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Ãëàâà 1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ

ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

1.1 Óðàâíåíèÿ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

Îïðåäåëåíèå 1.1. Óðàâíåíèÿ âèäà:

y′ = f(x)g(y), (1.1)

F (x)dx = P (y)dy, (1.2)
N(y)M(x)dx = P (x)Q(y)dy. (1.3)

íàçûâàþòñÿ óðàâíåíèÿìè ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè.
Óðàâíåíèÿ âèäà (1.3) ñâîäÿòñÿ ê óðàâíåíèþ âèäà (1.2) ïóòåì äåëåíèÿ îáåèõ åãî ÷àñòåé

íà ôóíêöèþ N(y)P (x)

M(x)

P (x)
dx =

Q(y)

N(y)
dy. (1.4)

∫
M(x)

P (x)
dx =

∫
Q(y)

N(y)
dy + C. (1.5)

Ïðè äåëåíèè ìîãóò áûòü ïîòåðÿíû ðåøåíèÿ

N(y) = 0, P (x) = 0,

êîòîðûå ïðîâåðÿþòñÿ ïîäñòàíîâêîé â èñõîäíîå óðàâíåíèå (1.3). Ïîòåðÿííûå ðåøåíèÿ ìî-
ãóò âõîäèòü â îáùåå ðåøåíèå. Â ýòîì ñëó÷àå îíè îòäåëüíî íå âûïèñûâàþòñÿ.

Åñëè çàäàíû íà÷àëüíûå óñëîâèÿ y(x0) = y0, òî êîíñòàíòà C îïðåäåëÿåòñÿ èç îáùåãî
èíòåãðàëà (1.5) ïðè x = x0, y = y0.
Ïðèìåð 1. Íàéòè îáùåå è ÷àñòíîå ðåøåíèå óðàâíåíèÿ

(x2 − 1)y′ + 2xy2 = 0,

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ y(0)=1.
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Ðåøåíèå. Ïðèâîäèì óðàâíåíèå ê âèäó (1.3):

−(x2 − 1)
dy

dx
= 2xy2 ⇒ −(x2 − 1)dy = 2xy2dx.

Äåëèì îáå ÷àñòè óðàâíåíèÿ íà (x2 − 1)y2:

−dy
y2

=
2xdx

x2 − 1
.

Ïåðåìåííûå ðàçäåëåíû. Èíòåãðèðóåì è ïîëó÷àåì îáùåå ðåøåíèå:

−
∫

1

y2
dy =

∫
2x

x2 − 1
dx;

1

y
= ln |x2 − 1|+ C. (1.6)

Âîçìîæíûå ïîòåðÿííûå ðåøåíèÿ:

(x2 − 1)y = 0 ⇒ y = 0, x = ±1.

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé â èñõîäíîå óðàâíåíèå óáåäèìñÿ, ÷òî y = 0 ÿâëÿåòñÿ ïî-
òåðÿííûì ðåøåíèåì.

Ïîäñòàâëÿåì íà÷àëüíîå óñëîâèå y(0) = 1 â îáùåå ðåøåíèå (1.6), ïîëó÷èì óðàâíåíèå íà
Ñ:

1 = ln |0− 1|+ C ⇒ C = 1.

Îòñþäà ÷àñòíîå ðåøåíèå èìååò âèä
1

y
= ln |x2 − 1|+ 1.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
1. (x2 + 1)dx+ (y2 + 1)dy = 0.
2. (ex + 2)dy − ydx = 0.
3. 2(x2y − y)dy +

√
3 + y2dx = 0.

4. tg x sin2 ydx+ cos2 x ctg ydy = 0.
5. (x− 1)y′ = y2x.
6. (cos 2x− 1)y′ = y2 − 1.
7. e2x−ydx = e6x+ydy.
Íàéòè ÷àñòíûå ðåøåíèÿ, óäîâëåòâîðÿþùèå íà÷àëüíûì óñëîâèÿì óðàâíå-

íèé:
8. y′ ctg x+ y = 2, y(0) = −1.
9. y′ sinx = y ln y, y

(
π
2

)
= 1.

10. 2xdx− ydy = yx2dy − xy2dx, y(0) = 1.
Îòâåòû: 1. x3 + y3 + 3(x + y) = C. 2. y = C(1 + 2e−x)−1/2. 3. 4

√
3 + y2 = ln

∣∣∣C(x+1)
x−1

∣∣∣,
x = ±1. 4. ctg2 y = tg2 x + C. 5. −1/y = x + ln |x− 1| + C, y = 0. 6. y−1

y+1
= Cectg x, y = −1.

7. e2y + e−4x/2 = C. 8. y = −3 cos x+ 2. 9. y = 1. 10. 3(1 + x2) = 2 + y2.
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1.2 Óðàâíåíèÿ âèäà y′ = f(ax+ by + c)

Ýòè óðàâíåíèÿ ïðèâîäÿòñÿ ê óðàâíåíèÿì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè çàìåíîé

z(x) = ax+ by + c⇒ y′ =
z′ − a

b
⇒ z′ − a

b
= f(z).

Ïðèìåð 2. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ = cos(y − x).

Ðåøåíèå. Äåëàåì çàìåíó z = y − x; íàõîäèì y′ = 1 + z′.
Ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå:

z′ = cos z − 1. (1.7)

Ïðèâîäèì óðàâíåíèå ê âèäó (1.2)

dz

cos z − 1
= dx; −

d
(
z
2

)
sin2( z

2
)

= dx.

Èíòåãðèðóåì:
ctg
(z

2

)
= x+ C.

Âîçìîæíûå ïîòåðÿííûå ðåøåíèÿ:

cos z − 1 = 0.

Ðàçðåøàåì îòíîñèòåëüíî z:

z = 2πk, ãäå k = ±0,±1 . . . (1.8)

Íåïîñðåäñòâåííîé ïîäñòàíîâêîé (1.8) â (1.7) óáåæäàåìñÿ, ÷òî (1.8) ÿâëÿåòñÿ ðåøåíèåì.
Ïåðåõîäèì ê ñòàðûì ïåðåìåííûì:

ctg

(
y − x

2

)
= x+ C; y − x = 2πk.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
11. y′ = (3x− y + 1)2.
12. y′ = (x+ y)2.
13. y′ = √

4x+ 2y − 1.
14. y′ = − tg2(x− y).
Îòâåòû: 11. 3x − y + 1 +

√
3 = C(3x − y + 1 −

√
3)e2

√
3x. 12. y = tg(x + C) − x. 13.

√
4x+ 2y − 1− 2 ln(2 +

√
4x+ 2y − 1) = x+ C. 14. y = 1

2
sin 2(x− y)− x+ C.



Ãëàâà 2. Îäíîðîäíûå óðàâíåíèÿ è

ïðèâîäÿùèåñÿ ê îäíîðîäíûì

2.1 Îäíîðîäíûå óðàâíåíèÿ

Îïðåäåëåíèå 2.1. Ôóíêöèÿ F (x, y) íàçûâàåòñÿ îäíîðîäíîé ôóíêöèåé ñòåïåíè n, åñëè äëÿ
âñåõ k > 0 âûïîëíÿåòñÿ ðàâåíñòâî F (kx, ky) = knF (x, y).
Îïðåäåëåíèå 2.2. Îäíîðîäíûìè óðàâíåíèÿìè íàçûâàþòñÿ óðàâíåíèÿ âèäà

y′ = f
(y
x

)
, (2.1)

F (x, y)dx = P (x, y)dy, (2.2)
ãäå F (x, y) è P (x, y) � îäíîðîäíûå ôóíêöèè îäíîé è òîé æå ñòåïåíè.

Îäíîðîäíûå óðàâíåíèÿ ñâîäÿòñÿ ê óðàâíåíèÿì ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè çàìå-
íîé y = xz(x), y′ = xz′ + z èëè dy = xdz + zdx.
Ïðèìåð 1. Íàéòè ðåøåíèå óðàâíåíèÿ

(x− y)ydx− x2dy = 0. (2.3)

Ðåøåíèå. Âûÿñíèì, ÿâëÿåòñÿ ëè óðàâíåíèå îäíîðîäíûì. Ñðàâíèì ñòåïåíè îäíîðîäíî-
ñòè ôóíêöèé F (x, y) = (x− y)y è P (x, y) = x2:

F (kx, ky) = (kx− ky)ky = k2(x− y)y = k2F (x, y),

P (kx, ky) = (kx)2 = k2x2 = k2P (x, y).

Ôóíêöèè F (x, y) = (x−y)y è P (x, y) = x2 - îäíîðîäíûå ôóíêöèè ñòåïåíè 2, ñëåäîâàòåëüíî,
óðàâíåíèå (2.3) îäíîðîäíîå. Ïîëàãàåì y = zx. Òîãäà dy = zdx + xdz. Ïîäñòàâëÿåì â
óðàâíåíèå

x3dz = −z2x2dx⇒ −dz
z2

=
dx

x
⇒ 1

z
= ln |x|+ C

Ïåðåõîäèì ê ïåðåìåííîé y:
x

y
= ln |x|+ C.

Ïîòåðÿííûå ðåøåíèÿ � x = 0, y = 0.
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Ïðèìåð 2. Íàéòè îáùåå ðåøåíèå óðàâíåíèÿ:

y′ =
2xy

x2 − y2
.

Ðåøåíèå. Äåëèì ÷èñëèòåëü è çíàìåíàòåëü äðîáè íà x2 :

y′ =
2
(
y
x

)
1−

(
y
x

)2 ,
óðàâíåíèå îäíîðîäíî. Äåëàåì çàìåíó y = zx, y′ = z + xz′; óðàâíåíèå ïðèìåò âèä

z + xz′ =
2z

1− z2
, èëè xz′ =

z + z3

1− z2
.

Ïåðåìåííûå ðàçäåëÿþòñÿ:
dx

x
+

(z2 − 1)dz

z(1 + z2)
= 0.

Ðàçëàãàåì âòîðîå ñëàãàåìîå íà ïðîñòûå äðîáè:
z2 − 1

z(1 + z2)
=

Az

1 + z2
+

B

1 + z2
+
C

z
=

(A+ C)z2 +Bz + C

z(1 + z2)
⇒

⇒ z2 − 1 = (A+ C)z2 +Bz + C.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ, ïîëó÷àåì óðàâíåíèÿ íà A, B è
C:

ïðè z0: − 1 = C,

ïðè z1: 0 = B,

ïðè z2: 1 = A+ C.

Îòñþäà A = 2, B = 0 è C = −1:
z2 − 1

z(1 + z2)
=

2z

1 + z2
− 1

z
⇒ dx

x
+

(
2z

1 + z2
− 1

z

)
dz = 0.

Èíòåãðèðóåì îáå ÷àñòè:

ln |x|+ ln(z2 + 1)− ln |z| = ln |C| ⇒ x(z2 + 1)

z
= C.

Ïîòåðÿííîå ðåøåíèå � z = 0. Ïåðåõîäèì ê ïåðåìåííîé y:

x2 + y2 = Cy, y = 0.

Ïðèìåð 3. Íàéòè ðåøåíèå óðàâíåíèÿ

xy′ − y = (x+ y) ln

∣∣∣∣x+ y

x

∣∣∣∣ .
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Ðåøåíèå. Ðàçäåëèì îáå ÷àñòè óðàâíåíèÿ íà x:

y′ − y

x
= (1 +

y

x
) ln
∣∣∣1 +

y

x

∣∣∣ .
Äåëàåì çàìåíó y = zx, y′ = z + xz′; óðàâíåíèå ïðèìåò âèä

z′x = (1 + z) ln |1 + z|.

Ðàçäåëÿåì ïåðåìåííûå è èíòåãðèðóåì:
dz

(1 + z) ln |1 + z|
=
dx

x
;

d ln |1 + z|
ln |1 + z|

=
dx

x
; ln |1 + z| = Cx.

Ïåðåõîäèì ê ñòàðîé ôóíêöèè:
ln
∣∣∣1 +

y

x

∣∣∣ = Cx.

Ïîòåðÿííûõ ðåøåíèé íåò.
Íàéòè ðåøåíèÿ óðàâíåíèé:
15. y′ = 3 y

3

x3 + y
x
.

16. y′ = e
y
x + y

x
.

17. (x2 − 3y2)dx+ 2xydy = 0, y(2) = 1.
18. xy′ = 2

√
3x2 + y2 + y.

19. y′ = x+2y
2x−y .

