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1. ÂÛ×ÈÑËÅÍÈÅ ÏÐÎÑÒÅÉØÈÕ ÈÍÒÅÃÐÀËÎÂ

1.1. Ïóñòü U ⊂ R îòêðûòî. Ôóíêöèÿ F : U → R íàçûâàåòñÿ ïåðâîîáðàçíîé

äëÿ ôóíêöèè f : U → R , åñëè F äèôôåðåíöèðóåìà è F
′
(x) = f(x) äëÿ âñåõ

x ∈ U . Âñÿêàÿ íåïðåðûâíàÿ ôóíêöèÿ îáëàäàåò ïåðâîîáðàçíîé. Âñþäó íèæå âñå

ôóíêöèè ïðåäïîëàãàþòñÿ íåïðåðûâíûìè. Ñ÷èòàåòñÿ òàêæå, ÷òî îáëàñòüþ îïðåäåëåíèÿ

âñåõ âñòðå÷àþùèõñÿ ôóíêöèé ÿâëÿåòñÿ íåêîòîðûé èíòåðâàë (a, b) .

1.2. Åñëè F (x)� ïåðâîîáðàçíàÿ äëÿ f(x) , òî ëþáàÿ äðóãàÿ ïåðâîîáðàçíàÿ G(x) äëÿ f(x)

âûðàæàåòñÿ ôîðìóëîé: G(x) = F (x) + C , ãäå C�íåêîòîðàÿ ïîñòîÿííàÿ.

1.3. Íåîïðåäåëåííûì èíòåãðàëîì îò ôóíêöèè f íàçûâàåòñÿ ñîâîêóïíîñòü âñåõ åå

ïåðâîîáðàçíûõ. Îáîçíà÷åíèå:
∫
f(x)dx .

Òàêèì îáðàçîì, åñëè F (x) � íåêîòîðàÿ ïåðâîîáðàçíàÿ äëÿ f(x) , òî∫
f(x)dx = {F (x) + C| C ∈ R}.

Áóäåì èñïîëüçîâàòü êðàòêóþ çàïèñü:∫
f(x)dx = F (x) + C.

1.4. Òàáëèöà îñíîâíûõ èíòåãðàëîâ

∫
xndx =

xn+1

n+ 1
+ C (n ̸= −1) ;∫

dx

x
= ln |x|+ C ;∫

axdx =
ax

ln a
+ C ;∫

exdx = ex + C ;∫
dx

1 + x2
= arctg x+ C ;∫

dx√
1− x2

= arcsin x+ C ;∫
sinx dx = − cosx+ C ;

∫
cos x dx = sin x+ C ;∫
dx

cos2 x
= tg x+ C ;∫

dx

sin2 x
= − ctg x+ C ;∫

sh xdx = chx+ C ;∫
dx

ch2 x
= thx+ C ;∫

dx

sh2 x
= − cthx+ C .

1.5. Ñâîéñòâà íåîïðåäåëåííîãî èíòåãðàëà:∫
F

′
(x)dx =

∫
dF (x) = F (x) + C, â ÷àñòíîñòè,

∫
dx = x+ C;∫

λf(x)dx = λ

∫
f(x)dx (0 ̸= λ ∈ R);

∫
(f(x) + g(x))dx =

∫
f(x)dx+

∫
g(x)dx.
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Âû÷èñëåíèå ñëåäóþùèõ èíòåãðàëîâ îñíîâàíî íà ïðèìåíåíèè ñâîéñòâ 1.5. è òàáëèöû 1.4.

1.6. Ïðèìåðû

1.6.1.
∫
(3−x2)3dx =

∫
(27−27x2+9x4−x6)dx = 27

∫
dx−27

∫
x2dx+9

∫
x4dx−

∫
x6dx =

= 27x− 9x3 + 9
x5

5
− x7

7
+ C.

1.6.2.
∫
x+ 1√
x
dx =

∫ √
xdx+

∫
dx√
x
=

∫
x1/2dx+

∫
x−1/2dx =

2

3
x3/2 + 2x1/2 + C =

=
2

3
x
√
x+ 2

√
x+ C.

1.6.3.
∫

ctg2 xdx =

∫
cos2 x

sin2 x
dx =

∫
1− sin2 x

sin2 x
dx =

∫
dx

sin2 x
−
∫
dx = − ctg x− x+ C.

1.6.4.
∫

x2

1 + x2
dx =

∫
1 + x2 − 1

1 + x2
dx =

∫
dx−

∫
dx

1 + x2
= x− arctg x+ C.

1.6.5.∫
(2x+3x)2dx =

∫
(22x+2·6x+32x)dx =

∫
4xdx+2

∫
6xdx+

∫
9xdx =

4x

ln 4
+2

6x

ln 6
+

9x

ln 9
+C.

1.6.6.
∫

2x · 32xdx =

∫
18xdx =

18x

ln 18
+ C.

1.6.7.
∫

cos2
x

2
dx =

∫
1 + cosx

2
dx =

1

2

∫
dx+

1

2

∫
cosxdx =

x

2
+

sin x

2
+ C.

1.6.8.
∫

th2 xdx =

∫
sh2 x

ch2 x
dx =

∫
ch2 x− 1

ch2 x
dx =

∫
dx −

∫
dx

ch2 x
= x − thx + C.

1.7. Óïðàæíåíèÿ

1.7.1.
∫
(1− x)(1− 2x)(1− 3x)dx.

[
x− 3x2 +

11

3
x3 − 3

2
x4 + C

]
1.7.2.

∫ (√
x− 1√

x

)2

dx.

[
x2

2
− 2x+ ln |x|+ C

]
1.7.3.

∫
(

3
√
16− 3

√
x2)3dx.

[
16x− 36

5

3
√
4x5 +

18

7

3
√
2x7 − x3

3
+ C

]
1.7.4.

∫ (
8

x3
+

4

x2
+

2

x

)
dx.

[
− 4

x2
− 4

x
+ 2 ln |x|+ C

]
1.7.5.

∫
(1− x)3

x 3
√
x

dx.

[
− 3

3
√
x

(
1 +

3

2
x− 3

5
x2 +

1

8
x3
)
+ C

]
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1.7.6.
∫

(
√
2x− 3

√
3x)2

x
dx.

[
2x− 12

5

6
√
72x5 +

3

2

3
√
9x2 + C

]
1.7.7.

∫ √
x− 2

3
√
x2 + 1

4
√
x

dx.

[
4

5
x 4
√
x− 24

17
x

12
√
x5 +

4

3

4
√
x3 + C

]
1.7.8.

∫ (
1− 1

x2

)√
x
√
xdx.

[
4(x2 + 7)

7 4
√
x

+ C

]
1.7.9.

∫ √
x4 + x−4 + 2

x3
dx.

[
ln |x| − 1

4x4
+ C

]
1.7.10.

∫
(1 + sinx+ cosx)dx. [x− cos x+ sin x+ C]

1.7.11.
∫

tg2 xdx. [−x+ tg x+ C]

1.7.12
∫

2−
√
1− x2√

1− x2
dx. [2 arcsinx− x+ C]

1.7.13.
∫

sin2 x

2
dx.

[x
2
− sin

x

2
+ C

]
1.7.14.

∫
dx

x2(x2 + 1)
.

[
−1

x
− arctg x+ C

]
1.7.15.

∫
20x + 10x

5x
dx.

[
4x

ln 4
+

2x

ln 2
+ C

]
1.7.16.

∫
(a sh x+ b chx)dx. [a chx+ b sh x+ C]

1.7.17.
∫

cth2 xdx. [x− cthx+ C]

2. ÌÅÒÎÄ ÂÂÅÄÅÍÈß ÍÎÂÎÃÎ ÀÐÃÓÌÅÍÒÀ

2.1. Åñëè ∫
f(x)dx = F (x) + C,

òî ∫
f(u)du = F (u) + C,

ãäå u = φ(x) .

2.2. Ïðèìåðû

2.2.1.
∫

dx

x+ a
=

∫
d(x+ a)

x+ a
= ln |x+ a|+ C.

2.2.2.
∫
(2x− 3)10dx =

1

2

∫
(2x− 3)10d(2x− 3) =

(2x− 3)11

22
+ C.

2.2.3.
∫

3
√
1− 3xdx = −1

3

∫
(1−3x)1/3d(1−3x) = −1

3
· 3
4
(1−3x)4/3+C = −(1− 3x)4/3

4
+C.
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2.2.4.
∫

dx

a2 + x2
=

∫
dx

a2
(
1 +

x2

a2

) =

∫ d
(x
a

)
a

(
1 +

(x
a

)2) =
1

a

∫ d
(x
a

)
1 +

(x
a

)2 =
1

a
arctg

x

a
+ C.

2.2.5.
∫

dx√
a2 − x2

=

∫
dx

a

√
1−

(x
a

)2 =

∫ d
(x
a

)
√
1−

(x
a

)2 = arcsin
x

a
+ C (a > 0).

2.2.6.∫
dx

1− x2
=

1

2

∫
2dx

(1− x)(1 + x)
=

∫
(1− x) + (1 + x)

(1− x)(1 + x)
dx =

1

2

(∫
dx

1 + x
+

∫
dx

1− x

)
=

=
1

2

(∫
d(1 + x)

1 + x
−
∫
d(1− x)

1− x

)
=

1

2
(ln |1 + x| − ln |1− x|) = 1

2
ln

|1 + x|
|1− x|

+ C.

2.2.7.
∫

dx

a2 − x2
=

1

a

∫ d
(x
a

)
1−

(x
a

)2 =
1

2a
ln

|1 + x

a
|

|1− x

a
|
=

1

2a
ln

|a+ x|
|a− x|

+ C.

2.2.8.
∫

dx

1 + cosx
=

∫
dx

2 cos2
x

2

=

∫ d
(x
2

)
cos2

x

2

= tg
x

2
+ C.

2.2.9.
∫

dx

1 + sin x
= −

∫ d
(π
2
− x
)

1 + cos
(π
2
− x
) = − tg

(π
4
− x

2

)
+ C.

2.2.10.
∫

xdx√
1− x2

=
1

2

∫
d(x2)√
1− x2

= −1

2

∫
d(1− x2)√

1− x2
= −1

2

∫
(1− x2)−1/2d(1− x2) =

= −1

2
· 2(1− x2)1/2 = −

√
1− x2 + C.

2.2.11.
∫

x3dx

x8 − 2
=

1

4

∫
d(x4)

(x4)2 − (
√
2)2

= −1

4
· 1

2
√
2
ln

|
√
2 + x4|

|
√
2− x4|

+C =
1

8
√
2
ln

|x4 −
√
2|

|x4 +
√
2|

+C.

(Çäåñü ìû èñïîëüçîâàëè ðåçóëüòàò ïðèìåðà 2.2.7.)

2.2.12.
∫

dx

(1 + x)
√
x
= 2

∫
d(
√
x)

1 + (
√
x)2

= 2arctg
√
x+ C.

2.2.13.
∫
x2 + 1

x4 + 1
=

∫ 1 +
1

x2

x2 +
1

x2

dx =

∫ d

(
x− 1

x

)
2 +

(
x− 1

x

)2 =
1√
2
arctg

(
x− 1

x

)
√
2

+ C.

2.2.14.
∫

tg xdx =

∫
sinx

cos x
dx = −

∫
d(cosx)

cosx
= ln | cos x|+ C.
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2.2.15.
∫

dx

sin x
=

∫
dx

2 sin
x

2
cos

x

2

=

∫
dx

2 cos2
x

2
tg
x

2

=

∫ d
(
tg
x

2

)
tg
x

2

= ln | tg x
2
|+ C.

2.2.16.
∫

cosxdx√
2 + cos 2x

=

∫
d(sin x)√
3− 2 sin2 x

=
1√
2

∫
d(sin x)√
3

2
− sin2 x

=
1√
2
arcsin

(√
2

3
sin x

)
.

2.2.17.
∫

ln3 x

x
dx =

∫
ln3 xd(lnx) =

ln4 x

4
+ C.

2.2.18.
∫

2xdx

1− 4x
=

1

ln 2

∫
d(2x)

1− (2x)2
=

1

2 ln 2
ln

|1 + 2x|
|1− 2x|

+ C.

2.2.19.
∫

dx

ex + e−x
=

∫
exdx

e2x + 1
=

∫
d(ex + 1))

(ex)2 + 1
= arctg(ex) + C.

2.2.20.
∫

1

1− x2
ln

1 + x

1− x
dx =

1

2

∫
ln

1 + x

1− x
d

(
ln

1 + x

1− x

)
=

1

4
ln2 1 + x

1− x
+ C.

2.3. Óïðàæíåíèÿ

2.3.1.
∫

dx

(5x− 2)5/2
.

[
− 2

15(5x− 2)3/2
+ C

]

2.3.2.
∫

dx

2 + 3x2
.

[
1√
6
arctg(x

√
3

2
) + C

]

2.3.3.
∫

dx√
2− 3x2

.

[
1√
3
arcsin(x

√
3

2
) + C

]

2.3.4.
∫

dx

1− cosx
.

[
ctg

x

2
+ C

]
2.3.5.

∫
ctg xdx. [ln | sinx|+ C]

2.3.6.
∫

sin
1

x
· dx
x2
.

[
cos

1

x
+ C

]

2.3.7.
∫

sin5 x cosxdx.

[
1

6
sin6 x+ C

]

2.3.8.
∫

sinx√
cos3 x

dx.

[
2√
cos x

+ C

]

2.3.9.
∫

sin x+ cosx
3
√
sinx− cos x

dx.

[
3

2
3
√
1− sin 2x+ C

]
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2.3.10.
∫

dx

sin2 x 4
√
ctg x

.

[
−4

3
4
√

ctg3 x+ C

]

2.3.11.
∫

arctg x

1 + x2
dx.

[
1

2
arctg2 x+ C

]

2.3.12.
∫

dx

arcsin2 x
√
1− x2

.

[
− 1

arcsin x
+ C

]

2.3.13.
∫

sinx cos x√
3 sin2 x+ 2 cos2 x

dx.
[√

3 sin2 x+ 2 cos2 x+ C
]

2.3.14.
∫

exdx

2 + ex
. [ln(2 + ex) + C]

2.3.15.
∫ √

lnx

x
dx.

[
2

3

√
ln3 x+ C

]

2.3.16.
∫

dx

x ln x ln(ln x)
. [ln | ln(lnx)|+ C]

2.3.17.
∫ √

ln(x+
√
1 + x2)

√
1 + x2

dx.

[
2

3

√
ln3(x+

√
1 + x2) + C

]

2.3.18.
∫

xdx

(1 + x2)2
.

[
− 1

2(1 + x2)
+ C

]

2.3.19.
∫

xdx

4 + x4
.

[
1

4
arctg

x2

2
+ C

]

2.3.20.
∫

x2dx
3
√
(8x3 + 27)2

.

[
1

8
3
√
8x3 + 27 + C

]

2.3.21.
∫

dx√
x(1− x)

.
[
2 arcsin

√
x+ C

]
2.3.22.

∫
xdx√

(x2 − 1)3
.

