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Ãëàâà 1. Óðàâíåíèÿ, äîïóñêàþùèå ïîíèæåíèå

ïîðÿäêà

1.1 Óðàâíåíèÿ, ñîäåðæàùèå òîëüêî íåçàâèñèìóþ ïåðåìåííóþ è

ïðîèçâîäíóþ ïîðÿäêà n.

Óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî ïðîèçâîäíîé

Ðàññìîòðèì óðàâíåíèå âèäà
y(n) = f(x). (1.1)

Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f(x) íåïðåðûâíà â èíòåðâàëå (a, b). Òîãäà ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå çàäà÷è Êîøè, ïðè÷åì íà÷àëüíûå äàííûå y0, y′0,. . . , y(n−1)

0 ìîæíî çàäà-
âàòü ëþáûå, à x0 äîëæíî ïðèíàäëåæàòü èíòåðâàëó (a, b). Ýòî ðåøåíèå áóäåò ÷àñòíûì è
áóäåò îïðåäåëåíî âî âñåì èíòåðâàëå (a, b). Îñîáûõ ðåøåíèé óðàâíåíèå (1.1) íå èìååò.

Èíòåãðèðóÿ ïîñëåäîâàòåëüíî óðàâíåíèå (1.1), ïîëó÷àåì îáùåå ðåøåíèå

y =

∫ ∫
· · ·
∫

︸ ︷︷ ︸
n ðàç

f(x)dxdx · · · dx+ C1x
n−1 + C2x

n−2 + . . .+ Cnx+ Cn (1.2)

â îáëàñòè
a < x < b, |y| < +∞, |y′| < +∞, . . . , |y(n−1)| < +∞. (1.3)

C1, C2, . . . , Cn - ïðîèçâîëüíûå ïîñòîÿííûå.
Îáùåå ðåøåíèå ìîæíî çàïèñàòü òàê æå â ôîðìå Êîøè:

y =

∫ x

x0

∫ x

x0

· · ·
∫ x

x0︸ ︷︷ ︸
n ðàç

f(x)dxdx · · · dx+
y

(n−1)
0

(n− 1)!
(x− x0)

(n−1)+

+
y

(n−2)
0

(n− 2)!
(x− x0)

(n−2) + . . .+ y′0(x− x0) + y0, (1.4)



6

ãäå x0 - ôèêñèðîâàííîå ÷èñëî èç èíòåðâàëà (a, b), à y0, y′0,. . . , y(n−1)
0 èãðàþò ðîëü ïðîèç-

âîëüíûõ ïîñòîÿííûõ, êîòîðûå çäåñü ìîãóò ïðèíèìàòü ëþáûå çíà÷åíèÿ. Ó÷èòûâàÿ, ÷òî∫ x

x0

∫ x

x0

· · ·
∫ x

x0︸ ︷︷ ︸
n ðàç

f(x)dxdx · · · dx =
1

(n− 1)!

∫ x

x0

f(t)(x− t)n−1dt,

îáùåå ðåøåíèå ìîæíî çàïèñàòü â ñëåäóþùèõ ôîðìàõ:

y =
1

(n− 1)!

∫ x

x0

f(t)(x− t)n−1dt+ C1x
n−1 + C2x

n−2+

+ . . .+ Cnx+ Cn, (1.5)

y =
1

(n− 1)!

∫ x

x0

f(t)(x− t)n−1dt+
y

(n−1)
0

(n− 1)!
(x− x0)

(n−1)+

+
y

(n−2)
0

(n− 2)!
(x− x0)

(n−2) + . . .+ y′0(x− x0) + y0. (1.6)

Åñëè èçâåñòíî êàêîå-íèáóäü ÷àñòíîå ðåøåíèå y1 óðàâíåíèÿ (1.1), òî îáùåå ðåøåíèå èìååò
âèä

y = y1 + C1x
n−1 + C2x

n−2 + . . .+ Cnx+ Cn.

Ïðèìåð 1. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ = xex (1.7)

è ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì y(0) = 1, y′(0) = 0.
Ðåøåíèå. Èíòåãðèðóåì ïîñëåäîâàòåëüíî óðàâíåíèå (1.7), ïîëó÷àåì îáùåå ðåøåíèå: y′ = (x− 1)ex + C1,

y = (x− 2)ex + C1x+ C2.
(1.8)

Íàéäåì ÷àñòíîå ðåøåíèå, óäîâëåòâîðÿþùåå ïîñòàâëåííûì íà÷àëüíûì óñëîâèÿì. Ïîäñòà-
âèì íà÷àëüíûå äàííûå x0 = 0, y0 = 1, y′0 = 0 â ñèñòåìó (1.8): 0 = −1 + C1,

1 = −2 + C2,

ïîëó÷èì C1 = 1, C2 = 3, îòñþäà ÷àñòíîå ðåøåíèå

y = (x− 2)ex + x+ 3. (1.9)

Ýòî æå ÷àñòíîå ðåøåíèå ìîæíî ïîëó÷èòü, èñïîëüçóÿ ôîðìóëó îáùåãî ðåøåíèÿ â ôîðìå
Êîøè (1.6). Ïîëîæèì â íåé n = 2, x0 = 0, y0 = 1, y′0 = 0:

y =

∫ x

0

tet(x− t)dt+ 1.

Âûïîëíèâ èíòåãðèðîâàíèå, âíîâü ïîëó÷èì ðåøåíèå (1.9).



7

Ïðèìåð 2. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′2 + 5y′′ + 6 = 0. (1.10)

Ðåøåíèå. Ýòî êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî ïðîèçâîäíîé y′′. Ðàçðåøàåì åãî: y′′ =
−2, y′′ = −3. Èíòåãðèðóåì ýòè óðàâíåíèÿ:

y′ = −2x+ C1, y = −x2 + C1x+ C2;

y′ = −3x+ C1, y = −3

2
x2 + C1x+ C2.

Ñîâîêóïíîñòü ýòèõ îáùèõ ðåøåíèé îáðàçóåò îáùèé èíòåãðàë óðàâíåíèÿ (1.10). Åãî ìîæíî
çàïèñàòü â âèäå îäíîãî ñîîòíîøåíèÿ

(y + x2 − C1x− C2)(y +
3

2
x2 − C1x− C2) = 0 :

Óðàâíåíèÿ, íå ðàçðåøåííûå îòíîñèòåëüíî ïðîèçâîäíîé.

Ðàññìîòðèì óðàâíåíèå âèäà
F (x, y(n)) = 0. (1.11)

Åñëè åãî ìîæíî ðàçðåøèòü â ýëåìåíòàðíûõ ôóíêöèÿõ îòíîñèòåëüíî y(n), ìû ïîëó÷èì
îäíî èëè íåñêîëüêî óðàâíåíèé ðàññìîòðåííîãî âûøå âèäà (ñìîòðè ïðèìåð (2)).

Èíîãäà óðàâíåíèÿ ìîæíî ðàçðåøèòü îòíîñèòåëüíî íåçàâèñèìîé ïåðåìåííîé x:

x = f(y(n)).

Â ýòîì ñëó÷àå óäàåòñÿ íàéòè îáùåå ðåøåíèå â ïàðàìåòðè÷åñêîé ôîðìå. Ââîäèì ïàðàìåòð
y(n) = t, òîãäà x = f(t). Òàê êàê x óæå âûðàæåíî ÷åðåç ïàðàìåòð t, òî çàäà÷à ñâîäèòñÿ ê
òîìó, ÷òîáû âûðàçèòü y ÷åðåç t. Íàõîäèì äèôôåðåíöèàë íåçàâèñèìîé ïåðåìåííîé dx =

f ′(t)dt. Òîãäà dy(n−1) = y(n)dx = tf ′(t)dt, îòêóäà

y(n−1) =

∫
tf ′(t)dt+ C1 ≡ ϕ1(t, C1).

Àíàëîãè÷íî íàéäåì âûðàæåíèå äëÿ y(n−2) è ò.ä. Íàêîíåö äëÿ y ïîëó÷èì âûðàæåíèå âèäà
y = ϕn(t, C1, C2, . . . Cn), ñëåäîâàòåëüíî, x = f(t),

y = ϕn(t, C1, C2, . . . , Cn).
(1.12)

Óðàâíåíèå (1.12) áóäåì íàçûâàòü îáùèì ðåøåíèåì óðàâíåíèÿ (1.11) â ïà-

ðàìåòðè÷åñêîé ôîðìå.
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Ïðèìåð 1. Íàéòè ðåøåíèå óðàâíåíèÿ

x− ey
′′

+ y′′2 = 0. (1.13)

Ðåøåíèå. Óðàâíåíèå íåðàçðåøèìî îòíîñèòåëüíî y′′. Çàòî îíî ðàçðåøèìî îòíîñèòåëüíî
x: x = ey

′′−y′′2. Ïðèíÿâ y′′ çà t, ïîëó÷èì ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå óðàâíåíèÿ (1.13)
â âèäå x = et − t2, y′′ = t. Äàëåå, dx = (et − 2t)dt, dy′ = y′′dx = t(et − 2t)dt, îòêóäà

y′ =

∫
t(et − 2t)dt+ C1 = et(t− 1)− 2

3
t3 + C1.

Ïîýòîìó
dy = y′dx =

(
et(t− 1)− 2

3
t3 + C1

)
(et − 2t)dt

èëè
dy =

(
e2t(t− 1)−

(
2

3
t3 + 2t2 − 2t− C1

)
et +

4

3
t4 − 2C1t

)
dt.

Èíòåãðèðóåì è ïîëó÷àåì ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå: y =
(
t
2
− 3

4

)
e2t −

(
2
3
t3 − 2t+ 2− C1

)
et + 4

15
t5 − C1t

2 + C2,

x = et − t2.

Ïóñòü óðàâíåíèå (1.11) äîïóñêàåò òàêîå ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå: x = ϕ(t),

y(n) = ψ(t),

òîãäà
dx = ϕ′(t)dt, dy(n−1) = y(n)dx = ψ(t)ϕ′(t)dt,

y(n−1) =

∫
ψ(t)ϕ′(t)dt+ C1 ≡ ψ1(t, C1).

Ðàññóæäàÿ òàê æå êàê è â âûøå ðàññìîòðåííîì òèïå óðàâíåíèÿ, ïîëó÷èì îáùåå ðåøåíèå
â ïàðàìåòðè÷åñêîé ôîðìå:  x = ϕ(t),

y = ψn(t, C1, C2, . . . , Cn).

Ïðèìåð 3. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′2 − 8y′′ + x2 − 6x+ 24 = 0. (1.14)

Ðåøåíèå. Ïðåäñòàâèì óðàâíåíèå â âèäå

(x− 3)2 + (y′′ − 4)2 = 1.
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Îíî äîïóñêàåò ñëåäóþùóþ ïàðàìåòðèçàöèþ: x = cos t+ 3,

y′′ = sin t+ 4.
⇒

 dx = − sin tdt,

dy′ = y′′dx.

Èñêëþ÷àåì dx èç ïîñëåäíåé ñèñòåìû óðàâíåíèé:

dy′ = −(sin t+ 4) sin tdt = −(sin2 t+ 4 sin t)dt,

îòêóäà
y′ = −

∫
(sin2 t+ 4 sin t)dt+ C1 = − t

2
+

sin 2t

4
+ 4 cos t+ C1 ⇒

⇒ dy =

(
− t

2
+

sin 2t

4
+ 4 cos t+ C1

)
dx = −

(
− t

2
+

sin 2t

4
+ 4 cos t+ C1

)
sin tdt.

Èíòåãðèðóåì, íàõîäèì ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå: x = cos t+ 3

y = − t cos t
2

+ sin t
2
− sin3 t

6
+ 2 cos2 t+ C1 cos t+ C2.

1.2 Óðàâíåíèÿ, íå ñîäåðæàùèå èñêîìîé ôóíêöèè

Ýòîò òèï óðàâíåíèÿ èìååò âèä

F (x, y(k), y(k+1), . . . , y(n)) = 0 (1 ≤ k < n).

Ñ ïîìîùüþ ïîäñòàíîâêè y(k) = z, ãäå z - íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, óðàâíåíèå ðàññìàò-
ðèâàåìîãî òèïà ïðèâîäèòñÿ ê óðàâíåíèþ (n− k) - ãî ïîðÿäêà:

F (x, z, z′, . . . , z(n−k)) = 0. (1.15)

Åñëè (1.15) èíòåãðèðóåòñÿ â êâàäðàòóðå òàê, ÷òî ìû íàéäåì

z = ϕ(x, C1, . . . , Cn−k) èëè Φ(x, z, C1, . . . , Cn−k) = 0,

òî, âîçâðàùàÿñü ê ïåðåìåííîé y, ñîîòâåòñòâåííî,

y(k) = ϕ(x, C1, . . . , Cn−k) èëè Φ(x, y(k), C1, . . . , Cn−k) = 0.

Ýòî óðàâíåíèå ðàññìîòðåííîãî âûøå âèäà.
Ïðèìåð 4. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ +
2y′2

x2
= 0. (1.16)
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Ðåøåíèå. Ïîëàãàÿ y′ = z, ïîëó÷àåì

z′ +
2z2

x2
= 0,

îòêóäà
dz

z2
= −2dx

x2
, −1

z
=

2

x
+ C0, z = − x

2 + C0x
.

Ïîòåðÿííîå ðåøåíèå � z = 0. Çàìåíÿåì z íà y′:

y′ = − x

2 + C0x
, dy = − xdx

2 + C0x
.

Çäåñü âîçìîæíû äâà ñëó÷àÿ:

1. C0 6= 0. Ðàçëîæèì dy íà ïðîñòåéøèå äðîáè:

dy =
1

C0

(
2dx

2 + C0x
− dx

)
⇒ y =

2

C2
0

ln |2 + C0x| −
x

C0

+ C1.

2. C0 = 0. Îòñþäà
dy = −xdx/2 ⇒ y = −x2/4 + C.

Ïîòåðÿííîå ðåøåíèå �
z = 0 ⇒ y′ = 0 ⇒ y = C.

1.3 Óðàâíåíèÿ, íå ñîäåðæàùèå íåçàâèñèìîé ïåðåìåííîé

Áóäåì ðàññìàòðèâàòü óðàâíåíèå âèäà

F (y, y′, . . . , y(n)) = 0. (1.17)

Äåëàåì çàìåíó y′ = z, ïðèíÿâ y çà íîâóþ íåçàâèñèìóþ ïåðåìåííóþ � z = z(y). Ïðè ýòîì
y′′, y′′′, . . . , y(n) ïðåîáðàçóþòñÿ òàê:

y′′ =
dy′

dx
=
dz

dx
=
dz

dy

dy

dx
=
dz

dy
z,

y′′′ =
dy′′

dx
=
dy′′

dy
z =

(
d2z

dy2
z +

(
dz

dy

)2
)
z,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y(n) = ω

(
z,
dz

dy
, . . . ,

dn−1z

dyn−1

)
.