Îòâåòû: 15. x = Ce
− x2

6y2 , y = 0. 16. y = − ln ln C
x
. 17. y = x

√
1− 3

8
x. 18.y+

√
3x2 + y2 =

Cx3. 19. x2 + y2 = Ce4 arctg y
x .

2.2 Óðàâíåíèÿ âèäà y′ = f
(

a1x+b1y+c1

a2x+b2y+c2

)
Ýòè óðàâíåíèÿ ïðèâîäÿòñÿ ê îäíîðîäíîìó ñ ïîìîùüþ ïåðåíîñà íà÷àëà êîîðäèíàò â òî÷êó
ïåðåñå÷åíèÿ ïðÿìûõ a1x+b1y+c1 = 0 è a2x+b2y+c2 = 0. Òî÷êó ïðåñå÷åíèÿ (x0; y0) íàõîäèì
èç ñèñòåìû:  a1x+ b1y + c1 = 0,

a2x+ b2y + c2 = 0.
(2.4)

Çàòåì ââîäèì íîâûå ïåðåìåííûå X è Y :

x = x0 +X, dx = dX;

y = y0 + Y, dy = dY.

Ïîäñòàâëÿåì

Y ′ = f

(
a1X + b1Y

a2X + b2Y

)
= f

(
a1 + b1

Y
X

a2 + b2
Y
X

)
= f1

(
Y

X

)
.
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Ýòî îäíîðîäíîå óðàâíåíèå.
Åñëè òî÷êà ïåðåñå÷åíèÿ íå ñóùåñòâóåò, òî ñèñòåìà (2.4) íå èìååò ðåøåíèÿ:

a1b2 − a2b1 = 0. (2.5)

Òîãäà
a1

a2

=
b1
b2

= λ.

Îòñþäà óðàâíåíèå(2.4) ïðèíèìàåò âèä

y′ = f

(
λ(a2x+ b2y) + c1
a2x+ b2y + c2

)
Â ýòîì ñëó÷àå óðàâíåíèå ñâîäèòñÿ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè ïóòåì
çàìåíû z = a2x+ b2y.
Ïðèìåð 4. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ =
4y − 2x− 6

x+ y − 3
.

Ðåøåíèå. Íàõîäèì òî÷êó ïåðåñå÷åíèÿ ïðÿìûõ èç ñèñòåìû 4y0 − 2x0 − 6 = 0,

x0 + y0 − 3 = 0.

Îòñþäà y0 = 2, x0 = 1. Äåëàåì çàìåíó y = y0+Y = 2+Y , x = x0+X = 1+X, ïîäñòàâëÿåì
â èñõîäíîå óðàâíåíèå

Y ′ =
4Y − 2X

X + Y
=

4
(
Y
X

)
− 2

1 + Y
X

.

Ïîëó÷èëè îäíîðîäíîå óðàâíåíèå. Ââîäèì íîâóþ ôóíêöèþ Z = Y/X:

Z +XZ ′ =
4Z − 2

1 + Z
⇒ −XZ ′ =

Z2 − 3Z + 2

1 + Z
.

Ïåðåìåííûå ðàçäåëÿþòñÿ:

−dX
X

=
(1 + Z)dZ

Z2 − 3Z + 2
⇒ −dX

X
=

(1 + Z)dZ

(Z − 2)(Z − 1)
.

Ðàçëîæèì ïðàâóþ ÷àñòü óðàâíåíèÿ íà ïðîñòûå äðîáè:
1 + Z

(Z − 2)(Z − 1)
=

A

Z − 2
+

B

Z − 1
=
A(Z − 1) +B(Z − 2)

(Z − 2)(Z − 1)
⇒

⇒ 1 + Z = A(Z − 1) +B(Z − 2).

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ, ïîëó÷àåì óðàâíåíèÿ íà A è B:

ïðè Z0: 1 = −A− 2B,

ïðè Z1: 1 = A+B.
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Îòñþäà A = 3 è B = −2:
1 + Z

(Z − 2)(Z − 1)
=

3

Z − 2
− 2

Z − 1
⇒ −dX

X
=

3dZ

Z − 2
− 2dZ

Z − 1
.

Èíòåãðèðóåì:

ln |C| − ln |X| = 3 ln |Z − 2| − 2 ln |Z − 1| ⇒ (Z − 2)3X = (Z − 1)2C.

Ïîòåðÿííîå ðåøåíèå � Z = 1. Ïåðåõîäèì ê ñòàðûì ïåðåìåííûì:

(y − 2x)3 = (y − x− 1)2C, y = x+ 1.

Ïðèìåð 5. Íàéòè ðåøåíèå óðàâíåíèÿ

(4y − 2x+ 1)dx− (2y − x+ 2)dy = 0.

Ðåøåíèå. Ïðèâîäèì óðàâíåíèå ê âèäó

y′ =
4y − 2x+ 1

2y − x+ 2
.

Äëÿ ýòîãî óðàâíåíèÿ âûïîëíÿåòñÿ óñëîâèå (2.5):

a1b2 − a2b1 = 4 · (−1)− 2 · (−2) = 0.

Òîãäà
a1

a2

=
b1
b2

= 2.

Óðàâíåíèå ïðèìåò âèä
y′ =

2(2y − x) + 1

2y − x+ 2
.

Äåëàåì çàìåíó z = 2y − x:

z′ =
3z

z + 2
⇒ 3dx =

(z + 2)dz

z
.

Èíòåãðèðóåì è ïåðåõîäèì ê ñòàðûì ïåðåìåííûì:

z2 = Ce3x−z, (2y − x)2 = Ce4x−2y.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
20. (2x− y + 4)dy + (x− 2y + 5)dx = 0.
21. y′ = x+2y−3

x−1
.

22. y′ = 1−3x−3y
1+x+y

.
23. (x− 2y + 1)dy + (2x− 4y + 5)dx = 0.
Îòâåòû: 20. (x+y−1)3 = C(x−y+3). 21. y = C(x−1)2−x+2. 22. 3x+y+2 ln |x+y−1| =

C. 23. (5x+ 10y + 11)3 = Ce−5(y+2x).
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2.3 Îáîáùåííî - îäíîðîäíûå óðàâíåíèÿ

Îáîáùåííî - îäíîðîäíûå óðàâíåíèÿ ïðèâîäÿòñÿ ê îäíîðîäíîìó çàìåíîé y = zm. Ýòî
âîçìîæíî â òîì ñëó÷àå, êîãäà â óðàâíåíèè âñå ÷ëåíû èìåþò îäèíàêîâûå èçìåðåíèÿ, åñëè
ïåðåìåííîìó x ïðèïèñàòü èçìåðåíèå 1, ïåðåìåíîé y � èçìåðåíèå m è ïðîèçâîäíîé y′ �
èçìåðåíèå m− 1.

Ïðèìåð 6. Íàéòè ðåøåíèå óðàâíåíèÿ

2x2y′ = y3 + xy.

Ðåøåíèå. Ïîñëå çàìåíû y = zm óðàâíåíèå ïðèìåò âèä 2mx2zm−1z′ = z3m + xzm. Óðàâ-
íåíèå áóäåò îäíîðîäíûì, åñëè 2 + m − 1 = 3m = m + 1. Ýòè ðàâåíñòâà âûïîëíÿþòñÿ
îäíîâðåìåííî, åñëè m = 1

2
. Äåëàåì çàìåíó y = z

1
2 :

x2z−
1
2 z′ = z

3
2 + xz

1
2 .

Óìíîæàåì îáå ÷àñòè óðàâíåíèÿ íà z
1
2

x2 :

z′ =
(z
x

)2

+
(z
x

)
.

Ïîëó÷èëè îäíîðîäíîå óðàâíåíèå. Äåëàåì çàìåíó z = xu; z′ = u+ xu′:

xu′ = u2,
du

u2
=
dx

x
,

1

u
= − ln |Cx|.

Ïîòåðÿííîå ðåøåíèå � u = 0. Âîçâðàùàåìñÿ ê ôóíêöèè y(x):

x = −y2 ln |Cx|, y = 0.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
24. x3(y′ − x) = y2.
25. y′ = y2 − 2

x2 .
26. xdy + y(3xy + 1)dx = 0.
27. y2

√
x− y2x2 = 2xy′ + y.

Îòâåòû: 24. x2 = (x2 − y) lnCx. 25. 1− xy = Cx3(2 + xy). 26. y = x−1 ln−1Cx3, x = 0,
y = 0. 27. 2

√
(1/xy2)− 1 = − lnCx, y = 0, xy2 = 1.



Ãëàâà 3. Ëèíåéíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà

3.1 Ëèíåéíûå óðàâíåíèÿ

Îïðåäåëåíèå 3.1. Óðàâíåíèÿ âèäà

y′ + a(x)y = b(x) (3.1)

íàçûâàåòñÿ ëèíåéíûìè.
Ïðè b(x) = 0 óðàâíåíèå ïðèíèìàåò âèä

y′ + a(x)y = 0 (3.2)

è íàçûâàþòñÿ ëèíåéíûì îäíîðîäíûì. Îäíîðîäíîå ëèíåéíîå óðàâíåíèå (3.2) èí-
òåãðèðóåòñÿ ðàçäåëåíèåì ïåðåìåííûõ:

dy

y
= −a(x)dx, ln |y| = −

∫
a(x) dx, y = Ce−

∫
a(x) dx. (3.3)

Èíòåãðèðîâàòü ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå (3.1) ìîæíî äâóìÿ ñïîñîáàìè.
1.Ìåòîä âàðèàöèè ïîñòîÿííîé. Áóäåì èñêàòü ðåøåíèå óðàâíåíèÿ

(3.1) â âèäå
y = C(x)e−

∫
a(x) dx, (3.4)

êîòîðîå ïîëó÷àåòñÿ èç (3.3) çàìåíîé C íà íåèçâåñòíóþ ôóíêöèþ C(x). Ïîäñòàâëÿåì âû-
ðàæåíèå (3.4) â óðàâíåíèå (3.1):

dC(x)

dx
e−

∫
a(x) dx − C(x)a(x)e−

∫
a(x) dx + C(x)a(x)e−

∫
a(x) dx = b(x),

dC(x)

dx
= b(x)e

∫
a(x) dx.

Îòñþäà
C(x) =

∫
b(x)e

∫
a(x) dx dx+ C0,

ãäå C0 - ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïîäñòàâëÿåì â ôîðìóëó (3.4), ïîëó÷àåì îáùåå ðåøåíèå
ëèíåéíîãî íåîäíîðîäíîãî óðàâíåíèÿ (3.1):

y = e−
∫
a(x) dx

(
C0 +

∫
b(x)e

∫
a(x) dx dx

)
.
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Ïðèìåð 1. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ − y · ctg x = sinx.

Ðåøåíèå. Ðåøàåì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

y′ − y · ctgx = 0,
dy

y
=

cosxdx

sin x
,

dy

y
=
d sin x

sin x
,

ln |y| = ln | sin x|+ ln |C|, y = C · sin x.

Îáùåå ðåøåíèå èñõîäíîãî óðàâíåíèÿ èùåì â âèäå

y = C(x) · sin x.

Ïîäñòàâëÿåì y è y′ = C ′(x) · sin x+ C(x) · cosx â èñõîäíîå óðàâíåíèå:

C ′(x) · sin x+ C · cosx− ctg x · C(x) sinx = sinx,

îòêóäà C ′(x) = 1, òîãäà C(x) = x+ C0. Ñëåäîâàòåëüíî, îáùåå ðåøåíèå óðàâíåíèÿ åñòü

y = (x+ C0) sinx.

2.Ìåòîä ïîäñòàíîâêè. Ïîëîæèì, y(x) = u(x)v(x). Òîãäà óðàâíåíèå (3.1) ïðèìåò
âèä

v (u′ + a(x)u(x)) + (v′u− b(x)) = 0. (3.5)

Âûáåðåì ôóíêöèþ u(x) òàê, ÷òîáû ïåðâàÿ ñêîáêà â ëåâîé ÷àñòè óðàâíåíèÿ (3.5) îáðàòè-
ëàñü â íóëü, ò. å. u(x) - ÷àñòíîå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (3.2). Äëÿ ýòîãî èíòåãðè-
ðóåì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

u′ + a(x)u(x) = 0

è âûáèðàåì êàêîå ëèáî ÷àñòíîå ðåøåíèå u = u1(x). Ïîäñòàâëÿÿ ôóíêöèþ u1(x) âìåñòî
u â ëåâóþ ÷àñòü óðàâíåíèÿ (3.1), ïîëó÷àåì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè
îòíîñèòåëüíî ôóíêöèè v(x):

v′u− b(x) = 0.