[
− 1√

x2 − 1
+ C

]

2.3.23.
∫
x2 − 1

x4 + 1
dx.

[
1

2
√
2
ln
x2 − x

√
2 + 1

x2 + x
√
2 + 1

+ C

]

2.3.24.
∫

x4dx

(x5 + 1)4
.

[
− 1

15(x5 + 1)3
+ C

]

2.3.25.
∫

2x · 3x

9x − 4x
dx.

[
1

2(ln 3− ln 2)
ln

|3x − 2x|
|3x + 2x|

+ C

]

2.3.26.
∫

xdx√
1 + x2 +

√
(1 + x2)3

.

[
2

√
1 +

√
1 + x2 + C

]
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2.3.27.
∫

dx

x
√
x2 − 1

.

[
− arcsin

1

|x|
+ C

]

2.3.28.
∫

dx√
(x2 + 1)3

.

[
x√

1 + x2
+ C

]

2.3.29.
∫

dx

ch2 x
3
√
th2 x

.
[
3

3
√
thx+ C

]
2.3.30.

∫
dx

sh x
.

[
ln | th x

2
|+ C

]

3. ÇÀÌÅÍÀ ÏÅÐÅÌÅÍÍÎÉ ( ÌÅÒÎÄ ÏÎÄÑÒÀÍÎÂÊÈ)

3.1. Çàìåíà ïåðåìåííîé â íåîïðåäåëåííîì èíòåãðàëå ïðîèçâîäèòñÿ ñ ïîìîùüþ

ïîäñòàíîâîê òðåõ âèäîâ:

3.1.1. x = φ(t) , ãäå φ(t) � ñòðîãî ìîíîòîííàÿ, íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ

íîâîé ïåðåìåííîé t . Ôîðìóëà çàìåíû ïåðåìåííîé â ýòîì ñëó÷àå:∫
f(x)dx =

∫
f(φ(t))dφ(t) =

∫
f(φ(t))φ′(t)dt;

3.1.2. t = ψ(x), ãäå t �íîâàÿ ïåðåìåííàÿ. Ôîðìóëà çàìåíû ïåðåìåííîé ïðè òàêîé

ïîäñòàíîâêå: ∫
f(ψ(x))ψ′(x)dx =

∫
f(ψ(x))dψ(x) =

∫
f(t)dt.

3.1.3. φ(t) = ψ(x), ãäå t �íîâàÿ ïåðåìåííàÿ. Ôîðìóëà çàìåíû ïåðåìåííîé ïðè òàêîé

ïîäñòàíîâêå:∫
f(φ(t))φ′(t)dt =

∫
f(φ(t))dφ(t) =

∫
f(ψ(x))dψ(x) =

∫
f(ψ(x))ψ′(x)dx.

3.2. Ïðèìåðû

3.2.1. Íàéòè èíòåãðàë
∫

dx√
ex + 1

.

Ñäåëàåì ïîäñòàíîâêó t =
√
ex + 1 , îòêóäà ex + 1 = t2 . Äèôôåðåíöèðóÿ îáå ÷àñòè

ïîñëåäíåãî ðàâåíñòâà, ïîëó÷èì

exdx = 2tdt⇒ dx =
2tdt

t2 − 1
.

Òàêèì îáðàçîì(ñ ó÷åòîì ðåçóëüòàòà ïðèìåðà 2.2.6),∫
dx√
ex + 1

= 2

∫
dt

t2 − 1
= ln

|t− 1|
|t+ 1|

+ C = ln

√
ex + 1− 1√
ex + 1 + 1

+ C.
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3.2.2. Íàéòè èíòåãðàë
∫ √

a2 − x2dx (a > 0).

Ïîëîæèì x = a sin t (−π
2

≤ t ≤ π

2
) . Òîãäà dx = a cos tdt,

√
a2 − x2 = a cos t. Òàêèì

îáðàçîì,∫ √
a2 − x2dx = a2

∫
cos2 tdt =

a2

2

∫
(1 + cos 2t)dt =

a2

2

∫
dt+

a2

4

∫
cos(2t)d(2t) =

=
a2

2
t+

a2

2
· sin 2t

2
+ C =

a2

2
arcsin

x

a
+
x
√
a2 − x2

2
+ C.

Ïåðåõîä â îòâåòå ê ñòàðîé ïåðåìåííîé x ñîâåðøåí ñ ïîìîùüþ ôîðìóë:

t = arcsin
x

a
, cos t =

√
1− sin2 t =

√
1− x2

a2
=

√
a2 − x2

a
,

sin 2t

2
= sin t cos t =

x
√
a2 − x2

a2
.

3.2.3. Íàéòè èíòåãðàë
∫

dx

(x2 + a2)2
.

Ïîëîæèì x = a tg t. Òîãäà dx =
a

cos2 t
dt, x2 + a2 =

a2

cos2 t
. Òàêèì îáðàçîì,∫

dx

(x2 + a2)2
=

1

a3

∫
cos2 tdt =

1

2a3

∫
(1 + cos 2t)dt =

1

2a3
t+

1

4a3
sin 2t+ C.

Âåðíåìñÿ ê ñòàðîé ïåðåìåííîé x , ïîëüçóÿñü ôîðìóëàìè:

sin2 t =
tg2 t

1 + tg2 t
=

x2

x2 + a2
, cos2 t = 1− sin2 t =

a2

x2 + a2
, sin 2t = 2 sin t cos t =

2xa

x2 + a2
.

Îêîí÷àòåëüíî ïîëó÷àåì:
∫

dx

(x2 + a2)2
=

1

2a3
arctg

x

a
+

x

2a2(x2 + a2)
+ C.

3.2.4. Íàéòè èíòåãðàë
∫ √

a2 + x2dx. (a > 0)

Ïîëàãàÿ x = a sh t , èìååì dx = a ch t dt,
√
a2 + x2 = a ch t . Òîãäà∫ √

a2 + x2dx =

∫
a2 ch2 t dt =

1

2

∫
(ch 2t+ 1)dt =

a2

4
sh 2t+

a2t

2
+ C.

Âåðíåìñÿ ê ñòàðîé ïåðåìåííîé:

x

a
= sh t =

et − e−t

2
,

îòêóäà et =
x+

√
a2 + x2

a
è, ñëåäîâàòåëüíî,

t = ln |x+
√
a2 + x2| − ln a; sh 2t = 2 sh t ch t = 2 sh t

√
1 + sh2 t =

2x

a2

√
a2 + x2.

Îêîí÷àòåëüíî ïîëó÷àåì:
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∫ √
a2 + x2dx =

x

2

√
a2 + x2 +

a2

2
ln |x+

√
a2 + x2|+ C.

3.2.5. Íàéòè èíòåãðàë
∫

dx

x2
√
1 + x2

(x > 0).

Ïîëîæèì x =
1

t
, òîãäà dx = − 1

t2
dt. Ñëåäîâàòåëüíî,∫

dx

x2
√
1 + x2

= −
∫

t2dt

t2
√

1 +
1

t2

= −
∫

tdt√
t2 + 1

= −1

2

∫
d(t2 + 1)√
t2 + 1

= −
√
t2 + 1 + C.

3.2.6. Íàéòè èíòåãðàë
∫

dx√
x2 + a2

.

Ïîëîæèì
√
x2 + a2 = t− x . Òîãäà

x =
t2 − a2

2t
, dx =

t2 + a2

2t2
,
√
x2 + a2 = t− t2 − a2

2t
=
t2 + a2

2t
.

Ñëåäîâàòåëüíî,
∫

dx√
x2 + a2

=

∫
dt

t
= ln |t|+ C = ln |

√
x2 + a2 + x|+ C.

3.3. Óïðàæíåíèÿ

3.3.1.
∫

dx

2 +
√
x
.

[
2
√
x− 4 ln |2 +

√
x|+ C

]
3.3.2.

∫
x2√
2− x

dx.

[
− 2

15
(32 + 8x+ 3x2)

√
2− x+ C

]

3.3.3.
∫

x5√
1− x2

dx.

[
− 1

15
(8 + 4x2 + 3x4)

√
1− x2 + C

]

3.3.4.
∫
x5(2− 5x3)2/3dx.

[
−6 + 25x3

1000
(2− 5x3)5/3 + C

]

3.3.5.
∫
x3(1− 5x2)10dx.

[
−1 + 55x2

6600
(1− 5x2)11 + C

]

3.3.6.
∫

cos5 x
√
sinxdx.

[
(
2

3
− 4

7
sin2 x+

2

11
sin4 x)

√
sin3 x+ C

]

3.3.7.
∫

dx

ex/2 + ex
.

[
−x− 2e−x/2 + 2 ln(1 + ex/2) + C

]
3.3.8.

∫
lnxdx

x
√
1 + lnx

.

[
2

3
(−2 + lnx)

√
1 + lnx+ C

]

3.3.9.
∫

dx

x
√
x2 − 1

(x > 0).

[
− arcsin

1

x
+ C

]

3.3.10.
∫

arctg
√
x√

x
· dx

1 + x
.

[
arctg2

√
x+ C

]
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3.3.11.
∫

dx

(1− x2)3/2
.

[
x√

1− x2
+ C

]

3.3.12.
∫ √

a+ x

a− x
dx.

[
a arcsin

x

a
−

√
a2 − x2 + C

]
3.3.13.

∫
x2√

a2 + x2
dx.

[
x

2

√
a2 + x2 − a2

2
ln(x+

√
a2 + x2) + C

]

3.3.14.
∫ √

(x− a)(b− x)dx.

[
(b− a)2

4
arcsin

√
x− a

b− a
+

2x− (a+ b)

4

√
(x− a)(b− x) + C.

]

4. ÌÅÒÎÄ ÈÍÒÅÃÐÈÐÎÂÀÍÈß ÏÎ ×ÀÑÒßÌ

4.1. Èíòåãðèðîâàíèåì ïî ÷àñòÿì íàçûâàåòñÿ íàõîæäåíèå èíòåãðàëà ïî ôîðìóëå∫
udv = uv −

∫
vdu,

ãäå u = u(x), v = v(x) � íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè ïåðåìåííîé x .

Ïðè ýòîì çà u áåðåòñÿ òà ôóíêöèÿ, êîòîðàÿ ïðè äèôôåðåíöèðîâàíèè óïðîùàåòñÿ, à çà dv

� òà ÷àñòü ïîäèíòåãðàëüíîãî âûðàæåíèÿ, èíòåãðàë îò êîòîðîé èçâåñòåí èëè ìîæåò áûòü

íàéäåí.

Òàê, íàïðèìåð, äëÿ èíòåãðàëîâ âèäà∫
P (x)eaxdx,

∫
P (x) sin axdx,

∫
P (x) cos axdx,

ãäå P (x) � ìíîãî÷ëåí, çà u ïðèíèìàåòñÿ P (x) , à çà dv � ñîîòâåòñòâåííî, âûðàæåíèÿ

eaxdx, sin ax dx, cos ax dx; äëÿ èíòåãðàëîâ âèäà∫
P (x) lnxdx,

∫
P (x) arcsin xdx,

∫
P (x) arccos xdx

çà u ïðèíèìàþòñÿ, ñîîòâåòñòâåííî, ôóíêöèè ln x, arcsin x, arccosx , à çà dv � âûðàæåíèå

P (x)dx .

4.2. Ïðèìåðû

4.2.1. Íàéòè èíòåãðàë
∫

lnxdx.

Ïîëîæèì u = lnx, dv = dx; òîãäà

v = x, du =
dx

x
.

Èñïîëüçóþ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëó÷àåì∫
ln xdx = x ln x−

∫
x · dx

x
= x ln x−

∫
dx = x lnx− x+ C = x(lnx− 1) + C.
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4.2.2. Íàéòè èíòåãðàë
∫

arctg xdx.

Ïîëîæèì

u = arctg x, dv = dx⇒ v = x, du =
dx

1 + x2
.

Ïî ôîðìóëå èíòåãðèðîâàíèÿ ïî ÷àñòÿì ïîëó÷àåì∫
arctg xdx = x arctg x−

∫
xdx

1 + x2
= x arctg x− 1

2

∫
d(1 + x2)

1 + x2
= x arctg x− 1

2
ln(1+x2)+C.

4.2.2. Íàéòè èíòåãðàë
∫
x sin xdx.

Ïîëîæèì u = x, dv = sinxdx; òîãäà du = dx, v = − cos x è∫
x sin xdx = x cosx+

∫
cosxdx = x cos x+ sin x+ C.

4.2.4. Íàéòè èíòåãðàë
∫
x2exdx.

Ïîëîæèì u = x2, dv = exdx; òîãäà du = 2xdx, v = ex è, ñëåäîâàòåëüíî,∫
x2exdx = x2 − 2

∫
xexdx.

×òîáû íàéòè
∫
xexdx, ïðèìåíèì åùå ðàç ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëàãàÿ

u = x, dv = exdx⇒ du = dx, v = ex,

ñëåäîâàòåëüíî∫
x2exdx = x2ex − 2(xex −

∫
exdx) = x2ex − 2xex + 2ex + C = ex(x2 − 2x+ 2) + C.

4.2.5. Íàéòè èíòåãðàë
∫

arccos2 xdx.

Ïîëîæèì u = arccos2 x, dv = dx; òîãäà v = x, du = −2 arccosx√
1− x2

dx. Ñëåäîâàòåëüíî,

∫
arccos2 xdx = x arccos2 x+ 2

∫
x arccosx√

1− x2
dx.

Äëÿ âû÷èñëåíèÿ ïîëó÷åííîãî èíòåãðàëà åùå ðàç ïðèìåíèì ôîðìóëó èíòåãðèðîâàíèÿ ïî

÷àñòÿì, ïîëîæèâ

u = arccosx, dv =
xdx√
1− x2

= −d
√
1− x2, du = − dx√

1− x2
.

Â ðåçóëüòàòå íàõîäèì∫
arccos2 xdx = x arccos2 x+2(−

√
1− x2 arccosx−

∫
dx) = x arccos2 x−2

√
1− x2 arccosx−2x+C.
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4.2.6. Íàéòè èíòåãðàë
∫

x2

(1 + x2)2
dx.

Ïîëàãàÿ u = x, dv =
x

(1 + x2)2
dx, èìååì

v =

∫
x

(1 + x2)2
dx =

1

2

∫
d(1 + x2)

(1 + x2)2
= − 1

2(1 + x2)
, du = dx.

Ñëåäîâàòåëüíî,∫
x2

(1 + x2)2
dx = − x

2(1 + x2)
+

1

2

∫
dx

1 + x2
= − x

2(1 + x2)
+

1

2
arctg x+ C.

4.2.7. Íàéòè èíòåãðàë
∫
x ln(x+

√
1 + x2)√

1 + x2
dx.

Ïîëàãàÿ

u = ln(x+
√
1 + x2), dv =

xdx√
1 + x2

,

èìååì

v =

∫
xdx√
1 + x2

=
1

2

∫
d(1 + x2)√

1 + x2
=

√
1 + x2, du =

dx√
1 + x2

.