Ïîäñòàâëÿÿ âûðàæåíèå äëÿ y′, y′′, y′′′, . . . , y(n) â óðàâíåíèå (1.17), ïîëó÷àåì óðàâíåíèå
(n− 1) - ãî ïîðÿäêà ñ èñêîìîé ôóíêöèåé z îò íåçàâèñèìîé ïåðåìåííîé y.



11

Ïðèíèìàÿ y çà íåçàâèñèìóþ ïåðåìåííóþ, ìû ìîãëè ïîòåðÿòü ðåøåíèå âèäà y = const.
Íåïîñðåäñòâåííîé ïîäñòàíîâêîé â óðàâíåíèå (1.17) ìîæíî âûÿñíèòü, èìååò ëè îíî ðåøå-
íèå òàêîãî âèäà.

Åñëè óðàâíåíèå èìååò âèä

F (y(k), y(k+1), . . . , y(n)) = 0 (1 ≤ k < n), (1.18)

òî äåëàåì çàìåíó y(k) = z(x). Òîãäà óðàâíåíèå (1.18) ïðèìåò âèä óðàâíåíèÿ (1.17):

F (z, z′, . . . , z(n−k)) = 0 (1 ≤ k < n).

Ïðèìåð 5. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

2yy′′ = y′2 + y2. (1.19)

Ðåøåíèå. Ïîëîæèì y′x = z(y) è, ïðèíÿâ y çà íîâóþ ïåðåìåííóþ, ïîëó÷èì y′′xx = z′yy
′
x =

z′yz. Òîãäà óðàâíåíèå (1.19) ìîæíî çàïèñàòü â âèäå

2yz
dz

dy
= z2 + y2.

Ïîëàãàÿ z2 = u è ó÷èòûâàÿ, ÷òî 2z dz
dy

= dz2

dy
, ïîëó÷èì

yu′y = u+ y2.

Ïîëó÷èëè ëèíåéíîå óðàâíåíèå. Ðåøàåì åãî:

u = C1y + y2.

Ñëåäîâàòåëüíî, z2 = C1y + y2, y′2 = C1y + y2, îòêóäà
dy√

C1y + y2
= ±dx⇒ ln |y + C1/2 +

√
C1y + y2| = ±x+ C2.

Ïîòåðÿííîå ðåøåíèå:
y = 0.

Ïðèìåð 6. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

yy′′ + 1 = y′2. (1.20)

Ðåøåíèå. Ïîëîæèì y′x = z(y), ïîëó÷èì y′′xx = z′yy
′
x = z′yz. Òîãäà èç (1.20) ñëåäóåò

yzz′y = z2 − 1 ⇒ z2 − 1 = Cy2 ⇒ y′ = ±
√
Cy2 − 1.

Çäåñü âîçíèêàåò òðè âîçìîæíîñòè:
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1. C = 0. Â ýòîì ñëó÷àå dy = ±x⇒ y = A± x;

2. C < 0, C = −C2
1 . Îòñþäà

dy√
1− (C1y)2

= ±dx⇒ C1y = sin(C0 + C1x);

3. C > 0, C = C2
1 . Îòñþäà

dy√
1 + (C1y)2

= ±dx⇒ C1y = ± sh(C0 + C1x).

Ðàññìîòðèì íåêîòîðûå ÷àñòíûå ñëó÷àè âèäà óðàâíåíèÿ (1.18).

1.4 Óðàâíåíèÿ âèäà F (y(n−1), y(n)) = 0

Óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî y(n)

Ðàññìîòðèì óðàâíåíèå âèäà y(n):

y(n) = f(y(n−1)). (1.21)

Äåëàåì çàìåíó y(n−1) = z(x), ïîëó÷àåì óðàâíåíèå

z′x = f(z) èëè dz

f(z)
= dx (1.22)

Èíòåãðèðóåì ∫
dz

f(z)
= x+ C1. (1.23)

Åñëè âîçìîæíî, ïîëó÷åííîå ðåøåíèå (1.23) ðàçðåøàåì îòíîñèòåëüíî z: z = ω(x, C).
Äåëàåì îáðàòíóþ çàìåíó: y(n−1) = ω(x,C). Ýòîò òèï óðàâíåíèÿ áûë ðàññìîòðåí âûøå.

Åñëè ðàçðåøèòü óðàâíåíèå (1.23) îòíîñèòåëüíî z íåëüçÿ, òî ïîñòóïàåì ñëåäóþùèì
îáðàçîì. Ïðèíèìàåì z çà íîâóþ íåçàâèñèìóþ ïåðåìåííóþ:

dy(n−2) = y(n−1)dx = zdz
f(z)

,

y(n−2) =
∫

zdz
f(z)

= ϕ2(z, C2),

dy(n−3) = y(n−2)dx = ϕ2(z,C2)dz
f(z)

,

y(n−3) =
∫ ϕ2(z,C2)dz

f(z)
= ϕ3(z, C2, C3),

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y = ϕn(z, C2, . . . , Cn).

(1.24)
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Â ðåçóëüòàòå ïîëó÷àåì ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå:
∫

dz
f(z)

= x+ C1,

y = ϕn(z, C2, . . . , Cn).

Ïðèìåð 7. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′′(3y′′2 + 2y′′) = 1. (1.25)

Ðåøåíèå. Ðàçðåøàåì óðàâíåíèå (1.25) îòíîñèòåëüíî y′′′ è äåëàåì çàìåíó y′′ = z:

y′′′ =
1

3y′′2 + 2y′′
, z′ =

1

3z2 + 2z
.

Ðàçäåëÿåì ïåðåìåííûå è èíòåãðèðóåì:

(3z2 + 2z)dz = dx,

x = z3 + z2 + C1. (1.26)

Ïðîâîäèì öåïü ðàñ÷åòîâ ïî ôîðìóëå (1.24):

dy′ = y′′dx = z(3z2 + 2z)dz,

y′ =

∫
z(3z2 + 2z)dz =

3z4

4
+

2z3

3
+ C2,

dy = y′dx =

(
3z4

4
+

2z3

3
+ C2

)
(3z2 + 2z)dz,

y =

∫ (
3z4

4
+

2z3

3
+ C2

)
(3z2 + 2z)dz =

9z7

28
+

7z6

12
+

4z5

15
+ C2(z

3 + z2) + C3.

Ïîëó÷àåì ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå: x = z3 + z2 + C1,

y = 9z7

28
+ 7z6

12
+ 4z5

15
+ C2(z

3 + z2) + C3.

Óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî y(n−1)

Ðàññìîòðèì óðàâíåíèå âèäà
y(n−1) = f(y(n)). (1.27)

Äåëàåì çàìåíó y(n−1) = z(x), ïîëó÷àåì óðàâíåíèå

z = f(z′x). (1.28)
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Ââåäåì ïàðàìåòð z′ = dz
dx

= p, îòêóäà dz = pdx, z = f(p). Äèôôåðåíöèðóåì ïîñëåäíåå
âûðàæåíèå ïî p : dz = f ′(p)dp = pdx. Îòñþäà

dx =
f ′(p)dp

p
⇒ x =

∫
f ′(p)dp

p
+ C1. (1.29)

Óðàâíåíèå (1.28) ìîæíî ïåðåïèñàòü êàê

y(n−1) = f(p). (1.30)

Ó÷èòûâàÿ óðàâíåíèÿ (1.29) è (1.30), ïðèìåíèì öåïü ðàñ÷åòîâ ïî ôîðìóëå (1.24) (âìåñòî
ïàðàìåòðà z ôèãóðèðóåò ïàðàìåòð p ). Â ðåçóëüòàòå ïîëó÷àåì ðåøåíèå â ïàðàìåòðè÷åñêîì
âèäå:  x =

∫ f ′(p)dp
p

+ C1,

y = ϕn(p, C2, . . . , Cn).

Óðàâíåíèÿ, äîïóñêàþùèå ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå

Ïóñòü äàííûé òèï óðàâíåíèÿ äîïóñêàåò ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå:

y(n−1) = ϕ(t), y(n) = ψ(t).

Ïðèíèìàÿ âî âíèìàíèå dy(n−1) = y(n)dx, ïîëó÷èì

dx =
y(n−1)

y(n)
=
ϕ′(t)dt

ψ(t)
, x =

∫
ϕ′(t)dt

ψ(t)
+ C1.

Ïî ôîðìóëå (1.24) íàõîäèì ðåøåíèå â ïàðàìåòðè÷åñêîé ôîðìå: x =
∫ ϕ′(t)dt

ψ(t)
+ C1,

y = φ(t, C2, . . . , Cn).

1.5 Óðàâíåíèÿ âèäà F (y(n−2), y(n)) = 0

Óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî y(n)

Ðàññìîòðèì óðàâíåíèå âèäà
y(n) = f(y(n−2)).

Äåëàåì çàìåíó y(n−2) = z(x), ïîëó÷àåì óðàâíåíèå

z′′xx = f(z). (1.31)
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Ðàñïèñûâàåì z′′ =
dz′

dx
, óìíîæàåì îáå ÷àñòè óðàâíåíèÿ (1.31) íà 2z′dx è, èìåÿ â âèäó, ÷òî

z′dx = dz, ïîëó÷èì
2z′dz′ = 2f(z)dz.

Èíòåãðèðóåì:
z′2 =

∫
2f(z)dz + C1.

Ðàçäåëÿåì ïåðåìåííûå è èíòåãðèðóåì

dz

dx
=

√∫
2f(z)dz + C1, x =

∫
dz√∫

2f(z)dz + C1

+ C2 (1.32)

Äàëåå ìîæíî ïîëó÷èòü ðåøåíèå â ïàðàìåòðè÷åñêîé ôîðìå, ëèáî óðàâíåíèå (1.32) ñâå-
ñòè ê óðàâíåíèþ âèäà y(n−2) = ω(x,C1, C2).

Óðàâíåíèÿ, ðàçðåøåííûå îòíîñèòåëüíî y(n−2)

Ðàññìîòðèì óðàâíåíèå âèäà
y(n−2) = f(y(n)).

Äåëàåì çàìåíó y(n−2) = z(x), ïîëó÷àåì óðàâíåíèå

z = f(z′′xx). (1.33)

Ïîëîæèì z′′ = u: z = f(u). Îòñþäà
dz = f ′udu. (1.34)

Ñ äðóãîé ñòîðîíû,

dz′2 = 2z′dz′ = 2z′z′′dx = 2z′′dz = 2udz = 2uf ′udu. (1.35)

Èíòåãðèðóåì

z′ =

√∫
2uf ′udu+ C1, dx =

dz√∫
2uf ′udu+ C1

.

Ïîäñòàâëÿåì ôîðìóëó (1.34) è èíòåãðèðóåì

x =

∫
f ′udu√∫

2uf ′udu+ C1

+ C2. (1.36)

Äàëåå ìîæíî ïîëó÷èòü ðåøåíèå â ïàðàìåòðè÷åñêîé ôîðìå, ëèáî óðàâíåíèå (1.36) ñâå-
ñòè ê óðàâíåíèþ âèäà y(n−2) = ω(x,C1, C2).
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1.6 Óðàâíåíèÿ, îäíîðîäíûå îòíîñèòåëüíî èñêîìîé ôóíêöèè è åå

ïðîèçâîäíûõ

Îïðåäåëåíèå 1.1. Óðàâíåíèå
F (x, y, y′, . . . , y(n)) = 0 (1.37)

íàçûâàåòñÿ îäíîðîäíûì îòíîñèòåëüíî èñêîìîé ôóíêöèè è åå ïðîèçâîäíûõ, åñëè ïðè çà-
ìåíå y → ky , y′ → ky′ , . . . , y(n) → ky(n) âûïîëíÿåòñÿ óñëîâèå

F (x, ky, ky′, . . . , ky(n)) = kmF (x, y, y′, . . . , y(n)).

Óðàâíåíèå (1.37) ïîíèæàåòñÿ íà åäèíèöó, åñëè ïîëîæèòü

y′ = yz, (1.38)

ãäå z - íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ: z = z(x).
Äèôôåðåíöèðóåì ïîñëåäîâàòåëüíî ôîðìóëó (1.38) è çàìåíÿåì êàæäûé ðàç y′ íà yz:

y′′ = y′z + yz′ = y(z2 + z′),

y′′′ = y(z3 + 3zz′ + z′′),

. . . . . . . . . . . . . . . . . . . . . . . . . . .

y(n) = yω(z, z′, . . . , z(n−1)).

Ïîäñòàâëÿåì âûðàæåíèå äëÿ y′, y′′, . . . , y(n) â óðàâíåíèå (1.37):

F (x, y, yz, y(z2 + z′), . . . , yω(z, z′, . . . , z(n−1))) = 0.

Ýòî óðàâíåíèå âñëåäñòâèå ïðåäïîëîæåíèÿ îäíîðîäíîñòè ôóíêöèè F ìîæíî çàïèñàòü òàê:

ymF (x, 1, z, (z2 + z′), . . . , ω(z, z′, . . . , z(n−1))) = 0.

Äåëèì íà ym (ïðè ýòîì ïîòåðè ðåøåíèÿ y = 0 íå ïðîèñõîäèò), ïîëó÷àåì

F (x, 1, z, (z2 + z′), . . . , ω(z, z′, . . . , z(n−1))) = 0.

Ýòî óðàâíåíèå (n− 1) - ãî ïîðÿäêà. Åñëè ìû íàéäåì åãî îáùåå ðåøåíèå

z = ϕ(x, C1, C2, . . . , Cn−1),

òî, çàìåíèâ z íà y′/y, ïîëó÷èì

y′/y = ϕ(x, C1, C2, . . . , Cn−1).

Èíòåãðèðóåì
y = Cnexp

(∫
ϕ(x, C1, C2, . . . , Cn−1)dx

)
.

Ýòî îáùåå ðåøåíèå óðàâíåíèÿ (1.37).



17

Ïðèìåð 8. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

xyy′′ − xy′2 − yy′ = 0. (1.39)

Ðåøåíèå. Ïðîâåðèì, ÿâëÿåòñÿ ëè ýòî óðàâíåíèå îäíîðîäíûì. Äåëàåì çàìåíó y →
ky , y′ → ky′ , y′′ → ky â óðàâíåíèè (1.39):

k2yy′′ − k2xy′2 − k2yy′ = 0.

Äåëèì óðàâíåíèå íà k2, ïîëó÷àåì èñõîäíîå óðàâíåíèå

xyy′′ − xy′2 − yy′ = 0.