Íàõîäèì îáùåå ðåøåíèå ýòîãî óðàâíåíèÿ v = v(x,C). Ïåðåìíîæàÿ íàéäåííûå ôóíêöèè
u1(x) è v(x,C), ïîëó÷àåì îáùåå ðåøåíèå óðàâíåíèÿ (3.1):

y = u1(x)v(x,C).

Ïðèìåð 2. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ − 2y

x
=

3

x2
.
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Ðåøåíèå. Ïîëîæèì, y = uv è ïðèâåäåì óðàâíåíèå ê âèäó

v

(
u′ − 2u

x

)
+

(
v′u− 3

x2

)
= 0. (3.6)

Ðåøàåì óðàâíåíèå

u′ − 2u

x
= 0 ⇒ du

u
= 2

dx

x
⇒ ln |u| = ln x2 + ln |C| ⇒ u = Cx2.

Âûáèðàåì îäíî ÷àñòíîå ðåøåíèå u1 = x2. Ïîäñòàâëÿÿ u1 â óðàâíåíèå (3.6), ïîëó÷èì

v′x2 − 3

x2
= 0, dv = 3

dx

x4
, v(x,C) = C − 1

x3
.

Óìíîæàåì u1(x) è v(x,C), ïîëó÷àåì îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ:

y = Cx2 − 1

x
.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé è ÷àñòíûå ðåøåíèÿ, åñëè äàíû íà÷àëüíûå
óñëîâèÿ:
28. (x+ 1)y′ − 2y = (x+ 1)4.
29. y′ − y

x
= − 12

x3 .
30. y′ + 2y

x
= x3.

31. y′ − y tg x = 1
cosx

, y(0) = 0.
32. xy′ + y = x sinx, y(π) = 1/π.
Îòâåòû: 28. y = (x + 1)2(x2/2 + x + C). 29. y = 4/x2 + Cx. 30. y = x4/6 + C/x2. 31.

y = x
cosx

. 32. y = − cosx+ (sinx− π + 1)/x.

3.2 Ñïîñîáû ïðèâåäåíèÿ óðàâíåíèé ê ëèíåéíûì

1. Íåêîòîðûå óðàâíåíèÿ ñòàíîâÿòñÿ ëèíåéíûìè, åñëè ïîìåíÿòü ìåñòàìè èñêîìóþ ôóíê-
öèþ è íåçàâèñèìîå ïåðåìåííîå.
Ïðèìåð 3. Íàéòè ðåøåíèå óðàâíåíèÿ

(2ey − x)y′ = 1.

Ðåøåíèå. Çàïèøåì äàííîå óðàâíåíèå â äèôôåðåíöèàëàõ: dx + xdy = 2eydy. Òàê êàê
â ýòî óðàâíåíèå x è y âõîäÿò ëèíåéíî, òî óðàâíåíèå áóäåò ëèíåéíûì, åñëè õ ñ÷èòàòü
èñêîìîé ôóíêöèåé, à y - íåçàâèñèìîé ïåðåìåííîé. Òîãäà

x′y = 1/y′x ⇒
dx

dy
+ x = 2ey. (3.7)

Èñïîëüçóåì ìåòîä âàðèàöèè ïîñòîÿííîé. Ðåøàåì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:
dx

dy
+ x = 0 ⇒ dx

x
= −dy ⇒ ln |x| = −y + ln |C| ⇒ x = Ce−y.
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Ðåøåíèå (3.7) èùåì â âèäå x = C(y)e−y. Ïîäñòàâëÿåì x è x′ = C ′(y)e−y − Ce−y â (3.7),
ïîëó÷àåì

C ′(y)e−y = 2ey ⇒ dC = 2e2ydy ⇒ C = e2y + C0.

Îáùåå ðåøåíèå óðàâíåíèÿ
x = C0e

−y + ey.

2. Ñ ïîìîùüþ çàìåíû ïåðåìåííûõ óðàâíåíèÿ ìîæíî ïðèâåñòè ê ëèíåéíûì.
Ïðèìåð 4. Íàéòè ðåøåíèå óðàâíåíèÿ:

xdx = (x2 − 2y + 1)dy.

Ðåøåíèå. Äåëàåì çàìåíó:

z(x) = x2 − 2y(x) + 1 ⇒ dz = 2xdx− 2dy,

îòêóäà
xdx =

1

2
dz + dy.

Ïîäñòàâëÿåì â èñõîäíîå óðàâíåíèå è ïîëó÷àåì

dz = 2(z − 1)dy ⇒ dz

z − 1
= 2dy ⇒ ln |z − 1| = ln |C|+ 2y ⇒ z − 1 = Ce2y.

Âîçâðàùàåìñÿ ê ôóíêöèè y(x):
x2 − 2y = Ce2y.

Ïðèìåð 5. Íàéòè ðåøåíèå óðàâíåíèÿ

x(ey − y′) = 2.

Ðåøåíèå. Ïåðåïèøåì óðàâíåíèå â âèäå

x(1− y′e−y) = 2e−y.

Äåëàåì çàìåíó íåèçâåñòíîé ôóíêöèè e−y = z. Òîãäà −e−yy′ = z′. Ïîäñòàâëÿåì â èñõîäíîå
óðàâíåíèå, ïîëó÷àåì ëèíåéíîå óðàâíåíèå

z′ − 2

x
z = −1. (3.8)

Èñïîëüçóåì ìåòîä âàðèàöèè ïîñòîÿííîé. Ðåøàåì ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå:

z′ − 2

x
z = 0 ⇒ dz

z
= 2

dx

x
⇒ ln |z| = 2 ln |x|+ ln |C| ⇒ z = Cx2.

Ðåøåíèå èñõîäíîãî óðàâíåíèÿ èùåì â âèäå z = C(x)x2. Ïîäñòàâëÿåì â óðàâíåíèå (3.8):

C ′x2 = −1 ⇒ C =
1

x
+ C0.
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Â ðåçóëüòàòå z = C0x
2 + x. Ïåðåõîäèì ê ôóíêöèè y(x):

y = − ln (C0x
2 + x).

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
33. (sin2 y + x ctg y)y′ = 1.
34. dx = (sin y + 3 cos y + 3x)dy.
35. 4y2dx+

(
e

1
2y + x

)
dy = 0.

36. cos yy′ − 3 sin y/x = x3.
37. y′

y
− 2x ln y

x2−1
= x+ 1.

Îòâåòû: 33. x = (C− cos y) sin y. 34. x = − sin y cos y+C sin y. 35. y = e1/(2y) +Ce1/(4y).
36. sin y = x4 + Cx3. 37. ln y = (x2 − 1) ln |x− 1|+ C(x2 − 1).

3.3 Óðàâíåíèå Áåðíóëëè

Îïðåäåëåíèå 3.2. Óðàâíåíèå âèäà

y′ + a(x)y = b(x)yn, (n 6= 1) (3.9)

íàçûâàåòñÿ óðàâíåíèåì Áåðíóëëè.
Ïåðâûé ñïîñîá ðåøåíèÿ. Ðàçäåëèì îáå ÷àñòè óðàâíåíèÿ (3.9) íà yn è ñäåëàåì çàìåíó

z = y−n+1:
z′ + (−n+ 1)a(x)z = (−n+ 1)b(x).

Â ðåçóëüòàòå ïîëó÷èì ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå îòíîñèòåëüíî z.
Ïðèìåð 6. Ïðîèíòåãðèðîâàòü óðàâíåíèå Áåðíóëëè:

xy′ − 4y = x2√y.

Ðåøåíèå. Çäåñü n = 1
2
. Äåëèì îáå ÷àñòè íà x√y:

1
√
y

dy

dx
− 4

x

√
y = x.

Ââîäèì íîâóþ ïåðåìåííóþ:
z =

√
y,

dz

dx
=

1

2
√
y

dy

dx
.

Ïîäñòàâëÿåì â óðàâíåíèå è ïîëó÷àåì ëèíåéíîå óðàâíåíèå
dz

dx
− 2z

x
=
x

2
.

Ðåøàåì îäíîðîäíîå ëèíåéíîå óðàâíåíèå:
dz

dx
=

2z

x
⇒ dz

z
=

2dx

x
⇒ ln |z| = 2 ln |x|+ ln |C| ⇒ z = Cx2.
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Ïðèìåíÿåì ìåòîä âàðèàöèè ïîñòîÿííîé:

z = C(x)x2.

Ïîäñòàâëÿåì â íåîäíîðîäíîå óðàâíåíèå è ïîëó÷àåì
dC(x)

dx
=

1

2x
⇒ C(x) =

1

2
ln |x|+ C0.

Ñëåäîâàòåëüíî,
z = x2(C0 +

1

2
ln |x|) è y = x4(C0 +

1

2
ln |x|)2.

Ïîòåðÿííîå ðåøåíèå � y = 0.

Âòîðîé ñïîñîá ðåøåíèå. Ïîëîæèì,

y(x) = u(x)v(x). (3.10)

Òîãäà óðàâíåíèå (3.9) ïðèìåò âèä

u′v + (v′ + a(x)v)u = unvnb(x).

Âîçüìåì â êà÷åñòâå v â ôîðìóëå (3.10) êàêîå - íèáóäü ÷àñòíîå ðåøåíèå óðàâíåíèÿ v′ +
a(x)v = 0. Îòñþäà ïîëó÷èì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè äëÿ u(x) :

u′ = unvn−1b(x).

Ïðèìåð 7. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ + 2y = y2ex.

Ðåøåíèå. Äåëàåì â óðàâíåíèè çàìåíó y = uv, íàõîäèì:

u′v + (v′ + 2v)u = u2v2ex.

Íàõîäèì îáùåå ðåøåíèå óðàâíåíèÿ v′ + 2v = 0:
dv

v
= −2dx⇒ v(x) = Ce−2x.

Âûáèðàåì ÷àñòíîå ðåøåíèå v(x) = e−2x. Ïîäñòàâëÿåì y = ue−2x â èñõîäíîå óðàâíåíèå:

u′e−2x = u2e−3x ⇒ du

u2
= e−xdx⇒ 1

u
= e−x + C ⇒ u = (e−x + C)−1.

Îòñþäà îáùåå ðåøåíèå y = ue−2x = (ex + Ce2x)−1. Ïîòåðÿííîå ðåøåíèå � y = 0.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
38. y′ + y

x
= −xy2.

39. 8xy′ − 12y = −(5x2 + 3)y3.
40. 2y′ + y cosx = y−1 cosx.

41. 3xdy = y(1 + x sinx− 3y3 sin x)dx.
Îòâåòû: 38. y = (x2 +Cx)−1, y = 0. 39. y−2 = 5x2

28
+ 1

4
+ C

x3/2 , y = 0. 40. y2 = 1+Ce− sinx.
41. y3(3 + Cecosx) = x, y = 0.
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3.4 Óðàâíåíèå Äàðáó

Îïðåäåëåíèå 3.3. Óðàâíåíèå âèäà

M(x, y)dx+N(x, y)dy + P (x, y)(xdy − ydx) = 0, (3.11)

ãäåM(x, y) è N(x, y) - îäíîðîäíûå ôóíêöèè ñòåïåíèm, à P - îäíîðîäíàÿ ôóíêöèÿ ñòåïåíè
l (l 6= m− 1), íàçûâàåòñÿ óðàâíåíèåì Äàðáó.

Óðàâíåíèå Äàðáó, â êîòîðîì N 6= 0, ïðè ïîìîùè çàìåíû y = zx ïðèâîäèòñÿ ê óðàâíå-
íèþ Áåðíóëëè, à â ñëó÷àå l = m−2 - ê ëèíåéíîìó óðàâíåíèþ. ÅñëèN ≡ 0, òî çàìåíà y = zx

ïðèâîäèò ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè. Ïîëóïðÿìûå y = zix (x 6= 0), ãäå
zi - êîðíè óðàâíåíèÿ M(1, z) +N(1, z)z = 0, ìîãóò áûòü îñîáûìè ðåøåíèÿìè.
Ïðèìåð 8. Íàéòè ðåøåíèå óðàâíåíèÿ

xdx+ ydy + x(xdy − ydx) = 0.