Ñëåäîâàòåëüíî,∫
x ln(x+

√
1 + x2)√

1 + x2
dx =

√
1 + x2 ln(x+

√
1 + x2)−

∫
dx =

√
1 + x2 ln(x+

√
1 + x2)−x+C.

4.2.8. Íàéòè èíòåãðàëû I1 =

∫
eax cos bxdx, I2 =

∫
eax sin bxdx.

Ïðèìåíÿÿ ê êàæäîìó èç èíòåãðàëîâ ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì (â ïåðâîì u =

cos bx, dv = eaxdx ; âî âòîðîì u = sin dx, dv = eaxdx) , ïîëó÷èì

I1 =
1

a
eax cos bx+

b

a
I2, I2 =

1

a
eax sin bx− b

a
I1,

îòêóäà

I1 =
a cos bx+ b sin bx

a2 + b2
eax + C, I2 =

a sin bx− b cos bx

a2 + b2
eax + C.

4.3. Óïðàæíåíèÿ

4.3.1.
∫
xn lnxdx (n ̸= −1).

[
xn+1

n+ 1

(
ln x− 1

n+ 1

)
+ C

]

4.3.2.
∫

ln2 x

x2
dx.

[
−1

x
(ln2 x+ 2 lnx+ 2) + C

]

4.3.3.
∫ √

x ln2 xdx.

[
2

3
x3/2

(
ln2 x− 4

3
ln x+

8

9

)
+ C

]

4.3.4.
∫
xe−xdx.

[
−(x+ 1)e−x + C

]
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4.3.5.
∫
x2e−2xdx.

[
−e

−2x

2

(
x2 + x+

1

2

)
+ C

]

4.3.6.
∫
x3e−x2

dx.

[
−x

2 + 1

2
e−x2

+ C

]

4.3.7.
∫
x cosxdx. [x sinx+ cosx+ C]

4.3.8.
∫
x2 sin 2xdx.

[
−2x2 − 1

4
cos 2x+

x

2
sin 2x+ C

]

4.3.9.
∫
x shxdx. [x chx− sh x+ C]

4.3.10.
∫
x3 ch 3xdx.

[(
x3

3
+

2x

9

)
sh 3x−

(
x2

3
+

2

27

)
ch 3x+ C

]

4.3.11
∫

arcsinxdx.
[
x arcsinx+

√
1− x2 + C

]
4.3.12.

∫
x arctg xdx.

[
−x
2
+

1 + x2

2
arctg x+ C

]

4.3.13.
∫
x2 arccosxdx.

[
−2 + x2

9

√
1− x2 +

x3

3
arccosx+ C

]

4.3.14.
∫

ln(x+
√
1 + x2)dx.

[
x ln(x+

√
1 + x2)−

√
1 + x2 + C

]
4.3.15.

∫
x ln

1 + x

1− x
dx.

[
x− 1− x2

2
ln

1 + x

1− x
+ C

]

4.3.16
∫

arctg
√
xdx.

[
−
√
x+ (1 + x) arctg

√
x+ C

]
4.3.17.

∫
sinx ln(tg x)dx.

[
ln
(
tg
x

2

)
− cos x · ln(tg x) + C

]
4.3.18.

∫
x5ex

3

dx.

[
1

3
(x3 − 1)ex

3

+ C

]

4.3.19.
∫

arcsin2 xdx.
[
x arcsin2 x+ 2

√
1− x2 arcsin x− 2x+ C

]
4.3.20.

∫
x arctg2 xdx.

[
1 + x2

2
arctg2 x− x arctg x+

1

2
ln(1 + x2) + C

]

4.3.21.
∫
x2 ln

1− x

1 + x
dx.

[
−1

3
x2 − 1

3
ln |1− x2|+ x3

3
ln |1− x

1 + x
|+ C

]

4.3.22.
∫

dx

(a2 + x2)2
(a ̸= 0).

[
x

2a2(a2 + x2)
+

1

2a2
arctg

x

a
+ C

]
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4.3.23.
∫
x2
√
a2 + x2dx.

[
x(2x2 + a2)

8

√
a2 + x2 − a4

8
ln(x+

√
a2 + x2) + C

]

4.3.24.
∫
x sinx dx.

[
x2

4
− x

4
sin 2x− cos 2x

8
+ C

]

4.3.25.
∫
e
√
xdx.

[
2(
√
x− 1)e

√
x + C

]
4.3.26

∫
x sin

√
xdx.

[
2(6− x)

√
x cos

√
x− 6(2− x) sin

√
x+ C

]
4.3.27.

∫
ex sin2 xdx.

[
e2x

8
(2− sin 2x− cos 2x) + C

]

4.3.28.
∫

xearctg x

(1 + x2)3/2
dx.

[
−(1− x)earctg x

2
√
1 + x2

+ C

]

4.3.29.
∫

sin(lnx)dx.
[x
2
(sin(lnx)− cos(lnx)) + C

]
4.3.30.

∫
cos(lnx)dx.

[x
2
(sin(lnx) + cos(lnx)) + C

]
4.3.31.

∫
arctg ex

ex
dx.

[
−x+ 1

2
ln(1 + e2x)− e−x arctg ex + C

]
5. ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÂÛÐÀÆÅÍÈÉ,

ÑÎÄÅÐÆÀÙÈÕ ÊÂÀÄÐÀÒÍÛÅ ÒÐ�Õ×ËÅÍÛ

5.1. Íàõîæäåíèå èíòåãðàëîâ â ýòîì ðàçäåëå îñíîâàíî íà ïðèâåäåíèè êâàäðàòíîãî

òðåõ÷ëåíà ê êàíîíè÷åñêîìó âèäó è ïðèìåíåíèè ñëåäóþùèõ ôîðìóë, ïîëó÷åííûõ â ðàíåå

ðàçîáðàííûõ ïðèìåðàõ (ñì.ïðèìåðû 2.2.4, 2.2.5, 2.2.7, 3.2.2, 3.2.4, 3.2.6.).

5.1.1.
∫

dx

a2 + x2
=

1

a
arctg

x

a
+ C (a ̸= 0).

5.1.2.
∫

dx√
a2 − x2

= arcsin
x

a
+ C (a > 0).

5.1.3.
∫

dx

a2 − x2
=

1

2a
ln

|a+ x|
|a− x|

+ C (a ̸= 0).

5.1.4.
∫ √

a2 − x2dx =
x

2

√
a2 − x2 +

a2

2
arcsin

x

a
+ C (a > 0).

5.1.5.
∫ √

x2 ± a2dx =
x

2

√
x2 ± a2 ± a2

2
ln |x+

√
x2 ± a2|+ C.

5.1.2.
∫

dx√
x2 ± a2

= ln |x+
√
x2 ± a2|+ C.
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5.2. Ïðèìåðû

5.2.1.
∫

dx

3x2 − 2x− 1
=

1

3

∫
dx

x2 − 2

3
x− 1

3

=
1

3

∫ d

(
x− 1

3

)
(
x− 1

3

)2

− 4

9

=

=
1

3

∫ d

(
x− 1

3

)
(
x− 1

3

)2

−
(
2

3

)2 =
1

4
ln

∣∣∣∣(x− 1

3

)
− 2

3

∣∣∣∣∣∣∣∣(x− 1

3

)
+

2

3

∣∣∣∣ =
1

4
ln

3|x− 1|
|3x+ 1|

+ C =
1

4
ln

|x− 1|
|3x+ 1|

+ C.

5.2.2.
∫

dx

2x2 − 2x+ 3
=

1

2

∫
dx

x2 − x+
3

2

=
1

2

∫
dx(

x− 1

2

)2

+
5

4

=

=
1

2

∫ d

(
x− 1

2

)
(
x− 1

2

)2

+

(√
5

2

)2 =
1

2
· 2√

5
arctg

x− 1

2√
5/2

+ C =
1√
5
arctg

2x− 1√
5

+ C.

5.2.3.
∫

x+ 1

x2 + x+ 1
dx =

1

2

∫
2x+ 2

x2 + 2x+ 1
dx =

1

2

∫
(2x+ 1)dx

x2 + x+ 1
+

1

2

∫
dx

x2 + x+ 1
=

=
1

2

∫
d(x2 + x+ 1)

x2 + x+ 1
+

1

2

∫ d

(
x+

1

2

)
(
x+

1

2

)2

+
3

4

=
1

2
ln |x2 + x+ 1|+ 1√

3
arctg

2x+ 1√
3

+ C.

5.2.4.
∫

(2x3 + 3x)dx

x4 + x2 + 1
=

1

2

∫
(4x3 + 2x+ 4x)dx

x4 + x2 + 1
=

1

2

∫
(4x3 + 2x)dx

x4 + x2 + 1
+

∫
2xdx

x4 + x2 + 1
=

=
1

2

∫
d(x4 + x2 + 1)

x4 + x2 + 1
+

∫ d

(
x2 +

1

2

)
(
x2 +

1

2

)2

+
3

4

=
1

2
ln(x4 + x2 + 1) +

2√
3
arctg

2x2 + 1√
3

+ C.

5.2.5.
∫

dx√
1− 2x− x2

=

∫
d(x+ 1)√
2− (x+ 1)2

= arcsin
x+ 1√

2
+ C.

5.2.6. Íàéòè èíòåãðàë
∫

dx

x
√
x2 + x+ 1

(x > 0).

∫
dx

x
√
x2 + x+ 1

=

∫
dx

x2
√

1 +
1

x
+

1

x2

= −
∫ d

(
1

x
+

1

2

)
√

(
1

x
+

1

2
)2 +

3

4

=

= − ln
|x+ 2 + 2

√
x2 + x+ 1|

|x|
+ C.
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5.2.7.
∫

dx

(x+ 1)
√
x2 + 1

=

∫
dx

(x+ 1)
√

(x+ 1)2 − 2(x+ 1) + 2
=

∫
d(x+ 1)

(x+ 1)2
√

1− 2

x+ 1
+

2

(x+ 1)2

= − 1√
2

∫ d

( √
2

x+ 1
− 1√

2

)
√√√√( √

2

x+ 1
− 1√

2

)2

+
1

2

=

= − 1√
2
ln

|1− x+
√

2(1 + x2)|
|1 + x|

+ C.

5.2.8. Ïîëó÷èì ðåêóððåíòíóþ ôîðìóëó äëÿ îòûñêàíèÿ èíòåãðàëà

In =

∫
dx

(x2 + a2)n
(n > 1).

In =
1

a2

∫
a2 + x2 − x2

(x2 + a2)n
dx =

1

a2
In−1 −

1

a2

∫
x2dx

(x2 + a2)n
.

Äëÿ îòûñêàíèÿ ïîñëåäíåãî èíòåãðàëà ïðèìåíèì ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì, ïîëàãàÿ

u = x, dv =
xdx

(x2 + a2)n
.

Ñëåäîâàòåëüíî,

v =

∫
xdx

(x2 + a2)n
=

1

2

∫
d(x2 + a2)

(x2 + a2)n
=

1

2(1− n)(x2 + a2)n−1
, du = dx.

Ñëåäîâàòåëüíî,
∫

x2dx

(x2 + a2)n
=

x

2(1− n)(x2 + a2)n−1
− 1

2(1− n)

∫
dx

(x2 + a2)n−1
,

è îêîí÷àòåëüíî ïîëó÷àåì In =
x

2a2(n− 1)(x2 + a2)n−1
+

2n− 3

a2(2n− 2)
In−1.

5.2.9.
∫

Ax+B

(x2 + px+ q)n
dx,

p2

4
− q < 0 (n > 1).

Ïîêàæåì, ÷òî îòûñêàíèå ýòîãî èíòåãðàëà ñâîäèòñÿ ê îòûñêàíèþ èíòåãðàëà

In =

∫
dx

(x2 + a2)n
.

Äåéñòâèòåëüíî,

∫
Ax+B

(x2 + px+ q)n
dx =

∫ A

2
(2x+ p) +

(
B − Ap

2

)
(x2 + px+ q)n

dx =

=
A

2

∫
d(x2 + px+ q)

(x2 + px+ q)n
+

(
B − Ap

2

)∫
dx

(x2 + px+ q)n
=

A

2(1− n)(x2 + px+ q)n−1
+

(
B − Ap

2

)∫ d
(
x+

p

2

)
((

x+
p

2

)2
+

(
q − p2

4

))n .
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5.2.10. Íàéòè èíòåãðàë
∫

3x+ 2

(x2 + 2x+ 10)2
dx.

Ïðîèçâîäÿ ïðåîáðàçîâàíèÿ, êàê â ïðåäûäóùåì ïðèìåðå, ïîëó÷èì∫
3x+ 2

(x2 + 2x+ 10)2
dx =

3

2(x2 + 2x+ 10)
−
∫

d(x+ 1)

((x+ 1)2 + 9)2
.

Äëÿ îòûñêàíèÿ ïîñëåäíåãî èíòåãðàëà ïðèìåíèì ðåêóððåíòíóþ ôîðìóëó, ïîëó÷åííóþ â

ïóíêòå 5.2.6:∫
d(x+ 1)

((x+ 1)2 + 9)2
=

x+ 1

2 · 9(2− 1)((x+ 1)2 + 9)2−1
+

2 · 2− 3

9(2 · 2− 2)

∫
d(x+ 1)

(x+ 1)2 + 9
=

=
x+ 1

18((x+ 1)2 + 9)
+

1

54
arctg

x+ 1

3
+ C.

5.3. Óïðàæíåíèÿ

5.3.1.
∫

dx

a+ bx2
(a > 0, b > 0).

[
1√
ab

arctg(x

√
b

a
) + C

]

5.3.2.
∫

dx

x2 − x+ 2
.

[
2√
7
arctg

2x− 1√
7

+ C

]

5.3.3.
∫

xdx

x4 − 2x2 − 1
.

[
1

4
√
2
ln

|x2 − (
√
2 + 1)|

|x2 + (
√
2− 1)|

+ C

]

5.3.4.
∫

x3dx

x4 − x2 + 2
.

[
1

4
ln(x4 − x2 + 2) +

1

2
√
7
arctg

2x2 − 1√
7

+ C

]

5.3.5.
∫

x5dx

x6 − x3 − 2
.

[
1

9
ln(|x3 + 1|(x3 − 2)2) + C

]

5.3.6.
∫

dx√
a+ bx2

(a > 0, b > 0).

[
1√
b
ln |x

√
b+

√
a+ bx2|+ C

]

5.3.7.
∫

dx√
x+ x2

.

[
ln |x+ 1

2
+
√
x2 + x|+ C

]

5.3.8.
∫

xdx√
5 + x− x2

.

[
−
√
5 + x− x2 +

1

2
arcsin

2x− 1√
21

+ C

]

5.3.9.
∫

x+ 1√
x2 + x+ 1

.

[√
x2 + x+ 1 +

1

2
ln |x+ 1

2
+
√
x2 + x+ 1|+ C

]

5.3.10.
∫

xdx√
1− 3x2 − 2x4

.

[
1

2
√
2
arcsin

4x2 + 3√
17

+ C

]

5.3.11.
∫

x3dx√
x4 − 2x2 − 1

.

