ¯à¨¬¥àë à á¯à®áâà ¥¨ï ¡¥£ãé¨å ¢®« ¯® ¯¥-
à¥¬¥®© x = Dt � m ¤«ï á«ãç ¥¢ a0 = 5

2
, a1 = 3

2
, ¯à¨ ä¨ªá¨à®¢ ®¬ §aç¥¨¨ K0 = 1 ¨

à §«¨çëå § ç¥¨ïå ¬®¦¨â¥«ï �0 = 0; 1
2
; 1, ®â¬¥ç¥ëå æ¨äà ¬¨   ªà¨¢ëå. �à¨ ¯®áâ ®¢ª¥

§ ¤ ç¨ ¯à¥¤¯®« £ «®áì, çâ® áª®à®áâì äà®â  ¡¥£ãé¥© ¢®«ë ¨ ¥£® ¯®«®¦¥¨¥ (x = 0) á®¢¯ ¤ îâ
á® áª®à®áâìî ¨ à á¯®«®¦¥¨¥¬ äà®â  à §àë¢  â¥¯«®¢®© ¢®«ë. �à¨ �0 = 0 à¥è¥¨¥ ¥¯à¥-
àë¢®,   äà®â¥ ¨¬¥¥¬ T (0) = 0. �à¨ �0, ®â«¨çëå ®â ã«ï, ¨¬¥¥â ¬¥áâ® à §àë¢. �¥è¥¨¥
¯®áâà®¥® ¢   «¨â¨ç¥áª®© ä®à¬¥.

�  à¨á. 2b) ¯à¥¤áâ ¢«¥ ª ç¥áâ¢¥ë© å à ªâ¥à ¨§¬¥¥¨ï äãªæ¨¨ T=T (x) ¯à¨ Q � 0.
� «¨§ ¯®ª §ë¢ ¥â, çâ® ¢ á«ãç ¥ Q0 < 0 (¢ à áá¬ âà¨¢ ¥¬®© áà¥¤¥ áãé¥áâ¢ãîâ ®¡ê¥¬ë¥ ¯®-
â¥à¨ í¥à£¨¨), à¥è¥¨¥ â¨¯  ¡¥£ãé¥© ¢®«ë áãé¥áâ¢ã¥â ¢® ¢á¥© ®¡« áâ¨ ¨§¬¥¥¨ï x � 0, ¥á«¨
¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® a2 < a0+1�2a1. � ¯à®â¨¢®¬ á«ãç ¥ à¥è¥¨¥ § ¤ ç¨ ® ¡¥£ãé¥© ¢®«¥
®ª §ë¢ ¥âáï ä¨§¨ç¥áª¨ ¥¯à®â¨¢®à¥ç¨¢ë¬ «¨èì   ª®¥ç®¬ ¨â¥à¢ «¥ ¨§¬¥¥¨ï 0 � x � C0

¨, á«¥¤®¢ â¥«ì®, ª®¥ç®¬ ¯à¬¥¦ãâª¥ ¢à¥¬¥¨. �à¨ ¥ª®â®à®¬ § ç¥¨¨ x = C0 ¨¬¥¥¬ T =1.
�á«¨Q > 0 (áãé¥áâ¢ãîâ ®¡ê¥¬ë¥ ¨áâ®ç¨ª¨ í¥à£¨¨), â® ¯à¨ «î¡ëå § ç¥¨ïå ¯®ª § â¥«¥©

§ ¢¨á¨¬®áâ¨ T , � , Q ®â â¥¬¯¥à âãàë à¥è¥¨¥ â¨¯  ¡¥£ãé¥© ¢®«ë áãé¥áâ¢ã¥â «¨èì ª®¥ç®¥
¢à¥¬ï.
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