Ðåøåíèå. Ïîëàãàÿ y = zx, èìååì (1 + z2)dx+ (zx+ x2)dz = 0. Îòñþäà
dx

dz
+

zx

1 + z2
= − x2

1 + z2
.

Ýòî óðàâíåíèå Áåðíóëëè. Èíòåãðèðóåì åãî, íàõîäèì
1

x
= C

√
1 + z2 + z.

Çàìåíÿÿ z íà y
x
, ïîëó÷àåì

C
√
x2 + y2 + y − 1 = 0.

Ïðèìåð 9. Íàéòè ðåøåíèå óðàâíåíèÿ

−x
√
x2 − y2dx+ xdy − ydx = 0.

Ðåøåíèå. Ýòî óðàâíåíèÿ Äàðáó, â êîòîðîì N ≡ 0. Ïîëàãàåì y = zx:

x(z′x+ z)− zx = x
√
x2 − z2x2 ⇒ z′ =

√
1− z2 ⇒ z = sin(x+ C),

ãäå −π
2
− C ≤ x ≤ π

2
− C. Îñîáûå ðåøåíèÿ z = ±1. Ñëåäîâàòåëüíî,

y = x sin(x+ C), −π
2
− C ≤ x ≤ π

2
− C; y = ±x (x 6= 0).

3.5 Óðàâíåíèå Ðèêêàòè

Îïðåäåëåíèå 3.4. Óðàâíåíèå âèäà

y′ = p(x)y2 + q(x)y + r(x), (3.12)

â êîòîðîì ïðàâàÿ ÷àñòü åñòü êâàäðàòè÷íàÿ ôóíêöèÿ îò èñêîìîé ôóíêöèè y, íàçûâàåòñÿ
óðàâíåíèåì Ðèêêàòè.
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Åñëè èçâåñòíî îäíî ÷àñòíîå ðåøåíèå y1 óðàâíåíèÿ Ðèêêàòè, òî ïîäñòàíîâêà y = y1 + 1
z
,

ãäå z - íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ, ïðèâîäèò ýòî óðàâíåíèå ê ëèíåéíîìó. Çàìåíîé y =

y1 + z óðàâíåíèå Ðèêêàòè ïðèâîäèòñÿ ê óðàâíåíèþ Áåðíóëëè.
Ïðèìåð 10. Íàéòè ðåøåíèå óðàâíåíèÿ

xy′ − y2 = −(2x+ 1)y + x2 + 2x.

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî ÷àñòíîå ðåøåíèå èìååò âèä y1 = ax+ b. Ïîäñòàâëÿåì åãî
â óðàâíåíèå:

ax = a2x2 + 2abx+ b2 − (2x+ 1)(ax+ b) + x2 + 2x,

ax = (a2 − 2a+ 1)x2 + (2ab− 2b− a+ 2)x− b.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè ïîäîáíûõ ÷ëåíàõ, ïîëó÷àåì óðàâíåíèÿ íà a è b:

ïðè x0: 0 = −b,

ïðè x1: a = 2ab− 2b− a+ 2,

ïðè x2: 0 = a2 − 2a+ 1.

Îòñþäà a = 1, b = 0 ⇒ y1 = x. Äåëàåì çàìåíó

y = x+
1

z

â èñõîäíîì óðàâíåíèè

xz′ = z − 1 ⇒ dz

z − 1
=
dx

x
⇒ z = 1 + Cx.

Ïîòåðÿííîå ðåøåíèå z − 1 = 0 ñëåäóåò èç îáùåãî ðåøåíèÿ ïðè C = 0. Âîçâðàùàåìñÿ ê
ôóíêöèè y(x):

y = x+
1

1 + Cx
.

Ïðèìåð 11. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ + 2yex − y2 = e2x + ex.

Ðåøåíèå. Ïðåäïîëîæèì, ÷òî ÷àñòíîå ðåøåíèå èìååò âèä y1 = bex. Ïîäñòàâëÿåì â óðàâ-
íåíèå:

bex + 2be2x − b2e2x = e2x + ex.

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè ïîäîáíûõ ÷ëåíàõ, ïîëó÷àåì óðàâíåíèÿ íà b:

ïðè ex: b = 1,

ïðè e2x: 2b− b2 = 1.
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Îòñþäà b = 1 ⇒ y1 = ex. Äåëàåì çàìåíó

y = ex +
1

z

â èñõîäíîì óðàâíåíèè
z′ = −1 ⇒ z = −(x+ C).

Âîçâðàùàåìñÿ ê ôóíêöèè y(x):
y = ex − 1

x+ C
.

Óðàâíåíèå Ðèêêàòè âèäà y′ = Ay2 + B
x
y + C

x2

Óðàâíåíèå Ðèêêàòè âèäà
y′ = Ay2 +

B

x
y +

C

x2
, (3.13)

ãäå A, B è C - ïîñòîÿííûå ÷èñëà, ïðè÷åì (B + 1)2 > 4AC, èìååò ÷àñòíîå ðåøåíèå

y1 =
a

x
, (3.14)

ãäå a - íåêîòîðîå ïîñòîÿííîå ÷èñëî, îïðåäåëÿåìîå ïîäñòàíîâêîé (3.14) â óðàâíåíèå (3.13).
Óðàâíåíèå (3.13) ìîæíî òàêæå ïðèâåñòè ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè

ïóòåì çàìåíû y = z
x
.

Ïðèìåð 12. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ =
1

2
y2 +

1

2x2
.

Ðåøåíèå. Åãî ÷àñòíîå ðåøåíèå áóäåì èñêàòü â âèäå y1 = a
x
. Ïîäñòàâëÿÿ y1 â óðàâíåíèå,

ïîëó÷àåì
− a

x2
=

a2

2x2
+

1

2x2
⇒ a2 + 2a+ 1 = 0,

îòêóäà a = −1. Ñëåäîâàòåëüíî, y1 = − 1
x
. Ïîëàãàÿ òåïåðü

y = y1 +
1

z
= −1

x
+

1

z
,

ïðèõîäèì ê ëèíåéíîìó óðàâíåíèþ

z′ − z

x
= −1

2
,

êîòîðîå ìîæíî ðåøèòü ìåòîäîì âàðèàöèè ïîñòîÿííîé èëè ìåòîäîì ïîäñòàíîâêè. Èíòå-
ãðèðóåì åãî, íàõîäèì

z =
x

2
(C − ln |x|).

Ïîýòîìó
y = −1

x
+

2

x(C − ln |x|)
.
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Óðàâíåíèå Ðèêêàòè âèäà y′ = Ay2

x
+ 1

2
y
x

+ C

Óðàâíåíèå Ðèêêàòè âèäà

y′ = A
y2

x
+

1

2

y

x
+ C èëè y′x− 1

2
y − Ay2 = Cx (3.15)

ïîäñòàíîâêîé y = z
√
x ïðèâîäèòñÿ ê óðàâíåíèþ ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè √xz′ =

Az2 + C è, ñëåäîâàòåëüíî, âñåãäà èíòåãðèðóåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ.

Ñïåöèàëüíîå óðàâíåíèå Ðèêêàòè y′ + Ay2 = Bxm

Îïðåäåëåíèå 3.5. Óðàâíåíèå âèäà

y′ + Ay2 = Bxm (3.16)

íàçûâàåòñÿ ñïåöèàëüíûì óðàâíåíèåì Ðèêêàòè.
Ïðè m = 0 ïîëó÷àåì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè; ïðè m = −2 ïîëó-

÷àåì óðàâíåíèå âèäà (3.13). Óðàâíåíèå èíòåãðèðóåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ òàêæå
ïðè âñåõ m, äëÿ êîòîðûõ

m

2m+ 4
= k (k ∈ Z). (3.17)

Â ýòîì ñëó÷àå óðàâíåíèå ìîæíî ïðèâåñòè ê óðàâíåíèþ âèäà (3.15). Ââîäÿ âìåñòî x è y
íîâûå ïåðåìåííûå t è z ïî ôîðìóëàì

xm+2 = t, y =
z(t)

x
=

z(t)

t1/(m+2)
, y′x =

y′t
x′t
,

ïîëó÷àåì óðàâíåíèå
tz′ + αz + βz2 = γt

(
α = k − 1

2

)
,

êîòîðîå ïðèâîäèòñÿ ê óðàâíåíèþ âèäà (3.15) ñ ïîìîùüþ ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ
ïîäñòàíîâîê:

z =
t

1+α
γ

+ u
èëè z = −α

β
+
t

u
, (3.18)

ñîîòâåòñòâåííî óâåëè÷èâàþùèõ èëè óìåíüøàþùèõ ÷èñëî α íà åäèíèöó.
Ïðèìåð 13. Íàéòè ðåøåíèå óðàâíåíèÿ

y′ = y2 + x−4.

Ðåøåíèå. Çäåñü m = −4, óñëîâèå (3.17) âûïîëíåíî, ïðè÷åì k = 1. Ïðèìåíÿÿ ïîäñòà-
íîâêè

y =
z

x
= z(t)

√
t, x−2 = t, y′x =

y′t
x′t

=

(
z(t)

√
t
)′
t

(1/
√
t)′t

= −2t2z′t − tz,
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ïîëó÷àåì
tz′ +

1

2
z +

1

2
z2 = −1

2
t

(
α =

1

2
, β =

1

2
, γ = −1

2

)
.

×òîáû ïðèâåñòè ýòî óðàâíåíèå ê âèäó (3.15), íóæíî ïðèìåíèòü îäèí ðàç ïîäñòàíîâêó
(3.18), ò.å z = −1 + t

u
, ïîñëå ÷åãî èìååì

tu′ − 1

2
u− 1

2
u2 =

1

2
t.

Ýòî óðàâíåíèå âèäà (3.15). Ïîëàãàÿ u = v
√
t, íàõîäèì

√
tv′ =

1 + v2

2
,

îòêóäà
v = tg(

√
t+ C), −π

2
− C ≤

√
t ≤ π

2
− C.

Ñëåäîâàòåëüíî,
u =

√
t tg(

√
t+ C), z = −1 +

√
t ctg(

√
t+ C).

Ïåðåõîäèì ê ôóíêöèè y(x):
y =

1

x2
ctg

(
1

x
+ C

)
− 1

x
.

Çàìåíà y = α(x)z

Óðàâíåíèÿ Ðèêêàòè (3.12) ñ ïîìîùüþ ïîäñòàíîâêè âèäà y = α(x)z ìîæíî ïðèâåñòè ê
òàêîìó óðàâíåíèþ Ðèêêàòè, â êîòîðîì êîýôôèöèåíò ïðè êâàäðàòå èñêîìîé ôóêíêöèè
ðàâåí ±1.

Ïîäñòàíîâêîé âèäà y = z+β(x) ìîæíî, íå ìåíÿÿ êîýôôèöèåíòà ïðè êâàäðàòå èñêîìîé
ôóíêöèè, ñäåëàòü ðàâíûì íóëþ ñóììó êîýôôèöèåíòîâ ïðè z(x).

Êîìáèíèðóÿ óêàçàííûå ïîäñòàíîâêè, óðàâíåíèå Ðèêêàòè ìîæíî ïðèâåñòè ê âèäó y′ =

±y2 + R(x). Åñëè ïðè ýòîì îêàæåòñÿ, ÷òî R(x) = Bxm, ïîëó÷àåì ñïåöèàëüíîå óðàâíåíèå
Ðèêêàòè.
Ïðèìåð 14. Íàéòè ðåøåíèå óðàâíåíèÿ, ïðèâåäÿ åãî ê âèäó y′ = y2 + C:

xy′ = x2y2 + y + 2x−2 + 2.

Ðåøåíèå. C ïîìîùüþ ïîäñòàíîâêè y = β(x)z ïðèâåäåì ê óðàâíåíèþ Ðèêêàòè, â êîòîðîì
êîýôôèöèåíò ïðè êâàäðàòå èñêîìîé ôóíêöèè ðàâåí 1:

xβ′z + xβz′ = β2x2z2 + βz + 2x−2 + 2.

Ïðèðàâíèâàÿ êîýôôèöèåíò ïðè êâàäðàòå èñêîìîé ôóíêöèè z åäèíèöå, ïîëó÷àåì óðàâíå-
íèÿ íà ôóíêöèþ β:

β2x2 = 1 èëè β = x−1.
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Äåëàåì ïîäñòàíîâêó y = x−1z(x) â èñõîäíîì óðàâíåíèè

z′ = z2 + 2
z

x
+

2

x2
+ 2.