[
1

2

√
x4 − x2 − 1 +

1

2
ln |x2 − 1 +

√
x4 − 2x2 − 1|+ C

]
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5.3.12.
∫

x+ x3√
1 + x2 − x4

dx.

[
−1

2

√
1 + x2 − x4 +

3

4
arcsin

2x2 − 1√
5

+ C

]

5.3.13.
∫

dx

(x− 1)
√
x2 − 2

.

[
arcsin

x− 2

|x− 1|
√
2
+ C

]

5.3.14.
∫ √

2 + x− x2dx.

[
2x− 1

4

√
2 + x− x2 +

9

8
arcsin

2x− 1

3
+ C

]

5.3.15.
∫ √

2 + x+ x2dx.

[
2x+ 1

4

√
2 + x+ x2 +

7

8
ln(

1

2
+ x+

√
2 + x+ x2) + C

]

6. ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÐÀÖÈÎÍÀËÜÍÛÕ ÔÓÍÊÖÈÉ

Òàê êàê âñÿêóþ ðàöèîíàëüíóþ ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïîëèíîìà

è ïðàâèëüíîé ðàöèîíàëüíîé äðîáè
Pm(x)

Qk(x)
(m < k) , òî â ýòîì ïàðàãðàôå áóäåì ãîâîðèòü

îá èíòåãðèðîâàíèè ïðàâèëüíûõ ðàöèîíàëüíûõ äðîáåé.

6.1. Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ïðàâèëüíóþ ðàöèîíàëüíóþ äðîáü

ìîæíî ïðåäñòàâèòü êàê ñóììó ýëåìåíòàðíûõ ðàöèîíàëüíûõ ôóíêöèé:

P (x)

Q(x)
=

P (x)

(x− a1)n1(x− a2)n2 . . . (x2 + p1x+ q1)k1(x2 + p2x+ q2)k2 . . .
=

=
A11

x− a1
+

A12

(x− a1)2
+ . . .+

A1n1

(x− a1)n1
+

A21

x− a2
+

A22

(x− a2)2
+ . . .+

A2n2

(x− a2)n2
+ . . .+

+
M11x+N11

x2 + p1x+ q1
+ . . .+

M1k1x+N1k1

(x2 + p1x+ q1)k1
+

M21x+N21

x2 + p2x+ q2
+ . . .+

M2k2x+N2k2

(x2 + p2x+ q2)k2
. . . ,

ãäå ai � äåéñòâèòåëüíûå êîðíè çíàìåíàòåëÿ, à x2 + pjx + qj êâàäðàòíûå òðåõ÷ëåíû

íå èìåþùèå äåéñòâèòåëüíûõ êîðíåé. ò.å. p2j − 4qj < 0. ×èñëîâûå çíà÷åíèÿ Aij,Mij, Nij

âû÷èñëÿþò (ïîñëå ïðèâåäåíèÿ ïðàâîé ÷àñòè ê îáùåìó çíàìåíàòåëþ) ïðèðàâíèâàÿ

êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x â ÷èñëèòåëÿõ ëåâîé è ïðàâîé ÷àñòåé òîæäåñòâà

è äàëåå ðåøàÿ ïîëó÷åííóþ ñèñòåìó ëèíåéíûõ óðàâíåíèé (÷èñëî óðàâíåíèé â ýòîé ñèñòåìå

íà åäèíèöó áîëüøå ñòåïåíè ïîëèíîìà P (x)).

Ò.î. èíòåãðàë îò ëþáîé ïðàâèëüíîé ðàöèîíàëüíîé äðîáè ïðåäñòàâëÿåòñÿ êàê ñóììà

èíòåãðàëîâ îò ýëåìåíòàðíûõ äðîáåé:∫
Adx

x− a
,

∫
Adx

(x− a)n
,

∫
(Mx+N)dx

(x2 + px+ q)n
.

Ýòè èíòåãðàëû âû÷èñëåíû âûøå (ñì. ïóíêòû 2.2.1,5.2.1,5.2.2.,5.2.8.,5.2.9) è âûðàæàþòñÿ

÷åðåç ýëåìåíòàðíûå ôóíêöèè. Çíà÷èò, èíòåãðàë îò ïðîèçâîëüíîé ðàöèîíàëüíîé ôóíêöèè

òàêæå âûðàæàåòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè.
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6.2. Ìåòîä Îñòðîãðàäñêîãî. Ýòîò ìåòîä ïðèìåíÿåòñÿ äëÿ èíòåãðèðîâàíèÿ ïðàâèëüíîé

ðàöèîíàëüíîé äðîáè

P (x)

Q(x)
=

P (x)

(x− a1)n1(x− a2)n2 . . . (x2 + p1x+ q1)k1(x2 + p2x+ q2)k2 . . .

çíàìåíàòåëü êîòîðîé, èìååò êðàòíûå êîðíè, òî åñòü ni > 1, kj > 1 . Çàïèøåì ôîðìóëó

Îñòðîãðàäñêîãî ∫
P (x)

Q(x)
dx =

P1(x)

Q1(x)
+

∫
P2(x)

Q2(x)
dx,

ãäå Q(x) = (x−a1)n1(x−a2)n2 . . . (x2+p1x+ q1)
k1(x2+p2x+ q2)

k2 . . . . Ïîëèíîì Q2(x) èìååò

âñå òå æå êîðíè, ÷òî è Q2(x) , íî, âñå îíè ïðîñòûå, òî åñòü

Q2(x) = (x− a1)(x− a2) . . . (x
2 + p1x+ q1)(x

2 + p2x+ q2) . . . .

Ïîëèíîì

Q1(x) =
Q(x)

Q2(x)
= (x− a1)

n1−1(x− a2)
n2−1 . . . (x2 + p1x+ q1)

k1−1(x2 + p2x+ q2)
k2−1 . . . .

Ñòåïåíè ïîëèíîìîâ P1(x) è P2(x) ìåíüøå ñòåïåíåé ïîëèíîìîâ Q1(x) è Q2 ñîîòâåòñòâåííî.

Êîýôôèöèåíòû ïîëèíîìîâ P1(x) è P2(x) ïîëàãàþò íåîïðåäåëåííûìè è íàõîäÿò ïîñëå

äèôôåðåíöèðîâàíèÿ ôîðìóëû Îñòðîãðàäñêîãî:

P (x)

Q(x)
=

(
P1(x)

Q1(x)

)′

+
P2(x)

Q2(x)
.

6.3. Çàìå÷àíèå. Âûøåèçëîæåííûå ìåòîäû ïðèìåíèìû äëÿ ëþáîé ðàöèîíàëüíîé

ôóíêöèè, íî ÷àñòî îêàçûâàþòñÿ î÷åíü ãðîìîçäêèìè. Èíîãäà óíèâåðñàëüíûå ìåòîäû

(çàìåíû ïåðåìåííûõ, èíòåãðèðîâàíèÿ ïî ÷àñòÿì) îêàçûâàþòñÿ áîëåå ýôôåêòèâíûìè.

6.4. Ïðèìåðû

6.4.1. Íàéòè ∫
x5dx

x4 + x3 + x+ 1
.

Ïðåäñòàâèì ïîäûíòåãðàëüíóþ ôóíêöèþ â âèäå ñóììû ïîëèíîìà è ïðàâèëüíîé

ðàöèîíàëüíîé äðîáè:

x5

x4 + x3 + x+ 1
= x− 1 +

x3 − x2 + 1

x4 + x3 + x+ 1
= x− 1 +

x3 − x2 + 1

(x+ 1)x3 + x+ 1
=

= x− 1 +
x3 − x2 + 1

(x+ 1)(x3 + 1)
= x− 1 +

x3 − x2 + 1

(x+ 1)2(x2 − x+ 1)
.

Ïðàâèëüíóþ äðîáü ïðåäñòàâèì â âèäå ñóììû ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé ñ

íåîïðåäåëåííûìè êîýôôèöèåíòàìè:

x3 − x2 + 1

(x+ 1)2(x2 − x+ 1)
=

A

x+ 1
+

B

(x+ 1)2
+

Mx+N

x2 − x+ 1
=
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=
A(x3 + 1) +B(x2 − x+ 1) + (Mx+N)(x2 + 2x+ 1)

(x+ 12)(x2 − x+ 1)
=

=
(A+M)x3 + (B + 2M +N)x2 + (−B +M + 2N)x+ A+B +N

(x+ 12)(x2 − x+ 1)
.

Ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ â ÷èñëèòåëÿõ ëåâîé è ïðàâîé

÷àñòåé. Ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé
A+M = 1 (ïðè x3)

B + 2M +N = −1 (ïðè x2)

−B +M + 2N = 0 (ïðè x1)

A+B +N = 1 (ïðè x0)

,

ðåøåíèå êîòîðîé: A =
4

3
, B =

−1

3
,M =

−1

3
, N = 0. Â èòîãå ïîëó÷àåì

∫
x5dx

x4 + x3 + x+ 1
=

∫
(x− 1)dx+

∫
x3 − x2 + 1

(x+ 1)2(x2 − x+ 1)
dx =

= x2 − x+

∫
4dx

3(x+ 1)
−
∫

dx

3(x+ 1)2
−
∫

xdx

3(x2 − x+ 1)

= x2 − x+
4

3
ln |x+ 1|+ 1

3(x+ 1)
−
∫

(2x− 1)dx

6(x2 − x+ 1)
−
∫

dx

6((x− 1
2
)2 + 3

4
)
=

= x2 − x+
4

3
ln |x+ 1|+ 1

3(x+ 1)
− 1

6
ln(x2 − x+ 1)− 1

3
√
3
arctg

2x− 1√
3

=

= x2 − x+
1

6
ln

(x+ 1)8

x2 − x+ 1
+

1

3(x+ 1)
− 1

3
√
3
arctg

2x− 1√
3

+ C.

6.4.2. Íàéòè ∫
dx

(x3 + 1)2
.

Çàïèøåì ïî ôîðìóëå Îñòðîãðàäñêîãî (äðîáü
P2(x)

Q2(x)
ñðàçó æå ïðåäñòàâèì â âèäå ñóììû

ýëåìåíòàðíûõ ðàöèîíàëüíûõ äðîáåé):∫
dx

(x3 + 1)2
=

∫
dx

(x+ 1)2(x2 − x+ 1)2
=

Ax2 +Bx+ C

(x+ 1)(x2 − x+ 1)
+

∫
P2(x)dx

(x+ 1)(x2 − x+ 1)
=

=
Ax2 +Bx+ C

(x+ 1)(x2 − x+ 1)
+

∫ (
D

x+ 1
+

Mx+N

x2 − x+ 1

)
dx.

Ïðîäèôôåðåíöèðóåì ïîëó÷åííîå ðàâåíñòâî

1

(x+ 1)2(x2 − x+ 1)2
=

(
Ax2 +Bx+ C

(x+ 1)(x2 − x+ 1)

)′

+
D

x+ 1
+

Mx+N

x2 − x+ 1
=

=
(2Ax+B)(x3 + 1) + 3x2(Ax2 +Bx+ C)

(x+ 1)2(x2 − x+ 1)2
+

D

x+ 1
+

Mx+N

x2 − x+ 1
=
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=
(2Ax+B)(x3 + 1)− 3x2(Ax2 +Bx+ C)

(x+ 1)2(x2 − x+ 1)2
+

+
D(x+ 1)(x2 − x+ 1) + (Mx+N)(x2 − x+ 1)(x+ 1)2

(x+ 1)2(x2 − x+ 1)2
=

=
(D +M)x5 + (M − A−D +N)x4 + (D − 2B +N)x3 + (D − 3C +M)x2

(x+ 1)2(x2 − x+ 1)2
+

+
(2A−D +M +N)x+ (B +D +N)

(x+ 1)2(x2 − x+ 1)2
.

Ïðèðàâíÿåì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ â ÷èñëèòåëÿõ ëåâîé è ïðàâîé

÷àñòåé. Ïîëó÷àåì ñèñòåìó ëèíåéíûõ óðàâíåíèé

D +M = 0 (ïðè x5)

−A−D +M +N = 0 (ïðè x4)

−2B +D +N = 0 (ïðè x3)

−3C +D +M = 0 (ïðè x2)

2A−D +M +N = 0 (ïðè x1)

B +D +N = 1 (ïðè x0)

,

ðåøåíèå êîòîðîé: A = 0, B =
1

3
, C = 0, D =

2

9
,M =

−2

9
, N =

4

9
. Â èòîãå ïîëó÷àåì

∫
x5dx

x4 + x3 + x+ 1
=

x

3(x+ 1)(x2 − x+ 1)
+

∫ (
2

9(x+ 1)
+

−2x+ 4

9(x2 − x+ 1)

)
dx =

=
x

3(x+ 1)(x2 − x+ 1)
+

2

9
ln |x+ 1| −

∫
2x− 1

9(x2 − x+ 1)
dx+

∫
1

3((x− 1
2
)2 + 3

4
)
dx =

=
x

3(x3 + 1)
+

1

9
ln

(x+ 1)2

x2 − x+ 1
+

2

3
√
3
arctg

2x− 1√
3

+ C.

6.4.3. Íàéòè ∫
x3dx

(x− 1)100
.

Ìåòîäû íåîïðåäåëåííûõ êîýôèöèåíòîâ è Îñòðîãðàäñêîãî ïðèâåëè áû ê ãðîìîçäêèì

ðàññ÷åòàì (ñèñòåìà ëèíåéíûõ óðàâíåíèé ïîðÿäêà 101). Ïðèìåíèì ìåòîä íîâîãî àðãóìåíòà:∫
x3dx

(x− 1)100
=

∫
(x− 1 + 1)3dx

(x− 1)100
=

∫
(x− 1)3 + 3(x− 1)2 + 3(x− 1) + 1

(x− 1)100
dx =

=

∫
dx

(x− 1)97
+

∫
3dx

(x− 1)98
+

∫
3dx

(x− 1)99
+

∫
dx

(x− 1)100
=

= − 1

96(x− 1)96
− 3

97(x− 1)97
− 3

98(x− 1)98
− 1

99(x− 1)99
+ C.
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6.4.4. Íàéòè ∫
dx

x(x10 + 1)
.

Àíàëîãè÷íî 6.4.3.:∫
dx

x(x10 + 2)
=

∫
dx

x11( 2
x10 + 1)

= − 1

20

∫
d( 2

x10 + 1)
2

x10 + 1
= − 1

20
ln

(
2

x10
+ 1

)
+ C.

6.5. Óïðàæíåíèÿ

6.5.1.
∫

(4x2 + 4x− 11)dx

(2x− 1)(2x+ 3)(2x− 5)
.

[
1

8
ln

∣∣∣∣(2x− 1)2(2x− 5)3

2x+ 3

∣∣∣∣+ C

]

6.5.2.
∫

(x5 − x+ 1)dx

x6 − x5
.

[
1

4x4
+ ln |x− 1|+ C

]

6.5.3.
∫

dx

(x− 2)2(x+ 3)3
.