Óðàâíåíèå îäíîðîäíî.
Ïîëàãàÿ y′ = yz, ïîëó÷àåì y′′ = y(z2 + z′). Ïîäñòàâëÿÿ âûðàæåíèÿ äëÿ y′ è y′′ â óðàâ-

íåíèå (1.39) è ñîêðàùàÿ íà y2, ïîëó÷àåì

x(z2 + z′)− xz2 − z = 0 èëè xz′ − z = 0.

Èíòåãðèðóåì ïîñëåäíåå óðàâíåíèå z = C1x. Çàìåíèì z íà y′/y: y′/y = C1. Èíòåãðèðóåì
åùå ðàç, ïîëó÷àåì

y = C2e
(C1/2)x2

.

1.7 Îáîáùåííî-îäíîðîäíûå óðàâíåíèÿ

Îïðåäåëåíèå 1.2. Óðàâíåíèå
F (x, y, y′ . . . , y(n)) = 0, (1.40)

íàçûâàåòñÿ îáîáùåííî-îäíîðîäíûì, åñëè ïðè çàìåíå

x→ kx , y → kmy , y′ → km−1y′ , . . . , y(n) → km−ny(n) (1.41)

âûïîëíÿåòñÿ óñëîâèå

F (kx, kmy, km−1y′, . . . , km−ny(n)) = ksF (x, y, y′, . . . , y(n)).

×òîáû íàéòè ÷èñëî m, íàäî ïðèðàâíÿòü äðóã ê äðóãó ïîêàçàòåëè ñòåïåíåé, â êîòîðûõ
÷èñëî k áóäåò âõîäèòü â êàæäûé ÷ëåí óðàâíåíèÿ ïîñëå çàìåíû (1.41).

Ïîñëå òîãî, êàê ÷èñëî m íàéäåíî, íàäî ñäåëàòü çàìåíó

x = et, y = zemt, (1.42)



18

ãäå t � íîâàÿ íåçàâèñèìàÿ ïåðåìåííàÿ è z � íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Òàê êàê d
dx

=

e−t d
dt
, òî ïðîèçâîäíûå y′x, y′′x . . . , y(n)

x ïðåîáðàçóþòñÿ ñëåäóþùèì îáðàçîì:

y′x = dy
dt
e−t =

(
dz
dt
emt +mzemt

)
=
(
dz
dt

+mz
)
emt,

y′′x = dy′

dt
e−t =

(
d2z
dt2

+ (2m− 1)dz
dt

+m(m− 1)z
)
e(m−2)t,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

y
(n)
x = ω

(
z, dz

dt
, . . . , d

nz
dtn

)
e(m−n)t.

(1.43)

Âûïîëíèâ òåïåðü â óðàâíåíèå (1.40) ïîäñòàíîâêó (1.42) è ñäåëàâ çàìåíó ïî ôîðìóëå
(1.43), ïîëó÷èì óðàâíåíèå, êîòîðîå ïîñëå ñîêðàùåíèÿ íà emt îáðàòèòñÿ â óðàâíåíèå, íå
ñîäåðæàùåå t. Ýòî óðàâíåíèå äîïóñêàåò ïîíèæåíèå ïîðÿäêà íà åäèíèöó.

Åñëè â óðàâíåíèè (1.40) x < 0, òî ñëåäóåò ïîëîæèòü x = −et.
Ïðèìåð 9. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x4y′′ + (xy′ − y)3 = 0. (1.44)

Ðåøåíèå. Ïîêàæåì, ÷òî ýòî óðàâíåíèå îáîáùåííî-îäíîðîäíîå, ò.å íàéäåì ÷èñëî m.
Ïðèðàâíèâàåì èçìåðåíèÿ âñåõ ÷ëåíîâ, ñ÷èòàÿ, ÷òî x, y, y′, y′′ ñîîòâåòñòâóþò 1, m, (m− 1)

è (m− 2) èçìåðåíèÿ, òîãäà 4 +m− 2 = 3(1 +m− 1) = 3m, îòêóäà m = 1. Òåïåðü äåëàåì
ïîäñòàíîâêó x = et, y = zet. Òàê êàê y′ = dy

dt
e−t =

(
dz
dt

+ z
)
,

y′′ = dy′

dt
e−t =

(
d2z
dt2

+ dz
dt

)
e−t,

òî óðàâíåíèå (1.44) ïðèìåò âèä

e4t
(
d2z

dt2
+
dz

dt

)
e−t +

(
et
(
dz

dt
+ z

)
− zet

)3

= 0 ⇒ d2z

dt2
+
dz

dt
+

(
dz

dt

)3

= 0.

Ïîëîæèì çäåñü dz
dt

= u(z) è z çà íåçàâèñèìóþ ïåðåìåííóþ. Òîãäà
d2z

dt2
=
du

dt
=
du

dz

dz

dt
=
du

dz
u.

Ïîýòîìó óðàâíåíèå ïåðåïèøåòñÿ òàê:
du

dz
u+ u+ u3 = 0 ⇒ du

dz
+ 1 + u2 = 0.

Èíòåãðèðóåì u = tg(C1 − z). Çàìåíèì u íà dz
dt
:

dz

dt
= tg(C1 − z) ⇒ dz

− tg(z − C1)
= dt⇒ ln | sin(z − C1)| = −t+ ln |C2|.

Âîçâðàùàåìñÿ ê ïåðåìåííûì x è y:

ln | sin(y/x− C1)| = − lnx+ ln |C2| ⇒ y = x(C1 + arcsin(C2/x)).
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1.8 Ìåòîä èíòåãðèðóåìûõ êîìáèíàöèé

Îïðåäåëåíèå 1.3. Åñëè â óðàâíåíèè

F (x, y, y′, . . . , y(n)) = 0 (1.45)

ëåâàÿ ÷àñòü ÿâëÿåòñÿ òî÷íîé ïðîèçâîäíîé îò íåêîòîðîé ôóíêöèè
Φ(x, y, y′, . . . , y(n−1)), ò.å.

F (x, y, y′, . . . , y(n−1)) =
d

dx
Φ(x, y, y′, . . . , y(n−1)),

òî
Φ(x, y, y′, . . . , y(n−1)) = C1 (1.46)

áóäåò ïåðâûì èíòåãðàëîì óðàâíåíèÿ (1.45). Ìîæåò ñëó÷èòñÿ, ÷òî óðàâíåíèå (1.46), â ñâîþ
î÷åðåäü, ÿâëÿåòñÿ óðàâíåíèåì â òî÷íûõ ïðîèçâîäíûõ. Òîãäà ìû íàéäåì âòîðîé èíòåãðàë

óðàâíåíèÿ (1.45).
Åñëè óðàâíåíèå (1.45) íå ÿâëÿåòñÿ óðàâíåíèåì â òî÷íûõ ïðîèçâîäíûõ, òî íóæíî ïî-

ïûòàòüñÿ ïîäîáðàòü òàêóþ ôóíêöèþ µ = µ(x, y, y′, . . . , y(n−1)) - èíòåãðèðóþùèé ìíîæè-

òåëü óðàâíåíèÿ (1.45), ÷òîáû ïîñëå óìíîæåíèÿ íà íåå óðàâíåíèå (1.45) ñòàëî óðàâíåíèåì
â òî÷íûõ ïðîèçâîäíûõ.
Ïðèìåð 10. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′

y′
− 2yy′

1 + y2
= 0. (1.47)

Ðåøåíèå. Òàê êàê â ëåâîé ÷àñòè ó êàæäîé èç äðîáåé â ÷èñëèòåëå ñòîèò ïðîèçâîäíàÿ
îò çíàìåíàòåëÿ, òî ìû èìååì

y′′

y′
− 2yy′

1 + y2
= (ln |y′| − ln(1 + y2))′,

ò.å. óðàâíåíèå (1.47) ÿâëÿåòñÿ óðàâíåíèåì â òî÷íûõ ïðîèçâîäíûõ. Îíî èìååò ïåðâûé èí-
òåãðàë

ln |y′| − ln(1 + y2) = ln |C1| èëè y′ = A(1 + y2), A = ±C1.

Èíòåãðèðóÿ åùå ðàç, íàõîäèì

arctg y = Ax+B.

Ýòî îáùèé èíòåãðàë óðàâíåíèÿ (1.47).
Ïðèìåð 11. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

yy′′ = y′2. (1.48)
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Ðåøåíèå. Ýòî óðàâíåíèå íå ÿâëÿåòñÿ óðàâíåíèåì â òî÷íûõ ïðîèçâîäíûõ, íî, óìíîæèâ
îáå åãî ÷àñòè íà ôóíêöèþ µ = 1/(yy′), ïîëó÷èì óðàâíåíèå â òî÷íûõ ïðîèçâîäíûõ

y′′/y′ = y′/y.

Åãî ïåðâûì èíòåãðàëîì áóäåò y′ = C1y, îòêóäà

y = C2e
C1x.

Íàéòè ðåøåíèÿ óðàâíåíèé:
1. y′′ = xex, y(1) = 1, y′(1) = 2.
2. x3yIV = 1; y = 2x(lnx− 1) + C1x

3 + C2x
2 + C3x+ C4

3. x = e−y
′′

+ y′′.
4. x− sin y′′ + 2y′′ = 0.
5.y′′′ tg 3x = 3y′′.
6. (1 + x2)y′′ + 2xy′ = 2x.
7. x4y′′ + x3y′ = 1.
8. y′′ = 2yy′.
9. y3y′′ = 1.
10. y′′ = 8 sin3 y cos y, y(1) = π/2, y′(1) = 2.
11. y3y′′ = 4(y4 − 1), y(0) =

√
2, y′(0) =

√
2.

12. y′′′ + y′′3 = 0.
13. y′′2 − 3y′ + 2 = 0.
14. y′′′2 + y′′2 = 1.
15. yy′ =

√
y2 + y′2y′′ − y′y′′.

16. x2y′′y − (x2 + 1)y′2 = 0.
17. x2yy′′ = (y − xy′)2.
18. yy′ + xyy′′ − xy′2 = x3.
19. y′′ =

(
2xy − 5

x

)
y′ + 4y2 − 4y

x2 .
20. y′′ = y′2y.
21. (1 + y′2)y′′′ − 3y′y′′2 = 0.
22. y′′ + y′ cosx− y sin x = 0.
Îòâåòû:
1. y = ex(x− 2) + 2x+ e− 1.
2. y = 2x(lnx− 1) + C1x

3 + C2x
2 + C3x+ C4.

3.

 x = e−t + t,

y =
(
t
2

+ 3
4

)
e−2t +

(
t2

2
− 1 + C1

)
e−t + t3

6
+ C1t+ C2.
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4.

 x = sin t− 2t,

y = 3
8
sin 2t− t

4
cos 2t+ (C1 − 2− t2) sin t+

(
−2C1 + 1

2

)
t+ 2t3

3
+ C2.

5. y = −C0

9
sin 3x+ C1x2

2
+ C2x+ C3.

6. y = x+ C0 arctg x+ C1.
7. y = 1

4x2 + C0 lnx+ C1.
8. ln y−C1

y+C2
= 2C1x+ C2.

9.
√
C2

0y
2 − 1 = ±C2

0x+ C1.
10. ctg y = 2(1− x).
11. y2 − 1 = e4x.
12. y = t−3/3 + C1t

−2/2 + C3, x = t−2/2 + C1.

13. y = 2
3
x+ C,

 x = 2
3
p+ C1,

y = 2p3

27
+ 4

9
p+ C0.

14. y = sin(x+ C1) + C2x+ C3.
15. y = C1(1+C2ex)

1−C2ex , y = C.
16. ln y = x/C1 − ln |1+C1x|

C2
1

+ C2, y = C0e
x2/2.

17. y = C2xe
−C1/x.

18. 2C1C2y = C2
2 |x|2+C1 + |x|2−C1 .

19. x2y = C1 tg(C1 lnC2x), C2(x
2y + C1)|x|2C1 = x2y − C1.

20.
∫
e−y

2/2dy = C1x+ C2.
21. (x− C1)

2 + (y − C2)
2 = C2

3 .
22. y = e− sinx

(
C2 + C1

∫
esinxdx

)
.



Ãëàâà 2. Ëèíåéíûå óðàâíåíèÿ ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè

2.1 Îäíîðîäíûå óðàâíåíèÿ. Ìåòîä Ýéëåðà

Îïðåäåëåíèå 2.1. Óðàâíåíèå âèäà

y(n) + a1y
(n−1) + a2y

(n−2) + . . .+ an−1y
′ + any = 0, (2.1)

ãäå a1, a2, . . . , an - ïîñòîÿííûå âåùåñòâåííûå ÷èñëà, íàçûâàåòñÿ ëèíåéíûì îäíîðîäíûì
óðàâíåíèåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè.

Ýòî óðàâíåíèå èìååò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé y1, y2, . . . , yn, îïðåäåëåííóþ
ïðè âñåõ x è ñîñòîÿùóþ èç ñòåïåííûõ, ïîêàçàòåëüíûõ è òðèãîíîìåòðè÷åñêèõ ôóíêöèé.
Åé ñîîòâåòñòâóåò îáùåå ðåøåíèå

y = C1y1 + C2y2 + . . .+ Cnyn.

×òîáû ðåøèòü óðàâíåíèå (2.1), íàäî ñîñòàâèòü õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λn + a1λ
n−1 + a2λ

n−2 + . . .+ an−1λ+ an = 0 (2.2)

è íàéòè åãî êîðíè - õàðàêòåðèñòè÷åñêèå ÷èñëà óðàâíåíèÿ (2.2).
Ñòðóêòóðà ôóíäàìåíòàëüíîé ñèñòåìû óðàâíåíèé çàâèñèò îò âèäà õàðàêòåðèñòè÷åñêèõ

÷èñåë óðàâíåíèÿ (2.2). Ðàçëè÷àþò òðè ñëó÷àÿ.
1. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ðàçëè÷íû è âåùåñòâåííû. Îáîçíà÷èì

èõ ÷åðåç λ1, λ2, . . . , λn. Òîãäà ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé áóäåò y1 = eλ1x, y2 =

eλ2x, . . . , yn = eλnx, à îáùåå ðåøåíèå èìååò âèä

y = C1e
λ1x + C2e

λ2x + . . .+ Cne
λnx.

2. Âñå êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ ðàçëè÷íû, íî ñðåäè íèõ èìåþòñÿ êîì-

ïëåêñíûå. Ïóñòü λ1 = a+ bi - êîìïëåêñíûé êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Òîãäà



23

λ2 = a − bi òîæå áóäåò êîðíåì ýòîãî óðàâíåíèÿ. Ýòèì äâóì êîðíÿì ñîîòâåòñòâóþò äâà
ëèíåéíî íåçàâèñèìûõ ÷àñòíûõ ðåøåíèÿ:

y1 = eax cos bx, y2 = eax sin bx.