Ïåðåõîäèì ê íîâîé ôóíêöèè z = u(x) + α(x) â ïîñëåäíåì óðàâíåíèè

u′ + α′ = u2 + α2 + 2αu+ 2
u

x
+ 2

α

x
+

2

x2
+ 2.

Ôóíêöèþ α(x) ïîäáèðàåì òàê, ÷òîáû àëãåáðàè÷åñêàÿ ñóììà êîýôôèöèåíòîâ ïðè u ðàâíÿ-
ëàñü íóëþ:

2α+
2

x
= 0 èëè α = −1

x
.

Â ðåçóëüòàòå ïîëó÷àåì óðàâíåíèå ñ ðàçäåëÿþùèìèñÿ ïåðåìåííûìè:

u′ = u2 + 2,
du

u2 + 2
= dx,

1√
2

arctg

(
u√
2

)
= x+ C, u =

√
2 tg(

√
2x+ C).

Âîçâðàùàåìñÿ ê ôóíêöèè y(x):

y =

√
2

x
tg(
√

2x+ C)− 1

x2
, − π

2
√

2
− C√

2
< x <

π

2
√

2
− C√

2
.

Íàéòè îáùèå ðåøåíèÿ äëÿ óðàâíåíèé:
42. y′ − 2xy + y2 = 5− x2.
43. x2y′ = x2y2 + yx+ 1.
44. y′ = −y2 + x4.
45. xy′ = y2 − 3y + 4x2 + 2.
Îòâåòû:
42. y = x+ 2 + 4

Ce4x−1
, y = x+ 2.

43. y = − 1
x

+ 1
x(C−lnx)

.
44. y = 1

x
+ tg(−1/x+ C)/x2.

45. y = 2x tg(2x+ C) + 2.



Ãëàâà 4. Óðàâíåíèÿ â ïîëíûõ

äèôôåðåíöèàëàõ. Èíòåãðèðóþùèé ìíîæèòåëü

4.1 Óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ

Îïðåäåëåíèå 4.1. Óðàâíåíèå

M(x, y)dx+N(x, y)dy = 0 (4.1)

íàçûâàåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ, åñëè åãî ëåâàÿ ÷àñòü ÿâëÿåòñÿ ïîëíûì
äèôôåðåíöèàëîì íåêîòîðîé ôóíêöèè F (x, y).

Ïðåäïîëàãàåì, ÷òî ôóíêöèè M è N îïðåäåëåíû è íåïðåðûâíû â íåêîòîðîé îäíîñâÿç-
íîé îáëàñòè D è èìåþò â íåé íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ñîîòâåòñòâåííî ïî x
è y. Òîãäà äëÿ òîãî ÷òîáû óðàâíåíèå (4.1) áûëî óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü òîæäåñòâî

∂M

∂y
≡ ∂N

∂x
. (4.2)

Ñïîñîáû ðåøåíèÿ

1. ×òîáû ðåøèòü óðàâíåíèå (4.1), íàäî íàéòè ôóíêöèþ F (x, y), îò êîòîðîé ïîëíûé äèô-
ôåðåíöèàë dF (x.y) = F ′

xdx+F ′
ydy ðàâåí ëåâîé ÷àñòè óðàâíåíèÿ (4.1). Òîãäà îáùåå ðåøåíèå

óðàâíåíèÿ (4.1) ìîæíî çàïèñàòü â âèäå F (x, y) = C, ãäå Ñ - ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ôóíêöèÿ F (x, y) äîëæíà óäîâëåòâîðÿòü ñèñòåìå óðàâíåíèé: ∂F

∂x
= M,

∂F
∂y

= N.
(4.3)

Èíòåãðèðóÿ (÷àñòíûì îáðàçîì) ïî x ïåðâîå èç óðàâíåíèé (4.3), èìååì

F (x, y) =

∫
M(x, y)dx+ ϕ(y), (4.4)
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ãäå ϕ(y) - ëþáàÿ ôóíêöèÿ îò y.
Âûáèðàåì ϕ(y) òàê, ÷òîáû ôóíêöèÿ (4.4) áûëà ðåøåíèåì è âòîðîãî èç óðàâíåíèé (4.3).

Äèôôåðåíöèðóÿ óðàâíåíèå (4.4) ïî y è ïîëàãàÿ ∂F
∂y

= N , ïîëó÷àåì äëÿ íàõîæäåíèÿ ϕ(y)

ëåãêî èíòåãðèðóåìîå äèôôåðåíöèàëüíîå óðàâíåíèå ϕ′(y) = ω(y), ïðàâàÿ ÷àñòü êîòîðîãî
çàâèñèò òîëüêî îò y. Èíòåãðèðóÿ ýòî óðàâíåíèå, âèäèì, ÷òî â êà÷åñòâå ϕ(y) ìîæíî âçÿòü
ϕ(y) =

∫
ω(y)dy. Ïîýòîìó îáùèé èíòåãðàë óðàâíåíèÿ (4.1) ìîæíî çàïèñàòü òàê:∫

M(x, y)dx+

∫
ω(y)dy = C.

Àíàëîãè÷íî èñõîäÿ èç óðàâíåíèÿ ∂F
∂y

= N , ïðèõîäèì ê îáùåìó èíòåãðàëó âèäà∫
N(x, y)dx+

∫
ω1(y)dy = C.

Îáùèé èíòåãðàë ìîæíî íàéòè ñðàçó, èñïîëüçóÿ ôîðìóëó∫ x

x0

M(x, y)dx+

∫ y

y0

N(x0, y)dy = C.

Çíà÷åíèå x0 è y0 âûáèðàþò òàê, ÷òîáû ñóùåñòâîâàëè ýòè äâà èíòåãðàëà, à ïîñëåäíèé
èìåë íàèáîëåå ïðîñòîé âèä.
Ïðèìåð 1. Íàéòè ðåøåíèå óðàâíåíèÿ

2xydx+ (x2 − y2)dy = 0.

Ðåøåíèå. Â äàííîì ïðèìåðå

M(x, y) = 2xy; N(x, y) = x2 − y2.

Òàê êàê
∂M

∂y
=
∂(2xy)

∂y
= 2x,

∂N

∂x
=
∂(x2 − y2)

∂x
= 2x,

òî óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ. Èñêîìàÿ ôóíêöèÿ F (x, y)

îïðåäåëÿåòñÿ èç ñèñòåìû  ∂F
∂x

= 2xy

∂F
∂y

= x2 − y2.
(4.5)

Èíòåãðèðóÿ ïåðâîå óðàâíåíèå èç ñèñòåìû (4.5), ïîëó÷èì

F (x, y) =

∫
2xydx = x2y + ϕ(y). (4.6)

Ïîäñòàâëÿåì (4.6) âî âòîðîå óðàâíåíèå ñèñòåìû (4.5), ïîëó÷àåì

x2 + ϕ′(y) = x2 − y2 ⇒ ϕ′(y) = −y2 ⇒ ϕ(y) = −y
3

3
.
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Èç (4.6) ñëåäóåò
F (x, y) = x2y − y3

3
.

Îáùèé èíòåãðàë èñõîäíîãî óðàâíåíèÿ èìååò âèä

x2y − y3

3
= C.

2. Îáùèé èíòåãðàë óðàâíåíèÿ (4.1) ìîæíî òàêæå çàïèñàòü â âèäå∫ x

x0

M(x, y)dx+

∫ y

y0

N(x0, y)dy = C (4.7)

èëè ∫ x

x0

M(x, y0)dx+

∫ y

y0

N(x, y)dy = C, (4.8)

ãäå íèæíèå ïðåäåëû x0 è y0 âûáèðàþòñÿ ïðîèçâîëüíî, íî òàê, ÷òîáû òî÷êà (x0, y0) ïðè-
íàäëåæàëà îáëàñòè D.

Â ýòèõ ôîðìóëàõ èíòåãðèðîâàíèå ïðîèçâîäèòñÿ ïî îäíîé èç ïåðåìåííûõ, â òî âðåìÿ
êàê âòîðàÿ ÿâëÿåòñÿ ïàðàìåòðîì, ïðè÷åì â îäíîì èç èíòåãðàëîâ ïàðàìåòð ôèêñèðóåòñÿ
(ïîëàãàåòñÿ ðàâíûì íèæíåìó ïðåäåëó äðóãîãî èíòåãðàëà).
Ïðèìåð 2. Íàéòè ðåøåíèå óðàâíåíèÿ

(3x2 + 6xy2)dx+ (6x2y + 4y3)dy = 0.

Ðåøåíèå. Çäåñü
∂M

∂y
=
∂N

∂x
= 12xy,

ò.å. óñëîâèå (4.2) âûïîëíåíî, è, ñëåäîâàòåëüíî, äàííîå óðàâíåíèå åñòü óðàâíåíèå â ïîëíûõ
äèôôåðåíöèàëàõ.

Íàéäåì îáùèé èíòåãðàë óðàâíåíèÿ ïî ôîðìóëå (4.7). Âçÿâ x0 = 0, y0 = 0, ïîëó÷èì∫ x

0

(3x2 + 6xy2)dx+

∫ y

0

4y3dy = C.

Îòñþäà
x3 + 3x2y2 + y4 = C.

3. Äëÿ ðåøåíèÿ íåêîòîðûõ óðàâíåíèé ìîæíî ïðèìåíèòü ìåòîä âûäåëåíèÿ ïîëíûõ
äèôôåðåíöèàëîâ, èñïîëüçóÿ èçâåñòíûå ôîðìóëû:

d(xayb) = xa−1yb−1(aydx+ bxdy), d(xy) = xdy + ydx, (4.9)

d

(
x

y

)
=
ydx− xdy

y2
, d(ya) = aya−1dy, d(ln y) =

dy

y
è ò. ï.



29

Ïðèìåð 3. Íàéòè ðåøåíèå óðàâíåíèÿ

(x3 − y)dx− (y2 + x)dy = 0.

Ðåøåíèå. Ñíà÷àëà âûäåëÿåì ãðóïïó ÷ëåíîâ, ïðåäñòàâëÿþùóþ ñîáîé ïîëíûé äèôôå-
ðåíöèàë:

x3dx− ydx− y2dy − xdy = 0.

Òàê êàê
x3dx = d

x4

4
, y2dy = d

y3

3
, −ydx− xdy = −d(xy), (4.10)

òî
d

(
x4

4
− y3

3
− xy

)
= 0 ⇒ x4

4
− y3

3
− xy = C.

Ïðèìåð 4. Íàéòè ðåøåíèå óðàâíåíèÿ
y

x
dx+ (y3 + lnx)dy = 0.

Ðåøåíèå.

y3dy = d
y4

4
,

y

x
dx+ lnxdy = yd lnx+ dy lnx = d(y lnx).

Îòñþäà

d

(
y4

4
+ y lnx

)
= 0 ⇒ y4

4
+ y lnx = C.

4. Åñëè â óðàâíåíèè ìîæíî âûäåëèòü ïîëíûå äèôôåðåíöèàëû íåêîòîðûõ ôóíêöèé
ϕ(x, y) èψ(x, y), òî èíîãäà óðàâíåíèå óïðîùàåòñÿ, åñëè îò ïåðåìåííûõ (x, y) ïåðåéòè ê
ïåðåìåííûì (g, z), ãäå z = ϕ(x, y), g = ψ(x, y).
Ïðèìåð 5. Íàéòè ðåøåíèå óðàâíåíèÿ

ydx− (x3y + x)dy = 0.

Ðåøåíèå. Ðàçäåëèâ óðàâíåíèå íà x2, ïîëó÷àåì
ydx− xdy

x2
− xydy = 0 ⇒ d

(y
x

)
+ xydy = 0.

Ïåðåéä¼ì îò ïåðåìåííûõ (x, y) ê ïåðåìåííûì (z, y), ãäå z = y
x
:

dz +
y2

z
dy = 0.

Îòêóäà
zdz + y2dy = 0 ⇒ z2

2
+
y3

3
= C.

Âîçâðàùàåìñÿ ê ñòàðûì ïåðåìåííûì:
1

2

(y
x

)2

+
y3

3
= C.

Ïðè äåëåíèè íà -x2 áûëî ïîòåðÿíî ðåøåíèå x = 0.
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Ïðèìåð 6. Íàéòè ðåøåíèå óðàâíåíèÿ:

y3dx− 2xy2dy − x4dy + 2yx3dx = 0, (x > 0, y > 0).