[
16− 21x− 6x2

250(x− 2)(x+ 3)2
− 3

625
ln

∣∣∣∣x− 2

x+ 3

∣∣∣∣+ C

]

6.5.4.
∫

x2 − 2x− 5

x3 − x2 + 2x− 2
dx.

[
3

2
ln(x2 + 2)− 2 ln |x− 1|+ 1√

2
arctg

x√
2
+ C

]

6.5.5.
∫

dx

(x2 + 4x+ 5)(x2 − 4x+ 3)
.[

1

52
ln |x− 3| − 1

20
ln |x− 1|+ 1

65
ln(x2 + 4x+ 5) +

7

130
arctg(x+ 2) + C

]

6.5.6.
∫

dx

(x+ 1)2(x2 + 1)
.

[
1

4
ln

(x+ 1)2

x2 + 2
− 1

2(x− 1)
+ C

]

6.5.7.
∫

2x3 + x2 + 5x+ 1

(x2 + 3)(x2 − x+ 1)
dx.

[
ln(x2 − x+ 1) +

1√
3
arctg

x√
3
+

2√
3
arctg

2x− 1√
3

+ C

]

6.5.8.
∫

xdx

x3 − 1
.

[
1

6
ln

(x− 1)2

x2 + x+ 1
+

1√
3
arctg

2x+ 1√
3

+ C

]

6.5.9.
∫

x4dx

1− x4
.

[
−x+ ln

|x+ 1|
|x− 1|

+
1

2
arctg x+ C

]

6.5.10.
∫

dx

(x2 + 1)3
.

[
x(3x2 + 5)

8(x2 + 1)2
+

3

8
arctg x+ C

]
6.5.11.∫

dx

(x2 + 1)(x3 + 1)(x+ 1)
.

[
− 1

6(x+ 1)
+

1

6
ln

(x+ 1)2

(x2 − x+ 1)
+

1

2
arctg x+

1

3
√
3
arctg

2x− 1√
3

+ C

]
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6.5.12.
∫

xdx

(x− 1)2(x+ 1)3
.

[
− x2 + 2x+ 2

8(x+ 1)2(x− 1)
+

1

16
ln

∣∣∣∣x+ 1

x− 1

∣∣∣∣+ C

]

6.5.13.
∫

x2dx

(x2 + 2x+ 2)2
.

[
1

x2 + 2x+ 2
+ arctg(x+ 1) + C

]

6.5.14.
∫

dx

(x4 − 1)3
.

[
7x5 − 11x

32(x4 − 1)2
+

21

128
ln

∣∣∣∣x− 1

x+ 1

∣∣∣∣− 21

64
arctg x+ C

]

6.5.15.
∫

xdx

(x8 − 1)
.

[
1

8
ln

∣∣∣∣x2 − 1

x2 + 1

∣∣∣∣− 1

4
arctg x2 + C

]

6.5.16.
∫

x4 − 3

x(x8 + 3x4 + 2)
dx.

[
5

8
ln

x4

x4 + 2
− ln

x4

x4 + 1
+ C

]

6.5.17.
∫

x4dx

(x10 − 10)2
.

[
− 1

100

(
x5

x10 − 10
+

1

2
√
10

ln
x5 −

√
10

x5 +
√
10

)
+ C

]

6.5.18.
∫

1− x7

x(x7 + 1)2
dx.

[
1

7
ln

|x7|
(x7 + 1)2

+ C

]

6.5.19.
∫
x5 − x

x8 + 1
dx.

[
1

4
√
2
ln
x4 − x2

√
2 + 1

x4 + x2
√
2 + 1

+ C

]

6.5.20.
∫

x2n−1

xn + 1
dx.

[
1

n
(xn − ln |xn + 1|) + C

]

7. ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÈÐÐÀÖÈÎÍÀËÜÍÛÕ ÔÓÍÊÖÈÉ

Âû÷èñëåíèå ìíîãèõ ïîëåçíûõ èíòåãðàëîâ îò èððàöèîíàëüíûõ ôóíêöèé ïîñëå

íåêîòîðûõ ïðåîáðàçîâàíèé ñâîäèòñÿ ê âû÷èñëåíèþ èíòåãðàëîâ îò ðàöèîíàëüíûõ ôóíêöèé

èëè èíòåãðàëîâ îò ïðîñòåéøèõ èððàöèîíàëüíîñòåé (ñì. òàáëèöó). Ýòè ïðåîáðàçîâàíèÿ

îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ñîîòâåòñòâóþùèõ ïîäñòàíîâîê, ëèáî ìåòîäîì ðàçëîæåíèÿ â

ñóììó.

Íî, äîâîëüíî ÷àñòî èíòåãðàëû îò èððàöèîíàëüíûõ ôóíêöèé íå âûðàæàþòñÿ ÷åðåç

ýëåìåíòàðíûå ôóíêöèè.

Ðàññìîòðèì íåêîòîðûå òèïû èíòåãðàëîâ îò èððàöèîíàëüíûõ ôóíêöèé. Ôóíêöèÿ

R(x1, x2, . . .) íàçûâàåòñÿ ðàöèîíàëüíîé ôóíêöèåé ïåðåìåííûõ x1, x2, . . . , åñëè îíà åñòü

ðàöèîíàëüíàÿ ôóíêöèÿ êàæäîé ñâîåé ïåðåìåííîé.
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7.1. Èíòåãðàë âèäà∫
R

(
x,

(
ax+ b

cx+ d

)r1

,

(
ax+ b

cx+ d

)r2

, . . . ,

(
ax+ b

cx+ d

)rk
)
dx.

Ïðè óñëîâèè, ÷òî ÷èñëà r1, r2, . . . , rk ∈ Q , a, b, c, d ∈ R è ad− cb ̸= 0 èíòåãðàëû òàêîãî

âèäà ïðèâîäÿòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè ïîäñòàíîâêîé

ax+ b

cx+ d
= tp,

ãäå p � îáùèé çíàìåíàòåëü äðîáåé r1, r2, . . . , rk.

7.2. Èíòåãðàë âèäà∫
Pn(x)√

ax2 + bx+ c
dx, ãäå P (n)� ïîëèíîì ñòåïåíè n.

Ïðè âû÷èñëåíèè èíòåãðàëîâ òàêîãî âèäà ìîæíî èñïîëüçîâàòü ôîðìóëó∫
Pn(x)√

ax2 + bx+ c
dx = Q(x)

√
ax2 + bx+ c+ λ

∫
dx√

ax2 + bx+ c
,

ãäå Q(x) � ïîëèíîì ñòåïåíè (n−1) ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè, à λ � íåêîòîðîå

÷èñëî.

Äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ïîëèíîìà Q(x) è ÷èñëà λ äàííóþ ôîðìóëó

äèôôåðåíöèðóþò, óìíîæàþò íà 2
√
ax2 + bx+ c è ïîëó÷àþò òîæäåñòâî

2Pn(x) = 2Q′(x)(ax2 + bx+ c) +Q(x)(2ax+ b) + 2λ.

Ïðèðàâíèâàÿ ñîîòâåòñòâóþøèå êîýôôèöèåíòû â ëåâîé è ïðàâîé ÷àñòÿõ òîæäåñòâà,

âû÷èñëÿþò êîýôôèöèåíòû ïîëèíîìà Q(x) è ÷èñëî λ . Èíòåãðàë∫
dx√

ax2 + bx+ c

âû÷èñëÿåòñÿ âûäåëåíèåì ïîëíîãî êâàäðàòà â ïîäêîðåííîì âûðàæåíèè è ïîñëåäóþùåé

ëèíåéíîé ïîäñòàíîâêîé.

7.3. Èíòåãðàë âèäà ∫
dx

(x− α)n
√
ax2 + bx+ c

.

Òàêèå èíòåãðàëû ñâîäÿòñÿ ê èíòåãðàëàì âèäà 7.2. ïîäñòàíîâêîé

t =
1

(x− α)
.

7.4. Èíòåãðàë âèäà ∫
(Mx+N)dx

(x2 + px+ q)n
√
ax2 + bx+ c

, p2 − 4q < 0.
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Ïåðâûì øàãîì ïðè âû÷èñëåíèè èíòåãðàëîâ òàêîãî âèäà ÿâëÿåòñÿ ïðåîáðàçîâàíèå åãî

(ñ ïîìîùüþ ëèíåéíûõ èëè äðîáíî-ëèíåéíûõ ïîäñòàíîâîê) ê âèäó∫
P (t)dt

(t2 + λ)n
√
µt2 + ν

, λ > 0, P (t)− ïîëèíîì.

Åñëè ax2 + bx = a(x2 + px) (ò.å.b = ap ), òî âûäåëÿÿ ïîëíûå êâàäðàòû â îáîèõ

òðåõ÷ëåíàõ è ïðîèçâîäÿ ïîäñòàíîâêó t = x+
p

2
ïîëó÷èì íåîáõîäèìûé âèä.

Åñëè b ̸= ap , òî èñïîëüçóåì ïîäñòàíîâêó

x =
αt+ β

t+ 1
,

ãäå ÷èñëà α è β ïîäáèðàþòñÿ òàê, ÷òîáû ïîñëå ïîäñòàíîâêè êîýôôèöèåíòû ïðè t â îáîèõ

êâàäðàòíûõ òðåõ÷ëåíàõ îáðàòèëèñü â íóëü. Òî åñòü, â ÷èñëèòåëÿõ ëåâûõ ÷àñòåé ðàâåíñòâ

x2 + px+ q =

(
αt+ β

t+ 1

)2

+ p

(
αt+ β

t+ 1

)
+ q

ax2 + bx+ c = a

(
αt+ β

t+ 1

)2

+ b

(
αt+ β

t+ 1

)
+ c

ïîñëå ïðèâåäåíèÿ ê îáùåìó çíàìåíàòåëþ êîýôôèöèåíòû ïðè t íåîáõîäèìî ïîëîæèòü

ðàâíûìè íóëþ.

Âòîðûì øàãîì ÿâëÿåòñÿ âû÷èñëåíèå èíòåãðàëà∫
P (t)dt

(t2 + λ)n
√
µt2 + ν

.

Ýòîò èíòåãðàë, ïîñëå ðàçëîæåíèÿ ôóíêöèè
P (t)

(t2 + λ)n
â ñóììó ýëåìåíòàðíûõ äðîáåé ìîæíî

ïðåäñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè èíòåãðàëîâ âèäà∫
tdt

(t2 + λ)n
√
µt2 + ν

è
∫

dt

(t2 + λ)n
√
µt2 + ν

.

Èíòåãðàë ∫
tdt

(t2 + λ)n
√
µt2 + ν

âû÷èñëÿåòñÿ ñ ïîìîùüþ ïîäñòàíîâêè u =
√
µt2 + ν .

Èíòåãðàë ∫
dt

(t2 + λ)n
√
µt2 + ν

âû÷èñëÿåòñÿ ñ ïîìîùüþ ïîäñòàíîâêè Àáåëÿ

u = (
√
µt2 + ν)′ =

µt√
µt2 + ν

.
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7.5. Èíòåãðàë âèäà∫
R(x,

√
ax2 + bx+ c)dx, a ̸= 0, b2 − 4ac ̸= 0.

Èíòåãðàë òàêîãî âèäà ïðèâîäèòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè ñ ïîìîùüþ

îäíîé èç ïîäñòàíîâîê Ýéëåðà

1)
√
ax2 + bx+ c = ±t± x

√
a, a > 0,

2)
√
ax2 + bx+ c = ±xt±

√
c, c > 0,

3)
√
ax2 + bx+ c = ±t(x− x1), b2 − 4ac > 0,

ãäå x1 - êîðåíü òðåõ÷ëåíà ax2 + bx + c. Íî ïîäñòàíîâêè Ýéëåðà ÷àñòî ïðèâîäÿò ê

ãðîìîçäêèì âûêëàäêàì.

Ïîýòîìó èíòåãðàë âèäà
∫
R(x,

√
ax2 + bx+ c) dx ïðîùå ñ ïîìîùüþ àëãåáðàè÷åñêèõ

ïðåîáðàçîâàíèé ïîäûíòåãðàëüíîãî âûðàæåíèÿ ïðåäñòàâèòü â âèäå ëèíåéíîé êîìáèíàöèè

èíòåãðàëà îò ðàöèîíàëüíîé ôóíêöèè è ðàññìîòðåííûõ âûøå èíòåãðàëîâ âèäà

(7.2)

∫
Pn(x)√

ax2 + bx+ c
dx, ãäå P (n) � ïîëèíîì ñòåïåíè n,

(7.3)

∫
dx

(x− α)n
√
ax2 + bx+ c

,

(7.4)

∫
(Mx+N)dx

(x2 + px+ q)n
√
ax2 + bx+ c

, p2 − 4q < 0.

7.6. Èíòåãðàë âèäà∫
xm(axn + b)pdx, m, n, p ∈ Q, a, b ∈ R, a ̸= 0, b ̸= 0, n ̸= 0, p ̸= 0.

Èíòåãðàëû òàêîãî âèäàíàçûâàþòñÿ èíòåãðàëàìè îò äèôôåðåöèàëüíîãî áèíîìà è

ïðèâîäÿòñÿ ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè òîëüêî â ñëåäóþøèõ òðåõ ñëó÷àÿõ

(â êàæäîì ñëó÷àå ïðèìåíÿåòñÿ ñîîòâåòñòâóþùàÿ ïîäñòàíîâêà):

1) p - öåëîå ÷èñëî, ïîäñòàíîâêà x = tN , ãäå N - îáùèé çíàìåíàòåëü äðîáåé m è n ,

2)
m+ 1

n
- öåëîå ÷èñëî, ïîäñòàíîâêà axn + b = ts , ãäå s - çíàìåíàòåëü äðîáè p ,

3)
m+ 1

n
+ p - öåëîå ÷èñëî, ïîäñòàíîâêà a+ bx−n = ts , ãäå s - çíàìåíàòåëü äðîáè p .
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7.7. Ïðèìåðû

7.7.1. Íàéòè ∫
xdx

4
√
x3(4− x)

.

Ïðåîáðàçóåì ïîäûíòåãðàëüíóþ ôóíêöèþ ê âèäó

x
4
√
x3(4− x)

=
4
√
x4

4
√
x3(4− x)

= 4

√
x

(4− x)
.

Ñîãëàñíî 6.1 ïðîèçâåäåì ïîäñòàíîâêó

t4 =
x

(4− x)
⇒ x =

4t4

1 + t4
= 4(1− 1

t4
) è dx =

16dt

t5
.

Îòêóäà íàõîäèì∫
xdx

4
√
x3(4− x)

=

∫
4

√
x

(4− x)
dx =

∫
16

4
√
t4dt

t5
= 16

∫
dt

t4
= −16

3
t−3+C = −16

3
4

√(
4− x

x

)3

+C.

7.7.2. Íàéòè ∫
dx

( 6
√
x+

12
√
x5)3

.