Çàïèñàâ ëèíåéíî íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ, ñîîòâåòñòâóþùèå äðóãèì ñîïðÿæåí-
íûì ïàðàì êîìïëåêñíûõ êîðíåé è âñåì âåùåñòâåííûì êîðíÿì, ïîëó÷èì ôóíäàìåíòàëü-
íóþ ñèñòåìó ðåøåíèé. Ëèíåéíàÿ êîìáèíàöèÿ ýòèõ ðåøåíèé ñ ïðîèçâîëüíûìè ïîñòîÿííû-
ìè êîýôôèöèåíòàìè äàñò îáùåå ðåøåíèå óðàâíåíèÿ (2.1). Ïðè ýòîì êîðíÿì λ1,2 = a± bi

â ôîðìóëå îáùåãî ðåøåíèÿ ñîîòâåòñòâóåò âûðàæåíèå âèäà

eax(C1 cos bx+ C2 sin bx).

3. Ñðåäè êîðíåé õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èìåþòñÿ êðàòíûå. Ïóñòü λ1 - âå-
ùåñòâåííûé k - êðàòíûé êîðåíü. Òîãäà åìó ñîîòâåòñòâóåò k ëèíåéíî íåçàâèñèìûõ ÷àñò-
íûõ ðåøåíèé âèäà eλ1x, xeλ1x, . . . , xk−1eλ1x, â ôîðìóëå îáùåãî ðåøåíèÿ - âûðàæåíèå âèäà
eλ1x(C1 + C2x+ . . .+ Ckx

k−1).

Åñëè λ1 = a+bi - êîìïëåêñíûé êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè k, òî
åìó è ñîïðÿæåííîìó ñ íèì êîðíþ λ2 = a− bi òîé æå êðàòíîñòè ñîîòâåòñòâóåò 2k ëèíåéíî
íåçàâèñèìûõ ÷àñòíûõ ðåøåíèÿ âèäà eax cos bx, xeax cos bx, . . . , xk−1eax cos bx,

eax sin bx, xeax sin bx, . . . , xk−1eax sin bx.

Â ôîðìóëå îáùåãî ðåøåíèÿ ýòèì êîðíÿì ñîîòâåòñòâóåò âûðàæåíèå âèäà

eax((C1 + C2x+ . . .+ Ckx
k−1) cos bx+ (C1 + C2x+ . . .+ Ckx

k−1) sin bx).

Çàïèñàâ ëèíåéíî íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ óêàçàííîãî âûøå âèäà, ñîîòâåòñòâóþ-
ùèå âñåì ïðîñòûì è êðàòíûì âåùåñòâåííûì êîðíÿì, à òàêæå ñîïðÿæåííûì ïàðàì ïðî-
ñòûõ è êðàòíûõ êîìïëåêñíûõ êîðíåé, ïîëó÷èì ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé.

Ëèíåéíàÿ êîìáèíàöèÿ ýòèõ ðåøåíèé ñ ïðîèçâîëüíûìè ïîñòîÿííûìè êîýôôèöèåíòàìè
äàñò îáùåå ðåøåíèå óðàâíåíèÿ (2.1).
Ïðèìåð 1. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′′ − 3y′′ + 2y′ = 0. (2.3)

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ3 − 3λ2 + 2λ = 0 ⇒ λ(λ− 1)(λ− 2) = 0
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èìååò ðàçëè÷íûå âåùåñòâåííûå êîðíè λ1 = 0, λ2 = 1, λ3 = 2, ïîýòîìó ñîâîêóïíîñòü
ôóíêöèé y1 = 1, y2 = ex, y3 = e2x áóäåò ôóíäàìåíòàëüíîé ñèñòåìîé ðåøåíèé, à

y = C1 + C2e
x + C3e

2x

ÿâëÿåòñÿ îáùèì ðåøåíèåì óðàâíåíèÿ (2.3).
Ïðèìåð 2. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′′ + 3y′′ + 9y′ − 13y = 0. (2.4)

Ðåøåíèå. Åãî õàðàêòåðèñòè÷åñêèì óðàâíåíèåì áóäåò

λ3 + 3λ2 + 9λ− 13 = 0.

Ðàçëàãàåì ëåâóþ ÷àñòü íà ìíîæèòåëè:

(λ− 1)(λ2 + 4λ+ 13) = 0 ⇒ λ1 = 1, λ2 + 4λ+ 13 = 0.

Íàéäåì êîðíè óðàâíåíèÿ λ2 + 4λ + 13 = 0. Çäåñü a = 1, b = 4 è c = 13. Äèñêðèìèíàíò
D = b2 − 4ac = −36, êîðíè λ2 = −b+

√
D

2a
= −2 +

√
−36/2 = −2 + 3

√
−1 = −2 + 3i è

λ3 = −b−
√
D

2a
= −2−

√
−36/2 = −2− 3i.

Òàêèì îáðàçîì, õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò îäèí âåùåñòâåííûé êîðåíü λ1 = 1

è äâà êîìïëåêñíî-ñîïðÿæåííûõ êîðíÿ λ2 = −2+3i, λ3 = −2−3i. Ïîýòîìó ôóíêöèè y1 = ex,
y2 = e−2x cos 3x, y3 = e−2x sin 3x îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé, à

y = C1e
x + e−2x(C2 cos 3x+ C3 sin 3x)

ÿâëÿåòñÿ îáùèì ðåøåíèåì óðàâíåíèÿ (2.4).
Ïðèìåð 3. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′′ − 5y′′ + 8y′ − 4y = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ3 − 5λ2 + 8λ− 4 = 0

Ðàçëàãàåì ëåâóþ ÷àñòü íà ìíîæèòåëè:

(λ− 1)(λ− 2)2 = 0,

îòñþäà õàðàêòåðèñòè÷åñêèå êîðíè λ1 = 1, λ2 = λ3 = 2. Îäèí êîðåíü ïðîñòîé, äðóãîé �
äâóêðàòíûé. Ïîýòîìó y1 = ex, y2 = e2x, y3 = xe2x. Îáùåå ðåøåíèå

y = C1e
x + e2x(C2 + C3x).
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Ïðèìåð 4. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y(4) + 4y′′′ + 8y′′ + 8y′ + 4y = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ4 + 4λ3 + 8λ2 + 8λ+ 4 = 0.

Ðàçëàãàåì ëåâóþ ÷àñòü íà ìíîæèòåëè:

(λ2 + 2λ+ 2)2 = 0.

Êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ λ1 = λ2 = −1 + i, λ3 = λ4 = −1 − i � ýòî ñëó÷àé
äâóêðàòíûõ êîìïëåêñíî-ñîïðÿæåííûõ êîðíåé. Ïîýòîìó y1 = e−x cosx, y2 = xe−x cosx,

y3 = e−x sin x, y3 = xe−x sin x

è
y = e−x((C1 + C2x) cos x+ (C3 + C4x) sinx).

Ïðèìåð 5. Íàéòè ðåøåíèå óðàâíåíèÿ

y′′ − 2y′ + y = 0,

óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì y(2) = 1,

y′(2) = −2.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ2 − 2λ+ 1 = 0.

Ðàçëàãàåì ëåâóþ ÷àñòü íà ìíîæèòåëè:

(λ− 1)2 = 0.

Óðàâíåíèå èìååò îäèí âåùåñòâåííûé êîðåíü λ = 1 êðàòíîñòè k = 2. Ïîýòîìó îáùåå
ðåøåíèå èìååò âèä

y = (C1 + C2x)e
x.

Ïîäñòàâèâ â îáùåå ðåøåíèå ïîî÷åðåäíî íà÷àëüíûå óñëîâèÿ, ïîëó÷èì ñèñòåìó óðàâíå-
íèé íà C1 è C2:  (C1 + 2C2)e

2 = 1,

(C1 + C2 + 2C2)e
2 = −2
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Ðåøàåì ñèñòåìó C1 = 7e−2, C2 = −3e−2. Ïîäñòàâëÿåì çíà÷åíèÿ C1 è C2 â îáùåå ðåøåíèå
è ïîëó÷àåì èñêîìîå

y = (7− 3x)ex−2.

Ïðèìåð 6. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

yIV + 16y = 0.

Ðåøåíèå. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå

λ4 + 16 = 0 ⇒ λ = (−16)1/4.

Èçâëå÷åì ñòåïåíü 1/4 èç ÷èñëà −16. Äëÿ ýòîãî ñíà÷àëà çàïèøåì ÷èñëî −16 â òðèãîíî-
ìåòðè÷åñêîé ôîðìå, èñïîëüçóÿ ôîðìóëó ïåðåõîäà

z = x+ iy = r[cos(ϕ+ 2πn) + i sin(ϕ+ 2πn)],

ãäå
r =

√
x2 + y2,

ϕ =



arctg y
x
, x > 0;

π + arctg y
x
, x < 0, y ≥ 0;

−π + arctg y
x
, x < 0, y < 0;

π/2, x = 0, y > 0;

−π/2, x = 0, y < 0;

è ôîðìóëó

ωn = r1/k

[
cos

ϕ+ 2πn

k
+ i sin

ϕ+ 2πn

k

]
, n = 0, 1, . . . , k − 1.

Îòñþäà íàéäåì
−16 = 16[cos(π + 2πn) + i sin(π + 2πn)];

λn = {(−16)1/4}n = 2

[
cos

π + 2πn

4
+ i sin

π + 2πn

4

]
, n = 0, 1, 2, 3.⇒

n = 0: λ0 =
√

2 + i
√

2,

n = 1: λ1 = −
√

2 + i
√

2,

n = 2: λ2 = −
√

2− i
√

2,

n = 3: λ3 =
√

2− i
√

2.
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Ïàðå êîìïëåêñíî ñîïðÿæåííûõ ÷èñåë λ0 è λ3 ñîîòâåòñòâóþò äâà ÷àñòíûõ ðåøåíèÿ:

y1 = e
√

2x sin
√

2x, y2 = e
√

2x cos
√

2x.

Äëÿ λ1 è λ2

y3 = e−
√

2x sin
√

2x, y4 = e−
√

2x cos
√

2x.

Îáùåå ðåøåíèå

y = C1e
√

2x sin
√

2x+ C2e
√

2x cos
√

2x+ C3e
−
√

2x sin
√

2x+ C4e
−
√

2x cos
√

2x.

Íàéòè ðåøåíèÿ óðàâíåíèé:
23. y′′ − 6y′ + 8y = 0.
24. y′′ − 16y = 0.
25. y′′ − y′ − 2y = 0.
26. y′′ + y′ = 0.
27. y′′ − y′ + y = 0.
28. y′′ + 2y′ + 2y = 0.
29. y′′ + π2y = 0, y(0) = 0, y′(0) = 1.
30. y′′ + 4y′ + 4y = 0.
31. yIV + 2y′′′ + y′′ = 0.
32. yIV + 8y′′ + 16y = 0.
33. y′′′ + 8y = 0.
34. yIV − y = 0.
Îòâåòû: 23. y = C1e

4x + C2e
2x. 24. y = C1e

−4x + C2e
4x. 25. y = C1e

−x + C2e
2x. 26.

y = C1 + C2e
−x. 27. y = ex/2

(
C1 cos

√
3

2
x+ C2 sin

√
3

2
x
)
. 28. y = e−x (C1 cosx+ C2 sin x).

29. y = − 1
π

sin πx. 30. y = e−2x (C1 + C2x). 31. y = e−x (C1 + C2x) + C3 + C4x. 32. y =

(C1 + C2x) cos 2x + (C3 + C4x) sin 2x. 33. y = ex
(
C1 cos

√
3x+ C2 sin

√
3x
)

+ C3e
−2x. 34.

y = C1e
x + C2e

−x + C3 cosx+ C4 sin x.

2.2 Íåîäíîðîäíûå óðàâíåíèÿ

Íåîäíîðîäíîå óðàâíåíèå

y(n) + a1y
(n−1) + a2y

(n−2) + . . .+ an−1y
′ + any = f(x) (2.5)

ðåøàåòñÿ â äâà ýòàïà. Íà ïåðâîì ýòàïå íàõîäèòñÿ îáùåå ðåøåíèå y0 ñîîòâåòñòâóþùåãî
îäíîðîäíîãî óðàâíåíèÿ

y(n) + a1y
(n−1) + a2y

(n−2) + . . .+ an−1y
′ + any = 0.
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Íà âòîðîì ýòàïå íàõîäèòñÿ ÷àñòíîå ðåøåíèå y1 óðàâíåíèÿ (2.5). Ñóììà

y = y0 + y1

åñòü îáùåå ðåøåíèå óðàâíåíèÿ (2.5). Çäåñü áóäåò ðàññìîòðåíî äâà ìåòîäà íàõîæäåíèÿ
÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ � ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ è
ìåòîä âàðèàöèè ïîñòîÿííûõ.

Ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ

Ýòîò ìåòîä ìîæíî èñïîëüçîâàòü â ñëåäóþùèõ ñëó÷àÿõ:
1. f(x) = P (x), ãäå P (x) - ïîëèíîì îò x. Äàííîé ôóíêöèè ñîîòâåòñòâóåò ÷èñëî γ =

0. Åñëè ÷èñëî γ = 0 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî ÷àñòíîå
ðåøåíèå óðàâíåíèÿ (2.5) ìîæíî íàéòè â âèäå y1 = Q(x), ãäå Q(x) - ïîëèíîì òîé æå
ñòåïåíè, ÷òî è P (x), íî ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè. Åñëè ÷èñëî γ ÿâëÿåòñÿ
êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè k, òî y1 = xkQ(x);

2. f(x) = P (x)eax. Ôóíêöèè ýòîãî âèäà ñîîòâåòñòâóåò ÷èñëî γ = a. Åñëè ÷èñëî γ = a

íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî y1 = Q(x)eax. Åñëè γ åñòü êîðåíü
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè k, òî y1 = xkQ(x);

3. f(x) = eax(P1(x) cos bx+P2(x) sin bx), P1(x) è P2(x) - ïîëèíîìû îò x. Ñîîòâåòñòâóþùèå
÷èñëà � γ = a± ib. Ïóñòü m åñòü íàèâûñøàÿ èç ñòåïåíåé ïîëèíîìîâ P1(x) è P2(x). Åñëè
÷èñëî γ íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ, òî

y1 = eax(Q1(x) cos bx+Q2(x) sin bx),

ãäå Q1(x), Q2(x) - ïîëèíîìû ñòåïåíè m ñ íåîïðåäåëåííûìè êîýôôèöèåíòàìè. Åñëè γ åñòü
êîðåíü õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ êðàòíîñòè k, òî

y1 = xkeax(Q1(x) cos bx+Q2(x) sin bx);

4. f(x) = f1(x) + f2(x) + . . . + fm(x), ãäå f1(x), f2(x), . . . , fm(x) - ôóíêöèè âèäà, ðàñ-
ñìîòðåííîãî â ïï. 1−3. Åñëè y1(x), y2(x), . . . , ym(x) - ÷àñòíûå ðåøåíèÿ, ñîîòâåòñòâóþùèå
ôóíêöèÿì f1(x), f2(x), . . . , fm(x), òî

Y1 = y1(x) + y2(x) + . . .+ ym(x)

ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì âñåãî óðàâíåíèÿ (2.5).
Ïðèìåðû ñîîòâåòñòâèÿ:
x2 + x− 1 → γ = 0;

(x3 + x)e2x → γ = 2;

(x+ 2) cos 3x→ γ = ±3i; 5 cos 3x− 4 sin 3x→ γ = ±3i;
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ex(5 cos 2x− 4 sin 2x) → γ = 1± 2i;

ex + x2 − x→ γ1 = 1, γ2 = 0;

ex + xe−x → γ1 = 1, γ2 = −1;

ex sin x+ e−x cosx→ γ1 = 1± i, γ2 = −1± i;

sin 2x+ cos 3x→ γ1 = ±2i, γ2 = ±3i;

Ïðèìåð 7. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ − y = x2. (2.6)

Ðåøåíèå. Ñîîòâåòñòâóþùèì îäíîðîäíûì óðàâíåíèåì áóäåò

y′′ − y = 0. (2.7)

Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå
λ2 − 1 = 0 (2.8)

èìååò êîðíè λ1 = 1, λ2 = −1. Ïîýòîìó

y0 = C1e
x + C2e

−x. (2.9)

Íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2.6). Ïðàâîé ÷àñòè óðàâíåíèÿ (2.6) ñîîòâåòñòâóåò
÷èñëî γ = 0, êîòîðîå íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2.8). Ñëåäîâà-
òåëüíî, èùåì ÷àñòíîå ðåøåíèå â âèäå

y1 = Ax2 +Bx+ C.

Ïîäñòàâëÿåì y′′1 è y1 â óðàâíåíèå (2.8), èìååì

2A− Ax2 −Bx− C = x2.

Ïðèðàâíèâàåì êîýôôèöèåíòû ïðè ïîäîáíûõ ñòåïåíÿõ è ïîëó÷àåì ñèñòåìó óðàâíåíèé íà
A, B è C:

ïðè x0: 2A− C = 0,

ïðè x: −B = 0,

ïðè x2: − A = 1.

Îòñþäà A = −1, B = 0, C = −2. ×àñòíîå ðåøåíèå �

y1 = −x2 − 2. (2.10)

Ïðèáàâëÿÿ ê ýòîìó ÷àñòíîìó ðåøåíèþ îáùåå ðåøåíèå (2.9) óðàâíåíèÿ (2.7), ïîëó÷àåì
îáùåå ðåøåíèå óðàâíåíèÿ (2.6):

y = C1e
x + C2e

−x − x2 − 2.
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Ïðèìåð 8. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ + y = 4xex. (2.11)

Ðåøåíèå. Ñîîòâåòñòâóþùèì îäíîðîäíûì óðàâíåíèåì áóäåò

y′′ + y = 0. (2.12)

Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå
λ2 + 1 = 0 (2.13)

èìååò êîðíè λ1 = i, λ2 = −i. Ïîýòîìó

y0 = C1 cosx+ C2 sin x. (2.14)

Íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2.11). Ôóíêöèè 4xex ñîîòâåòñòâóåò ÷èñëî γ = 1,
êîòîðîå íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2.13), çíà÷èò ÷àñòíîå ðåøå-
íèå èùåì â âèäå

y1 = ex(Ax+B). (2.15)

Ïîäñòàâëÿåì y1 è y′′1 â óðàâíåíèå (2.11), ïîëó÷àåì

ex(2Ax+ 2A+ 2B) = 4xex.

Ïðèðàâíèâàåì êîýôôèöèåíòû ïðè ïîäîáíûõ ñòåïåíÿõ è ïîëó÷àåì ñèñòåìó óðàâíåíèé íà
A è B:

ïðè x0: 2A+ 2B = 0,

ïðè x: 2A = 4.

Îòñþäà A = 2, B = −2. ×àñòíîå ðåøåíèå �

y1 = (2x− 2)ex.

Îáùåå ðåøåíèå óðàâíåíèÿ (2.11) �

y = C1 cosx+ C2 sin x+ (2x− 2)ex.

Ïðèìåð 9. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ − y′ = ex + e2x + x. (2.16)

Ðåøåíèå. Ñîîòâåòñòâóþùèì îäíîðîäíûì óðàâíåíèåì áóäåò

y′′ − y′ = 0. (2.17)
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Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå
λ2 − λ = 0 (2.18)

èìååò êîðíè λ1 = 0, λ2 = 1. Ïîýòîìó

y0 = C1 + C2e
x. (2.19)

Íàéäåì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (2.16). Äëÿ ýòîãî îòûùåì ñíà÷àëà ÷àñòíûå ðåøåíèÿ
äëÿ êàæäîãî èç òðåõ óðàâíåíèé:

y′′ − y′ = ex, y′′ − y′ = e2x, y′′ − y′ = x.

Ðàññìîòðèì óðàâíåíèå
y′′ − y′ = ex (2.20)

Ôóíêöèè ex ñîîòâåòñòâóåò ÷èñëî γ = 1, êîòîðîå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ êðàòíîñòè 1, ñëåäîâàòåëüíî, ÷àñòíîå ðåøåíèå èùåì â âèäå

y1 = Axex. (2.21)

Ïîäñòàâëÿåì ôóíêöèþ (2.21) â óðàâíåíèå (2.20), ïîëó÷àåì Aex = ex. Îòñþäà A = 1.
Ñëåäîâàòåëüíî,

y1 = xex. (2.22)

Óðàâíåíèå
y′′ − y′ = e2x (2.23)

èìååò ÷àñòíîå ðåøåíèå âèäà
y2 = Ae2x, (2.24)

èáî ÷èñëî γ = 2 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Ïîäñòàâèâ ôóíêöèþ
(2.24) â óðàâíåíèå (2.23), íàéäåì A = 1/2, òàê ÷òî

y2 =
1

2
e2x. (2.25)

Óðàâíåíèå
y′′ − y′ = x (2.26)

èìååò ÷àñòíîå ðåøåíèå âèäà
y3 = x(Ax+B), (2.27)

òàê êàê ÷èñëî γ = 0 ÿâëÿåòñÿ ïðîñòûì êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ. Ïîäñòàâ-
ëÿÿ ôóíêöèþ (2.27) â óðàâíåíèå (2.26), èìååì:

−2Ax−B + 2A = x⇒ −2A = 1, −B + 2A = 0 ⇒ A = −1

2
, B = −1,
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ñëåäîâàòåëüíî,
y3 = −x

(
1

2
x+ 1

)
. (2.28)

Òåïåðü, ñêëàäûâàÿ ÷àñòíûå ðåøåíèÿ (2.22), (2.25) è (2.28), íàõîäèì ÷àñòíîå ðåøåíèå
Y1 âñåãî óðàâíåíèÿ (2.16) â âèäå

Y1 = xex +
1

2
e2x − x

(
1

2
x+ 1

)
.

Ïðèáàâëÿÿ ê ýòîìó ÷àñòíîìó ðåøåíèþ îáùåå ðåøåíèå (2.19) óðàâíåíèÿ (2.17), ïîëó÷àåì
îáùåå ðåøåíèå óðàâíåíèÿ (2.16):

y = xex +
1

2
e2x − x

(
1

2
x+ 1

)
+ C1 + C2e

x.

Ïðèìåð 10. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ + y = sinx+ ex cos 2x. (2.29)

Ðåøåíèå. Íàéäåì îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ:

y′′ + y = 0; λ2 + 1 = 0; λ1 = i, λ2 = −i;

y0 = C1 cosx+ C2 sin x.

Íàéäåì ÷àñòíîå ðåøåíèå äëÿ óðàâíåíèÿ

y′′ + y = sinx. (2.30)

Òàê êàê ôóíêöèè sin x ñîîòâåòñòâóåò ÷èñëî γ = ±i, êîòîðîå ÿâëÿåòñÿ êîðíåì õàðàêòåðè-
ñòè÷åñêîãî óðàâíåíèÿ, òî ÷àñòíîå ðåøåíèå ñëåäóåò èñêàòü â âèäå

y1 = x(A cosx+B sinx). (2.31)

Ïîäñòàâëÿåì ôóíêöèþ (2.31) â óðàâíåíèå (2.30):

−2A sinx+ 2B cosx = sinx.

Ïðèðàâíèâàåì êîýôôèöèåíòû ïðè ïîäîáíûõ ôóíêöèÿõ è ïîëó÷àåì ñèñòåìó óðàâíåíèé íà
A è B:

ïðè cosx: 2B = 0,

ïðè sin x: − 2A = 1.

Îòñþäà A = −1/2, B = 0. ×àñòíîå ðåøåíèå

y1 = −1

2
x cosx.
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Äëÿ óðàâíåíèÿ
y′′ + y = ex cos 2x (2.32)

èìååì ÷àñòíîå ðåøåíèå
y2 = ex(A cos 2x+B sin 2x), (2.33)

èáî çäåñü ÷èñëî γ = 1± i · 2 íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ.
Ïîäñòàâèâ ôóíêöèþ (2.33) â óðàâíåíèå (2.32), íàéäåì A = −1/10, B = 1/5, òàê ÷òî

y2 = ex
(
− 1

10
cos 2x+

1

5
sin 2x

)
.

Òåïåðü ìû ìîæåì çàïèñàòü îáùåå ðåøåíèå óðàâíåíèå (2.29) â âèäå

y = −1

2
x cosx+ ex

(
− 1

10
cos 2x+

1

5
sin 2x

)
+ C1 cosx+ C2 sin x.

Íàéòè ðåøåíèÿ óðàâíåíèé:
36. y′′ − 4y′ + 4y = x2.
37. y′′′ + y′′ = 10− 24x.
38. y′′ + 2y′ + y = e2x. y = (C1 + C2x)e

−x +
1

9
e2x.

39. y′′ + y′ − 6y = xe2x.
40. y′′ − 7y′ + 12y = e2x(1− 2x).
41. y′′ + 9y = 2 cos 3x− 3 sin 3x.
42. y′′ − y = 2x sin x.
43. y′′ + 6y′ + 13y = e−3x cos 4x.
44. y′′ − 4y = e2x sin 2x.
45. y′′ − 4y′ + 4y = e2x + x/2.
46. y′′′ + y′′ = x2 + 1 + 3xex.
47. y′′ − 2y′ − 8y = ex − 8 cos 2x.
Îòâåòû: 36. y = (C1 + C2x)e

2x +
1

8
(2x2 + 4x + 3). 37. y = C1e

−x + C2 + C3x − 4x3 +

17x2. 38. y = (C1 + C2x)e
−x +

1

9
e2x. 39. y = C1e

2x + C2e
−3x + x

(
x

10
− 1

25

)
e2x. 40. y =

C1e
4x + C1e

3x − e2x(x + 1). 41. y = C1 sin 3x + C2 cos 3x + x

(
1

2
cos 3x+

1

3
sin 3x

)
. 42. y =

C1e
x + C2e

−x − x sin x − cosx. 43. y = e−3x(C1 cos 2x + C2 sin 2x) − 1

12
e−3x cos 4x. 44. y =

C1e
−2x+C2e

2x− e
2x

20
(sin 2x+2 cos 2x). 45. y = (C1+C2x+x2)e2x+

x+ 1

8
. 46. y = C1e

−x+C2+

C3x+
3

2
x2− 1

3
x3 +

1

12
x4 + ex

(
3

2
x− 15

4

)
. 47. y = C1e

−2x+C2e
4x− 1

9
ex+

1

5
(3 cos 2x+sin 2x).
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Ìåòîä âàðèàöèè ïîñòîÿííûõ

Íåîäíîðîäíîå óðàâíåíèå (2.5) ñ ëþáîé ïðàâîé ÷àñòüþ f(x) ìîæåò áûòü ðåøåíî ìåòîäîì
âàðèàöèè ïîñòîÿííûõ. Ñíà÷àëà íàõîäèì îáùåå ðåøåíèå

y = C1y1 + C2y2 + . . .+ Cnyn

ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ. Òîãäà îáùåå ðåøåíèå óðàâíåíèÿ (2.5) èùåòñÿ
â âèäå

y = C1(x)y1 + C2(x)y2 + . . .+ Cn(x)yn.

Ôóíêöèè Ci(x) îïðåäåëÿþòñÿ èç ñèñòåìû

C ′1y1 + C ′2y2 + . . .+ C ′nyn = 0,

C ′1y
′
1 + C ′2y

′
2 + . . .+ C ′ny

′
n = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C ′1y
(n−2)
1 + C ′2y

(n−2)
2 + . . .+ C ′ny

(n−2)
n = 0,

C ′1y
(n−1)
1 + C ′2y

(n−1)
2 + . . .+ C ′ny

(n−1)
n = f(x).

Ïðèìåð 11. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

y′′ − y =
ex

ex + 1
. (2.34)

Ðåøåíèå. Íàéäåì îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ

y′′ − y = 0.

Åãî õàðàêòåðèñòè÷åñêîå óðàâíåíèå
λ2 − 1 = 0

èìååò êîðíè λ1 = 1, λ2 = −1. Ïîýòîìó

y0 = C1e
x + C2e

−x.

Îáùåå ðåøåíèå (2.34) èùåì â âèäå

y = C1(x)e
x + C2(x)e

−x. (2.35)

Ñîñòàâèì ñèñòåìó óðàâíåíèé íà ôóíêöèè C1(x) è C2(x): C ′1(x)e
x + C ′2(x)e

−x = 0,

C ′1(x)e
x − C ′2(x)e

−x = ex

ex+1
.
⇒

 C ′1(x) = 1
2

1
ex+1

,

C ′2(x) = −1
2
e2x

ex+1
.
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Èíòåãðèðóÿ, èìååì  C1(x) = x
2
− 1

2
ln(ex + 1) + C1,

C2(x) = −1
2
ex + 1

2
ln(ex + 1) + C2.

Ïîäñòàâëÿåì ýòè çíà÷åíèÿ C1(x) è C2(x) â ôîðìóëó (2.35), ïîëó÷àåì îáùåå ðåøåíèå óðàâ-
íåíèÿ (2.34) â âèäå

y =
1

2
((x− ln(ex + 1))ex + (−1 + ln(ex + 1))e−x) + C1e

x + C2e
−x.