Ðåøåíèå. Ñãðóïïèðóåì ÷ëåíû óðàâíåíèÿ òàê, ÷òîáû ìîæíî áûëî âûäåëèòü ïîëíûå
äèôôåðåíöèàëû

y2(ydx− 2xdy) + x3(2ydx− xdy) = 0.

Ïðèìåíèâ ôîðìóëó (4.9), ïîëó÷èì

ydx− 2xdy = y3d

(
x

y2

)
,

2ydx− xdy =
y2

x
d

(
x2

y

)
.

Ïîýòîìó óðàâíåíèå ìîæíî ïåðåïèñàòü â âèäå

y5d

(
x

y2

)
+ y2x2d

(
x2

y

)
= 0.

Äåëàåì çàìåíó ïåðåìåííûõ
u =

x

y2
, v =

x2

y
,

Îòñþäà

y =
( v
u2

) 1
3
, x =

(
v2

u

) 1
3

.

Ïîäñòàâëÿåì â óðàâíåíèå ( v
u2

) 5
3
du+

(
v2

u

) 2
3 ( v

u2

) 2
3
dv = 0.

Ðàçäåëèâ ïåðåìåííûå, ïîëó÷èì

u−
4
3du+ v

1
3dv = 0,

Èíòåãðèðóåì
−u−

1
3 +

1

4
v

4
3 = C.

Âîçâðàùàåìñÿ ê ïåðåìåííûì x è y:
x3

4
− y2 = C 3

√
y4x.
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4.2 Èíòåãðèðóþùèé ìíîæèòåëü

Îïðåäåëåíèå 4.2. Èíòåãðèðóþùèì ìíîæèòåëåì äëÿ óðàâíåíèÿ

M(x, y)dx+N(x, y)dy = 0 (4.11)

íàçûâàåòñÿ òàêàÿ ôóíêöèÿ µ(x, y) 6= 0, ïîñëå óìíîæåíèÿ íà êîòîðóþ óðàâíåíèå ïðåâðà-
ùàåòñÿ â óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ.

Åñëè íàéäåí èíòåãðèðóþùèé ìíîæèòåëü µ(x, y), òî èíòåãðèðîâàíèå äàííîãî óðàâíåíèÿ
ñâîäèòñÿ ê óìíîæåíèþ îáåèõ åãî ÷àñòåé íà µ(x, y) è íàõîæäåíèþ îáùåãî èíòåãðàëà ïî-
ëó÷åííîãî óðàâíåíèÿ â ïîëíûõ äèôôåðåíöèàëàõ. Åñëè µ(x, y) âî âñåõ òî÷êàõ íåêîòîðîé
êðèâîé îáðàùàåòñÿ â áåñêîíå÷íîñòü, òî âîçìîæíà ïîòåðÿ íåêîòîðûõ ðåøåíèé äàííîãî
óðàâíåíèÿ; åñëè µ(x, y) îáðàùàåòñÿ â íóëü, òî åñòü âåðîÿòíîñòü ïîëó÷èòü ïîñòîðîííèå
ðåøåíèÿ. Åñëè µ(x, y) åñòü íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ îò x è y, òî

∂(µM)

∂y
≡ ∂(µN)

∂x
.

Îòñþäà
N
∂µ

∂x
−M

∂µ

∂y
= µ

(
∂M

∂y
− ∂N

∂x

)
. (4.12)

1. Åñëè çàðàíåå èçâåñòíî, ÷òî µ = µ(ω), ãäå ω - çàäàííàÿ ôóíêöèÿ îò x è y, òî óðàâíåíèå
(4.12) ñâîäèòñÿ ê îáûêíîâåííîìó óðàâíåíèþ ñ íåèçâåñòíîé ôóíêöèåé µ îò íåçàâèñèìîé
ïåðåìåííîé ω

dµ

dω
= ψ(ω)µ, (4.13)

ãäå
∂M
∂y
− ∂N

∂x

N ∂ω
∂x
−M ∂ω

∂y

≡ ψ(ω), (4.14)

ò.å. äðîáü ñëåâà ÿâëÿåòñÿ ôóíêöèåé òîëüêî îò ω.
Ðåøàÿ óðàâíåíèå (4.13), íàõîäèì èíòåãðèðóþùèé ìíîæèòåëü

µ = ce
∫
ψ(ω)dω.

Â ÷àñòíîñòè, óðàâíåíèå (4.11) èìååò èíòåãðèðóþùèé ìíîæèòåëü, çàâèñÿùèé òîëüêî îò
x (ω = x) èëè òîëüêî îò y(ω = x), åñëè âûïîëíåíû, ñîîòâåòñòâåííî, ñëåäóþùèå óñëîâèÿ:

∂M
∂y
− ∂N

∂x

N
≡ ψ(x) (µ = e

∫
ψ(x)dx) (4.15)

èëè
∂M
∂y
− ∂N

∂x

−M
≡ ψ(y) (µ = e

∫
ψ(y)dy). (4.16)
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Ïðèìåð 7. Íàéòè ðåøåíèå óðàâíåíèÿ

(1− yx2)dx+ x2(x− y)dy = 0.

Ðåøåíèå. Ïðîâåðèì, íå èìååò ëè îíî èíòåãðèðóþùåãî ìíîæèòåëÿ, çàâèñÿùåãî òîëüêî
îò x:

∂M
∂y
− ∂N

∂x

N
=
−x2 − 2xy + 3x2

x2(y − x)
= −2

x
≡ ψ(x),

ò.å. óñëîâèå (4.15) âûïîëíåíî. Ïîýòîìó

µ = e
∫
ψ(x)dx = exp(−

∫
2

x
dx) =

1

x2
.

Óìíîæàÿ îáå ÷àñòè èñõîäíîãî óðàâíåíèÿ íà 1
x2 , ïîëó÷àåì(

1

x2
− y

)
dx+ (y − x)dy = 0.

Óáåäèìñÿ, ÷òî ïîëó÷åííîå óðàâíåíèå ÿâëÿåòñÿ óðàâíåíèåì â ïîëíûõ äèôôåðåíöèàëàõ:
∂M

∂y
=
∂( 1

x2 − y)

∂y
= −1,

∂N

∂x
=
∂(y − x)

∂x
= −1,

Îáùèé èíòåãðàë óðàâíåíèÿ îïðåäåëÿåòñÿ èç ñèñòåìû ∂F
∂x

= 1
x2 − y

∂F
∂y

= y − x.
(4.17)

Èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (4.17) íàõîäèì

F = −1

x
− yx+ ϕ(y).

Ïîäñòàâëÿåì F âî âòîðîå óðàâíåíèå ñèñòåìû (4.17), ïîëó÷àåì óðàâíåíèå íà ôóíêöèþ
ϕ(y):

ϕ′ = y ⇒ ϕ =
y2

2
.

Îòñþäà
F = −1

x
− yx+

y2

2
.

Îáùåå ðåøåíèå äàííîãî óðàâíåíèÿ èìååò âèä:

−1

x
− yx+

y2

2
= C.

Èíòåãðèðóþùèé ìíîæèòåëü µ â íóëü íå îáðàùàåòñÿ, çíà÷èò ïîñòîðîííèõ ðåøåíèé íåò.
Ïðè x = 0 µ îáðàùàåòñÿ â áåñêîíå÷íîñòü, ò.å âîçìîæíî x = 0 � ïîòåðÿííîå ðåøåíèå.
Íåïîñðåäñòâåííàÿ ïîäñòàíîâêà â èñõîäíîå óðàâíåíèå ïîêàçûâàåò, ÷òî x = 0 ÿâëÿåòñÿ
ðåøåíèåì.
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Ïðèìåð 8. Íàéòè ðåøåíèå óðàâíåíèÿ

(
√
x2 − y + 2x)dx− dy = 0,

åñëè èçâåñòíî, ÷òî äëÿ íåãî èíòåãðèðóþùèé ìíîæèòåëü èìååò âèä µ = µ(x2 − y).
Ðåøåíèå. Ïîëàãàÿ â óñëîâèè (4.14) ω = x2 − y,

∂M
∂y
− ∂N

∂x

N ∂ω
∂x
−M ∂ω

∂y

=

(−1)

2
√
x2−y

−2x+ (
√
x2 − y + 2x)

= − 1

2(x2 − y)
= − 1

2ω
≡ ψ(ω).

Ïîýòîìó
µ = e

∫
ψ(ω)dω = e−

∫
( 1

2ω )dω =
1√
ω

=
1√
x2 − y

.

Óìíîæàÿ îáå ÷àñòè èñõîäíîãî óðàâíåíèÿ íà 1√
x2−y

è ãðóïïèðóÿ, ïîëó÷èì

dx+
2xdx− dy√

x2 − y
= 0 ⇒ dx+

d(x2 − y)√
x2 − y

= 0 ⇒

⇒ dx+ 2d(
√
x2 − y) = 0 ⇒ x+ 2

√
x2 − y = C.

Çäåñü µ îáðàùàåòñÿ â áåñêîíå÷íîñòü â òî÷êàõ êðèâîé y = x2. Ôóíêöèÿ y = x2 ÿâëÿåòñÿ
ïîòåðÿííûì ðåøåíèåì.
2. Èíòåãðèðóþùèé ìíîæèòåëü óðàâíåíèÿ (4.11) ìîæíî îòûñêàòü ñ ïîìîùüþ ðàçáèåíèÿ

ýòîãî óðàâíåíèÿ íà ãðóïïû, äëÿ êàæäîé èç êîòîðûõ ëåãêî íàõîäèòñÿ èíòåãðèðóþùèé
ìíîæèòåëü.

Ïóñòü óðàâíåíèå (4.11) äîïóñêàåò ðàçáèåíèå íà äâå òàêèå ãðóïïû:

(M1(x, y)dx+N1(x, y)dy) + (M2(x, y)dx+N2(x, y)dy) = 0 (4.18)

è µ1, µ2 - èõ èíòåãðèðóþùèå ìíîæèòåëè, òàê ÷òî

µ1(M1dx+N1dy) = dU1, µ2(M2dx+N2dy) = dU2.

Ïîïûòàåìñÿ ïîäîáðàòü ôóíêöèè ϕ(U1) è ψ(U2) òàêèì îáðàçîì, ÷òîáû

µ1ϕ(U1) = µ2ψ(U2). (4.19)

Òîãäà ôóíêöèÿ
µ = µ1ϕ(U1) = µ2ψ(U2)

áóäåò èíòåãðèðóþùèì ìíîæèòåëåì âñåãî óðàâíåíèÿ (4.18), êîòîðîå ïîñëå óìíîæåíèÿ îáå-
èõ åãî ÷àñòåé íà ýòîò èíòåãðèðóþùèé ìíîæèòåëü ïðèìåò âèä

ϕ(U1)dU1 + ψ(U2)dU2 = 0,
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è, ñëåäîâàòåëüíî, îáùèé èíòåãðàë óðàâíåíèÿ (4.18) çàïèøåòñÿ òàê:∫
ϕ(U1)dU1 +

∫
ψ(U2)dU2 = C. (4.20)

Çàìå÷àíèå 1. Ïîäáîð ôóíêöèè ϕ è ψ èíîãäà îáëåã÷àåòñÿ çàìåíîé èíòåãðàëîâ U1 è U2

äðóãèìè èíòåãðàëàìè, îïðåäåëåííûìè â òîé æå îáëàñòè. Íî òîãäà íåëüçÿ çàïèñûâàòü
îáùèé èíòåãðàë ïî ôîðìóëå (4.20).
Ïðèìåð 9. Íàéòè ðåøåíèå óðàâíåíèÿ

y(1 + yx)dx+ (
1

2
x2y + y + 1)dy = 0. (4.21)

Ðåøåíèå. Ðàçîáüåì óðàâíåíèå íà äâå ãðóïïû:(
y(1 + xy)dx+

1

2
x2ydy

)
+ (y + 1)dy = 0.