Òàê êàê ïîäûíòåãðàëüíàÿ ôóíêöèÿ ÿâëÿåòñÿ ðàöèîíàëüíîé ôóíêöèåé àðãóìåíòîâ 6
√
x

è 12
√
x è îáøèé çíàìåíàòåëü äðîáåé

1

6
è

1

12
ðàâåí 12, òî ìîæíî ïðèìåíèòü( ñì. 7.1)

ïîäñòàíîâêó

t12 = x⇒ 12
√
x = t, 6

√
x = t2 è dx = 12t11dt.

Òîãäà ∫
dx

( 6
√
x+

12
√
x5)3

=

∫
12t11dt

(t2 + t5)3
= 12

∫
t5dt

(1 + t3)3
.

Ïðîèçâåäåì åùå îäíó ïîäñòàíîâêó u = 1 + t3 , du = 3t2dt Ïîëó÷àåì

12

∫
t5dt

(1 + t3)3
= 4

∫
(t3 + 1− 1)(3t2dt)

(1 + t3)3
= 4

∫
(u− 1)du

u3
=

= 4

∫
du

u2
− 4

∫
du

u3
= −4

u
+

2

u2
+ C = − 4

1 + 4
√
x
+

2

(1 + 4
√
x)2

+ C.

7.7.3. Íàéòè ∫
x3dx√

x2 + 4x+ 5
.

Ïî ôîðìóëå ïóíêòà 6.2 èíòåãðàë ìîæíî ïðåäñòàâèòü â âèäå:∫
x3dx√

x2 + 4x+ 5
= (Ax2 +Bx+ C)

√
x2 + 4x+ 5 +

∫
λdx√

x2 + 4x+ 5
.

Íàéäåì íåîïðåäåëåííûå êîýôôèöèåíòû A,B,C è λ . Äëÿ ýòîãî ïðîäèôôåðåíöèðóåì

äàííîå âûðàæåíèå è ïðèâåäåì ê îáùåìó çíàìåíàòåëþ:

x4√
x2 + 4x+ 5

= (2Ax+B)
√
x2 + 4x+ 5 +

(Ax2 +Bx+ C)(2x+ 4)

2
√
x2 + 4x+ 5

+
λ√

x2 + 4x+ 5
=
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=
(2Ax+B)(x2 + 4x+ 5) + (Ax2 +Bx+ C)(x+ 2) + λ√

x2 + 4x+ 5
=

=
3Ax3 + (2B + 10A)x2 + (C + 6B + 10A)x+ 2C + 5B + λ√

x2 + 4x+ 5
.

Ïðèðàâíèì êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x . Ïîëó÷àåì ñèñòåìó ëèíåéíûõ

óðàâíåíèé 
2C + 5B + λ = 0 (ïðè x0)

C + 6B + 10A = 0 (ïðè x1)

2B + 10A = 0 (ïðè x2)

3A = 1 (ïðè x3)

,

ðåøåíèå êîòîðîé: A =
1

3
, B =

−5

3
, C =

20

3
, λ = −5. Â èòîãå ïîëó÷àåì∫

x3dx√
x2 + 4x+ 5

=
1

3
(x2 − 5x+ 20)

√
x2 + 4x+ 5− 5

∫
d(x+ 2)√

(x+ 2)2x+ 1
=

=
1

3
(x2 − 5x+ 20)

√
x2 + 4x+ 5− 5 ln |x+ 2 +

√
(x+ 2)2 + 1| =

=
1

3
(x2 − 5x+ 20)

√
x2 + 4x+ 5− 5 ln |x+ 2 +

√
x2 + 4x+ 5|+ C.

7.7.4. Íàéòè ∫
xdx

(x− 1)2
√
1 + 2x− x2

.

Ïðèìåíèì ïîäñòàíîâêó t =
1

x− 1
. Òîãäà x =

1 + t

t
è dt = − dx

(x− 1)2
. Ïîëó÷àåì

∫
xdx

(x− 1)2
√
1 + 2x− x2

= −
∫

(t+ 1)dt

t
√

1 + 2 t+1
t

−
(
t+1
t

)2 =

= −
∫

(t+ 1)dt√
t2 + 2(t+ 1)t− (t+ 1)2

= −
∫

(t+ 1)dx√
2t2 − 1

.

Ïðåäñòàâèì ïîëó÷åííûé èíòåãðàë â âèäå ñóììû òàáëè÷íûõ èíòåãðàëîâ

−
∫

(t+ 1)dx√
2t2 − 1

= − 1√
2

∫ tdt√
t2 − 1

2

+

∫
dt√
t2 − 1

2

 = − 1√
2

(√
t2 − 1

2
+ ln

∣∣∣∣∣t+
√
t2 − 1

2

∣∣∣∣∣
)

=

= − 1√
2

√( 1

x− 1

)2

− 1

2
+ ln

∣∣∣∣∣∣ 1

x− 1
+

√(
1

x− 1

)2

− 1

2

∣∣∣∣∣∣
+ C =

= −
√
1 + 2x− x2

2(x− 1)
− 1√

2
ln

∣∣∣∣1 +√
1 + 2x− x2

x− 1

∣∣∣∣+ C.

7.7.5. Íàéòè ∫
(x+ 1)dx

(4− 2x+ x2)
√
1 + 2x− x2

.
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Ïðèìåíèì ëèíåéíóþ ïîäñòàíîâêó t = x − 1 . Òîãäà dt = dx è x = 1 + t . Ïðåäâàðèòåëüíî

âûäåëèâ ïîëíûå êâàäðàòû â çíàìåíàòåëå, ïîëó÷àåì:∫
(x+ 1)dx

(4− 2x+ x2)
√
1 + 2x− x2

=

∫
(x+ 1)dx

(3 + (x− 1)2)
√

2− (x− 1)2
=

=

∫
(t+ 2)dt

(3 + t2)
√
2− t2

=

∫
tdt

(3 + t2)
√
2− t2

+

∫
2dt

(3 + t2)
√
2− t2

.

Âû÷èñëèì êàæäûé èíòåãðàë èç ñóììû îòäåëüíî. Â ïåðâîì ñäåëàåì ïîäñòàíîâêó

u =
√
2− t2 ⇒ du = − t√

2− t2
è t2 = 2− u2.

Ïîëó÷àåì òàáëè÷íûé èíòåãðàë∫
tdt

(3 + t2)
√
2− t2

= −
∫

du

5− u2
=

1

2
√
5
ln

∣∣∣∣∣
√
5 + u√
5− u

∣∣∣∣∣+ C =
1

2
√
5
ln

∣∣∣∣∣
√
5 +

√
2− t2√

5−
√
2− t2

∣∣∣∣∣+ C.

Âî âòîðîì èíòåãðàëå ñäåëàåì ïîäñòàíîâêó

u = − t√
2− t2

⇒ du =
−2dt

(2− t2)
√
2− t2

è t2 =
2u2

1 + u2
.

Ïîëó÷àåì

∫
2dt

(3 + t2)
√
2− t2

= −
∫

−2(2− t2)dt

(3 + t2)(2− t2)
√
2− t2

= −
∫ (2− 2u2

1 + u2
)du

3 +
2u2

1 + u2

= −
∫

2du

3 + 5u2
=

−2√
15

arctg
u
√
5√
3

+ C =
2√
15

arctg
t
√
5√

3(2− t2)
+ C.

Â èòîãå ∫
(x+ 1)dx

(4− 2x+ x2)
√
1 + 2x− x2

=

∫
tdt

(3 + t2)
√
2− t2

+

∫
2dt

(3 + t2)
√
2− t2

=

=
1

2
√
5
ln

∣∣∣∣∣
√
5 +

√
2− t2√

5−
√
2− t2

∣∣∣∣∣+ 2√
15

arctg
t
√
5√

3(2− t2)
=

=
1

2
√
5
ln

∣∣∣∣∣
√
5 +

√
1 + 2x− x2√

5−
√
1 + 2x− x2

∣∣∣∣∣+ 2√
15

arctg
(x− 1)

√
5√

3(1 + 2x− x2)
+ C.

7.7.6. Íàéòè ∫
dx

(3x2 + 2x+ 3)
√
2x2 − x+ 2

.

Ïîëîæèì

x =
αt+ β

t+ 1
.
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Äëÿ òîãî, ÷òîáû íàéòè α è β , ïîäñòàâèì

3x2 + x+ 3 = 3

(
αt+ β

t+ 1

)2

+ 2
αt+ β

t+ 1
+ 3 =

=
3(αt+ β)2 + 2(αt+ β)(t+ 1) + 3(1 + t)2

(1 + t)2
=

=
(3α2 + 2α+ 3)t2 + (6αβ + 2α+ 2β + 6)t+ 3β2 + 2β + 3

(1 + t)2
,

2x2 − x+ 2 = 2

(
αt+ β

t+ 1

)2

− αt+ β

t+ 1
+ 2 =

=
2(t+ 1)2 − (αt+ β)(t+ 1) + 2(αt+ β)2

(1 + t)2
=

=
(2α2 − α+ 2)t2 + (4αβ − α− β + 4)t+ 2β2 − β + 2

(1 + t)2

è ïðèðàâíÿåì êîýôôèöèåíòû ïðè t ê íóëþ. Ïîëó÷èì ñèñòåìó{
3αβ + α+ β + 3 = 0

4αβ − α− β + 4 = 0
,

Ðåøåíèåì ýòîé ñèñòåìû ÿâëÿþòñÿ ïàðû (1,−1) è (−1, 1) . Ïîëîæèì, íàïðèìåð,α = 1 è

β = −1. Òîãäà

x =
t− 1

t+ 1
⇒ dx =

2dt

(t+ 1)2
,

3x2 + x+ 3 =
8t2 + 4

(1 + t)2
, 2x2 − x+ 2 =

3t2 + 5

(1 + t)2
.

Ñëåäîâàòåëüíî,∫
dx

(3x2 + 2x+ 3)
√
2x2 − x+ 2

= 2

∫
|1 + t|dt

(8t2 + 4)
√
3t2 + 5

=

∫
|1 + t|dt

(4t2 + 2)
√
3t2 + 5

.

Åñëè 1 + t > 0 , òî∫
|1 + t|dt

(4t2 + 2)
√
3t2 + 5

=

∫
tdt

(4t2 + 2)
√
3t2 + 5

+

∫
dt

(4t2 + 2)
√
3t2 + 5

.

Âû÷èñëèì êàæäûé èíòåãðàë èç ñóììû îòäåëüíî. Äëÿ ïåðâîãî ïðèìåíèì ïîäñòàíîâêó

u =
√
3t2 + 5 ⇒ du =

3tdt√
3t2 + 5

, t2 =
u2 − 5

3
.

Òîãäà ∫
tdt

(4t2 + 2)
√
3t2 + 5

=

∫
du

3(4(u
2−5)
3

+ 2)
=

∫
du

(4u2 − 14)
=

1

4

∫
du

(u2 − 7
2
)
=

=

√
2

8
√
7
ln

∣∣∣∣∣
√
7−

√
2u√

7 +
√
2u

∣∣∣∣∣ =
√
2

8
√
7
ln

∣∣∣∣∣
√
7−

√
2(3t2 + 5)

√
7 +

√
2(3t2 + 5)

∣∣∣∣∣ .
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Âî âòîðîì èíòåãðàëå ñäåëàåì ïîäñòàíîâêó:

u =
3t√

3t2 + 5
⇒ du =

15dt

(3t2 + 5)
√
3t2 + 5

, t2 =
5u2

3(3− u2)
.

Òîãäà

∫
dt

(4t2 + 2)
√
3t2 + 5

=
1

15

∫
15(3t2 + 5)dt

(4t2 + 2)(3t2 + 5)
√
3t2 + 5

=
1

15

∫ (
5u2

3− u2
+ 5)du

20u2

3(3− u2)
+ 2

=

=

∫
3du

(14u2 + 18)
=

3

14

∫
du

u2 + 9
7

=
1

2
√
7
arctg

√
7u

3
=

1

2
√
7
arctg

√
7t√

3t2 + 5
.

Â èòîãå ïîëó÷àåì ∫
dx

(3x2 + 2x+ 3)
√
2x2 − x+ 2

=

=

√
2

8
√
7
ln

∣∣∣∣∣
√
7−

√
2(3t2 + 5)

√
7 +

√
2(3t2 + 5)

∣∣∣∣∣+ 1

2
√
7
arctg

√
7t√

3t2 + 5
=

=

√
2

8
√
7
ln

∣∣∣∣∣
√
7(1− x)− 2

√
2(2x2 − x+ 2)

√
7(1− x) + 2

√
2(2x2 − x+ 2)

∣∣∣∣∣+ 1

2
√
7
arctg

√
7(1− x)

2
√
2x2 − x+ 2

+ C.

7.7.7. Íàéòè ∫
dx

x3 3
√
2− x3

Â îáîçíà÷åíèÿõ ïóíêòà 7.6 ïàðàìåòðû m = −3, n = 3, p = −1

3
, a = −1, b = 2. Òàê êàê,

m+ 1

n
+ p =

−3 + 1

3
− 1

3
- öåëîå ÷èñëî, òî ñîãëàñíî 7.6 ñäåëàåì ïîäñòàíîâêó

−1 + 2x−3 = t3 ⇒ x−3 =
t3 + 1

2
, x = 3

√
2

t3 + 1
, dx = −

3
√
2t2dt

(t3 + 1) 3
√
t3 + 1

,
3
√
2− x3 =

3
√
2t

3
√
t3 + 1

.

Òîãäà èíòåãðàë âû÷èñëÿåòñÿ òàê∫
dx

x3 3
√
2− x3

= −
∫
t3 + 1

2

(
3
√
2t

3
√
t3 + 1

)−1
3
√
2t2dt

(t3 + 1) 3
√
t3 + 1

=

=
−1

2

∫
tdt = −t

2

4
= −

3
√

(−1 + 2x−3)2

4
+ C.

7.7.8. Íàéòè ∫
x+

√
x2 + x+ 1

1 + x+
√
x2 + x+ 1

dx.

Ðåøèì ýòîò ïðèìåð ñ ïîìîùüþ ïîäñòàíîâêè Ýéëåðà x+
√
x2 + x+ 1 = z . Òîãäà

x2 + x+ 1 = x2 − 2zx+ z2 ⇒ x =
z2 − 1

1 + 2z
⇒ dx =

2(z2 + z + 1)

(1 + 2z)2
dz.
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Ïîëó÷àåì ∫
x+

√
x2 + x+ 1

1 + x+
√
x2 + x+ 1

dx =

∫
1 + x+

√
x2 + x+ 1− 1

1 + x+
√
x2 + x+ 1

dx =

=

∫ (
1− 1

1 + x+
√
x2 + x+ 1

)
dx = x−

∫
1

1 + z

2(z2 + z + 1)

(1 + 2z)2
dz.

Ïîñëåäíèé èíòåãðàë åñòü èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè, êîòîðûé âûñ÷èòàåì

ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ:∫
z2 + z + 1

(1 + z)(1 + 2z)2
dz =

∫ (
A

1 + z
+

B

1 + 2z
+

C

(1 + 2z)2

)
dz =

=

∫ (
1

1 + z
− 3

2(1 + 2z)
+

3

2(1 + 2z)2

)
dz = ln |z + 1| − 3

2
ln |1 + 2z| − 3

2(1 + 2z)
+ C.