Íàéòè ðåøåíèÿ óðàâíåíèé:
48. y′′ + y = 1/ sin x.
49. y′′ + 2y′ + y = e−x/x.
50. y′′ + 6y′ + 8y = 4e−2x(2 + e2x)−1.
Îòâåòû: 48. y = (C1 +ln | sin x|) sinx+(C2−x) cos x. 49. y = (C1 +C2x)e

−x+xe−x ln |x|.
50. y = C1e

−2x + C2e
−4x − e−2x ln[(e2x + 2)e2x]− e−4x ln(e2x + 2).

2.3 Óðàâíåíèå Ýéëåðà

Îïðåäåëåíèå 2.2. Óðàâíåíèå âèäà

xny(n) + a1x
n−1y(n−1) + a2x

n−2y(n−2) + . . .+ an−1xy
′ + any = f(x) (2.36)

íàçûâàåòñÿ óðàâíåíèåì Ýéëåðà.
Óðàâíåíèå Ýéëåðà ñâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

çàìåíîé íåçàâèñèìîãî ïåðåìåííîãî x = et ïðè x > 0 (èëè x = −et ïðè x < 0). Äëÿ
ïîëó÷åííîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè õàðàêòåðèñòè÷åñêîå óðàâíåíèå
èìååò âèä

λ(λ− 1)(λ− 2) . . . (λ− n+ 1) + . . .+ an−2λ(λ− 1) + an−1λ+ an = 0.

Ïðè ñîñòàâëåíèè ýòîãî óðàâíåíèÿ êàæäîå ïðîèçâåäåíèå xky(k) â óðàâíåíèè (2.36) çàìåíÿ-
åòñÿ íà ïðîèçâåäåíèå k óáûâàþùèõ íà 1 ÷èñåë: λ(λ− 1)(λ− 2) . . . (λ− k + 1).
Ïðèìåð 12. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x3y′′′ − x2y′′ + 2xy′ − 2y = x3. (2.37)

Ðåøåíèå. Ñîñòàâëÿåì õàðàêòåðèñòè÷åñêîå óðàâíåíèå è ðåøàåì åãî:

λ(λ− 1)(λ− 2)− λ(λ− 1) + 2λ− 2 = 0 ⇒ (λ− 1)2(λ− 2) = 0 ⇒ (2.38)

⇒ λ1 = λ2 = 1, λ3 = 2.
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Îòñþäà îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè èìååò
âèä

y0 = (C1 + C2t)e
t + C3e

2t.

×òîáû ðåøèòü íåîäíîðîäíîå óðàâíåíèå (2.37), ñíà÷àëà ðàñêðîåì ñêîáêè â âûðàæåíèè
(2.38):

λ3 − 4λ2 + +5λ− 2 = 0.

Èñïîëüçóÿ ýòî õàðàêòåðèñòè÷åñêîå óðàâíåíèå, ñîñòàâëÿåì ëåâóþ ÷àñòü äèôôåðåíöèàëü-
íîãî óðàâíåíèÿ, à ïðàâóþ ÷àñòü ïîëó÷àåì èç ïðàâîé ÷àñòè (2.37) çàìåíîé x = et:

y′′′t − 4y′′t + 5y′t − 2y = e3t.

Ôóíêöèè e3t ñîîòâåòñòâóåò ÷èñëî 3, êîòîðîå íå ÿâëÿåòñÿ êîðíåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ, ïîýòîìó ÷àñòíîå ðåøåíèå èùåì â âèäå y1 = Ae3t. Ïîäñòàâëÿÿ y1 â óðàâíå-
íèå, íàõîäèì A = 1/4.

Ñëåäîâàòåëüíî, îáùåå ðåøåíèå èìååò âèä

y = (C1 + C2t)e
t + C3e

2t +
1

4
e3t = (C1 + C2 lnx)x+ C3x

2 +
1

4
x3 (x > 0).

Ïðè x < 0 ïîëó÷àåòñÿ àíàëîãè÷íàÿ ôîðìóëà, íî ñ ln |x| âìåñòî lnx.
Íàéòè ðåøåíèÿ óðàâíåíèé:
51. x2y′′ − xy′ − 3y = 0.
52. x2y′′ + xy′ + 4y = 0.
53. x2y′′ − xy′ + y = 8x3.
54. x2y′′ − 2y = sin ln x.
55. (2x+ 3)3y′′′ + 3(2x+ 3)y′ − 6y = 0.
Îòâåòû: 51. y = C1x

3 +
C2

x
.

52. y = C1 cos(2 lnx) + C2 sin(2 ln x).
53. y = x(C1 + C2 ln |x|) + 2x3.
54. y = C1x

2 + C2x
−1 + 0, 1 cos lnx− 0, 3 sin lnx.

55. y = C1

(
x+

3

2

)
+ C2

∣∣∣∣x+
3

2

∣∣∣∣3/2 + C3

∣∣∣∣x+
3

2

∣∣∣∣1/2.



Ãëàâà 3. Ëèíåéíûå óðàâíåíèÿ ñ ïåðåìåííûìè

êîýôôèöèåíòàìè

3.1 Ôîðìóëà Îñòðîãðàäñêîãî - Ëèóâèëëÿ

Äëÿ îäíîðîäíîãî óðàâíåíèÿ

a0(x)y
(n) + a1(x)y

(n−1) + . . .+ an−1(x)y
′ + an(x)y = 0 (3.1)

íå ñóùåñòâóåò îáùèõ ìåòîäîâ ïîñòðîåíèÿ ôóíäàìåíòàëüíîé ñèñòåìû ðåøåíèé. Èíîãäà
îäíî èëè íåñêîëüêî ÷àñòíûõ ðåøåíèé óäàåòñÿ óãàäàòü.

Åñëè èçâåñòíî ÷àñòíîå ðåøåíèå y1(x) óðàâíåíèÿ (3.1), òî åãî ïîðÿäîê ìîæíî ïîíèçèòü,
ñîõðàíÿÿ ëèíåéíîñòü óðàâíåíèÿ. Äëÿ ýòîãî â óðàâíåíèå íàäî ïîäñòàâèòü y = y1z è çàòåì
ñäåëàòü çàìåíó z′ = u.

Â ñëó÷àå óðàâíåíèÿ âòîðîãî ïîðÿäêà

a0(x)y
′′ + a1(x)y

′ + a2(x)y = 0 (3.2)

ìîæíî òàêæå âîñïîëüçîâàòüñÿ ôîðìóëîé Îñòðîãðàäñêîãî - Ëèóâèëëÿ∣∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣∣ = Cexp

(
−
∫
a1(x)

a0(x)
dx

)
, (3.3)

ãäå y1 è y2 - ëþáûå äâà ðåøåíèÿ äàííîãî óðàâíåíèÿ.
Äëÿ óðàâíåíèÿ n - ãî ïîðÿäêà (3.1) ôîðìóëà Îñòðàãðàäñêîãî - Ëèóâèëëÿ èìååò âèä∣∣∣∣∣∣∣

y1 . . . yn

y′1 . . . y
′
n

y
(n−1)
1 . . . y

(n−1)
n

∣∣∣∣∣∣∣ = Cexp

(
−
∫
a1(x)

a0(x)
dx

)
, (3.4)

ãäå íàáîð ôóíêöèé
y1(x), y2(x), . . . , yn(x) (3.5)

åñòü ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé.



38

Åñëè èçâåñòíà ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé (3.5) óðàâíåíèÿ (3.1), òî îáùåå ðå-
øåíèå íåîäíîðîäíîãî óðàâíåíèÿ

a0(x)y
(n) + a1(x)y

(n−1) + . . .+ an−1(x)y
′ + an(x)y = f(x) (3.6)

ìîæåò áûòü ïîëó÷åíî ìåòîäîì âàðèàöèè ïîñòîÿííûõ. Îáùåå ðåøåíèå íåîäíîðîäíîãî óðàâ-
íåíèÿ íàõîäèòñÿ â âèäå

y = C1(x)y1 + C2(x)y2 + . . .+ Cn(x)yn.

Ôóíêöèè Ci(x) îïðåäåëÿþòñÿ èç ñèñòåìû

C ′1y1 + C ′2y2 + . . .+ C ′nyn = 0,

C ′1y
′
1 + C ′2y

′
2 + . . .+ C ′ny

′
n = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

C ′1y
(n−2)
1 + C ′2y

(n−2)
2 + . . .+ C ′ny

(n−2)
n = 0,

C ′1y
(n−1)
1 + C ′2y

(n−1)
2 + . . .+ C ′ny

(n−1)
n = f(x)

a0(x)
.

Ïðèìåð 1. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x(x+ 1)y′′ + (x+ 2)y′ − y = 0, (3.7)

åñëè èçâåñòíî ÷àñòíîå ðåøåíèå y1 = x+ 2.
Ðåøåíèå. Ïî ôîðìóëå Îñòðîãðàäñêîãî - Ëèóâèëëÿ (3.3)∣∣∣∣∣y1 y2

y′1 y′2

∣∣∣∣∣ = C1exp

(
−
∫

x+ 2

x(x+ 1)
dx

)
; y1y

′
2 − y′1y2 = C1exp

(
−
∫ (

2

x
− 1

x+ 1

)
dx

)
.

Ðàçäåëèâ îáå ÷àñòè óðàâíåíèÿ íà y2
1, ïîëó÷èì ñëåâà ïðîèçâîäíóþ îò äðîáè y2/y1(

y2

y1

)′
=
y1y

′
2 − y′1y2

y2
1

=
C1exp

(
−
∫

x+2
x(x+1)

dx
)

y2
1

⇒
(
y2

y1

)′
=
C1

y2
1

· x+ 1

x2
.

Òàê êàê y1 = x+ 2, òî
y2

y1

= C1

∫
x+ 1

x2(x+ 2)2
dx+ C2 =

C1

4

∫ (
1

x2
− 1

(x+ 2)2

)
dx+ C2 =

=
C1

4

(
−1

x
+

1

(x+ 2)

)
+ C2.

Îáùåå ðåøåíèå óðàâíåíèÿ (3.7) èìååò âèä

y2(x) = −C1

2x
+ C2(x+ 2).
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Ïðèìåð 2. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

x2(2x− 1)y′′′ + (4x− 3)xy′′ − 2xy′ + 2y = 0, (3.8)

åñëè èçâåñòíû ÷àñòíûå ðåøåíèÿ y1 = 1/x è y2 = x.
Ðåøåíèå. Äåëàåì çàìåíó y = y2z = xz, çàòåì u = z′. Â ðåçóëüòàòå óðàâíåíèå (3.8)

ïðèìåò âèä
x2(2x− 1)u′′ + (10x2 − 6x)u′ + (6x− 6)z′ = 0.

×àñòíîå ðåøåíèå y1 ïîñëå çàìåíû ïðèìåò âèä u1 = − 2
x3 .

Ïî ôîðìóëå Îñòðîãðàäñêîãî - Ëèóâèëëÿ (3.3):∣∣∣∣∣u1 u

u′1 u′

∣∣∣∣∣ = Cexp

(
−
∫

10x2 − 6x

x2(2x− 1)
dx

)
.

Âûäåëèì ïðîèçâîäíóþ
(
u
u1

)′
è ïðîèíòåãðèðóåì âûðàæåíèå â ïîêàçàòåëå ýêñïîíåíòû(

u

u1

)′
=
C

u2
1

· (2x− 1)

x6
.

Ïîäñòàâèì u1 è ïðîèíòåãðèðóåì

u = −C1

x3
(2x− 1)2 +

C2

x3
.

Âîçâðàùàåìñÿ ê ïåðåìåííîé z:

z = −C1

∫
(2x− 1)2

x3
dx+ C2

∫
dx

x3
+ C3 =

= C1

(
ln |x|+ 1

x
− 1

8x2

)
+
C2

x2
+ C3.

Âîçâðàùàåìñÿ ê ñòàðîé ôóíêöèè y è ïîëó÷àåì îáùåå ðåøåíèå óðàâíåíèÿ (3.8):

y = C1(x ln |x|+ 1) +
C2

x
+ xC3.

Äëÿ ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ (3.6) ìîæíî èñïîëüçîâàòü ñëåäóþùåå çàìå÷à-
íèå:
Çàìå÷àíèå 1. Ïóñòü ôóíêöèè u1 è u2 ÿâëÿþòñÿ ÷àñòíûìè ðåøåíèÿì íåîäíîðîäíîãî óðàâ-
íåíèÿ (3.6), òîãäà èõ ðàçíîñòü y = u1 − u2 åñòü ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî
óðàâíåíèÿ (3.1).
Ïðèìåð 1. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ

(x2 − 1)y′′ + 4xy′ + 2y = 6x, (3.9)

åñëè èçâåñòíû ÷àñòíûå ðåøåíèÿ u1 = x è u2 =
x2 + x+ 1

x+ 1
.
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Ðåøåíèå. Íàéäåì îáùåå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ

(x2 − 1)y′′ + 4xy′ + 2y = 0. (3.10)

Ó÷èòûâàÿ çàìå÷àíèå (1), íàõîäèì ÷àñòíîå ðåøåíèå óðàâíåíèÿ (3.10):

y1 = u2 − u1 =
1

x+ 1
.

Èñïîëüçóÿ ôîðìóëó Îñòðîãðàäñêîãî - Ëèóâèëëÿ (3.3), çàïèøåì îáùåå ðåøåíèå óðàâíåíèÿ
(3.10):(

y

y1

)′
= C1(x+ 1)2exp

(
−
∫

4xdx

x2 − 1

)
⇒
(
y

y1

)′
=

C1

(x− 1)2
⇒ y =

C1

x+ 1
+

C2

x− 1
.

Äëÿ íàõîæäåíèÿ îáùåãî ðåøåíèÿ íåîäíîðîäíîãî óðàâíåíèÿ (3.9) èñïîëüçóåì ìåòîä
âàðèàöèè ïîñòîÿííûõ. Ðåøåíèå èùåì â âèäå

y =
C1(x)

x+ 1
+
C2(x)

x− 1
. (3.11)

Ôóíêöèè C1(x) è C2(x) îïðåäåëèì èç ñèñòåìû
C′

1(x)

x+1
+

C′
2(x)

x−1
= 0,

− C′
1(x)

(x+1)2
− C′

2(x)

(x−1)2
= 6x

x2−1
.
⇒

 C ′1 = 3x(x+ 1),

C ′2 = 3x(x− 1).
⇒

 C1(x) = x3 + 3
2
x2 + C1,

C2(x) = −x3 + 3
2
x2 + C2.

Ïîäñòàâèì C1(x) è C2(x) â ôîðìóëó (3.11) è ïîëó÷èì èñêîìîå ðåøåíèå:

y =
C1

x+ 1
+

C2

x− 1
+

x3

x2 − 1
.