Äëÿ ïåðâîé èç íèõ µ1 = 1
y
, U1 = x + 1

2
x2y. Âòîðàÿ ãðóïïà ïðåäñòàâëÿåò ñîáîé ïîëíûé

äèôôåðåíöèàë, òàê ÷òî µ2 = 1, U2 = y2

2
+ y. Ðàâåíñòâî (4.19) ïðèìåò âèä

1

y
ϕ(x+ 1

2
x2y) = 1 · ψ(

y2

2
+y

). (4.22)

Ôóíêöèþ ϕ íóæíî ïîäîáðàòü òàê, ÷òîáû ëåâàÿ ÷àñòü ýòîãî ðàâåíñòâà ñòàëà ôóíêöèåé,
çàâèñÿùåé òîëüêî îò y. Ïîýòîìó íóæíî ïîëîæèòü ϕ(U1) = const, íàïðèìåð ϕ(U1) = 1.
Äàëåå, ó÷èòûâàÿ çàìå÷àíèå (1), äëÿ óäîáñòâà ïîäáîðà ôóíêöèè ψ çàìåíèì èíòåãðàë U2

èíòåãðàëîì Û2 = y. Òîãäà ðàâåíñòâî (4.19) ìîæíî ïåðåïèñàòü â âèäå 1
y

= ψ(y), ïîýòîìó
èíòåãðèðóþùèé ìíîæèòåëü óðàâíåíèÿ (4.21) áóäåò µ = 1

y
. Óìíîæàÿ îáå ÷àñòè óðàâíåíèÿ

(4.21) íà µ = 1
y
, ïîëó÷àåì óðàâíåíèå â ïîëíûõ äèôôåðåíöèàëàõ

(1 + xy)dx+

(
1

2
x2 + 1 +

1

y

)
dy = 0.

Èíòåãðèðóÿ åãî, íàõîäèì

U = x+
x2

2
y + y + ϕ(y); ϕ′(y) = 1 +

1

y
⇒ ϕ(y) = y + ln y.

Îáùèì èíòåãðàëîì óðàâíåíèÿ (4.21) áóäåò

x+
x2

2
y + y + ln y = C.

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
46. (x2 + y2 + 2x)dx+ 2xydy = 0.
47. y

x
dx+ (y3 + lnx) dy = 0.

48. xex + y
x2 − y′

x
= 0.
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49. (y3 + cosx)dx+ (3xy2 + ey)dy = 0.
50. xdx+ ydy = xdy−ydx

x2+y2
.

51.
(
2xy + x2y + y3

3

)
dx+ (x2 + y2)dy = 0.

52. y(1 + xy) = xy′.
53. (x2 + y2 + x)dx+ ydy = 0.
54. (y − 1

x
)dx+ dy

y
= 0.

55. y(x2 − y + 1)dx+ x(x2 + 1)dy = 0.
Îòâåòû: 46. x3

3
+ xy2 + x2 = C. 47. 4y lnx + y4 = C. 48. y = x2ex − xex + Cx. 49.

xy3 + sinx+ ey = C. 50. x2 + y2− 2 arctg y
x

= C. 51. yex
(
x2 + y2

3

)
= C. 52. x

y
+ x2

2
= C. 53.

2x+ ln(x2 + y2) = C. 54. (x2 − C)y = 2x. 55. −y + 1 = xy(arctg x+ C).



Ãëàâà 5. Óðàâíåíèÿ, íå ðàçðåøåííûå

îòíîñèòåëüíî ïðîèçâîäíîé

Â äàííîé ãëàâå ðàññìàòðèâàþòñÿ ñïîñîáû ðåøåíèÿ óðàâíåíèé 1 � ãî ïîðÿäêà, íå ðàçðå-
øåííûå îòíîñèòåëüíî ïðîèçâîäíîé:

F (x, y, y′) = 0. (5.1)

5.1 Äèôôåðåíöèàëüíûå óðàâíåíèÿ 1 � ãî ïîðÿäêà âûñøèõ

ñòåïåíåé

Åñëè óðàâíåíèå (5.1) âòîðîé ñòåïåíè îòíîñèòåëüíî y′, òî, ðàçðåøàÿ ýòî óðàâíåíèå îòíî-
ñèòåëüíî y′, ïîëó÷èì äâà óðàâíåíèÿ:

y′ = f1(x, y), y′ = f2(x, y). (5.2)

Îáùèé èíòåãðàë óðàâíåíèÿ (5.1) èìååò âèä

Φ(x, y, C) ≡ Φ1(x, y, C)Φ2(x, y, C) = 0, (5.3)

ãäå Φ1 è Φ2 � îáùèå èíòåãðàëû óðàâíåíèé (5.2).
Äëÿ óðàâíåíèÿ (5.1) ìîæåò ñóùåñòâîâàòü îñîáûé èíòåãðàë (îñîáîå ðåøåíèå). Ãåîìåò-

ðè÷åñêè îñîáûé èíòåãðàë ïðåäñòàâëÿåò ñîáîé îãèáàþùóþ ñåìåéñòâà êðèâûõ (5.3) è ìîæåò
áûòü ïîëó÷åí â ðåçóëüòàòå èñêëþ÷åíèÿ êîíñòàíòû C èç ñèñòåìû óðàâíåíèé

Φ(x, y, C) = 0, Φ′
C(x, y, C) = 0 (5.4)

èëè â ðåçóëüòàòå èñêëþ÷åíèÿ p = y′ èç ñèñòåìû óðàâíåíèé

F (x, y, p) = 0, F ′
p(x, y, p) = 0. (5.5)

Ïðèìåð 10. Íàéòè ðåøåíèå óðàâíåíèÿ

xy′2 + 2xy′ − y = 0. (5.6)
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Ðåøåíèå. Ðåøàÿ êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî y′, èìååì äâà îäíîðîäíûõ óðàâ-
íåíèÿ:

y′ = −1 +
√

1 + y/x, y′ = −1−
√

1 + y/x,

îïðåäåëåííûõ â îáëàñòè x(x+ y) > 0, îáùèå èíòåãðàëû êîòîðûõ

(2x+ y − C)− 2
√
x2 + xy = 0, (2x+ y − C) + 2

√
x2 + xy = 0.

Ïåðåìíîæàÿ, ïîëó÷àåì îáùèé èíòåãðàë äàííîãî óðàâíåíèÿ

(y − C)2 = 4Cx

(ñåìåéñòâî ïàðàáîë). Äèôôåðåíöèðóÿ îáùèé èíòåãðàë ïî C, ïîëó÷èì ñèñòåìó óðàâíåíèé

(y − C)2 = 4Cx, C − y = 2x.

Èñêëþ÷èì C, íàéäåì îñîáûé èíòåãðàë x+y = 0. Ïðîâåðêà ïîêàçûâàåò, ÷òî x+y = 0 åñòü
ðåøåíèå äàííîãî óðàâíåíèÿ.

5.2 Ìåòîä ââåäåíèÿ ïàðàìåòðà

Ïóñòü óðàâíåíèå (5.1) ðàçðåøèìî îòíîñèòåëüíî ïåðåìåííîé x, òîãäà

x = f(y, y′). (5.7)

Åñëè ââåñòè ïàðàìåòð p = dy
dx
, òî ïîëó÷èì x = f(y, p). Âîçüì¼ì ïîëíûé äèôôåðåíöèàë

dx =
∂f

∂y
dy +

∂f

∂p
dp.

Ñäåëàåì çàìåíó dx = dy
p
. Â ðåçóëüòàòå ïîëó÷èì ñèñòåìó óðàâíåíèé

dy

p
=
∂f

∂y
dy +

∂f

∂p
dp, x = f(y, p), (5.8)

èç êîòîðîé îïðåäåëÿåòñÿ ðåøåíèå óðàâíåíèÿ (5.7) â ïàðàìåòðè÷åñêîì âèäå:

y = ϕ(p, C), x = f(ϕ(p, C), p). (5.9)

Èñêëþ÷èâ ïàðàìåòð p, ïîëó÷èì îáùèé èíòåãðàë

Φ(x, y, C) = 0. (5.10)

Åñëè óðàâíåíèå (5.1) ðàçðåøèìî îòíîñèòåëüíî ïåðåìåííîé y,

y = f(x, y′), (5.11)

òî ñèñòåìà óðàâíåíèé âûãëÿäèò èíà÷å:

pdx =
∂f

∂x
dx+

∂f

∂p
dp, y = f(x, p). (5.12)
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Ïðèìåð 11. Íàéòè ðåøåíèå óðàâíåíèÿ

y = y′2 − xy′ +
x2

2
. (5.13)

Ðåøåíèå. Ââîäèì ïàðàìåòð y′ = p:

y = p2 − xp+
x2

2
. (5.14)

Íàéäåì ïîëíûé äèôôåðåíöèàë

dy = 2pdp− xdp− pdx+ xdx.

Ñäåëàåì çàìåíó dy = pdx è ñãðóïïèðóåì ñëàãàåìûå òàê, ÷òî

(2p− x)(dp− dx) = 0.

Îòñþäà äâà ñëåäñòâèÿ:
1. dp− dx = 0 ⇒ p = x+ C. Ïîëó÷èì ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå y = p2 − xp+ x2/2,

p = x+ C.
(5.15)

Èñêëþ÷àÿ ïàðàìåòð p, èìååì îáùåå ðåøåíèå:

y = x2/2 + Cx+ C2. (5.16)

Íàéäåì îñîáîå ðåøåíèå: y = x2/2 + Cx+ C2,

∂y
∂C

= ∂
∂C

(x2/2 + Cx+ C2) .
⇒

 y = x2/2 + Cx+ C2,

0 = x+ 2C.
(5.17)

Èñêëþ÷àÿ C, ïîëó÷àåì ôóíêöèþ âèäà y = x2/4. Íåïîñðåäñòâåííàÿ ïîäñòàíîâêà ýòîé
ôóíêöèè â èñõîäíîå óðàâíåíèå (5.13) îáðàùàåò åãî â òîæäåñòâî, ñëåäîâàòåëüíî, ôóíêöèÿ
y = x2/4 ÿâëÿåòñÿ îñîáûì ðåøåíèåì.
2. 2p− x = 0 ⇒ p = x/2. Îòñþäà  y = p2 − xp+ x2/2,

p = x/2.
(5.18)

Êàê âèäèì, y = x2/4 òî æå ñàìîå îñîáîå ðåøåíèå.
Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
56. y′2 + xy = y2 + xy′.
57. y′2 + x

y
y′ + 1 = 0.
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58. y = xy′2 − 2y′3.
59. x = y′

√
y′2 + 1.

60.yy′2 − 2xy′ + y = 0.
61. 2xy′ − y = y′ ln yy′.
Îòâåòû: 56. y = Cex; y = Ce−x + x − 1. 57. (x2C2 + 1 − 2Cy)(x2 + C2 − 2Cy) = 0;

îñîáûé èíòåãðàë x2 − y2 = 0. 58.

 y = xp2 − 2p3,

x = 2p3−3p2+C
(1−p)2

, y = x− 2; Îñîáîå ðåøåíèå y = 0. 59. y = 2(p2+1)3/2

3
− (p2 + 1)1/2 + C,

x = p
√
p2 + 1.

60. y2 + C2 = 2Cx; îñîáûé èíòåãðàë x2 − y2 = 0. 61.

y2 = 2Cx− C lnC; îñîáûé èíòåãðàë 2x = 1 + 2 ln |y|.

5.3 Óðàâíåíèÿ Ëàãðàíæà è Êëåðî

Îïðåäåëåíèå 5.1. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà

y = xϕ(y′) + ψ(y′) (5.19)

íàçûâàþòñÿ óðàâíåíèåì Ëàãðàíæà.
Ïðè ïîìîùè ââåäåíèÿ ïàðàìåòðà y′ = p óðàâíåíèå (5.19) ñâîäèòñÿ ê ëèíåéíîìó îòíî-

ñèòåëüíî x:

y = xϕ(p) + ψ(p) ⇒ pdx = ϕ(p)dx+
(
xϕ′p(p) + ψ′p(p)

)
dp⇒ dx

dp
=
xϕ′p(p) + ψ′p(p)

p− ϕ(p)

� ëèíåéíîå óðàâíåíèå. p − ϕ(p) = 0 � ïîòåðÿííîå ðåøåíèå. Îñîáîå ðåøåíèå íàõîäèòñÿ
îáû÷íûì ïðèåìîì.
Îïðåäåëåíèå 5.2. Åñëè â óðàâíåíèè (5.19) ϕ(y′) = y′, òî ïîëó÷àåì óðàâíåíèå Êëåðî

y = xy′ + ψ(y′). (5.20)

Ïðèìåð 12. Íàéòè ðåøåíèå óðàâíåíèÿ

y = 2y′x+ 1/y′. (5.21)

Ðåøåíèå. Ïîëàãàåì y′ = p, òîãäà y = 2px+ 1/p. Äèôôåðåíöèðóÿ è çàìåíÿÿ dy íà pdx,
ïîëó÷èì pdx = 2pdx+2xdp−dp/p2 èëè dx/dp = −2p/x+1/p3. Ðåøèâ ýòî óðàâíåíèå, áóäåì
èìåòü

x =
1

p2
(ln p+ C).
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Ñëåäîâàòåëüíî, îáùèé èíòåãðàë áóäåò x = 1
p2

(ln p+ C),

y = 2px+ 1/p.
(5.22)

Äëÿ íàõîæäåíèÿ îñîáîãî èíòåãðàëà ïî îáùåìó ïðàâèëó ñîñòàâëÿåì ñèñòåìó

y = 2px+ 1/p,
∂y

∂p
=
∂(2px+ 1/p)

∂p
⇒ y = 2px+ 1/p, 0 = 2x− 1/p2.