Â èòîãå ∫
x+

√
x2 + x+ 1

1 + x+
√
x2 + x+ 1

dx =

= x− ln |x+
√
x2 + x+ 1+ 1| − 3

2
ln |1+ 2x+2

√
x2 + x+ 1| − 3

2(1 + 2x+ 2
√
x2 + x+ 1)

+C.

7.9. Óïðàæíåíèÿ

7.9.1.
∫ √

xdx

1 +
√
x
.

[
x− 2

√
x+ 2 ln(

√
x+ 1) + C

]

7.9.2.
∫

dx

1 + 2
√
x+ 3

√
x
.

[
3

4
ln

x 3
√
x

(1 + 6
√
)(1− 6

√
x+ 2 3

√
x)3

− 3

2
√
7
arctg

4 6
√
x− 1√
7

+ C

]

7.9.3.
∫

dx

3x+
3
√
x2
.

[
ln |1 + 3 3

√
x|+ C

]

7.9.4.
∫
x

√(
x+ 1

x− 1

)
dx.

[
1

2
(x− 2)

√
x2 − 1 +

1

2
ln |x+

√
x2 + 1|+ C

]

7.9.5.
∫

dx
3
√

(x+ 1)2(x− 1)4
.

[
−2

3
3

√
x+ 1

x− 1
+ C

]

7.9.6.
∫

5

√
x

x+ 1

dx

x3
.

[
5

4

(
x+ 1

x

) 4
5

− 5

9

(
x+ 1

x

) 9
5

+ C

]

7.9.7.∫
xdx

4
√
x3(a− x)

.

[
− at3

1 + t4
+

a

4
√
2
ln

1 + t
√
2 + t2

1− t
√
2 + t2

+
a

2

√
2 arctg

1− t2

t
√
2

+ C, t = 4

√
a− x

x

]
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7.9.8.
∫

dx
6
√

(x− 7)7(x− 5)5
.

[
−3 6

√
x− 5

x− 7
+ C

]

7.9.9.
∫

x3dx√
1 + 2x− x2

.

[
−2x2 + 5x+ 19

6

√
1 + 2x− x2 + arcsin

x− 1√
2

+ C

]

7.9.10.
∫

x10dx√
1 + x2

.

[(
63x

256
− 21x3

128
+

21x5

160
− 9x7

80
+
x9

10

)√
1 + x2 − 63

256
ln(x+

√
1 + x2) + C

]
7.9.11.∫
x3 − 6x2 + 11x− 6√

x2 + 4x+ 3
dx.

[(
x2

3
− 14x

3
+ 37

)√
x2 + 4x+ 3− 66 ln(x+ 2 +

√
x2 + 4x+ 3) + C

]

7.9.12.
∫

dx

x2
√
1 + x2

.

[
−
√
1 + x2

2x2
+

1

2
ln

1 +
√
1 + x2

|x|
+ C

]

7.9.13.
∫

dx

(x− 1)3
√
x2 − 2x− 1

.

[
−
√
x2 − 2x− 1

4(x− 1)2
+

1

4
√
2
arcsin

√
2

x− 1
+ C

]

7.9.14.
∫

xdx

(x− 1)2
√
1 + 2x− x2

.

[√
1 + 2x− x2

2(1− x)
− 1

2
ln

√
2 +

√
1 + 2x− x2

|1− x|
+ C

]

7.9.15.
∫

x2 + x+ 1

x
√
x2 − x+ 1

dx.

[√
x2 − x+ 1 +

3

2
ln(1− 1

2
+
√
x2 − x+ 1)− ln

|2− x+ 2
√
x2 − x+ 1|

|x|
+ C

]

7.9.16.
∫

x

(x2 − 3x+ 2)
√
x2 − 4x+ 3

dx.

[
−
√
x2 − 3x+ 2

x− 1
− 2 arcsin

√
1

|x− 2|
+ C

]

7.9.17.
∫

dx

(1 + x2)
√
1− x2

.

[
1√
2
arctg

x
√
2√

1− x2
+ C

]

7.9.18.
∫

dx

(1 + x2)
√
x2 − 1

.

[
1

2
√
2
ln
x
√
2 +

√
x2 − 1

x
√
2−

√
x2 − 1

+ C

]

7.9.19.
∫

dx

(x2 + x+ 1)
√
x2 + x− 1

.

[
1√
6
ln

(2x+ 1)
√
2 +

√
3(x2 + x− 1)

(2x+ 1)
√
2−

√
3(x2 + x− 1)

+ C

]

7.9.20.
∫

x2dx

(4− 2x+ x2)
√
2 + 2x+ x2

.

[
arcsin

x− 1√
3

−
√
2

3
arctg

√
2 + 2x+ x2

(1− x)
√
2

− 1√
6
ln

√
6 +

√
2 + 2x+ x2√

6−
√
2 + 2x+ x2

+ C

]
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7.9.21.∫
dx

(x2 − x+ 1)
√
x2 + x+ 1

.

[
− 1√

2
arctg

√
1 + x+ x2

(1− x)
√
2

+
1√
6
ln

(x+ 1)
√
2 +

√
3(1 + x+ x2)√

1− x+ x2
+ C

]

7.9.22.∫
dx

(x2 + 2)
√
2x2 − 2x+ 5

.

[
−1

3
arctg

√
2x2 − 2x+ 5

x+ 1
+

1

6
√
2
ln

√
2(2x2 − 2x+ 5)− (x+ 1)√
2(2x2 − 2x+ 5) + (x+ 1)

+ C

]

7.9.23.
∫
x

−1
3 (1− x

1
6 )−1dx.

[
6x

1
6 + 3x

1
3 + 2x

1
2 + 6 ln |x

1
6 − 1|+ C

]
7.9.24.

∫
x2 3
√

(1 + x)2dx.

[
3

11
(x+ 1)

11
3 − 3

4
(x+ 1)

8
3 +

3

5
(x+ 1)

5
3 + C

]

7.9.25.
∫

xdx√
1 +

3
√
x2
.

[
3

5
(x

2
3 + 1)

5
2 + (1− 2x

2
3 )(x

2
3 + 1)

1
2 + C

]

7.9.26.
∫

dx

x2 3
√

(2 + x3)5
.

[
3x2 + 4

8x 3
√

(2 + x3)2
+ C

]

7.9.27.
∫

3
√
3x− x3dx.

[
3z

2(z3 + 1)
− 1

4
ln

(z + 1)2

z2 − z + 1
−

√
3

2
arctg

2z − 1√
3

+ C, z =
3
√
3x− x3

x

]

7.9.28.
∫

dx

x+
√
x2 + x+ 1

.

[
3

2(2z + 1)
+

1

2
ln

z4

|2z + 1|3
+ C, z = x+

√
x2 + x+ 1

]

7.9.29.
∫

dx

1 +
√
1− 2x− x2

.

[
ln

∣∣∣∣1− x

1 +
√
1− 2x− x2

∣∣∣∣− 2 arctg
1 +

√
1− 2x− x2

x
+ C

]

7.9.30.
∫

dx

(1 +
√
x(1 + x))2

.

[
2(3− 4z)

5(1− z − z2)
+

2

5
√
5
ln

∣∣∣∣∣
√
5 + 1 + 2z√
5− 1− 2z

∣∣∣∣∣+ C, z = −x+
√
x(1 + x)

]
.

7.9.31.
∫
x−

√
x2 + 3x+ 2

x−
√
x2 + 3x+ 2

dx,

[
− 5

18(z + 1)
− 1

6(z + 1)2
+

3

4
ln |z − 1| − 16

27
ln |z − 2| − 17

108
ln |z + 1|+ C, z =

√
x2 + 3x+ 2

x+ 1

]
.
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8. ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÒÐÈÃÎÍÎÌÅÒÐÈ×ÅÑÊÈÕ ÔÓÍÊÖÈÉ

Ïðè èíòåãðèðîâàíèè òðèãîíîìåòðè÷åñêèõ ôóíêöèé èñïîëüçóþòñÿ îáùèå

ïðèåìû èíòåãðèðîâàíèÿ: ðàçëîæåíèå â ñóììó, ìåòîäû íîâîãî àðãóìåíòà,

ïîäñòàíîâêè, èíòåãðèðîâàíèÿ ïî ÷àñòÿì. Ðàññìîòðèì íåêîòîðûå òèïû èíòåãðàëîâ

îò òðèãîíîìåòðè÷åñêèõ ôóíêöèé.

8.1. Èíòåãðàë âèäà
∫

sinn x cosm xdx , ãäå n,m ∈ N , âû÷èñëÿåòñÿ ñ ïîìîùüþ ôîðìóë

ïîíèæåíèÿ ñòåïåíè, åñëè n è m ÷åòíûå. Åñëè n èëè m íå÷åòíîå, òî èíòåãðàë âû÷èñëÿþò

ââåäåíèåì íîâîãî àðãóìåíòà sin x èëè cos x .

8.2. Èíòåãðàë âèäà
∫

Π [sinαix cos βjx] dx , ãäå ôóíêöèÿ Π [sinαix cos βjx] åñòü

ïðîèçâåäåíèå ôóíêöèé âèäà sinαx è cos βx , âûñ÷èòûâàåòñÿ ðàçëîæåíèåì â ñóììó

ïîäûíòåãðàëüíîé ôóíêöèè ñ ïîìîùüþ ôîðìóë

sinα sin β =
1

2
(cos(α− β)− cos(α+ β)),

cosα cos β =
1

2
(cos(α− β) + cos(α+ β)),

sinα cos β =
1

2
(sin(α− β)− sin(α+ β)).

8.3. Èíòåãðàëû âèäà∫
dx

sin(x− αi) cos(x− βj)
,

∫
dx

sin(x− αi) sin(x− βj)
,

∫
dx

cos(x− αi) cos(x− βj)

è ïðèâîäÿùèå ê íèì âûñ÷èòûâàþòñÿ ðàçëîæåíèåì â ñóììó ïîäûíòåãðàëüíîé ôóíêöèè ñ

ïîìîùüþ ôîðìóë

sin(α− β) = sin [(x− β)− (x− α)] = sin(x− β) cos(x− α)− cos(x− β) sin(x− α),

cos(α− β) = cos [(x− α)− (x− β)] = cos(x− α) cos(x− β) + sin(x− α) sin cos(x− β).

8.4. Èíòåãðàë âèäà
∫
R(sin x, cos x)dx , ãäå R(u, v) ðàöèîíàëüíàÿ ôóíêöèÿ àðãóìåíòîâ

u è v , ñ ïîìîùüþ óíèâåðñàëüíîé ïîäñòàíîâêè tg x
2
= t âñåãäà ìîæíî ïðèâåñòè ê èíòåãðàëó

îò ðàöèîíàëüíîé ôóíêöèè∫
R(sin x, cosx)dx =

∫
R

(
2t

1 + t2
,
1− t2

1 + t2

)
dt

1 + t2
.

Íî, òàê êàê ýòà ïîäñòàíîâêà ïðèâîäèò ê ãðîìîçäêèì âû÷èñëåíèÿì, òî ïðè âîçìîæíîñòè

ïðîùå èñïîëüçîâàòü ñëåäóþøèå ïîäñòàíîâêè:

åñëè R(− sinx, cos x) = −R(sin x, cosx) , òî ïîäñòàíîâêó t = cos x ;

åñëè R(sinx,− cos x) = −R(sin x, cosx) , òî ïîäñòàíîâêó t = sin x ;
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åñëè R(− sinx,− cos x) = R(sinx, cos x) , òî ïîäñòàíîâêó t = tg x .

8.5. Ïðèìåðû

8.5.1. Íàéòè ∫
sin2 x cos4 xdx.

Èñïîëüçóåì ôîðìóëû ïîíèæåíèÿ ñòåïåíè:∫
sin2 x cos4 xdx =

1

8

∫
(1− cos 2x)(1 + cos 2x)2dx =

1

8

∫
(1 + cos 2x− cos2 2x− cos3 2x)dx =

=
1

8

[∫ (
1 + cos 2x− 1 + cos 4x

2

)
dx− 1

2

∫
cos2 2xd sin 2x

]
=

=
1

8

[∫ (
1

2
+ cos 2x− cos 4x

2

)
dx− 1

2

∫
(1− sin2 2x)d sin 2x

]
=

=
1

8

[
x

2
+

sin 2x

2
− sin 4x

8
− 1

2
(sin 2x− sin3 2x

3
)

]
+ C =

1

192

[
12x− 3 sin 4x+ 4 sin3 2x

]
+ C.

8.5.2. Íàéòè ∫
sin3 x

cos4 x
dx

Èñïîëüçóåì ìåòîä ââåäåíèÿ íîâîé ïåðåìåííîé∫
sin3 x

cos4 x
dx =

∫
sin3 xdx

cos4 x
= −

∫
sin2 x

cos4 x
d cos x =

∫
cos2 x− 1

cos4 x
d cosx =

=

∫ (
1

cos2 x
− 1

cos4 x

)
d cos x =

1

3 cos3 x
− 1

cosx
+ C.

8.5.3. Íàéòè ∫
sin 5x cosxdx.

Èñïîëüçóÿ òðèãîíîìåòðè÷åñêèå ôîðìóëû ïðåäñòàâèì â âèäå ñóììû∫
sin 5x cosxdx =

∫
sin 4x+ sin 6x

2
dx = −cos 4x

8
− cos 6x

12
+ C.

8.5.4 Íàéòè ∫
dx

sin(x+ a) cos(x+ b)
.

Ïðåäñòàâèì â âèäå ñóììû∫
dx

sin(x+ a) cos(x+ b)
=

1

cos(a− b)

∫
cos [(x+ a)− (x+ b)]

sin(x+ a) cos(x+ b)
dx =

=
1

cos(a− b)

∫
cos(x+ a) cos(x+ b) + sin(x+ a) sin(x+ b)

sin(x+ a) cos(x+ b)
dx =

=
1

cos(a− b)

∫ [
cos(x+ a)

sin(x+ a)
+

sin(x+ b)

cos(x+ b)

]
dx =
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=
1

cos(a− b)

[∫
d sin(x+ a)

sin(x+ a)
−
∫
d cos(x+ b)

cos(x+ b)

]
=

1

cos(a− b)
ln

∣∣∣∣sin(x+ a)

cos(x+ b)

∣∣∣∣+ C.

8.5.5. Íàéòè ∫
dx

sinx(2 + cosx)
.

Òàê êàê R(− sinx, cosx) = −R(sin x, cosx) , òî ñäåëàåì ïîäñòàíîâêó t = cosx . Òîãäà

èíòåãðàë ïðåîáðàçóåòñÿ â èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè, êîòîðûé ðåøàåì ìåòîäîì

íåîïðåäåëåííûõ êîýôôèöèåíòîâ:∫
dx

sinx(2 + cosx)
= −

∫
d cos x

sin2 x(2 + cosx)
= −

∫
dt

(1− t2)(2 + t)
=

=

∫ (
A

1− t
+

B

1 + t
+

C

2 + t

)
dt =

∫ (
−1

6(1− t)
+

−1

2(1 + t)
+

1

3(2 + t)

)
dt =

=
1

6
ln

∣∣∣∣ (2 + t)2

(1− t)(1 + t)3

∣∣∣∣+ C =
1

6
ln

∣∣∣∣ (2 + cosx)2

(1− cos x)(1 + cosx)3

∣∣∣∣+ C.