Íàéòè ðåøåíèÿ óðàâíåíèé:
56. xy′′ + 2y′ − xy = 0, y1 = ex/x.
57. y′′ − 2(1 + tg2 x)y = 0, y1 = tg x.
58. xy′′′ − y′′ − xy′ + y = 0, y1 = x, y2 = ex.
59. x2(2x− 1)y′′′ + (4x− 3)xy′′ − 2xy′ + 2y = 0, y1 = x, y2 = 1/x.
60. (3x3 + x)y′′ + 2y′ − 6xy = 4− 12x2, y1 = 2x, y2 = (x+ 1)2.
Îòâåòû:
56. xy = C1e

−x + C2e
x.

57. y = C1 tg x+ C2(1 + x) tg x.
58. y = C1x+ C2e

x + C3e
−x.

59. y = C1x+ C2x
−1 + C3(x ln |x|+ 1).

60. y = C1(x
2 + 1) + C2x

−1 + 2x.
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3.2 Ìåòîäû íàõîæäåíèÿ ÷àñòíûõ ðåøåíèé

Â íåêîòîðûõ ñëó÷àÿõ ÷àñòíîå ðåøåíèå óäàåòñÿ íàéòè ïóòåì ïîäáîðà.
Ïðèìåð 3. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

(2x+ 1)y′′ + (4x− 2)y′ − 8y = 0, (3.12)

ÿâëÿþùååñÿ àëãåáðàè÷åñêèì ìíîãî÷ëåíîì (åñëè òàêîå ðåøåíèå ñóùåñòâóåò).
Ðåøåíèå. Îïðåäåëèì ñòåïåíü ìíîãî÷ëåíà. Ïóñòü

y = xn + a1x
n−1 + . . .+ an−1x+ anx+ an.

Ïîäñòàâèì y â óðàâíåíèå, ïîëó÷èì

(2x+ 1)[n(n− 1)xn−2 + . . .] + (4x− 2)[nxn−1 + . . .]− 8[xn + . . .] = 0.

Ïðèðàâíèâàåì íóëþ êîýôôèöèåíò ïðè ñàìîé ñòàðøåé ñòåïåíè xn, áóäåì èìåòü

4n− 8 = 0,

îòêóäà n = 2. Òàêèì îáðàçîì, ìíîãî÷ëåí ìîæåò áûòü ëèøü âòîðîé ñòåïåíè, òî åñòü y =

x2 + ax+ b. Ïîäñòàâëÿåì â óðàâíåíèå (3.13):

4ax+ 2− 2a− 8b = 0.

Ñëåäîâàòåëüíî, a = 0, 2− 2a− 8b = 0. Îòñþäà b = 1/4. ×àñòíîå ðåøåíèå èìååò âèä

y = x2 +
1

4
.

Ïðèìåð 4. Íàéòè ÷àñòíîå ðåøåíèå óðàâíåíèÿ

xy′′ − (2x+ 1)y′ + (x+ 1)y = 0. (3.13)

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî ÷àñòíîå ðåøåíèå èìååò âèä ìíîãî÷ëåíà îòíîñèòåëüíî x:

y = xn + a1x
n−1 + . . .+ an−1x+ anx+ an.

Ïîäñòàâèì y â óðàâíåíèå, ïîëó÷èì

x[n(n− 1)xn−2 + . . .]− (2x+ 1)[nxn−1 + . . .] + (x+ 1)[xn + . . .] = 0.

Ïðèðàâíèâàåì íóëþ êîýôôèöèåíò ïðè ñòàðøåé ñòåïåíè xn+1

1 = 0.

Òàê êàê ïîëó÷èëè ïðîòèâîðå÷èå, òî ÷àñòíîãî ðåøåíèÿ â âèäå ìíîãî÷ëåíà íå ñóùåñòâóåò.
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Áóäåì èñêàòü ðåøåíèå â âèäå
y = ekx.

Ïîäñòàâèì â óðàâíåíèå
x(k − 1)2 − (k − 1) = 0 ⇒ k = 1.

×àñòíîå ðåøåíèå èìååò âèä
y = ex.

Íàéòè ðåøåíèÿ óðàâíåíèé:
61. xy′′ − (x+ 1)y′ − 2(x− 1)y = 0.
62. (x2 − 1)y′′ + (x− 3)y′ − y = 0.
63. x(x2 + 6)y′′ − 4(x2 + 3y′ + 6xy = 0.
64. x2 lnxy′′ − xy′ + y = 0.
Îòâåòû:
61. y = C1e

2x + C2(3x+ 1)e−x.
62. y = C1(x− 3) +

C2

x+ 1
.

63. y = C1(x
2 + 2) + C2x

3.
64. y = C1x+ C2(lnx+ 1).



Ãëàâà 4. Èíòåãðèðîâàíèå ëèíåéíûõ óðàâíåíèé

ìåòîäîì ñòåïåííûõ ðÿäîâ

4.1 Íàõîæäåíèå ðåøåíèé îäíîðîäíûõ ëèíåéíûõ óðàâíåíèé

âòîðîãî ïîðÿäêà â âèäå ñòåïåííûõ ðÿäîâ

Ðàññìîòðèì ëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå

y′′ + p(x)y′ + q(x)y = 0 (4.1)

ñ íà÷àëüíûìè óñëîâèÿìè
y = y0, y

′ = y′0 ïðè x = x0, (4.2)
ãäå y0, y′0 - ïðîèçâîëüíûå âåùåñòâåííûå ÷èñëà.
Òåîðåìà 1. Ïóñòü ôóíêöèè p(x) è q(x) - ãîëîìîðôíû â îêðåñòíîñòè òî÷êè x0, òî åñòü
ðàçëàãàþòñÿ â ñòåïåííûå ðÿäû âèäà

p(x) =
∞∑
k=0

pk(x− x0)
k; q(x) =

∞∑
k=0

qk(x− x0)
k, (4.3)

ñõîäÿùèåñÿ íà èíòåðâàëå |x−x0| < r. Òîãäà çàäà÷à Êîøè äëÿ óðàâíåíèÿ (4.1) ñ íà÷àëüíû-
ìè óñëîâèÿìè (4.2) èìååò åäèíñòâåííîå ðåøåíèå y = y(x), êîòîðîå ðàçëàãàåòñÿ â ñòåïåííîé
ðÿä

y(x) = y0 + y′0(x0)(x− x0) +
∞∑
k=2

Ck(x− x0)
k, (4.4)

ñõîäÿùèéñÿ, ïî êðàéíåé ìåðå, íà òîì æå èíòåðâàëå, ÷òî è ðÿäû (4.3).
Åñëè çàäàíû ÷èñëà y0 è y′0, êîýôôèöèåíòû Ck ðÿäà (4.4) îïðåäåëÿþòñÿ îäíîçíà÷íî,

íàïðèìåð, ïîäñòàíîâêîé ðÿäà (4.4) â óðàâíåíèå (4.1) è ïðèðàâíèâàíèåì íóëþ êîýôôè-
öèåíòîâ ïðè ðàçëè÷íûõ ñòåïåíÿõ x − x0 â ëåâîé ÷àñòè ïîëó÷åííîãî ðàâåíñòâà (ìåòîä

íåîïðåäåëåííûõ êîýôôèöèåíòîâ).
Â ïðèëîæåíèÿõ ÷àùå âñåãî âñòðå÷àþòñÿ ñëó÷àè, êîãäà p(x) è q(x) ëèáî ïîëèíîìû,

ëèáî îòíîøåíèå ïîëèíîìîâ. Â ïåðâîì ñëó÷àå ðÿä (4.4) ñõîäèòñÿ ïðè âñåõ çíà÷åíèÿõ x. Âî



44

âòîðîì ñëó÷àå åãî ðàäèóñ ñõîäèìîñòè ñîâïàäàåò ñ ðàññòîÿíèåì îò òî÷êè x0 äî áëèæàéøåãî
èç ïîëþñîâ ôóíêöèé p(z) è q(z), ðàññìàòðèâàåìûõ íà êîìïëåêñíîé ïëîñêîñòè z.

Äëÿ ïîñòðîåíèÿ îáùåãî ðåøåíèÿ óðàâíåíèÿ (4.1) äîñòàòî÷íî íàéòè äâà ëèíåéíî íåçà-
âèñèìûõ ÷àñòíûõ ðåøåíèÿ y1 è y2. Îáû÷íî ñòðîÿò ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé y1

è y2, íîðìèðîâàííóþ â òî÷êå x = x0, òàê ÷òî y1 = 1, y′1 = 0 ïðè x = x0; y2 = 0, y′2 = 1 ïðè
x = x0.

Åñëè ðÿä (4.4), ïðåäñòàâëÿþùèé ðåøåíèå óðàâíåíèÿ (4.1), óäàåòñÿ ïðîñóììèðîâàòü, ò.
å. âûðàçèòü åãî ñóììó ÷åðåç ýëåìåíòàðíûå ôóíêöèè, òî âòîðîå ÷àñòíîå ðåøåíèå ìîæíî
íàéòè ïî ôîðìóëå (3.3).

Ìåòîä ñòåïåííûõ ðÿäîâ ïðèìåíÿåòñÿ è äëÿ ðåøåíèÿ ëèíåéíûõ óðàâíåíèé ïðîèçâîëü-
íîãî ïîðÿäêà n

y(n) + a1(x)y
(n−1) + . . .+ an−1(x)y

′ + an(x)y = f(x)

ñ ãîëîìîðôíûìè êîýôôèöèåíòàìè a1(x), a2(x), . . . , an(x) è ïðàâîé ÷àñòüþ f(x). Ïðè ýòîì
ðåøåíèå, óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì

y = y0, y
′ = y′0, . . . , y

(n−1) = y
(n−1)
0 ïðè x = x0,

çàïèñûâàåòñÿ òàê:

y = yo + y′0(x− x0) +
y′′0
2!

(x− x0)
2 + . . .+

y
(n−1)
0

(n− 1)!
(x− x0)

(n−1) +
∞∑
k=n

Ck(x− x0)
k,

ãäå |x− x0| < r.
Ïðèìåð 1. Íàéòè ìåòîäîì ñòåïåííûõ ðÿäîâ ðåøåíèå çàäà÷è Êîøè y′′ + y = 0,

y(0) = 1; y′(0) = 0.
(4.5)

Ðåøåíèå. Ñîãëàñíî ôîðìóëå (4.4), ðåøåíèå çàäà÷è Êîøè ìîæíî ïðåäñòàâèòü â ôîðìå

y(x) = 1 +
∞∑
k=2

Ckx
k. (4.6)

Êîýôôèöèåíòû Ck íàõîäèì ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ. Ïîäñòàâèâ ðÿä
(4.6) â óðàâíåíèå (4.5) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ x, ïî-
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ëó÷èì ñëåäóþùóþ ñèñòåìó:

ïðè x0: 2C2 + 1 = 0,

ïðè x: C3 = 0,

ïðè x2: 4 · 3 · C4 + C2 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ïðè xk: k(k − 1)Ck + Ck−2 = 0,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ïîñëåäîâàòåëüíî âû÷èñëÿÿ êîýôôèöèåíòû, íàéäåì, ÷òî

C2k =
(−1)k

(2k)!
, C2k+1 = 0, k = 0, 1, 2, . . .

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è Êîøè îïðåäåëÿåòñÿ ðÿäîì

y(x) =
∞∑
k=0

(−1)kx2k

(2k)!
.

Ýòîò ðÿä ñõîäèòñÿ íà âñåé âåùåñòâåííîé îñè ê ôóíêöèè y = cos x, êîòîðàÿ ÿâëÿåòñÿ
ðåøåíèåì ïîñòàâëåííîé çàäà÷è Êîøè.
Ïðèìåð 2. Íàéòè ìåòîäîì ñòåïåííûõ ðÿäîâ ëèíåéíî íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ

y′′ − xy = 0. (4.7)

Íàéäåì äâà ðåøåíèÿ y1(x) è y2(x), óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì

y1(0) = 1, y′1(0) = 0; y2(0) = 0, y′2(0) = 1.

Îíè áóäóò ëèíåéíî íåçàâèñèìû. Ïî ôîðìóëå (4.4)

y1(x) = 1 +
∞∑
k=2

akx
k, (4.8)

y2(x) = x+
∞∑
k=2

bkx
k. (4.9)

Íàéäåì y1(x). Ïîäñòàâëÿÿ ðÿä (4.8) â óðàâíåíèå (4.7), ïîëó÷àåì
∞∑
k=2

[akk(k − 1)xk−2 − akx
k+1]− x = 0.
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Ïîýòîìó êîýôôèöèåíòû ak îïðåäåëÿþòñÿ èç ñèñòåìû

ïðè x0: a2 = 0,

ïðè x: 3 · 2 · a3 = 1,

ïðè x2: a4 = 0,

. . . . . . . . . . . . . . . . . .

ïðè xk: k(k − 1)ak − ak−3 = 0; k = 5, 6, . . .

è èìåþò âèä
a3k =

1

2 · 3 · 5 · 6 . . . (3k − 1)3k
, a3k+1 = a3k+2 = 0.

Òàêèì îáðàçîì,
y1(x) =

∞∑
k=1

x3k

2 · 3 · 5 · 6 . . . (3k − 1)3k
+ 1.

Àíàëîãè÷íî íàõîäèì y2(x):

y2(x) =
∞∑
k=1

x3k+1

3 · 4 · 6 · 7 . . . 3k(3k + 1)
+ x.

Îáùåå ðåøåíèå
y = C1y1 + C2y2,

ãäå C1è C2 � ïðîèçâîëüíûå ïîñòîÿííûå.
Ïðèìåð 3. Íàéòè ôóíäàìåíòàëüíóþ ñèñòåìó ðåøåíèé y1, y2, íîðìèðîâàííóþ â òî÷êå x =

0, ìåòîäîì ñòåïåííûõ ðÿäîâ è ïîñòðîèòü îáùåå ðåøåíèå äëÿ óðàâíåíèÿ

(1− x2)y′′ − xy′ − y = 0. (4.10)

Çàäà÷à ñâîäèòñÿ ê íàõîæäåíèþ äâóõ ÷àñòíûõ ðåøåíèé y1 è y2, óäîâëåòâîðÿþùèõ íà-
÷àëüíûì óñëîâèÿì

y1(0) = 1, y′1(0) = 0; y2(0) = 0, y′2(0) = 1.

Óáåäèìñÿ, ÷òî ðåøåíèÿ y1 è y2 ñóùåñòâóþò. Ïåðåïèøåì óðàâíåíèå (4.10) â âèäå

y′′ − x

1− x2
y′ − 1

1− x2
y = 0.