Îòñþäà
x =

1

2p2
, y = 2/p

è, ñëåäîâàòåëüíî,
y = ±2

√
2x.

Ïîäñòàâëÿÿ y â óðàâíåíèå (5.21), óáåæäàåìñÿ, ÷òî ïîëó÷åííàÿ ôóíêöèÿ íå ÿâëÿåòñÿ ðå-
øåíèåì è, ñëåäîâàòåëüíî, óðàâíåíèå (5.21) íå èìååò îñîáîãî èíòåãðàëà.
Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
62. 2y = x

(
y′ + 4

y′

)
.

63. y = y′ +
√

1− y′2.
64.y′3 = 3(xy′ − y).
65. y = xy′ + y′2.
66. y = xy′ +

√
1 + y′2.

Îòâåòû: 62. y = C + x2

C
; îñîáûé èíòåãðàë y = ±x. 63.

 x = ln |p| − arcsin p+ C,

y = p+
√

1− p2.
64.

C3 = 3(Cx − y); îñîáûé èíòåãðàë 9y2 = 4x3. 65. y = Cx + C2; îñîáûé èíòåãðàë y = −x2

4
.

66. y = Cx+
√

1 + C2; îñîáûé èíòåãðàë x2 + y2 = 1.

5.4 Íåïîëíûå óðàâíåíèÿ

Îïðåäåëåíèå 5.3. Äèôôåðåíöèàëüíûå óðàâíåíèÿ âèäà

F (y′) = 0, F (y, y′) = 0, F (x, y′) = 0 (5.23)

íàçûâàþòñÿ íåïîëíûìè.
Åñëè óðàâíåíèå èìååò âèä F (y′) = 0, òî îáùèé èíòåãðàë � F

(
y−C
x

)
= 0.

Êàê ïðàâèëî, óðàâíåíèÿ (5.23) ìîãóò áûòü ðåøåíû ñ ïîìîùüþ ïàðàìåòðèçàöèè. Ïàðà-
ìåòðèçóåì óðàâíåíèå F (x, y′) = 0  x = ϕ(t),

y′ = ψ(t).
(5.24)
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Îòñþäà dy = ψ(t)dx = ψ(t)ϕ′t(t)dt ⇒ y =
∫
ψ(t)ϕ′t(t)dt + C. Òàêèì îáðàçîì, ïîëó÷àåì

ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå x = ϕ(t),

y =
∫
ψ(t)ϕ′t(t)dt+ C.

(5.25)

Àíàëîãè÷íî äëÿ óðàâíåíèÿ F (y, y′) = 0: y = ϕ(t),

y′ = ψ(t)
⇒

 dy = ϕ(t)′tdt,

dy = ψ(t)dx
(5.26)

Èñêëþ÷àåì èç ñèñòåìû dy

dx =
ϕ′t(t)dt

ψ(t)
. (5.27)

Òàêèì îáðàçîì,  y = ϕ(t),

x =
∫ ϕ′

t(t)dt

ψ(t)
+ C.

(5.28)

Âîçíèêàåò âîïðîñ: êàê íàéòè ïàðàìåòðèçàöèþ èñõîäíîãî óðàâíåíèÿ? Ìîæíî âûäåëèòü
íåñêîëüêî ÷àñòíûõ ñëó÷àåâ.
1. Ïóñòü óðàâíåíèå, íàïðèìåð, èìååò âèä

axα + by′β = c,

ãäå a, b, c, α è β � ïîñòîÿííûå. Â ýòîì ñëó÷àå èñïîëüçóþòñÿ òðèãîíîìåòðè÷åñêèå ôîðìóëû sin2 t+ cos2 = 1,
1

cos2 t
− tg2 t = 1.

(5.29)

Åñëè a > 0, b > 0, òî äåëàåòñÿ çàìåíà axα = c cos2 t,

by′β = c sin2 t
⇒


x =

( c
a

cos2 t
)1/α

,

y′ =
(c
b

sin2 t
)1/β

.
(5.30)

Ïðèìåð 13. Íàéòè ðåøåíèå óðàâíåíèÿ

y′2 + x2 = 1.

Ðåøåíèå. Ïàðàìåòðèçóåì óðàâíåíèå x = cos t,

y′ = sin t
⇒

 dx = − sin tdt,

dy = sin tdx.
(5.31)
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Ïîäñòàâèì dx èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (5.31) âî âòîðîå:

dy = sin tdx = − sin2 tdt⇒ y =
1

4
sin 2t− t

2
+ C.

Ïîëó÷àåì ðåøåíèå â ïàðàìåòðè÷åñêîì âèäå x = cos t,

y = 1
4
sin 2t− t

2
+ C.

(5.32)

2. Óðàâíåíèå ñîäåðæèò
√
a2 ± y′2 èëè

√
a2 ± x2, òîãäà ïàðàìåòðèçàöèÿ äîñòèãàåòñÿ òðè-

ãîíîìåòðè÷åñêîé èëè ãèïåðáîëè÷åñêîé çàìåíîé.
Ïðèìåð 14. Ïàðàìåòðèçîâàòü óðàâíåíèå

y′ ctg x =
√
a2 − y′2.

Ðåøåíèå. Äåëàåì çàìåíó y′ = a sin t. Èñõîäíîå óðàâíåíèå ïðèìåò âèä ctg x = ctg t.
Îòñþäà,  x = t,

y′ = a sin t.
(5.33)

3. Óðàâíåíèå âèäà
P (x, y′) +Q(x, y′) +R(x, y′) = 0,

ãäå P , Q, R � îäíîðîäíûå ôóíêöèè èçìåðåíèÿm,m+1,m+2, ñîîòâåòñòâåííî. Èñïîëüçóåì
ïîäñòàíîâêó y′ = tx:

x2R(1, t) + xQ(1, t) +R(1, t) = 0.

Ïîëó÷èëè êâàäðàòíîå óðàâíåíèå îòíîñèòåëüíî x. Åñëè ñóùåñòâóþò âåùåñòâåííûå ðåøå-
íèÿ x = ω(t), èìååì ïàðàìåòðèçàöèþ x = ω(t),

y′ = tx = tω(t).
(5.34)

Åñëè P , Q, R � ôóíêöèè àðãóìåíòîâ y è y′, òî äåëàåì çàìåíó y′ = ty.
4. Óðàâíåíèå âèäà

P (x, y′) +Q(x, y′) = 0,

ãäå P , Q � îäíîðîäíûå ôóíêöèè èçìåðåíèÿ m è n, ñîîòâåòñòâåííî. Ïóñòü n > m. Èñïîëü-
çóåì ïîäñòàíîâêó y′ = tx:

xmP (1, t) + xnQ(1, t) = 0 ⇒ x =

(
−P (1, t)

Q(1, t)

)1/(n−m)

.
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Ïàðàìåòðèçàöèÿ:

 x =
(
−P (1,t)
Q(1,t)

)1/(n−m)

,

y′ = tx.
(5.35)

Ïðèìåð 15. Ïàðàìåòðèçîâàòü óðàâíåíèå

x4 + y′4 − 2x2y′ = 0.

Ðåøåíèå. Âûðàæåíèå x4 + y′4 åñòü îäíîðîäíàÿ ôóíêöèÿ 4 � ãî ïîðÿäêà, 2x2y′ � îäíî-
ðîäíàÿ ôóíêöèÿ 3 � ãî ïîðÿäêà. Äåëàåì çàìåíó

y′ = tx, (5.36)

òîãäà
x4 + t4x4 − 2x2tx = 0 ⇒ x =

2t

1 + t4
. (5.37)

Ïîäñòàâëÿåì (5.37) â çàìåíó (5.36) è, òàêèì îáðàçîì, ïàðàìåòðèçóåì óðàâíåíèå x = 2t
1+t4

,

dy
dx

= 2t2

1+t4
.

(5.38)

5. Åñëè ëåâàÿ ÷àñòü óðàâíåíèé F (x, y′) = 0 (F (y, y′) = 0) åñòü ìíîãî÷ëåíû ïî x è y′
(y è y′), òîãäà F (x, p) = 0 (F (y, p) = 0) � óðàâíåíèå àëãåáðàè÷åñêîé êðèâîé, ãäå y′ = p.
Íàõîäèì óçëîâóþ òî÷êó èç ñèñòåìû F ′

x(x, p) = 0,

F ′
p(x, p) = 0.

⇒ x = a, p = b. (5.39)

Ïåðåíîñèì íà÷àëî êîîðäèíàò â ýòó òî÷êó, ñäåëàâ çàìåíó x1 = x−a, p1 = p−b. Â ðåçóëüòàòå
ìîãóò ïîëó÷èòüñÿ óðàâíåíèÿ, ðàññìîòðåííûå â ïóíêòàõ 3 è 4.
Ïðèìåð 16. Ïàðàìåòðèçîâàòü óðàâíåíèå

y2y′ − y2 − y′2 + 4y′ − 4 = 0.

Ðåøåíèå. Âîäèì ïàðàìåòð y′ = p:

F (y, p) ≡ py2 − y2 − p2 + 4p− 4 = 0. (5.40)

Íàõîäèì óçëîâóþ òî÷êó èç ñèñòåìû óðàâíåíèé F ′
y(x, p) ≡ 2py − 2y = 0,

F ′
p(x, p) ≡ y2 − 2p+ 4 = 0.

(5.41)
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Êàê âèäíî èç ñèñòåìû, èìååòñÿ íåñêîëüêî óçëîâûõ òî÷åê. Âûáåðåì òî÷êó y = 0, p = 2.
Ïåðåõîäèì ê íîâûì ïåðåìåííûì y1 = y, p1 = p− 2. Óðàâíåíèå (5.40) ïðèìåò âèä

p1y
2
1 + y2

1 − p2
1 = 0.

Ôóíêöèÿ p1y
2
1 � îäíîðîäíàÿ ôóíêöèÿ 3 ïîðÿäêà, y2

1−p2
1 � îäíîðîäíàÿ ôóíêöèÿ 2 ïîðÿäêà,

ñëåäîâàòåëüíî, äåëàåì çàìåíó p1 = ty:

ty1y
2
1 + y2

1 − t2y2
1 = 0.

Îòñþäà

y1 =
t2 − 1

t
⇒

 y1 = t2−1
t
,

p1 = t2 − 1
⇒

 y = t2−1
t
,

p = t2 + 1.
⇒

 y = t2−1
t
,

dy
dx

= t2 + 1.
(5.42)

Íàéòè îáùèå ðåøåíèÿ óðàâíåíèé:
67. y′ − sin y′ = 0.
68. y2/5 + y′2/5 = a2/5.
69. y′3 − x3(1− y′) = 0.
70. y4 − y′4 − yy′2 = 0.
71. y′3 − 2y′2 − x2 + y′ + 2x− 1 = 0.
72. y2y′ − y2 − y′2 + 4y′ − 4 = 0.
Îòâåòû:
67. (y − C)/x− sin [(y − C)/x] = 0.

68.

 y = a cos5 t,

x = 5
3
ctg3 t− 5 ctg t− 5t+ C.

69.

 y = −t2/2 + 2t5

5
+ 1/t+ C,

x = 1/t− t2.

70. y = 0,

 y = t2

1−t4 ,

x = −2/t− ln
∣∣ t−1
t+1

∣∣− 2 arctg t+ C.

71.

 y = 3
5t5
− 1

3t3
+ C,

x = 1/t3 − 1/t+ 1.

72.

 y = t− 1
t
,

x = −1/t+ C.
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