8.5.6. Íàéòè ∫
sinxdx

sin3 x+ cos3 x
.

Òàê êàê R(− sin x,− cos x) = R(sinx, cos x) , òî ñäåëàåì ïîäñòàíîâêó t = tg x . Äàëåå

èñïîëüçóåì ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ :∫
sin xdx

sin3 x+ cos3 x
=

∫
sin xdx

cos3 x(tg3 x+ 1)
=

∫
tg xdx

cos2 x(tg3 x+ 1)
=

∫
tdt

(t3 + 1)
=

=

∫ [
A

t+ 1
+

Mt+N

t2 − t+ 1

]
dt =

∫ [
−1

3(t+ 1)
+

t+ 1

3(t2 − t+ 1)

]
dt =

= −1

3
ln |t+ 1|+

∫
(2t− 1)dt

6(t2 − t+ 1)
+

∫
dt

2((t− 1
2
)2 + 3

4
)
=

1

6
ln
t2 − t+ 1

(t+ 1)2
+

1√
3
arctg

2t− 1√
3

+C,

ãäå t = tg x .

8.5.7. Íàéòè ∫
dx

2 sin x− cosx+ 5
.

Ñäåëàåì ïîäñòàíîâêó

t = tg
x

2
⇒ sinx =

2t

1 + t2
, cosx =

1− t2

1 + t2
, dx =

dt

1 + t2
.

Òîãäà ∫
dx

2 sin x− cos x+ 5
dx =

∫
dt

4t− (1− t2) + 5(1 + t2)
=

∫
dt

4 + 4t+ 6t2
=

=
1

6

∫
dt

2
3
+ 2

3
t+ t2

=
1

6

∫
dt

5
9
+ (t+ 1

3
)2

=
1

2
√
5
arctg

3t+ 1√
5

+ C =
1

2
√
5
arctg

3 tg x
2
+ 1

√
5

+ C.
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8.6. Óïðàæíåíèÿ

8.6.1.
∫

cos5 xdx.

[
sinx− 2

3
sin3 x+

1

5
sin5 x+ C

]

8.6.2.
∫

cos6 xdx.

[
5x

16
− 1

4
sin 2x+

3

64
sin 4x+

1

48
sin3 2x+ C

]

8.6.3.
∫

cos4 x

sin3 x
dx.

[
−3

2
cosx− cos3 x

2 sin2 x
− 3

2
ln
∣∣∣tg x

2

∣∣∣+ C

]

8.6.4.
∫

dx

sin3 x
.

[
− cosx

2 sin2 x
+

1

2
ln
∣∣∣tg x

2

∣∣∣+ C

]

8.6.5.
∫

dx

cos4 x sin4 x
.

[
−8 ctg 2x− 8

3
ctg2 2x+ C

]

8.6.6.
∫

dx

cos5 x sin3 x
.

[
tg4 x

4
+

3 tg2 x

2
− 1

2 tg2 x
+ 3 ln | tg x|+ C

]

8.6.7.
∫

tg5 xdx.

[
tg4 x

4
− tg2 x

2
− ln | cos x|+ C

]

8.6.8.
∫

dx√
cos5 x sin3 x

.

[
−2

√
ctg x+

2

3

√
tg3 x+ C

]

8.6.9.
∫

cos x cos 2x cos 3xdx.

[
x

4
+

sin 2x

8
+

sin 4x

16
+

sin 6x

24
+ C

]

8.6.10.
∫

sinx sin
x

2
sin

x

3
dx.

[
3

2
cos

x

6
− 3

10
cos

5x

6
− 3

14
cos

7x

6
+

3

22
cos

11x

6
+ C

]
,

8.6.11.
∫

sin3 2x cos2 3xdx.

[
− 3

16
cos 2x+

3

64
cos 4x+

1

48
cos 6x− 3

128
cos 8x+

1

192
cos 12x+ C

]

8.6.12.
∫

dx

sin(x+ a) sin(x+ b)
.

[
1

sin(a− b)
ln

∣∣∣∣ sin(x+ b)

sin(x+ a)

∣∣∣∣+ C

]

8.6.13.
∫

dx

cos(x+ a) cos(x+ b)
.

[
2

sin(a− b)
ln

∣∣∣∣ cos(x+ b)

cos(x+ a)

∣∣∣∣+ C

]

8.6.14.
∫

dx

cos x+ cos a
.

[
1

sin a
ln

∣∣∣∣cos x−a
2

cos x+a
2

∣∣∣∣+ C

]
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8.6.15.
∫

tg x tg(x+ a).

[
−x+ ctg a ln

∣∣∣∣ cosx

cos(x+ a)

∣∣∣∣+ C

]

8.6.16.
∫

sinx dx

(3 cos x− 1)3
.

[
1

6(cos−1)2
+ C

]

8.6.17.
∫

2 sin3 x+ cos2 x sin 2x

sin4 x+ 3 cos2 x
dx.

[
1

2
ln

cos2 x− cos x+ 1

(cos2 x+ cos x+ 1)2
− 1√

3
arctg

√
3

2 cos2 x+ 1
+ C

]

8.6.18.
∫

cos x dx

sin2 x− 6 sinx+ 5
.

[
1

4
ln

5− sinx

1− sinx
+ C

]

8.6.19.
∫

cos3 x+ cos5 x

sin4 x+ sin2 x
dx.

[
sin x− 2

sinx
− 6 arctg sinx+ C

]

8.6.20.
∫

sin x+ cos x

sinx+ cos
dx. [− ln | cos x+ sin x|+ C]

8.6.21.
∫

sin x−a
2

sin x+a
2

dx.

[
x cos a− 2 sin a ln

∣∣∣∣sin x− a

2

∣∣∣∣+ C

]

8.6.22.
∫

dx

4 cos2 x− 4 cos x sinx+ sin2 x
.

[
1

2− tg x
+ C

]

8.6.23.
∫

dx

cos4 x+ sin4 x
.

[
1√
2
arctg

tg 2x√
2

+ C

]

8.6.24.
∫

dx

cos x+ sinx
.

[
1

2
ln
∣∣∣tg (x

2
+
π

8

)∣∣∣+ C

]

8.6.25.
∫

dx

5 + cos2 x+ sin x
.

[
1√
30

arctg

(√
5

6
tg x

)
+ C

]

8.6.26.
∫

1 + tg x

sin 2x
dx.

[
1

2
(tg x+ ln | tg x|) + C

]

8.6.27.
∫

sinx cosx

sin x+ cos x
dx.

[
− 1

2
√
2
ln
∣∣∣tg (x

2
+
π

8

)∣∣∣+ 1

2
(sin x− cos x) + C

]

8.6.28.
∫

2 sin3 x+ cos2 x sin 2x

sin4 x+ 3 cos2 x
dx.

[
1

2
ln

cos2 x− cos x+ 1

(cos2 x+ cos x+ 1)2
− 1√

3
arctg

√
3

2 cos2 x+ 1
+ C

]
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8.6.29.
∫

dx

(sin2 x+ 2 cos2 x)2
.

[
− t

4(t2 + 2)
+

3

4
√
2
arctg

t√
2
+ C, t = tg x

]

9. ÈÍÒÅÃÐÈÐÎÂÀÍÈÅ ÒÐÀÍÑÖÅÍÄÅÍÒÍÛÕ ÔÓÍÊÖÈÉ

Èíòåãðàëû îò òðàíñöåíäåíòíûõ ôóíêöèé ÷àñòî íå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå

ôóíêöèè. Íàïðèìåð, èíòåãðàëû∫
sinx dx

x
,

∫
dx

lnx
,

∫
e−x2/2dx

íå âûðàæàþòñÿ ÷åðåç ýëåìåíòàðíûå ôóíêöèè. Îäíàêî, èíîãäà ïðèìåíåíèå îáùèõ ìåòîäîâ

(èíòåãðèðîâàíèå ïî ÷àñòÿì, çàìåíà ïåðåìåííîé) ïðèâîäèò ê âû÷èñëåíèþ èíòåãðàëà.

Ðàññìîòðèì íåêîòîðûå òèïû èíòåãðàëîâ îò òðàíñöåíäåíòíûõ ôóíêöèé.

9.1. Èíòåãðàëû âèäà
∫

sinp x cosq xdx,

∫
shp x chq xdx ñ ïîìîùüþ ïîäñòàíîâîê t = cos x

èëè t = sin x (t = chx èëè t = sh x , ñîîòâåòñòâåííî) ñâîäÿòñÿ ê èíòåãðèðîâàíèþ

äèôôåðåíöèàëüíîãî áèíîìà (ñì. 7.6.).

9.2. Èíòåãðàëû âèäà
∫
R(sh x, chx)dx , ãäå R(·, ·) � ðàöèîíàëüíàÿ ôóíêöèÿ äâóõ

ïåðåìåííûõ, ñ ïîìîùüþ ïîäñòàíîâîê t = chx ,t = sh x èëè t = th
x

2
ñâîäÿòñÿ ê

èíòåãðèðîâàíèþ ðàöèîíàëüíîé ôóíêöèè.

9.3. Èíòåãðàëû âèäà∫
Pn(x)e

axdx,

∫
Pn(x) sin axdx,

∫
Pn(x) cos axdx, ds

∫
Pn(x) arctg xdx,∫

Pn(x) arcsin xdx,

∫
Pn(x) arccosxdx,

ãäå Pn(x) � ïîëèíîì ñòåïåíè n âûñ÷èòûâàþòñÿ ìíîãîêðàòíûì èíòåãðèðîâàíèåì ïî

÷àñòÿì (ñì. 4.1.).

9.4. Ïðèìåðû

9.4.1. Íàéòè ∫
dx

3
√
tg x

.

Ñäåëàåì çàìåíó ïåðåìåííûõ t = sin x . Òîãäà∫
dx

3
√
tg x

=

∫
3
√
cos x cos xdx

cos x 3
√
sin x

=

∫
d sinx

3
√
cos2 x 3

√
sinx

=

∫
dt

3
√

(1− t2) 3
√
t
.

Ïîñëåäíèé èíòåãðàë åñòü èíòåãðàë îò äèôôåðåíöèàëüíîãî áèíîìà ñ ïàðàìåòðàìè

m = −1

3
, n = 2, p = −1

3
, a = 1, b = −1.
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Òàê êàê
m+ 1

n
+ p =

−1/3 + 1

2
− 1

3
= 0 - öåëîå ÷èñëî, ïðèìåíèì ïîäñòàíîâêó

t−2 − 1 = z3 ⇒ 1− t2 = t2z3, t2 =
1

1 + z3
, dt = −3z2t3dz

2
.

Ïîëó÷àåì èíòåãðàë îò ðàöèîíàëüíîé ôóíêöèè,∫
dt

3
√
(1− t2) 3

√
t
=

∫
dt

3
√
t2z3 3

√
t
=

∫
t−

2
3 z−1t−

1
3

(
−3

2
z2t3dz

)
= −3

2

∫
zt2dz = −3

2

∫
z

1 + z3
dz.

Ðåøèì ïîëó÷åííûé èíòåãðàë ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ:

z

1 + z3
=

A

1 + z
+

Mz +N

1− z + z2
= − 1

3(1 + z)
+

z + 1

3(1− z + z2)
.

Ïîëó÷àåì

−3

2

∫
z

1 + z3
dz =

1

2

∫
dz

1 + z
− 1

2

∫
(z + 1)dz

(1− z + z2)
=

=
1

2
ln |z + 1| − 1

4

∫
(2z − 1)dz

1− z + z2
− 3

4

∫
dz

(z − 1
2
)2 + 3

4

=

=
1

4
ln

(z + 1)2

1− z + z2
−

√
3

2
arctg

2z − 1√
3

+ C,

ãäå z = 3

√
1− t2

t2
= 3
√
ctg2x.

9.4.2. Íàéòè ∫
ch3 xdx.∫

ch3 xdx =

∫
(1− sh2)xd shx = sh x− sh3 x

x
+ C.

9.4.3. Âûðàçèòü ÷åðåç èíòåãðàë
∫

sin xdx

x
èíòåãðàë

∫
x sin x− cos x

x2
dx.

Èñïîëüçóåì ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì∫
x sinx− cosx

x2
dx =

∫
sin xdx

x
−
∫

cosxdx

x2
=

∫
sin xdx

x
+

∫
cosxd

(
1

x

)
=

=

∫
sinxdx

x
+

cosx

x
−
∫

1

x
d cos x =

∫
sinxdx

x
+

cosx

x
+

∫
sin x

x
dx = 2

∫
sin xdx

x
+

cos x

x
.
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9.5. Óïðàæíåíèÿ

9.5.1.
∫

sin5 3
√
cosxdx.

[
− 3

80
cos4/3 x(20− 16 cos3 x+ 5 cos5 x) + C

]

9.5.2.
∫

dx

cos x
3
√
sin2 x

.

[
1

4
ln

(1− sinx)(1 + 3
√
sinx)3

(1 + sinx)(1− 3
√
sinx)3

+

√
3

2
arctg

( 3
√
sin x− 1√
3 3
√
sinx

+ C

]

9.5.3.
∫

dx

4 + 3 ch2 x
.

[
1

4
arctg

(thx− 2

thx+ 2
+ C

]

9.5.4.
∫

dx

shx+ 2 ch2 x
.

[
2√
3
arctg ex

√
3 + C

]

9.5.5.
∫ 3

√
th2 xdx

ch4 x
.

[
2

55
th5/3 x(11− 5 th2x) + C

]

9.5.6.
∫

ex + e3x

1− e2x + e4x
dx. [arctg(2 shx) + C]

9.5.7.
∫
(x3 + x)e−x2

dx.

[
−
(
1 +

x2

2

)
e−x2

+ C

]

9.5.8.∫ √
e2x + 4ex − 1dx.

[√
e2x + 4ex − 1 + 2 ln(2 + ex +

√
e2x + 4ex − 1)− arcsin

2− ex√
5

+ C

]

9.5.9.
∫
eax sin3 bxdx.

[
1

4
eax
(
3(a sin bx− b cos bx)

a2 + b2
+
a sin 3bx− 3b cos 3bx

a2 + 9b2

)
+ C

]

9.5.10.
∫
x2ex sin3 xdx.

[
1

2
ex((x2 − 1) sinx− (x− 1)2 cosx) + C

]

9.5.11.
∫
ex
sin x− cos x

sin2 x
dx.

[
ex

sinx
+ C

]

9.5.12.
∫

1

ln3 x
dx.

[
1

2

(∫
dx

lnx
− x(1 + lnx)

ln2 x

)
+ C

]

9.5.13.
∫

sin 3x

x3
dx.

[
−9

2

∫
sin xdx

x
− sin 3x+ 3x cos 3x

2x2
+ C

]
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