Êîýôôèöèåíòû ýòîãî óðàâíåíèÿ ðàçëàãàþòñÿ â ðÿäû ïî ñòåïåíÿì x, ñõîäÿùèåñÿ â îáëàñòè
|x| < 1. Ïîýòîìó y1 è y2 ñóùåñòâóþò, ïðè÷åì ðÿäû, ïðåäñòàâëÿþùèå èõ, ñõîäÿòñÿ, ïî
êðàéíå ìåðå, ïðè |x| < 1.
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Ïî ôîðìóëå (4.4)

y1(x) = 1 +
∞∑
k=2

akx
k, (4.11)

y2(x) = x+
∞∑
k=2

bkx
k. (4.12)

Íàéäåì y1(x). Ïîäñòàâëÿÿ ðÿä (4.11) â óðàâíåíèå (4.10), ïîëó÷àåì
∞∑
k=2

[−ak(k2 + 1)xk + akk(k − 1)xk−2]− 1 = 0.

Ïîýòîìó êîýôôèöèåíòû ak îïðåäåëÿþòñÿ èç ñèñòåìû

ïðè x0: − 1 + 2 · 1a2 = 0, a2 =
1

2!
;

ïðè x: 3 · 2 · a3 = 0, a3 = 0;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ïðè xk: (k + 2)(k + 1)ak+2 − (k2 + 1)ak = 0, k ≥ 2

è èìåþò âèä
a5 = a7 = . . . = a2m+1 = . . . = 0,

a2 =
1 + 22

4!
, a6 =

(1 + 22)(1 + 42)

6!
, . . . ,

a2m =
(1 + 22)(1 + 42) · · · (1 + (2m− 2)2)

(2m)!
.

Òàêèì îáðàçîì,

y1 = 1 +
1

2!
x2 +

1 + 22

4!
x4 + . . .+

(1 + 22)(1 + 42) · · · (1 + (2m− 2)2)

(2m)!
x2m + . . . ,

ãäå |x| < 1.
Àíàëîãè÷íî íàõîäèì y2(x):

y2 = x+
2

3!
x3 +

2(1 + 32)

5!
x5 + . . .+

2(1 + 32) . . . (1 + (2m− 1)2)

(2m+ 1)!
x2m+1 + . . . ,

ãäå |x| < 1.
Îáùåå ðåøåíèå óðàâíåíèÿ (4.10) �

y = C1y1 + C2y2.

Íàéòè ðåøåíèÿ óðàâíåíèé:
65. y′′ + xy′ − (2x2 + 1)y = 0.



48

66. (1− x)y′′ + y = 0.
Îòâåòû: 65. y1 = 1 +

x2

2!
+

3x4

4!
+ . . ., y2 = x +

12

5!
x5 + . . ., y = C1y1 + C2y2. 66.

y1 = 1− x2

2!
− x3

3!
− x4

4!
− 2x5

5!
− . . ., y2 = x− x3

3!
− 2x4

4!
− 5x5

5!
+ . . .

4.2 Íàõîæäåíèå ðåøåíèé îäíîðîäíûõ ëèíåéíûõ óðàâíåíèé

âòîðîãî ïîðÿäêà â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ

Îïðåäåëåíèå 4.1. Ðÿä âèäà

(x− x0)
r

∞∑
k=0

ck(x− x0)
k (c0 6= 0), (4.13)

ãäå r - çàäàííîå ÷èñëî, è ñòåïåííîé ðÿä ñõîäèòñÿ â íåêîòîðîé îáëàñòè
|x− x0| < R, íàçûâàåòñÿ îáîáùåííûì ñòåïåííûì ðÿäîì.

Åñëè r - öåëîå íåîòðèöàòåëüíîå ÷èñëî, òî îáîáùåííûé ñòåïåííîé ðÿä (4.13) îáðàùàåòñÿ
â îáû÷íûé ñòåïåííîé ðÿä.

Åñëè òî÷êà x0 ÿâëÿåòñÿ îñîáîé òî÷êîé äëÿ ôóíêöèé p(x) è q(x) â óðàâíåíèè (4.1), òî
òåîðåìà (1) íå ïðèìåíèìà. Â ýòîì ñëó÷àå ìîãóò ñóùåñòâîâàòü ðåøåíèÿ óðàâíåíèÿ (4.1) â
âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ (4.13). Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 2. Åñëè êîýôôèöèåíòû óðàâíåíèÿ (4.1) ïðåäñòàâèìû â îêðåñòíîñòè îñîáîé òî÷êè
x = x0 â âèäå

p(x) =

∑∞
k=0 pk(x− x0)

k

x− x0

, q(x) =

∑∞
k=0 qk(x− x0)

k

(x− x0)2
, (4.14)

ãäå p2
0 + q2

0 + q2
1 6= 0 è ðÿäû â ÷èñëèòåëÿõ ñõîäÿòñÿ â íåêîòîðîé îáëàñòè |x − x0| < R, òî

óðàâíåíèå (4.1) èìååò õîòÿ áû îäíî ðåøåíèå â âèäå îáîáùåííîãî ñòåïåííîãî ðÿäà:

y(x) = (x− x0)
r

∞∑
k=0

ck(x− x0)
k (c0 6= 0), (4.15)

ïðè÷åì âõîäÿùèé â ýòî ðåøåíèå ñòåïåííîé ðÿä ñõîäèòñÿ, ïî êðàéíåé ìåðå, â òîé æå
îáëàñòè |x− x0| < R, ÷òî è ðÿäû â ôîðìóëàõ (4.14).
Çàìå÷àíèå 1. Åñëè õîòÿ áû îäíà èç ôóíêöèé p(x) è q(x) èìååò â çíàìåíàòåëå áîëåå âû-
ñîêóþ ñòåïåíü x − x0, ÷åì ýòî óêàçàíî â òåîðåìå (2), òî ðåøåíèå â âèäå îáîáùåííîãî
ñòåïåííîãî ðÿäà íå ñóùåñòâóåò. Â ýòîì ñëó÷àå, ïî êðàéíå ìåðå, îäíî ðåøåíèå èìååò âèä
îáîáùåííîãî ðÿäà Ëîðàíà

(x− x0)
r

∞∑
−∞

ck(x− x0)
k,

ïðè÷åì îáÿçàòåëüíî áåñêîíå÷íî ìíîãî êîýôôèöèåíòîâ Ck ñ îòðèöàòåëüíûìè íîìåðàìè
îòëè÷íî îò íóëÿ.
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Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ ck íóæíî ïîäñòàâèòü ðÿä (4.15) â óðàâíåíèå (4.1) è
ïðèðàâíÿòü íóëþ êîýôôèöèåíòû ïðè ðàçëè÷íûõ ñòåïåíÿõ x − x0. ×èñëî r íàõîäèòñÿ èç
òàê íàçûâàåìîãî îïðåäåëÿþùåãî óðàâíåíèÿ â îñîáîé òî÷êå x = x0:

r(r − 1) + p0r + q0 = 0. (4.16)

Êîýôôèöèåíòû p0 è q0 ìîæíî íàéòè ïî ôîðìóëàì

p0 = lim
x→x0

(x− x0)p(x), q0 = lim
x→x0

(x− x0)
2q(x). (4.17)

Óðàâíåíèå íà r ìîæíî òàê æå ïîëó÷èòü, ïðèðàâíÿâ ê íóëþ êîýôôèöèåíòû ïðè íàè-
ìåíüøåé ñòåïåíè x − x0. Â ñëó÷àå, êîãäà êîðíè r1 è r2 îïðåäåëÿþùåãî óðàâíåíèÿ (4.16)
ðàçëè÷íû, óðàâíåíèå (4.1) âñåãäà èìååò ðåøåíèå âèäà (4.15), ãäå r åñòü òîò èç êîðíåé r1 è
r2, êîòîðûé èìååò áîëüøóþ âåùåñòâåííóþ ÷àñòü. Åñëè r1 ýòîò êîðåíü, òî ðåøåíèå èìååò
âèä

y = (x− x0)
r1

∞∑
k=0

c
(1)
k (x− x0)

k (c
(1)
0 6= 0).

Óòâåðæäåíèå 1. Åñëè ðàçíîñòü r1 − r2 íå ÿâëÿåòñÿ öåëûì ÷èñëîì, òî óðàâíåíèå (4.1)
èìååò äâà ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ y1 è y2 â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ

y1 = (x− x0)
r1

∞∑
k=0

c
(1)
k (x− x0)

k (c
(1)
0 6= 0), (4.18)

y2 = (x− x0)
r2

∞∑
k=0

c
(2)
k (x− x0)

k (c
(2)
0 6= 0). (4.19)

Óòâåðæäåíèå 2. Åñëè ðàçíîñòü r1 − r2 - öåëîå ÷èñëî, òî ñóùåñòâóåò ðåøåíèå y1, ÿâëÿþ-
ùååñÿ îáîáùåííûì ñòåïåííûì ðÿäîì âèäà (4.18), à âòîðîå ëèíåéíî íåçàâèñèìîå ðåøåíèå
èìååò âèä

y2 = (x− x0)
r2

∞∑
k=0

c
(2)
k (x− x0)

k + γy1(x) ln(x− x0), (4.20)

ïðè÷åì ïðè r1 − r2 = 0 êîýôôèöèåíò γ 6= 0, òî åñòü â ýòîì ñëó÷àå y2(x) îáÿçàòåëüíî
ñîäåðæèò ln(x− x0).
Ïðèìåð 4. Íàéòè òå ðåøåíèÿ óðàâíåíèÿ, êîòîðûå âûðàæàþòñÿ ÷åðåç îáîáùåííûå ñòåïåí-
íûå ðÿäû:

2x2y′′ + (3x− 2x2)y′ − (x+ 1)y = 0. (4.21)

Ïðåäñòàâèì óðàâíåíèå (4.21) â ñëåäóþùåì âèäå:

y′′ +
(3/2− x)

x
y′ +

(−1/2− x/2)

x2
y = 0. (4.22)
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Êîýôôèöèåíòû p(x) = (3/2−x)
x

è q(x) = (−1/2−x/2)
x2 èìåþò îñîáåííîñòü â òî÷êå x0 = 0,

ñëåäîâàòåëüíî, p(x) è q(x) ðàçëàãàþòñÿ â ðÿä (4.14). Ïî òåîðåìå (2) èìååòñÿ õîòÿ áû îäíî
ðåøåíèå â âèäå îáîáùåííîãî ñòåïåííîãî ðÿäà.

Ïî ôîðìóëå (4.17)

p0 = lim
x→0

x
(3/2− x)

x
= 3/2, q0 = lim

x→0
x2 (−1/2− x/2)

x2
= −1/2.

Ñîñòàâèì îïðåäåëÿþùåå óðàâíåíèå (4.16):

r(r − 1) + 3/2r − 1/2 = 0,

îòêóäà r1 = 1/2 è r2 = −1. Ðàçíîñòü r1 è r2 ðàâíà 3/2, íå ÿâëÿåòñÿ öåëûì ÷èñëîì,
ñëåäîâàòåëüíî, èç óòâåðæäåíèÿ (1) ïîëó÷àåòñÿ, ÷òî èìåþòñÿ äâà ëèíåéíî íåçàâèñèìûõ
ðåøåíèÿ y1 è y2 â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ:

y1 =
∞∑
k=0

c
(1)
k xk+1/2, y2 =

∞∑
k=0

c
(2)
k xk−1. (4.23)

Ïîäñòàâëÿåì y1 â óðàâíåíèå (4.21):

2x2

∞∑
k=0

c
(1)
k (k + 1/2)(k − 1/2)xk−3/2 + 3x

∞∑
k=0

c
(1)
k (k + 1/2)xk−1/2−

−2x2

∞∑
k=0

c
(1)
k (k + 1/2)xk−1/2 − x

∞∑
k=0

c
(1)
k xk+1/2 −

∞∑
k=0

c
(1)
k xk+1/2 = 0.

Ïîëó÷àåì ñèñòåìó óðàâíåíèé íà c(1)
k :

ïðè x1/2: 0 ≡ 0, ò.å c(1)
0 - ïðîèçâîëüíîå;

ïðè x3/2: 2c
(1)
1

3

2
· 1

2
+ 3c

(1)
1

3

2
− 2c

(1)
0

1

2
− c

(1)
0 − c

(1)
1 = 0;

ïðè x5/2: 2c
(1)
2

5

2
· 3

2
+ 3c

(1)
2

5

2
− 2c

(1)
1

3

2
− c

(1)
1 − c

(1)
2 = 0;

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

ïðè xk+1/2: c
(1)
k (k + 1/2)(k − 1/2) + 3c

(1)
k (k + 1/2)− 2c

(1)
k−1(k − 1/2)−

− c
(1)
k−1 − c

(1)
k = 0.

Òîãäà êîýôôèöèåíòû èìåþò âèä

c
(1)
1 =

2

5
c
(1)
0 , c

(1)
2 =

2

7
c
(1)
1 =

22

5 · 7
c
(1)
0 , . . . , c

(1)
k =

2c
(1)
k−1

2k + 3
=

2kc
(1)
0

5 · 7 · . . . · (2k + 3)
.
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Ïîëîæèì c
(1)
0 = 1 è ïîäñòàâèì êîýôôèöèåíòû c

(1)
k â (4.23):

y1 = |x|1/2
(

1 +
2x

5
+

(2x)2

5 · 7
+

(2x)3

5 · 7 · 9
+ . . .+

(2x)k

5 · 7 · . . . · (2k + 3)
. . .

)
.

Àíàëîãè÷íî íàõîäèì y2:

y2 =
1

x
+ 1 +

x

2!
+
x2

3!
+ . . .+

xk−1

k!
+ . . . =

ex

x
.

Íàéòè ðåøåíèÿ óðàâíåíèé:
66. 9x2y′′ − (x2 − 2)y = 0.
67. x2y′′ + 2xy′ − (x2 + 2x+ 2)y = 0.
68. xy′′ + y′ − xy = 0.
Îòâåòû:
66. y1 = x1/3

(
1 +

x2

5 · 6
+

x4

5 · 6 · 11 · 12
+ . . .

)
, y2 = x2/3

(
1 +

x2

6 · 7
+

x4

6 · 7 · 12 · 13
+ . . .

)
.

67. y1 =
1

x2
− 1

x
+

1

2
+
x2

8
+
x3

40
+

7x4

720
. . . , y2 = x+

x2

2
+
x3

5
+
x4

20
+ . . ..

68. y1 = 1+
x2

22
+

x4

22 · 42
+

x6

22 · 42 · 62
+. . ., y2 =

(
1+

x2

22
+

x4

22 · 42
+. . .

)
ln |x|− x

2

4
− 3x4

128
−. . ..
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